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Abstract

We study the problem of loss estimation that involves for an observable X ~ fj the
choice of a first-stage estimator p of y (), incurred loss L = L(#, y), and the choice
of a second-stage estimator L of L. We consider both: (i) a sequential version where
the first-stage estimate and loss are fixed and optimization is performed at the second-
stage level, and (ii) a simultaneous version with a Rukhin-type loss function designed
for the evaluation of (7, f,) as an estimator of (y, L). We explore various Bayesian
solutions and provide minimax estimators for both situations (i) and (ii). The analysis
is carried out for several probability models, including multivariate normal models
N4 (0, 021,) with both known and unknown o2, Gamma, univariate and multivariate
Poisson, and negative binomial models, and relates to different choices of the first-
stage and second-stage losses. The minimax findings are achieved by identifying a least
favourable sequence of priors and depend critically on particular Bayesian solution
properties, namely situations where the second-stage estimator L(x) is constant as a
function of x.

Keywords Bayes estimation - Loss estimator - Minimax - Posterior distribution -
Rukhin-type loss - Unbiased estimator

1 Introduction

Reporting on the precision of statistical decisions, whether it relates to a standard
error of an estimate in multiple regression or survey sampling, the power of a test,
or the coverage probability of an interval estimate etc., are central to the practice
of statistics. Whereas a frequentist approach typically prescribes the level of risk
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prior to the collection of data, while a Bayesian approach typically relates to post-
data inference to assess precision, such correspondences are not exclusively the case
and various approaches have been presented in the literature, for instance by Berger
(1985); Goutis and Casella (1995), as well as the references therein. The setting or
search for efficient accuracy reports thus matters and we investigate here various
issues and optimality properties cast in a loss estimation framework. The seminal
work of Johnstone (1988) put forth a framework for loss estimation with an emphasis
on the multivariate normal model and the discovery of improvements in terms of
frequentist risk on usual unbiased estimators. Earlier work in this direction includes
that of Sandved (1968), but many researchers engaged after Johnstone’s work with
further investigation towards various extensions in terms of different contexts and
other models (e.g., multivariable regression, model selection, spherical symmetry),
optimality properties (e.g., admissibility and dominance), and further related issues
(e.g., (Boisbunon et al., 2014); (Fourdrinier & Strawderman, 2003); (Fourdrinier &
Wells, 1995a,b, 2012); (Fourdrinier & Lepelletier, 2008); (Lele, 1992, 1993); (Lu
& Berger, 1989); (Maruyama, 1997); (Matsuda & Strawderman, 2019); (Matsuda,
2024); (Narayanan & Wells, 2015); (Wan & Zou, 2004)).

The approach which we adopt and study is that of accompanying an estimator y of
an unknown parameter y (6) by an estimator Lofa first-stage loss L = L(0, 7 (x)).
To assess the accuracy of such a L, we work with a second-stage loss typically of
the form W (L, L) We explore Bayesian estimators L of L and their properties for
a given prior density w. We also address minimax optimality for estimating L and
provide minimax solutions, which capitalize on the behaviour of Bayesian solutions.
Minimax solutions serve as a benchmark for evaluating competing estimators, and
have been relatively unexplored in the context of loss estimation.

A particular interesting and different approach, which combines both the first-stage
estimation process and the second-stage loss estimation component was proposed and
analyzed by Rukhin (1988a,b). Here again, we provide minimax solutions (y, L)
which depend critically on the existence of prior densities and associated Bayesian
estimators L that do not depend on the observed data.

The paper is organized as follows. Section2 describes the adopted language of
loss estimation namely with the aid of definitions and notations. Section3 explores
Bayesian solutions in cases where both the first-stage and second-stage estimators P,
and L, are derived with respect to the same prior, with an emphasis on varied choices
of the first-stage and second-stage losses, and namely departures from the ubiquitous
squared error second-stage loss in the literature. Examples of models include normal
with or without a known covariance structure, Gamma, univariate and multivariate
Poisson, Negative Binomial, and location exponential. We also come across a surpris-
ing large number of cases where the Bayes estimator L of loss is constant as a function
of the observable data x, including cases where even the posterior distribution L|x is
free of x. We further explore links between Bayesian and unbiased estimators of loss.

Section 4 provides minimax estimators L of loss L(9, y (x)) for different combina-
tions of probability models and losses, and when the first-stage estimate has previously
been obtained. To the best of our knowledge, the only known previously analyzed case
involves normal models and first and second-stage squared error losses (Johnstone,
1988). We extend the finding to a wider class of first and second-stage losses, to an
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unknown covariance structure, and proceed with minimax results for Gamma models.
The results are obtained through the determination of a least favourable sequence {7, }
of prior densities and an extended Bayes estimator with constant risk.

We point out that, unlike usual estimation problems, estimands of the form
L(6, y(x)) depend not only on 6 but also on x. Nevertheless, approaches to establish-
ing minimaxity remain familiar ones, namely through the determination of a sequence
7, of least favourable prior densities.

Finally, we obtain minimax solutions (7, I:o) for estimating (y, L) simultaneously
under Rukhin-type losses, by using a sequence of priors approach to obtain an extended
Bayes estimator with constant frequentist risk. Properties established or observed in
Sect. 3, namely the constancy of Bayesian solutions L (x) as functions of x play a
key role for the analysis.

2 Definitions and other preliminaries

Throughout, we consider a model density fp, 6 € ©, for an observable X, a parametric
function y (@) of interest; mostly taken as identity; and the loss L = L (6, y) measuring
the level of accuracy (or inaccuracy) of y (X) as an estimator of y (). Such a loss L
is referred to as a first-stage loss, while loss W (L, i) € [0, 0o) used for estimating L
by L(X) is referred to as the second-stage loss.

Remark 1 A common and default choice in the literature for the second-stage loss W
has been squared error (i — L)? loss. This has been described as a matter of conve-
nience, but it is also the case that the developments for multivariate normal models,
as well as spherically symmetric models, bring into play Stein’s lemma and conve-
nient loss estimation representations arising for squared error loss (e.g. (Fourdrinier
et al., 2018)). However, since a loss L is more synonymous with a positive scale
parameter than a location parameter, it seems desirable to consider a scale invari-

ant second-stage loss of the form p(%), plausible choices satisfying the bowl-shaped
property p(¢) decreasing for ¢t € (0, 1) and increasing for t+ > 1. The developments
in this manuscript thus address such losses amongst a wider choice of second-stage
losses. Such examples include weighted squared error loss with p(¢t) = (r — 12,
squared log error loss with p(¢) = (log 1?2, symmetric versions with p(¢) = ,o(%) like
pt) =t+ % —2(e.g., Mozgunov et al., 2019)), entropy loss with p(¢) = t —logs—1,
and variants of the above (except log error) with p,,(t) = p(t™), m # 0, the case
m = —1 being most prominent for squared error and entropy.

For a given prior density 7 for 6 and estimate p (x), a Bayes estimator L(X)
of L = L(6, (x)) minimizes in L the expected posterior loss E(W(L, I:)|x). As
addressed in Sect. 3, it is particularly interesting to study cases where y = yy, i.e., the
Bayes estimator of y (6) under the same prior. However, it is still useful to consider the
more general context, for instance because the first-stage estimator may be imposed
and not be Bayesian, or a theoretical assessment of a least favourable sequence of
priors such as the one pursued in Sect.4 requires it. In such a framework, the stated
goal is how to report on sensible estimates of L for a given y (x).
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The frequentist risk performance of a given estimator L for estimating a loss L =
L(0, y(x)) is given by

R, L) =Eg(W(L, L(X))),6 € O, (1)

and different choices of L can be compared leading to the usual definitions of
dominance, admissibility, and inadmissibility. Our findings relate also to the min-
imax criterionA with estimator I:m(X ) bging a minimax estimator of L whenever
supgee{R(0, Lyn)} = inf; supyee{R(6, L)}.

Another criterion present in the literature, that sometimes interacts with Bayesianity,
is that of unbiasedness. For a given estimator y (X) of y (), an estimator i(X ) of loss
L(9, y) is said to be unbiased if

EgL(X) = EgL(6, 7(X)), forall 6, 2)

ie., L(X ) is an unbiased estimator of the frequentist risk of y (X) as an estimator of
Y (6).

Example 1 As an illustration, consider the normal model X ~ N;(6, o21;) with
known o2, the benchmark estimator éo(X ) = X of 0, and the incurred squared error
loss L = L0, é(X)) = ||IX — 9||2. Johnstone (1988) showed that the estimator
Lo(X) = do?; equal here to the mean squared error risk of 6o making it an unbi-
ased estimator of loss; matches the (generalized) Bayesian estimator I:,TO (X) of L for
second-stage squared error loss W (L, L) = (L — L)? and the uniform prior density
7o(0) = 1. He also established that Izm) is minimax for all d > 1, admissible for
d < 4, and inadmissible for d > 5 providing dominating estimators L in such a latter
case. Such dominating procedures are necessarily minimax. Our findings (Sect. 4.1)
for normal models relate to minimaxity for different choices of first-stage (L) and
second-stage (W) losses, and address the case of unknown o2 (Sect. 4.1.1).

Rukhin (1988a,b) studied the efficiency of estimators, namely in terms of admissi-
bility, with his proposal to combine the two stages of estimation and to measure the
performance of the pair (7, L) for estimating (y (0), L), with L = L(6, 7) by the loss

L™'2L@.9) + L', 3)

as well as extensions
W@, 7, L) =h(LLO.7) —h' (D)L +h(bD), “)
h being an increasing and concave function on (0, 00), and the former being a particular
case of the latter for (L) = 2L'/2. The two components are referred to as error of
estimation and precision of estimation, and such a loss is appealing namely since
L = L minimizes the loss for fixed L and since the Bayesian estimator of L for a

given prior 7 is equal to the posterior expectation iﬂ (x) = E(L|x).
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3 Bayesian estimators

In this section, we record various interesting scenarios concerning Bayesian inference
about a given loss L = L(#, y) incurred by estimator y (X) for estimating y (9).
Different choices of L and the second-stage loss W (L, f,) are considered for the
determination of a point estimator L, and we also describe directly the posterior
distribution L|x in some instances.

Section 3.1 deals with situations where a same prior 7 is used to determine both
the choices of 7, and Ly, with a particular focus on Poisson and negative binomial
models. While these last two examples involve cases where point estimates L(x)
do not depend on x, Section 3.2 deals with specific situations where the posterior
distribution L|x does not depend on x. The features and representations provided in
the Section will prove useful for the minimax findings of Sections 4 and 5.

3.1 Examples of ()A/,,, i,,) pairs

From a Bayesian perspective with the same prior 7 as for the first-stage, one could
naturally consider the posterior distribution of L|x for inference about L. Minimiz-
ing the expected posterior loss W (L, L)in L produces Bayes estimate L and the
ensemble produces pairs ()771, I:ﬂ) which we investigate and illustrate in this section.

We begin with the familiar case of squared error loss L (9, 6) = ||é — 0|? for esti-
mating ¥ (0) = 6 € R based on X ~ f;(-). Assuming that the posterior covariance
matrix Cov(0|x) of 6 exists, we have

72 (X) = E(0]x) with incurred loss L = |6 — E(0]x)]|%.

Now, if the second-stage loss is again squared error loss, i.e., W (L, I:) = (I: — L)z,
then we obtain .
L;(x) =E(L|x) = tr Cov(0]x). ®))

Example 2 For location family densities fy(x) = fo(x — ), x,60 € R4, such that
Ep(X) = 6, which include spherically symmetric densities g(|lx — 1), and non-
informative prior 77(9) = 1, we obtain P (x) = x. Since x — 0|x =¢ X — 0|0 for all
x, 6, it follows that the posterior distribution of L|x, which is that of |0 — x||2|6, is
independent of x. Consequently, L (x) is a constant in terms of x. This observation
includes the familiar multivariate normal case with X |0 ~ Ny (8, 021;) where L|x ~
o? x§ and L,(x) = do?. With the posterior distribution of L independent of x,

Bayes estimators L (X) associated with other second-stage losses or even credibility
intervals for L will necessarily be independent of x. These last features fit into a more
general structure expanded upon with Theorem 1 and include proper priors as with
the following example.

Example 3 The general normal model with conjugate normal priors is also quite
tractable. Indeed, for model X|0 ~ Ng(0,0%I;) and prior & ~ Ng(u, t21y), we

have 8lx ~ Ng(u(x). 7(x)1) with 6z (x) = E@lx) = —iyx + o2y and
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Table 1 Bayesian loss estimators

p(t) i,, (general) in (conditions)
Com 2 E(L~"|x) \ /™ 2 r(%fm) 1/m
palt) = (t 1) (]E(L-zm IX)) 21y (F(%—Zm)) ford > 4m
m —m —1/m 2 F(%) 1/m

pm () =t" —mlogt — 1 (ELx)) 2r0 (W) ford > 2m
7*"1

pp@®)=1+1 -2 /%"")) @Ad—2) ford > 3

T X

d

pc () = (logi)? cEdlog LIx) 2e2e¥ 2 ford = 1

2(x) =12 = 2202 From this, one obtains

0 T 2442 ’

Lix = 6 — E@x)1|x ~ 5 x23, (©6)

again independent of x. For second-stage squared error loss, one obtains Lo(x)= rgd .

As addressed in Remark 1, second-stage losses of the form p(%) are desirable
alternatives given their scale invariance. Table 1 provides Bayesian estimators Ly of
L for some choices of p. The third column is specific to the normal model context here,
while the second column expressions apply more broadly. For the loss pc (¢), W(?) is
the Digamma function given by W (z) = % log I'(¢). Various degrees of shrinkage or
expansion in comparison to second-stage squared error loss; for which L.(X)=d rg;
are observable. For instance with loss p4 and d > 5, we have lA,ﬂ (X) = 102 d+2)
versus L »(X) = rg (d —4) according to the selections m = —1 orm = 1, respectively.
Shrinkage occurs for pp and pc (see Remark 5), while Lyis decreasing as a function
of m for both p4 and p,,, with shrinkage iff m > —1 for p,,, and iff m > mo(d) for
pa with mo(d) € (—1, 0) such that Zn = drO2 atm = mo(d) (see Appendix).

The next examples involve weighted squared error loss as the first-stage which is
a typical choice when the model variance varies with 6, such as Poisson and negative
binomial. To this end, consider first-stage loss as weighted squared errorloss L(0, y) =
w @) —y(©))? for X ~ f, y(0) € R. Given a posterior density for 6, the Bayes
estimator of y (0) is given, whenever it exists, by the familiar

E(y (0)w(©)|x)

) 7
E(w(©)]x) @

?n(x) =

with incurred loss given by L = w(@)()?,, (x) — y(@))z. For second-stage squared
error loss (I: — L)2, we obtain the Bayes estimator

E2(y (0)w(8)|x)

La(x) = E(L|x) = E(y (0)*w(0)]x) — E(w(®)[x)

) ®
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as long as E(L?|x) exists.

3.1.1 Poisson distribution

Consider a Poisson model X|6 ~ Poisson(f) with a Gamma prior 8 ~ G(a, b)
(density proportional to 6¢~1e=0? L0,00) (9) throughout the manuscript), and the esti-

mation of y(6) = 6 with normalized squared error loss (9;9)2. The set-up leads to
0lx ~ Ga(a + x, 1 4+ b), and Bayes estimator

R 1 a+x—1

Yo (x) = = , ©)

E(1/6]x) 1+b

fora > 1,b > 0.Forthecase (a, b) = (1, 0), i.e., the uniform prior density on (0, 00),
the (generalized) Bayes estimator is also given by (9), i.e., 7 (X) = X, and, moreover,
is the unique minimax estimator of 6. The incurred loss by the Bayes estimator (9)
becomes

(a+x 1 _ 9)2
and the Bayes estimator I:ﬂ in (8) becomes
N 1 -1 1
La(r) = E(@lx) — SR ik (11)

E(jlx) 1+b 1+b 1+0b’

provided a > 2 as the existence of IE(Lzlx) requires finite E(9_2|x) which in
turn necessitates a > 2. Observe that estimate (11) is independent of x and of the
hyperparameter a.

Remark 2 A few remarks:

(D Under the above set-up, Lele (1993) established the admissibility of the posterior
expectation io(X) = E(L|X) = 1 as an estimator of L = (X;#)z under
squared error loss (L — L)%. Another interesting property of Lo(X) is that of

unbiasedness, as can be seen by the risk calculation E(L|6) = 1.
(II) The frequentist risk of Ly(X) is given by

RO, Lo) =E(Lo(X) — L)> = V(L|0) = EX -0 1=2+ 7

using the fact the fourth central moment of a Poisson distribution with mean
0 is given by E(X — 0)4 = 0(1 + 36). Observe that the supremum risk is
equal to +-00 which is not conducive to the property of minimaxity. However,
Lo(X ) is (unique) minimax for estimating L under weighted second-stage loss
29 T (L L)? because it remains admissible, it has constant risk, and such
estimators are necessarily minimax.
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(III) Fora > 2 and b > 0, the estimators 1:7, (X) of L given in (11) are proper
Bayes and admissible since the corresponding integrated Bayes risks are
finite. The finiteness can be justified by the fact that f0°° RO, L;)m(0)do <

JS RO, Loyn(0)do = [(°2+ Hm@)do = 2+ 25 < o0

3.1.2 Poisson distribution (multivariate case)

As a multivariate extension, consider X = (X, ..., Xy) with X; ~ Poisson(6;)
A 5 _6:)2 L
independent, the first-stage loss L = L(0,0) = Zd 1% for estimating

=
6 = (01,...,64) based on 0 = (él, e, éd), and second-stage squared error loss.
Proceeding as for the case d = 1, we have for a given prior 7 the Bayes estimators

(whenever well defined):
A _ -1 .
bri(x) = (E@'10)) Li=1,....4d, (12)

and
d

d
L) =E@p) =Y E@0) - Y (EE ! 10) 7 (13)
i=1

i=1

As an example, a familiar prior specification choice for 7 (e.g., (Clevenson & Zidek,
1975)) brings into play S = Z?:l 6; and U; = % i = 1,...,d, and density
S,U) ~ h(s)H{l}(Zi u;), where h(-) is a density on R;. With such a choice and
setting Z = Z?:l x; hereafter, one obtains the posterior density representation
Uls, x ~ Dirichlet(x; + 1, ..., xg+ 1) and h(s|x) o« sZe~*h(s). With U and S inde-
pendently distributed under the posterior and Beta(x; 4+ 1, Z — x; +d — 1) marginals
for the U;’s, the evaluation of (12) and (13) is facilitated and yields a Clevenson—Zidek
type estimator of # and accompanying loss estimator

07 (X) = L(]E(S’l 1X)) ™", and £, (X) = E(S|X) —

-1 -1
s~

Z+d-1

For a gamma prior S ~ G(a, b) witha > 1, we have S|x ~ G(a + Z, b + 1) and the
above reduces to

X a+7Z-—1
Z4+d—-1 b+1

dZ +a(d —1)
b+1)(Z+d-1)

én,a,b(X) = , and in,a,b(X) =

Notice that the univariate L given previously in (11) is recovered from the above for
d = 1, while the case a = d, b = 0 yields the unbiased estimators 0 4 0(X) = X
and imd’o(X) = d. We point out that Lele (1992, 1993) established: (i) in the latter
case, the admissibility of in(X ) = d as an estimator of losAs L@, X) ford = 1,2,
and inadmissibility for d > 3; and (ii) the admissibility of L, 1,0 as an estimator of
L@, én‘l,O(x)) for all d > 1. As in Remark 2 for the bivariate case, we point out that
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in,d,o(X ) = 2 has frequentist risk equal to 4 + % + %, infinite supremum risk, and

7 2
that it is minimax for weighted squared error second-stage loss (LiL) .

0 " 6

Remark 3 In the specific situation where S ~ G(d, b), one verifies that the above
prior reduces to independently distributed 6; ~ G(1,b) fori = 1,...,d. Since
the X;’s are also independently distributed given the 6;’s, the multivariate Bayesian
estimation problem reduces to the juxtaposition of ¢ independent univariate problems
as analyzed in the previous section. For instance, expressions (9) and (11) applied to
the components 6; lead to the above émd’b(X ) and imd’b(X ), and the same remains
true for the improper proper choice with b = 0.

3.1.3 Negative binomial distribution

Consider a negative binomial model X ~ NB(r, 6) such that

N r 9 X
P(X =x|0) = (3 (eir> (E) In(x), (14)

withr > 0, E(X[0) = 6 > 0, () the Pochhammer symbol representing the quantity
r)y = rif(“:f ) and where we study pairs (6, L) for a class of Beta type II priors for
6 which are conjugate and defined more generally as follows.

Definition 1 A Beta type Il distribution, denoted as Y ~ B2(a, b, o) witha, b,o > 0
has density of the form

yL@a+b)  yo!

fy)=o F@T () @ ) L0,00)(3)-

The following identity, which is readily verified, will be particularly useful.

Lemma1 ForY ~ B2(a, b, o), y1 > —a, and y» > y1 — b, we have

. ( yn >= @)y, (bm:w (15)
(@ +Y)2) ) (a+b)y, o777

where, for o > 0 and o« + m > 0, (), is the Pochhammer symbol as defined above.
It is simple to verify the following (e.g., (Ferguson, 1968), page 96).

Lemma 2 For X|0 ~ NB(r, 0) with prior 6 ~ B2(a, b, r), the posterior distribution
isOlx ~B2(a+x,b+r,r).

Now with such a prior, for estimating 6, since V(X|#) = 6(6 + r)/r, under
normalized squared error loss

6 —0)2

LO-O =56+

(16)
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the Bayes estimate of 8 may be derived from (7) and (15) as

E(ﬁlx) _ra +x—1

O (x) = —— = :
E(zamlx) b+r+1

fora+x > 1. Fora = 1 and x = 0, a direct evaluation yield§ éﬂ (0) = 0, which
matches the above extended to x = 0. The associated loss L(6, 85 (x)) has posterior
expectation for a > 1 equal to

) = By ) — Zlake)

E(e(em |x)
_ a+x _ b+r a+x—1 _ 1
— a+b+x+r (b+r+l)(a+b+x+r) - b+r+1°

making use of (8) and (15). Interestingly, the estimator does not depend on a and is
constant as a function of x and this property will play a key role for the minimax
findings of Sect. 5. We conclude by pointing out that the above applies to the improper
prior & ~ B2(1, 0, r) yielding the generalized Bayes estimator 6o x)=rx/(r+1).
It is known (e.g., Ferguson, 1968) that the estimator éo is minimax with minimax risk
equal to 1/(r + 1).

3.2 Posterior distributions for loss that do not depend on x

There are a good number of instances; some of which have appeared in the literature;
where both the posterior distribution of loss L(6, 7) and (consequently) the Bayes
estimate with respect to loss W (L, L) are free of the observed x. Such a property is
particularly interesting and will play a critical role for the minimax implications in
Sect. 4. We describe situations where such a property arises and collect some examples.
The situations correspond to similar scenarios mathematically and relate specifically to
cases where the posterior density admits: (I) a location invariant, (II) a scale invariant,
or (IIT) a location-scale invariant structure.

Theorem 1 Suppose that the posterior density for y(6) = 0 is, for all x, location

invariant of the form 0|x ~ f(0 — u(x)) and that the first-stage loss for estimating 0

is location invariant, i.e., of the form L(0, 0) = ,B(é —0); B:RY — R. Then,

(a) the Bayes estimator O (X), whenever it exists, is of the form O (x) = u(x) +k,
k being a constant;

(b) the posterior dlstrlbutlon of the loss /3(071 (x) — 0) is free of x;

(¢) the Bayes estlmator L (x) of the loss ,3(9,, (x) — 6) with respect to second-stage
loss W (L, L) is, whenever it exists, free of x.

Proof Part (c) follows from part (b). Now, observe that

05 c0a B BO — )| = infypa BYB(0 — 1) — (6 — () ) )
= infgepe E{B(@ — Z)|x}
E{f(@n (x) — 2)lx},
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forall x, withé = 6 — ju(x), @x (x) = 0 (x) — 1 (x), and Z|x =4 6 — p(x)|x. Part (a)
follows since the distribution of Z|x does not depend on x and hence the minimizing
a (i.e., @z (x)) does not depend on x. Finally, part (b) follows since

BB (x) —0)Ix =4 B(k — Z)|x
is free of x. O

We pursue with similar findings as described in (IT) and (IIT) above

Theorem 2 Suppose that the posterior density for 0 is, for all x, scale invariant of the
formO|x ~ ﬁf(%), 0 € R, and that the first-stage loss for estimating 0 is scale
invariant, i.e., of the form L(0, 6) = p(g); p: R — Ry. Then,

(a) the Bayes estimator O (X), whenever it exists, is of the form O (x) = ko(x), k
being a constant;

(b) the posterior distribution of the loss p(m) is free of x;
p [

(¢) the Bayes estimator Lr (x) of the loss p(@) with respect to second-stage loss
W(L, i,) is, whenever it exists, free of x.

Proof A similar development to the proof of Theorem 1 establishes the results. O

The next result inspired initially by the context of estimation of a multivariate
normal mean with unknown covariance matrix (see Example 7) is presented in a more
general setting.

Theorem 3 Suppose that the posterior density for 6 = (01, 61) is, for all x, location-
scale invariant of the form

a7

1 01 —ux) 6
0 ~ 5 5
o a(x)egf( 6> a(x))

with 01 € R, 0, € R, and that the first-stage loss for estimating 0 is location-scale
invariant, i.e., of the form L(0, él) = p(%). Then,

(a) the Bayes estimator él,ﬂ (X), whenever it exists, is of the form él,n x) = ux)+
ko (x), k being a constant;

(b) the posterior distribution of the loss L(@, él,ﬂ (x)) is free of x;

(¢) the Bayes estimator f,ﬂ (x) of the loss L(G, él,n (x)) with respect to second-stage

loss W (L, i,) is, whenever it exists, free of x.

Proof Part (c¢) follows from part (b). Observe that

. 6, — 6, . oa—Z
inf Eqp |x = inf Ejp| —— |x ,
A1 eRd 02 acRd |4
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with o = 91;(’;?‘) Zlx =¢ 9‘ “(X) |x, and V|x =4 02)|x Since the pair (Z, V)|x

has joint density - af (%, v) Wthh is free of x, the minimizing « is free of x which

yields part (a). Finally for part (b), observe that p(w) ‘x p('%)bc, which
is indeed free of x given the above. O

3.2.1 Examples

First examples that come to mind are given by the non-informative prior density
choices:

(i) m(6) = 1 for the location model density X |0 ~ fo(x —0), x,0 € R?, with
f(@) = fo(—t) and u(x) = x (Theorem 1);

(i) 7 (¥) = é for the scale model density X|0 ~ —f1( ), x,0 € Ry, with
fu) = Mlzfl(%) and o (x) = x (Theorem 2);

(iii) 77(0) = ;10,00 (02)ga (1) for X = (X1 X2)10 ~ oty for (M5, 32) with
2

[, v) =25 for(—u, 1), p(x) = x1,0(x) = xz (Theorem 3).

Applications of the above theorems are however not limited to such improper priors
and we pursue with further proper prior examples.

Example 4 (Multivariate normal model with known covariance) Theorem 1 applies
for the normal model set-up of Example 3 since the posterior distribution is of the
form f(6 — pL(x)) For instance, under second-stage squared error loss, identity (6)
and L (X) = rod are illustrative of parts (b) and (c) of the theorem.

Theorem 1 applies as well to many other first-stage and second-stage losses, such as
L7 and reflected normal first-stage losses 8(¢) = ||¢||7 and l—e_c”’Hz, with ¢ > 0; and

second-stage losses of the form p(%) such as those of Remark 1. Finally, as previously
mentioned, the above observations apply for the improper prior density 7 (6) = 1 with
corresponding expressions obtained by taking 7% = 4-o0.

Example 5 (A Gamma model) Gamma distributed sufficient statistics appear in many
contexts and we consider here X |0 ~ G(«, ) with a Gamma distributed prior 6 ~
G(a, b), which results in the scale invariant form of Theorem 2 with f a G(« + a, 1)
density and o (x) = (x +b)~!. Therefore, Theorem 2 applies for scale invariant losses

p(g) as those referred to in Remark 1. As an illustration, take entropy-type losses of
the form with p,, (1) = ™ —mlog(t) — 1, m # 0, for which one obtains form < a +«
the Bayes estimator

1/m

0:(x) = [E@™x)} " = ko(x),

with k = {% } 1 " and the posterior distribution of the loss pm(%) free of

x and matching that of p,, (AZ’l) (or equivalently p_,,(Z)) with Z ~ G(a + «, k).
Finally, the Bayes estimate L, (x) will also be free of x for any second-stage loss. For
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the case of squared error loss W (L, i) = (i — L)2, one obtains

Lr(x)=E {pm (9”;‘)) |x}

=E{pu(zh)]

=E(Z™" +mElog Z — 1)

_ IN'la+ o —m)

=mW¥(a+ a)+log <—F(a+oz) ) , (18)

for m < a 4+ «, where W is the Digamma function.

To conclude, as previously mentioned, we point out that the above expressions are
applicable for the improper density mo(f) = % on (0, c0) by settinga = b = 0.
Related minimax properties are investigated in Sect. 4.2

Example 6 (An exponential location model) Consider X1, ..., X, i.i.d. from an expo-
nential distribution with location parameter @ and density e~ *9)]1(9,00) (t) (fixing
the scale without loss of generality) with a Gamma prior 6 ~ G(a,b), a > 0

and b = n. This yields a posterior density of the form O|x ~ ﬁ f (%) with
o(x) = xqy = min{xy, ..., x,}, and f(u) = au“’l]l(o,l)(u), i.e., with the density

of U ~ Beta(a, 1). Theorem 2 thus applies for any first-stage scale invariant and
second-stage losses.

As anillustration, consider the entropy-type loss L (6, 6) = % - log(%) —1, yielding
O (x) = Lrxqyandloss L = L(6, O (x)) distributed under the posterior as %U -
log(U) — log(1 + le) — 1, for U ~ Beta(a, 1) which is indeed free of x. Finally, for
squared error second-stage loss, the Bayes estimator of L is given by

br() = E(LI) = —log(l ; é) |

since E(U) = ;47 and E(log U) = —é,

Example 7 (Multivariate normal model with unknown covariance) Based on X =
(X1,..., X)) 7T with X; ~ Ny (u, o2ly) independently distributed components, set-
ting 6 = (61, 62) = (u, o), consider estimating 61 under location scale invariant loss
L®,0) = p(%), such as the typical case p(r) = ||¢]|>. For this set-up, a suffi-
cient statistic is given by (X, S) with X = %Z?:l X;and S = Y 1X: — X%
Furthermore, X and S are independently distributed as X6 ~ Ny(61, (62/n)1y) and
S|16 ~ G(k/2,1/202) with k = (n — 1)d.
Now consider a normal-gamma conjugate prior distribution for 8 such that

67 1
01102 ~ Ng(&, = 14) with — ~ G(a, b),
c 0,

@ Springer



Japanese Journal of Statistics and Data Science

denoted & ~ NG(&, c, a, b), with hyperparameters & € RY, a, b, c > 0. Calculations
lead to the posterior density

lx ~ NG(£(x), ¢ +n, a(x), b(x)),

nc _ 2
with £00) = % 4(r) = a + 4k, andb(x) = "D

pr . The corre-
sponding posterior density of 6 can be seen to match form (17) with £(x) as given,
o(x) = +/b(x),and f the joint density of (Vl, V) where V| and V; are independently
distributed as V| ~ Ny(0, —— - +n 1) and V2 ~ G(a + d+k , 1). The last representation
is obtained by the transformation (61, 6;) — (V| = %, Vo =
posterior distribution.

Theorem 3 thus applies for any first-stage location-scale invariant and second-stage
161611
03

) —2-) under the

U(X

losses. For instance, the familiar weighted squared error loss L (6, ) 1) = leads

5 = 1 _ lei—g@I? . N . 5
to 01,7 (x) =&(x), andloss L = - whose posterior distribution (i.e., || V1 ||
2

with V| as above) is that of a # xj (0) distribution.

Remark 4 Further potential applications of Theorems 1 and 3 may arise when the
posterior distribution can be well approximated by a multivariate normal distribution.
Such a situation occurs with the Bernstein-von Mises theorem and the convergence
(under regularity conditions; e.g., (DasGupta, 2008) for an exposition) of \/n (9 —
émle) |x to a Ny (0, Ig,), Ig, being the Fisher information matrix at the true parameter
6o, and émle the maximum likelihood estimator.

4 Minimax findings for a given loss

In this section, we present different scenarios with loss estimators that are minimax
and therefore a benchmark against which we can assess other loss estimators. The
results are subdivided into two parts: (i) multivariate normal models with independent
components and common variance, with or without a known variance; and (ii) univari-
ate gamma models. Throughout, the first-stage estimator and associated loss are given,
and the task consists in estimating the loss. For normal models, a quite general class
of first-stage losses which are functions of squared error is considered with various
second-stage losses of the form p(%), while the analysis for the gamma distribution
involves first-stage entropy loss and second-stage squared error loss. The theoretical
results are accompanied by observations and illustrations.

' This can be seen as follows.

N L "
01,7 (x) = = = =&x).
IE(é!x) IE(élx) E(%m
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4.1 Normal models

We first study models X ~ Ny(0,0%1;) with known o2 before addressing the
unknown o2 case with an i.i.d. sample. We consider first-stage losses of the form

B (”9;—29”2) for estimating 6, with 8(-) absolutely continuous and strictly increasing on
[0, 00), and the loss
IX -6 ||2>

L=8(— (20)

incurred by estimator éo (X) = X. In this set-up, the first-stage frequentist risk is given
A~ 2
by R(®.00) = Eo{B(IX5L)} = E{B(2)} with Z ~ x2. and we assume that it is
finite. In the identity case B(¢) = ¢, the estimator éo(X ) is best equivariant, minimax
and (generalized) Bayes with respect to the uniform prior density mo(f) = 1 (e.g.,
(Fourdrinier et al., 2018)). These properties also hold more general 8, and even for
X~ f(lx — 0||2) with decreasing f (e.g., (Kubokawa et al., 2015)).
As a second-stage loss, consider the entropy-type loss

~

W (L, i,) = Pm <%) with o, (1) = " — mlog(t) — 1, m # 0, 20

and the Bayes estimator I:m) (X) of loss L with respect to prior density 7g. Since the

_ 912 . . .
posterior distribution ”xg#bc is X§ (see Example 3) independently of x, a direct
minimization of the expected posterior loss tells us that

A

Lay(x) = argminiiE(pm(Enx)}
= argmin; HL”’E(L ™x) — mlog L + mE(log L|x) — 1]
= {E@"m} o
= ey ™) " (22)

for all m # 0, and that

inf £ (o >|x)} E(pm< “)l)

= mE(log B(2)) +1og E((B(2))™")
= R (say), (23)

as long as these expectations exist. LmJ takes values on (0, o0) and a spemﬁc example
is provided after the proof. Also observe that Lﬂo has constant risk R(6, Lﬂo) = R.
This also can be seen directly by the equivalence of the frequentist and posterior
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distributions of ”X;—f”z which tells us that LLﬂ 1o =4 L%pc for all 8, x and therefore
- . Ly, =
R©, L) = E(on(52)10) = E(pn(52)lx) = R

Theorem 4 Under the above set-up and assumptions, for estimating the first-stage
loss L in (20) unfier second-stage loss (21), the minimax estimator and risk are given
by Lz, (X) and R, respectively.

Proof Since inO(X) has constant risk R = R(0, ino), it suffices to show that

ino (X) is an extended Bayes estimator with respect to the sequence of priors
7ty ~ Ng(0,no?1y), n > 1, which is to show that

lim r, = R, (24)

n—oo
with r, the integrated Bayes risk associated with s,,. For prior 7, we have 0|x ~
Na (G, %ld) implying that MM ~ 22y, with y = [E4 /el
o n+1/4d\n (n+1)o?
set Z, such that Z,|y ~ n"? Xj(,y—z) and y as above. Then as earlier, the Bayesian
optimization problem for i, results in

in,,(x) _ {]E<(Ig(w))fm|x)}—l/m _ {E((,B(Zn))imly)}_l/m

o

Now,

and

inf ; {En(pm(%nx)} = En(pm(i%)lx)
= mE(log B(Z,)]y) + logE((ﬁ(Zn))_mW)
= u,(y) say.
From the above, we have

X2

—(n Dol (25)

rp = E(un(Y)) withY =

Now observe that the marginal distribution of X is N;(0, (n+1)o>1;) implying that
the marginal distribution of Y is X,? free of n. Finally, by the dominated convergence

theorem with |u,(y)| < v, (¥), v, (y) = En(pm(L—ZONx) foralln > 1 and y >

0, E(va(Y)) = EnE(pm(%)W) = R (independently of n), and an application of

Lemma 6, which is stated and proven in the Appendix, we infer that

limy o0 7 = EY { lim, oo mE(log B(Z)[Y) + lim,, - oo 1ogE((/3(z,,))*m|Y)]
= EY{mE(log (2)) + log E((ﬂ(Z))_m>]
= mE(log B(2)) + 1ogE<(,3(Z))"")

which is (24) and completes the proof. O
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Table 2 Bayesian Estimators, Bayes Risks and Minimax Risks

pj(%) Ly j(X) rn =E(g;(1).Y ~ x3 Minimax risk
WE+ -2 Eég; VE(BEDIE s 1Y) - E(B@)E(5iz) ~ 1
(tog(£))? (LEllogp(2) V(log B(Zn)|Y) V(log 8(2))

Theorem 4 applies quite generally for various choices of § and loss p,,. and the
approach is unified. A particular interesting case is given by first-stage L7 losses with
B(t) = t1,q > 0. Calculations are easily carried out with the moments of Z ~ Xf

A d
yielding the minimax loss estimator L, (X) = 24 (r(l;(—zrlq))l/ "of L = M for
7
m<d/2q.
An analogous approach establishes the minimaxity of the generalized Bayes loss

estimator ino for various other interesting loss functions of the form p(%). We
summarize such findings as follows.

Theorem 5 Consider the set-up of Theorem 4 with its corresponding assumptions, and
the problem of estimating the first-stage loss (20) under second-stage loss p; (%), j=
A, B, Cwhere ps(t) = (" —1)2,m # 0, pp(t) = 5(t++—2), and pc(t) = (log1)?,
then assuming existence and finite risk, the generalized Bayes estimator L, ;(X), j =

A, B, C, with respect to the uniform prior density is minimax, its frequentist risk is
constant and matches the minimax risk.

Proof In each of the three cases, a proof is quite analogous to that of Theorem 4
with estimators Ly, j(X), the integrated Bayes risk r, ; = E(g;(¥)),n > 1 and the
minimax risk varymg for j = A, B, C aspresented in Table 2 with Z,,|Y ~ m d( ),
Y ~ Xd, Z~ Xa'- O

Remark 5 Some remarks:

(D For squared error second-stage loss (i — L)2, the generalized Bayes estimator
ino of L = ,B(”X;—fnz) with respect to the uniform prior density mg is given
by E(L|x) = E(ﬂ(Z)) with Z ~ Xd2 (as for entropy loss p_1), assuming finite
]E(ﬂ2 (z )). The methodology of Theorems 4 and 5 can be applied to establish the
minimaxity of iﬂo. This represents an extension of the identity case B(r) = ¢
proven by Johnstone (1988).

(I) Johnstone established in the identity case and for the squared error second-stage
loss the 1nadmlss1b1hty of Lm) (X ) = d ford > 5 by producing estimators L that
dominate L 70~ These estimators L, and others appearing later in the literature, are
“shrinkers” exploiting a potential defect of 1:7,0. In comparison, it can be shown
using various applications of Jensen’s inequality and the covariance inequality
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that the Bayes estimators I:ﬂo in Theorem 5 for pp, pc, and for p4 withm > 0,
as well as those of Theorem 4 for m > —1 are shrinkers in the sense that
Lny(X) < E(B(Z)). In contrast, they are expanders for m < —1 for both p,,
and p4. Such comparisons apply as well beyond the set-up here, for other models
and priors, namely for Example 3’s general Ly expressions, and in comparison to
the benchmark posterior expectation estimator E(L|X) (see Appendix). Stronger
properties can undoubtedly be established in specific cases, such as the identity
case seen in Example 3. Finally, we point out for a given loss of Theorem 4,
or Theorem 5, that the benchmark unbiased procedure ZO(X ) = IE(,B(Z)) is

dominated in terms of frequentist risk by I:,TO(X ) unless these two estimators
coincide (e.g., p—1).

(IIT) The considerations above also informs us on a “conservativeness” criterion for
selecting a loss estimator which stipulates that

EyL(X) > E¢L (0, (X)) forall 0, (26)

(equality being (2)), put forth by Brown (1978), Lu and Berger (1989), and
others. In our context, such an “expander” property does not follow in general,
and rather is inherited (or disinherited) by the choice of the second-stage loss.
The adherence to (26) is rather involved in general, but it thus can be controlled
in this Example by the choice of the second-stage loss.

4.1.1 Unknown o2

For the unknown o2 case, a familiar argument (e.g., (Lehmann & Casella, 1998))

coupled with properties of I:HO (X) for the known o2 case, leads to minimax findings
via the following lemma.

Lemma3 For X = (X1,..., X,) " with independently distributed components X; ~
= 2
Na(u, o2ly), 0 = (u, o2), consider estimating the loss L = ,B(M) incurred by

7(X) = X for estimating y(0) = 1, wzth B(-) absolutely continuous and strlctly
mcreasmg as in Sect.4.1. Suppose that LO(X) is under second-stage loss W (L, L)
free of 0%, minimax, and with constant risk R = Ey { W(L, LO(X )) } for estimating L

regardless of o. Then, Lo(X) remains minimax for unknown o? with minimax risk
R.

Proof Suppose, in order to establish a contradiction, that there exists another estimator
L(X) such that

sngg{W(L, LX)} < sngg{W(L, Lo(X)} =R

Then, for fixed 02 = 002, we would have

sup Eg{W(L, L(X))} < supEg{W(L, Lo(X))} < R
=(n,03) 0
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which would be not possible given the assumed minimax property of Lo(X) foro? =
2
ag- O

The above coupled with the results of the previous section leads to the following.

Corollary 1 In the set-up of Lemma 3 with second-stage loss (21), the loss estimator
T—ull? .. .
Ly, given in () is minimax for estimating L = ﬁ(%). Furthermore, minimaxity

is also achieved by the generalized Bayes estimators lﬂ,no, i (X) of Theorem 5 for the

~

corresponding losses ,0.,'(%), j=A,B,C.

Proof The results are deduced immediately as consequences of Lemma 3, Theorems 4,
and 5. O

4.2 Gamma models

We revisit here the Gamma model X|60 ~ G(«, 0) of Example 5 with first-stage
entropy-type loss pm(g) for estimating 6 and with m < /2. We consider the loss

associated with O, (X) = %, k= {F(l;(fzn)}l/m

generalized Bayes for the improper density mo(6) = 511(0,00) (0), as well as minimax
with constant risk.
With the above first-stage estimator given, the task becomes to estimate

L= £ 1 k 1 27
= () e (5;) - 7

and we investigate second-stage squared error loss (L — L)2. We establish below the
minimaxity of the Bayes estimator

, which as an estimator of 6, is

IN'x —m))’

Ly (X) = mW(a) + log <W

(28)
given in Example 5 for a = b = 0. We will require the following Gamma distribution
properties, which are derivable in a straightforward manner, and related frequentist
risk expression for L.

Lemma4 Let W ~ G(§, B) and h > —& /2. We have:

@ VOV = g EER - (Y]
(b) V(logW) = W'(§),

(€) Cov(W",log W) = 2 L2 {W(E + 1) — w(©)),

I' and ¥ being the Gamma and Digamma functions.

Lemma5 The estimator i,nO (X) of L has constant in 0 frequentist risk given by

I'a —2m) (F(oc—m)
M)  ° T

RO, Lry) = K" )]+ me @+
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I'a —m)

2mk"m —~
T @)

(V@ —m)— v} (29)

Proof Let Z ~ G(a, k). For the non-informative prior distribution here, one can
verify as in Theorem 3 that %W =d %pc =4 7 for all 0, x, i.e., the frequentist
and posterior distributions coincide. This implies that |0 =¢ L|x for all 8, x, so that
Eo(L) = E(L|x) = iﬂo (x). Now, since the second-stage loss is squared error, the
frequentist risk is equal to

R(L,L) = Eo((L — E(L|X))*) = V(L|#)
=V(Z™" +mlogZ)
=V(Z™™) + m>V(log Z) + 2mCov(Z™", log Z).

The result then follows by applying Lemma 4 to the above for § = o, h = —m. O

We now proceed with the main result of this section.

Theorem 6 For X ~ G(«, 0) with known « (o > 2m) and unknown 6 € R, first-
stage loss py, (%), and second-stage squared error loss, the generalized Bayes estimator
lA,,TO (X) given in (28) of L is minimax with minimax risk given by (29).

Proof We show that ino (X) is an extended Bayes estimator of L with respect to the
sequence of prior densities 7, := G(ay, b,), witha, = b, = rll, n > 1. Since the risk
R, ino) = R is constant in 6, establishing (24) with r, the integrated Bayes risk
with respect to m, will suffice to prove the above.

We have for a given n and 7,,,

o =B B0 (L = Lr, 0O)’|X)} = BX (Vo (21X0),

where inn (X) = E,(L|X) is the Bayes estimator of L, V,(L|X) is the posterior
variance of L, and the expectation EX is taken with respect to the marginal distribution
of X.
Under 7,,, we have 8]x ~ G(a +ay, (x +by)) so that %5 |x ~ G(a + a,, X2y,
k(X+bpn)

Setting ¥ = Y (X) = ==, we can write

Va(L1X) = Vo ((F)™ — mlog(75)]X)
=V, (W™ +mlogW|Y),

with W|Y ~ G(« + a,, Y). Expanding the above variance as in Lemma 5 and again
making use of Lemma 4, one obtains

Vo (L1X) = Cu{Y (X)) + m* W (ay + @) + 2m{Y (X)}" Dy, (30)
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with
c _Tlag+a—2m) T%a,+a—m)
" T(ap+a) M, +ao)
and
I'lay, + o —m)

Now, since X ~ B2(w,ay,, b,) under m,, i.e., a Beta type II distribution as in
Definition 1, we have by virtue of Lemma 1

—h
E,(Y(X)") = E <L> T OO .
k(X + by) (o +an)—pn

so that limy— o0 E, (Y (X)) = k" for h = m and h = 2 m. Finally with the above
and (30), we obtain directly

lim r, = lim EX{V,(LIX)} = RO, L) = R,

n—o0

as given in (29), completing the proof. O

5 Minimaxity for Rukhin-type losses

Whereas the minimax findings of the previous sections apply to decisions problems
that are sequential in nature, i.e., the decision of interest which is that of estimat-
ing a loss L = L(G, ?(x)) is assessed for optimality after having observed the
data x, Rukhin’s loss in (3) or (4) applies to the problem of estimating (y(6), L)
simultaneously. Whereas (Rukhin, 1988a,b) investigated questions of admissibility
of pairs (7, L) our investigation here pertains to m1n1max1ty An estimator (ym, L)
of (y(0), L) is defined to be minimax for loss W (0, 7, L) if supg{W @@, Pm, L)} <
supy{W (0, y, L)} forall (p, L). Since we will investigate the behav1our of a sequence
of Bayes estlmators we point out that a Bayes estimator (yﬂ, 7T) of (y, L) under loss
W@, 7y, L) and prior 7 is, whenever it exists, given by L = E(L|x) and 7 the Bayes
point estimator of y (9) under first-stage loss L = L(G, y(x)) (independently of the
choice of h).

We capitalize on a combination of properties and findings of the previous sections
to establish a minimax result which we frame as follows.

Theorem 7 Consider a given model X ~ fy and loss W = W (0, 7, ﬁ) as in (4) for
estimating (y, L) with y = y(0) and L = L(0, y). Suppose there exist an estimator
(Yo, io) and a sequence of proper densities {m,; n > 1} such that: (i) Po(X) is for
first-stage loss L an extended Bayes estimator of y with constant risk in 0; (ii) the
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Bayes estimator L 7, (X) is forn > 1 constant as a function of x; and (iii) the estimator
Lo(x) is the limit of Ly, (x) as n — oo. Then (yo, Lo) is minimax.

Proof Denote RW(G, 7, I:)) as the frequentist risk of estimator (p, L) under loss

w@e, v, L); R, ) as the first-stage risk of p; R as the constant first-stage risk of
Y0; rn and rW as the integrated Bayes risks with respect to m, associated with the
first-stage loss L and global loss W, respectively. As well, denote the constant values
of Ln,, (x) and Lo(x) as ¢, and ¢ = lim,,_, o c,. We have

Rw (9. (Jo. Lo)) = Ea(W(@. 7. Lo))
=h'(c)R — ch'(c) + h(c)
= Rw.

which is constant as a function of 6. To establish the result, it will suffice to show that

lim rV = Ry (31)

n— oo

which implies that the pair (7, I:o) is an extended Bayes equalizer rule with respect
to the loss W (6, 7, L) which hence results in a minimax solution. As above, it is the
case that

Rw (0, (P, Lz,)) = (ca)R(O, Pr,) — cuh’ (ca) + h(cn),
which implies that
V= h/(cn)rn - cnh/(cn) + h(cy).

Finally, condition (31) is verified with the above expressions since, by assumptions,
70 is extended Bayes with limy,— o 7, = R and lim;,— o ¢, = c. O

Observe that the result is quite general and the minimaxity holds irrespectively of
the choice of 4 in loss function (4), as is the case for the determination of a Bayes
estimator of (y(6), L). The above theorem paves the way for various applications
which build on the results contained in the previous sections and we present as a series
of examples. A critical property is the one where the Bayes estimators iﬂn (x) are free
of x, situations that were expanded on in Sect. 3.

Example 8 (Normal model) Theorem 7 applies for X ~ Ny, o 2Id) y(Q) =0,

simultaneous loss W as in (4) with first-stage squared error loss L = ”0 9” , with the

estimator (yp(X) = X, f,o(X) = d) which is generalized Bayes for (9, L) and the

uniform prior density 7 (0) = 1. Indeed, with the prior sequence of densities & ~™

N4(0, no?), the m1n1max1ty follows from Theorem 7 since: (i) yo(X ) is extended
nd

Bayes relative to {m,; n > 1} with constant risk equal to d, (ii) Ln,, x) = Py is

constant as a function of x, and (iii) converges to io(x) =
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Example 9 (Normal model continued) The above example can be extended to the
choice of L = ,8( 16=9 H2) with B a continuous and strictly increasing function on R .

Let Z ~ x; (O) Then the estimator (y, L) with Pp(x) = x and Lo(x) = (ﬂ(Z))
(as long as the latter is finite) can be shown to be minimax for estimating (6, L) under
loss W. It is also generalized Bayes for the uniform prior density.

A justification of condition (i) of Theorem 7 is as follows. A result in Yade-
gari (2017) (Theorem 2.2, page 24), that applies when the posterior distribution
of 0 is normal, tells us that the first-stage Bayes estimator of 6 under loss L and

nx

prior 7, is given by the posterior mean ;75, independently of B, the posterior

being O|x ~ Nd(n 1 ( "l’ +1)Igl) under prior m,. It follows from this that the min-
imum expected posterior loss, equivalently Ln,, (x), is equal to JE(" b (Z)) since

(”900” )|x ~ + ST Xd 2(0). Now, since this is free of x, one infers that the integrated

Bayes risk r,, is equal to the minimum expected posterior loss and thus converges
to IE(,B(Z)) which can be seen as an application of Lemma 6 (for y = 0). Since
this matches the constant risk of 79(X), we infer that the latter is also extended
Bayes, whence condition (i) of Theorem 7. From the above, we infer have that (ii)
Ly, (x) = E(n"? B(2)) is free of x, and which (iii) converges to Lo(x), establishing
the minimaxity.

Example 10 (Gamma model) For a Gamma model X ~ G(a, 0) (.e., Example 5,
we apply Theorem 7 for estimating y(6) = 6 and L(6, 6) = (—)m —m log( ) —1
simultaneously under loss W' in (3), with m < «. We show that the Bayes estimator
(6o, Lo) of (8, L) with respect to the improper prior density 7 (0) = %H(O,oo) ),
given by 6p(X) = {F(l;(fzn) }l/m L and Lo(X) = m¥ () + log (F(lf‘(;;”)) is minimax.
Indeed, with the sequence of prior G( 5 n) densities 7, the minimaxity follows since:
@) éo (X) can be shovyn to be extended Bayes with constant risk given by io(X ), (ii)
the Bayes estimator Ly, (x) of L is a constant given by (18) with @ = 1/n, and (iii)
converges to I:o asn — oo.

Theorem 7 also applies for other first-stage losses, such as the familiar scale invariant
squared error loss L@, é) = (0 1)2 with o > 2. In this case, a minimax solution
is OO(X) = 2 and LO(X)
with the same prior sequence {m,} as above with Lﬂ” (X)) =
from (8).

Example 11 (Poisson model) Theorem 7 leads to the following application for the
Poisson models of Sect.3.1.1 and 3.1.2. With the set-up of Sect.3.1.2, for esti-

v 1 , and the conditions of the theorem can be verified

N
p—— computable

. : - d 0i—6)* .
mating (0, L) under loss (3) with loss L(8,0) = Z e we infer that
1= i
(éo (X), in (X )) = (X, d) is minimax by considering the sequence of priors m; such
that S ~ G(a, =d, b, = %). Indeed for such a sequence, we may show, namely by

using Remark 3, that: (i) éo(X ) is extended Bayes with constant risk given by d, (ii)
the Bayes estimator L,,n (x) of L is a constant as a function of x given by dl , and

which (iii) converges to Lo asn — 00.
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Example 12 (Negative binomial model) We consider the set-up of Sect.3.1.3 with
X ~ NB(r,0) as in (14), and the problem of estimating (6, L) for simultaneous
loss W as in (3), with L = L(6, 9) the weighted squared error loss given 1n (16).

Theorem 7 apphes in establishing the minimaxity of (90, Lo) with 90(X ) ="~ + 1 and

LO(X ) = m. Indeed with the sequence of B2(a,, b,, r) prior densities 7, for 6 with
a, =1land b, = l , it is the case that: (i) éo(X ) is extended Bayes with constant risk

R = % (ii) Lﬂn (x) is free of x, and (iii) converges to io(x) asn — oo.

+1+ -1

The results above paired with the particular features of the (éo, io) minimax solu-
tions lead to further minimax estimators with the simple observation that (él f,o)
dommates (90, Lo) under loss (3) whenever 91 dominates 00 under first-stage loss
L@, 9) given that Lo(X ) is a constant. We thus have the following implications for
the multivariate normal and Poisson models, for d > 3 and d > 2 respectively, since
there exist (many) dominating estimators él (X) of éo (X) = X. The same applies for
the multivariate normal model with a loss function which is a concave function of
squared error loss and d > 4 (see for instance, (Fourdrinier et al., 2018)).

CoroIAIar}l 2 (a) For the normal model context of Example 8 with d = 3, an estimator
(0, L) is minimax for estimating (0, L) whenever 6(X) dominates 6p(X) = X

2
under first-stage loss ”909“ ;

(b) For the normal model context of Example 9withd > 4 and concave B, an estlmator
(9 L) is minimax for estimating (0, L) whenever G(X ) dominates 90(X ) =

under first-stage loss 8 (M)

(¢) For the Poisson model context of Example 11 with d > 2, an estimator @, L)
is minimax for esttmanng (9 L) whenever Q(X) dominates 90(X ) = X under

first-stage loss Z (9 67

l

6 Concluding remarks

This paper brings into play original contributions and analyses for loss estimation that
culminate with minimax findings for: (i) estimating a first-stage loss L = L(6, p),
and for (ii) estimating jointly (y (6), L) under a Rukhin-type loss. Various models and
choices of the first and second-stage losses were analysed. Our work also clarifies the
structure of various Bayesian solutions, properties of which become critical for the
minimax analyses.

All in all, the optimality properties obtained here serve as a guide on how one
can sensibly report on an incurred loss in both situations (i) and (ii). Notwithstand-
ing existing results, related questions of admissibility questions remain unanswered,
namely in the context of Example 1 for different second-stage losses where it would
be interesting to revisit the effect of the dimension d in the d —variate normal case.
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Appendix A
A1
The following result was used in Sect.4.1.

Lemmaé6 Let Z, ~ n+]xd( Y forn > 1,d > 1, and fixed y > 0, and let g be a pos-
itive valued function such that E(g(Zl)) < 00. Then, we have lim,,_, oo E (g(Z ))
E(g(2)) with Z ~ x3(0).

Proof Denote h, and f;, as the density of Z,, and ”H Zn ~ X d( ) respectlvely We

seek to apply the dominated convergence theorem and we make use of the W ~ 2(3)
density representation

v/2  v=2
1 W R VLAWY w2
2) T 24

forw > 0,v > 0, A > 0 and where oFi(—; b;t) = Zkzo Wik!' From this, we have
foralln >2and z > O:

8Dy (2) = g(z) f (L) ntL
< %g(z)fn(”“z) |
_ a/2 ()5 Cd. ot _ O
= ()() ?OFI( ;5 Say) e 2n

< gKefg(z)fl(z),

with K = max({l, (%)% }, where we have exploited the fact that o F1(—; b; t) is for

fixed b > 0 increasing in ¢ > 0, as well as make use of the inequality ("T“)dz;2 <K
for all d > 1 and n > 2. The result then follows by dominated convergence. O

A.2

As a complement to Example 3, here are justifications to the effect that the constant
loss estimate L, decreases as a function of m for losses p4 and p,;, and that the defined
cut-off point mo(d) takes values between —1 and 0. We have

Ly 1 d d
log< 2;?) = fd.m) = — {logF <5> “logT (E —m>}

for p,,, and log (L” (x)) f(d—2m,m) for ps. Now, observe that f(d, m) increases
7

in d, and decreases in m, the former being a consequence of the strict logconvexity of
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the gamma function, and the latter since

d 1 d d d

with the inequality due to the ordering u’(a) < w < u'(a+b)fora,b c
R+ and strictly convex and differentiable functions u(-) on Ry. The above tells us
directly that L, decreases in m for loss p,,, but it is also the case for loss p4 since
fd—-2my,my) > f(d—2mp,my) > f(d —2my,my) form; <my < %.

For the bounds on m(d) which apply to loss p4, it suffices to observe that Ly =
r02(d + 2) for m = —1, calculate the limiting value in = 2‘1,'36\11(%) asm — 0,
and then infer that lim,,_o L, < rgd by virtue of the Digamma function inequality

E(L—Inlx) l/m
]E(L—Zmlx)

Y (w) < log(a) for @ > 0. More generally, one shows that lim,,,_, o (

ePUog LX) "o that the squared log error loss arises as the limiting loss ((%)m — 1)2
when m — 0.

A3

Here are elements of justification for the stated properties of Remark 5. We make
use of two inequalities, first Jensen’s inequality for concave h, ]E(h (,B(Z))) <
h(E(,B(Z ))) and a Covariance inequality for increasing f and decreasing g,
E(f(B(2)g(B(Z))) <E(f(B(2)))E(g(B(2))). The implications for losses p,, and
pc follow with Jensen’s inequality using 4 (z) = ¢t~ or —¢t~" depending on the value
of m, and h(¢) = log(t), respectively. The shrinkage for p4 with m € (0, 1) follows
with the covariance inequality applied for f(r) = 1™ and g(r) = t 2™, telling us that
(ino (x))m < E(L™|x), followed by Jensen’s inequality applied to 4(f) = ™. The
shrinkage that occurs for pp follows from the use of the covariance inequality with
f(@)=tand g(t) = t~1. There remains loss P4, the Bayes estimator {% }l/m
and its properties of shrinkage for m > 0, and expansion for m < —1, in comparison
to the benchmark estimator I:o(X ) = E(L|X). These properties follow directly from
the following inequality, which is also of independent interest.

Lemma 7 The following inequality holds for a positive random variable T :

% < (E(T))" form > 0andm < —1

assuming existence of the above expectations.

Proof For a positive real number N, we set | N| and {N} as integer and fractional
parts defined here as |[N| = sup{j e N: j < N}and {N} = N — | N]. The result
has been previously shown for m € (0, 1). For m > 1, the result follows by applying
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the covariance inequality |m ]| 4 1 times as follows

E(T~™) < B(T~" " HE(T) < --- < B(T "~ m)(E(T))"™
S ]E(T—m—LmJ—{m})(]E(T)) Lm]+{m}
= E(T~2m)(E(T))".

Similarly for m < —1, the inequality follows as

E(T~2") = E(T""HE(T) > - = BT Lmh)(E(r)
= BT (E(T)) ™",

O
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