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Abstract

A function I (x, y, t) constant on the solutions of a differential system in R? is called
an invariant. We classify all planar quadratic differential systems having invariants of
the form I (x, y,t) = ax? + bxy + ¢y? + dx + ey + c1t with ¢ # 0. There are
13 different families of quadratic systems having invariants of this form. As far as
we know this is the first time that quadratic differential systems having an invariant
different from a Darboux invariant have been classified
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1 Introduction and statement of the main results
In this paper we shall work with polynomial differential systems

X=Px,y), y=0x,y), (1.1)
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where P and Q are polynomials of degree 2, called simply textit quadratic systems.
As usual the dot denotes derivative with respect to the independent variable ¢, usually
called the time.

Many natural phenomena in various branches of the sciences are modelized using
quadratic systems. We can find in the literature more than one thousand published
papers studying the quadratic systems, see for instance the books [3, 14, 15] and the
hundreds of references which are cited therein.

Let U be an open and dense subset of R?, an textit invariant of system (1.1) in U is
anon-constant C! function 7 : U x R — R depending on ¢ such that 7 (x(¢), y(¢), t)
is constant on all the solution curves (x(¢), y(¢)) of system (1.1) contained in U, i.e.

d1—81P+81Q+8I—0 (12)
dt  dx dx ar '
for all (x, y) € U. For more details on the invariants, see [7, Chapter 8] or [13].

The objective of this paper is to classify all quadratic systems

X =ap+a1x +ay+ azx? + asxy + a5y2,

. 1.3
y = by + bix + byy + b3x? + byxy + bsy?, (1.3)

having invariants of the form
I(x,y,t)=ax2+bxy+cy2+dx+ey+c1t, (1.4)

with ¢ # 0.

Quadratic planar differential systems play a pivotal role in mathematical modeling,
offering valuable insights into the behavior of dynamic systems. Their significance
extends across diverse fields, including physics, biology, and engineering, where they
serve as powerful tools for understanding complex phenomena. For example the works
[2, 5, 6] delve into the classification of quadratic planar differential systems and high-
light their relevance in the analysis of dynamic behavior. These systems provide a
mathematical framework for studying the intricate interplay of variables and offer
a nuanced understanding of the underlying dynamics. The exploration and under-
standing of quadratic planar differential systems contribute not only to theoretical
advancements but also to practical applications in various scientific disciplines.

We note that many different classes of quadratic systems have been classified as
the structurally stable, their centers, their isochronous centers, their Hopf bifurcations,
their Lotka-Volterra, their Bernoulli, their chordal, their Abel, their quadratic-linear,
their with a unique finite singularity, their having a polynomial first integral, their
having a Hamiltonian first integral, their homogeneous,..., see for details [3]. But
there are few works on the quadratic systems having invariants, see [4, 10-13], but
all the invariants of these works are Darboux invariants, i.e. invariants of the form
f(x, y)e! withs € R\ {0}.

As far as we know this is the first time that quadratic systems having an invari-
ant different from a Darboux invariant are studied. Thus our first main result is the
following.
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Theorem 1.1 The quadratic systems (1.3) admitting an invariant of the form (1.4) are
one of the following 13 families of quadratic systems:

X =ag + aix + axy + azx? + asxy + asy?,

. d

y=by— Z(alx + axy + azx? + asxy + asy?), (1.5)
I =dx + ey — (dag + ebo)t,

with e # 0 and dag + ebg # 0.

1 2
X =ay+ax+ b—z(b(2ca1 + eayq) — 4ceaz)y + azx? + asxy + b—zc(ba4 — 26a3)y2,

1 1
y = ——((bay — ea3)(be — 2¢d) — b3ag) — — (b*ay — beas + 2cdaz)x
2b%c 2bc (1.6)
1 1 1 1 ’
+— (beas + 2cdaz — b*a; — bdas)y — — bazx? — —basxy + —(2caz — ba4)y2,
b? 2¢ 2¢ b

b? 1

I =dx+ey+ — x4 bxy + Cy2 + ——(b%ag + e(easz — bay))(be — 2cd)t,
4c 2b2¢

with be # 0 and (b*ag + e(eaz — bay))(be — 2cd) # 0.

X = ap + (575 (aay + bby) + £az — by)x + ary + azx?
(5ol 2aar + bby) + Laz)xy
—W(Zaaz + b2b)y2, 1
(—4a? (ayd + bre) — azbd® + 2azade)x + byy

—2aa3x? + (572%—(2aa, N bby) — az)xy + 575 (2aa; + bby)y?,

b 1
I =dx+ey+ ax? + bxy + 4—y2 — b—2((bd — 2ae)bag — 2ae(day + eby))t.
a

with ab(bd — 2ae) # 0 and (bd — 2ae)bay — 2ae(day + eby) # 0.

. 2 2 )

X =ao+ax +axy+ ;calxy — Ecbzy ,

. 1 d

y=—z(axd + bye) — —a1x + byy, (1.8)
2c e

1
I =dx +ey+cy? + 2—(e(da2 + eby) — 2cdagp)t.
c
with cde # 0 and e(day + eby) — 2cdag # 0.

. e
X =ap— stx +azy,

2
y=by— (€2b2b3 + 4a2a2ao)x + bry — ;aazxy + b3x2, (1.9)

. 2aeay .
I =——>byx+ey+ ax? 4+ (—apby — eby)t.
ap a
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with aeas # 0 and < agbs — eby # 0.
ap

) e
X =ay— 2—b3x,

y =bo+ 2—(deb3 — 4a’ag)x + b3x?,
ae
I =dx + ey +ax® — (dag + ebo)t.

(1.10)

with ae # 0 and dap + ebg # 0.

2 1
X =ag+ Eaazx +ayy + azx* + ﬁ(bdag — 4a’ar — 2baby)xy
a
b
—5,7(2aa + bby)y?,
a
1 2

y = —ﬁ(bag +day)a — b—2(4a2a2 + bdaz)x + byy — Zaag)ﬂ (1.11)

1 1
+w(4a2a2 — bdas + 2abby)xy + E(Zaaz + bby)y?,
b2
I = dx +ax? + bxy + 4—y2 — daot.
a

with abd # 0 and ag # 0.

. b 2
X =ag+ %agx +axy + a3x2 + asxy + b—z(ba4 — 20a3)cy2,
1

1
y = —— (b day) — —— (b3 4c%d — ——(2(bas — 2caz)d
y 5 (bao +daz) — -5 (b ay + dc*daz)x — 5 (2(bay — 2cas) 6(1’12)

1
+b2ar)y — —azx? — —asxy + —(2caz — bas)y”,
5 2c 2c b

b
I =dx+ 4—x2 + bxy + cy? — daot.
c
with be # 0 and dag # 0.

X =ao+ ary + asxy + asy?,

. d

y= —Z—C(a2 + asx + asy), (1.13)
[ = dx + cy? — dagt.

with ¢ # 0 and dag # 0.

) 2 )

X =ag+ayy— Ecbzy ,

y=bo+ by, (1.14)
1 b

I = dx = -~(day + 2cbo)y + ey + (b—o(daz + 2¢bg) — dag)t.
2 2
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b
with dby # 0 and b—o(daz + 2¢by) — dag # 0.
2

. b oo,
X =ap+ayy+ —axxy + —axy-,
) ae 2ea
y = —Eaao — —z(dy+2axy+by2), (1.15)
¢ b2 ap
[ =dx+ey+ax?+bxy+ —y2 — —(db —2ae)t.
4a b
. ao
with abe # 0 and ;(db — 2ae) # 0.
_ bdaj b sty 42
X = ——ayx+a —
B2ay + 2cdas + 2bcb, ¢ 2 P T 424

1
(b*ar + 2cday + 2bchr)x? + azxy — 2(baz +2¢br)y?,

_ _azd(a2b2+a4cd+bcb2) _ (aab?+agdc+cbbr) _ b? 1.16
Y = T @b 1 2c(asd +bbr)) 202 X +by =gy (1.16)

(a2b? + 2c(asd + bby))x? — %a4xy + %(uzb +2brc)y?,
2

b 2 2
I =dx+ 4—x + bxy + cy” —dagt.
C
with cd(b*ar + 2cday + 2bebs) # 0 and ag # 0.

. 2 2
X = ag + asgxy + —casy”,
b

. d b 2
y=—zao—as(y+ —xy+y°), (1.17)
2c ) b 2c

b
I =dx+ 4—x2 + bxy + cy* — daot.
¢

with bc # 0 and dagy # 0.

Theorem 1.1 is proved in section 2.

Roughly speaking the textit Poincaré disc ID? is the unit closed disc centered at the
origin of coordinates whose interior is diffeomorphic with R? and whose boundary,
the circle S! is identified with the infinity of R?. Note that we can go to the infinity
in the plane R? in as many as directions as points has the circle S'. Any polynomial
differential system can be extended analytically to the whole Poincaré disc, being the
circle of the infinity invariant by this extended flow. This extension is called the textit
Poincaré compactification, see for more details Chapter 5 of [7].

Now the singular points of a polynomial differential system which are in the circle
of the infinity, i.e. which for its Poincaré compactification are in the circle of the
infinity, are called the textit infinite singular points of the polynomial differential
system, and the usual singular points of a polynomial differential system contained in
R?, or equivalently in the open Poincaré disc are called the textit finite singular points
of the polynomial differential system.
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The textit chordal quadratic systems are the quadratic systems without finite singular
points. The phase portraits in the Poincaré disc of all the chordal quadratic systems
are classified in [8]. By the Poincaré-Bendixson Theorem (see for instance Theorem
1.25 and Corollary 1.30 of [7]) all the orbits of a chordal quadratic system starts at an
infinite singular point and ends in an infinite singular point, eventually both singular
points can coincide.

Corollary 1.2 All quadratic systems having an invariant of the form I (x, y, t) = ax>+
bxy + cy* +dx + ey + ¢t with ¢ # 0 are chordal quadratic systems.

The proof of Corollary 1.2 is done at the end of section 2.

We say that two phase portraits in the Poincaré disc are textit topologically equiva-
lent if there is a diffeomorphism from ID? into itself such that send orbits of one phase
portrait onto the orbits of the other phase portrait preserving or reversing the sense of
all the orbits.

As an exercise we have classified the phase portraits of the chordal quadratic systems
given by system (1.14) with @y # 0 in section 3.

2 The proofs

In this section we shall prove Theorem 1.1 and Corollary 1.2.

Proof of Theorem 1.1 To prove that the function I (x, y, 1) = dx + ey +ax> + bxy +
cy? + c1t is an invariant of system (1.3) we must verify the partial derivative equation
(1.2). Thus, the following polynomial must be a zero polynomial

aod + boe + c1 + (a1d + 2aag + bre + bbo)x + (apb + ard + 2boc + bre)y
+(azd + 2aa; + bye + bb))x? + (a1b + asd + 2aay + 2bic + bye + bby)xy
+(azb + asd + 2byc + bse)y? + (2aaz + bbz)x3
+(azb + 2aay + 2byc + bby)x>y + (asb + 2aas + 2byc + bbs)xy?
+(asb + 2b5C)y3.

Therefore the following algebraic system must be solved

apd + bge +¢c; =0,

ayd + 2aag + bre + bbg = 0,

apb + ard + 2boc + bre = 0,

aszd + 2aa; + bze + bby =0,

a1b + aqd + 2aay + 2bic + bge + bby = 0,
axb + asd 4 2byc + bse =0,

2aaz + bbz =0,

a3b + 2aaq + 2b3c + bby = 0,

asb + 2aas + 2byc + bbs = 0,

asb + 2bsc = 0.

2.1)

By solving this algebraic system with the help of the Mathematica software we obtain
49 solutions, but we select only the minimal number of solutions because many solu-
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tions provided by Mathematica are particular solutions of other solutions. In this work,
we are interested in the case in which the independent variable ¢ appears explicitly
for that we neglect the solutions when ¢; = 0. Then, we get the following sets of
independent solutions with ¢; # 0

d d d d d
51 = { by =——ay, b =——ay, b3 =——a3, by = ——ay4, b5 = ——as, a =0,
e e e e e
b=0,c=0, c; = —(dap + eby)},

1 2 b
= {az = b—2(2bca1 + beay — 4ceas), as = ﬁc(bcm —2caz), by = —z—ca_g,

1 1
bo = 55— ((bar = eas)(be = 2cd) = b ag), bs = - (2cas — bas),
b ! (b*ay — beas + 2cdaz), b b
=——(b"a; — bea cdas), = ——a4,
! 2bc ! ’ ’ ! 2c !
—bzb—l(b + 2cdaz — b*a; — bday)
a_4c, 2_b2 eds cdaas aj a4),
1
c1 = 55 (be = 2ed)(b*ag + e(eas — bal))} ,
={a; = ! (bdeaz + 2abday + 2abeb 22)b—2
S12 =141 = 24— 2abe eas abday abebr ae-as), v3 = baa3’
b
= (4d%a, — bd 2 bb)),
as 2a(2ae—bd)( a‘ay a3 + 2a(eas + bby))

1
7_bd(bda3 — 4a%ay — 2a(eas + bby)),

2
by = —bj(bao +day +ebr)a, by = 2ae

1

b= ———(—4a*(d bo) + 2adeas — bd*az),
1 b(bd—2ae)( a“(daz + eby) + 2adeas az)

L VR L A S SR R
as = aa , €= —, b5 = ad ’
3T 2aQae —bd) FTO? 40" T bd —2ae T

1
= ﬁ((Zae —bd)bay + 2(daz + ebz)ae)} ’

2 2 d 1
s13=1a3 =0, a4 = —cay, as = ——chy, by = ——ay, by = ——(day + eby),
e d e 2c

b3 =0,b4=0,b5=0,a=0, b=0, ¢ :;(daz-l—ebz)—dao},
C

(€®b3by + 4a’azap),

e
520 = {al = _Zb3’ a3 =0, a3=0, as =0, by = " Saeas

2
by =—=aay, bs=0,b=0,c=0,d= —ibz, 1= iaobz —ebo},
e ap az

1
$21 = {al = —iby a,=0,a3=0,a4=0, a5 =0, by = @(deln — 4a’ay),
by =0, by =0, b5 =0, c1 = —(dap + eby)},

b
——(2aay + bby),
— 2ae

2a
—(d by), =0, =—
2ae( ay +eby), a3 ag bd

S22:{a1:bd_
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b2 )

= 3T —aa & bby), by = —— (b d by)a. by =0,
as 2a(bd —Zae)( aaz + bba), by b2( ao + das + eby)a, bs

b Y ay+ebo), b 2 aayt by, c= 2

= T hd — 2ae) & ad eb2), = —a(2aa o= —,

YT b(bd —2ae)” T T pg —2ae T T 4a

b 1
bs = m@aaz +bby), c1 = b—z(b(Zae — bd)ag + 2ae(day + ebz))} ’

2 1 b
$24 = {a1 = Eaaz, as = ad (baz — 2aay — bby), as = ~3ad (2aayz + bby),
bo = — = (bao + dar)a, b = —— (4a%as + bdas), by = —=
0= —37(bao +daxa, by = —7(@a"a a3), by = —aas,

1 1 b?
by = Q(4a2a2 + 2abby — bdas), bs = E(Zaaz + bby), ¢ = o e=0,

c1 = —dap},

b 2 1
527 = {al = 5502 a5 = ﬁ(baax —2caz)c, by = —%(bao +day),

by = —Laﬁaz +4ctday), by = _LB by = —£a4 bs = %603 —a4
4c2b ’ 2¢ 7 2¢ b 7
bzz—i(ba4—20a3)—£a2 a:ﬁ e=0, ¢ =—da0}
b2 207 4¢’ ' '

2c 2¢
by =0,b5=0,a=0,b=0, e=0, ¢c; = —dap},

d d d
529 = {611 =0,a3=0, bp = — 509 by = ——ay4, by = ——as, b3 =0,

2
S31={01=0, a3 =0, ay =0, a5:—gcb2, by =0, b3=0, by =0, b5 =0,

1 b
a=0.b=0, =~ ~(day +2by). c1 = b—o(dag 1 2¢hy) — dao} ,
2 2

b b? 2
s33 =1a1 =0, a3 =0, a4 = —az, a5 = —az, bg = ——aag, by =0, b3 =0,
e 2ae b
d 2 b b? 2
b2 = ——ay, b4 = ——aaj, b5 = ——a, C=—, C] = aO(fae _d) )
e e e 4a b
= _2 =0 = 1(2 + bby) __? (aay + bby)
s36 = (a1 = paay, a3 =0, a4 = ——(2aa; 2), as = —5—(2aa 2),

2 4 2
by = —b—za(bao +day), by = —b—zazaz, b3 =0, by = ﬁdﬂaaz + bby),

bs = l(2aag + bby), e =0, c = —2, cl = —dao},
d 4a
b 2 2
5§39 = {m =0, a,=0, ag = m(d(u —2aby), as = —%bz, by = —Baao,
2
b = —%ay b3 =—%aa3, ba =§ab2 —as, bs =Sb2, c 24%1’ e=0, ¢ = —dao} ,
2
sS40 = {a1 =0, ap =0, as = ﬁ(bm — 2caz)c, by = —z—cao, b = —Za3,

@ Springer



Bulletin of the Iranian Mathematical Society (2024) 50:49 Page 9 of 16

49

d b b 2
by = _ﬁ(ba4 —2ca3), b3 = ———a3, by = ——a4, bs = —caz — aa,

2c 2c b
a:%, e=0, c :—dao},
WENOT P r 2?(1;24 Toby) T 4cb2d (b2 2e(das 1 b02))
a; = —£a2, as = —é(baz +2chy), by = d(; Dy + 22:(;,124 i bbz)

1 1 b?
by = — Qaay — — (b*as + 2¢(dag + bbr))), a = —, e =0,
2¢ 2¢ 4c

b 4 2
by = m(bzaz + 2c(dag + bbz))(b—zac —-1) - Eaa4, c1 = —day,

2 1
by = ————(bas + 2c(das + bbo))a, bs = — (b%as + 2c(das + bby)) —aa b,
4¢2d 2cd

2 b d
saa =1a1 =0, a2 =0, a3 =0, a5 = —cas, bp = 5040, by =0, by = M
C

b
b b?
b3 =0, b4=—2*Ca4, bs =—a4, e=0, a= o O = —dagp,
N bda3
S N0 s dcay + 2bchy
a3bd b (a2b? + 2ascd + 2bbyc)
a=- a2b2 T 2ascd + 2bbyc 2d ’
ba
a3 = — 2 (WPar + 2c(das + bbr)). as = —f(azb +2byc), by = ———,
" 4c2d 2’
2
by = ———— (b*ar + 2c(day + bby)),

8c3d

b b asbd
=——=(=bc
1= 742 a2b? + 2aged + 2bbac

b (axb? + 2ascd + 2bb)c)
c2d

+ arb® + 2ascd + 2bbyc),

L d / 2bd \/ b (asb? + 2ascd + 2bbac)
0 =

T axb? + 2ascd + 2bbyc c2d
a%b3 )
¢ (a2b? + 2c(asd + bby))

2

ch

b
bs = — (bap + 2cby), a = e=0, ¢c; = —dapy,
2cd

In what follows we explain how we have eliminated the other solutions provided by
Mathematica. The solutions s», 53, $4, S5, S¢, 57, 58, S9 and s1¢ are particular solutions
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of s; when one or more parameters of s; are zero, then all these solutions provides
system (1.5).

The solutions s11, 512 and 513 produce systems (1.6), (1.7) and (1.8), respectively.

The solution s14 is a particular solution of s; whend = 0 and a3 = 0, so it contained
in system (1.5).

The solutions s15, $16, $17, $18 and s19 are particular solutions of the solution s13
when one or more parameters vanish.

The solutions s>¢, s21 and 572 yield systems (1.9), (1.10) and (1.11), respectively.

The solution 573 is a particular solution of s when we take 2aa; = bb;.

The solution sp4 produces system (1.11).

The solution s;5 is a particular solution of the solution sp4 when 2aas + bby = 0,
so we do not consider it.

The solution so¢ is a particular solution of so4 when 2aas + bbr, = 0 and a3 = 0,
again we do not need to consider it.

The solution sy7 gives system (1.12).

The solution s5g is a particular solution of the solution s37 when a; = 0.

The solution s9 yields system (1.13).

The solutions 530, $32 and s34 produce linear differential systems instead of quadratic
ones.

The solutions s31 and s33 correspond to system (1.14) and (1.15), respectively.

The solutions 536 and s39 represent particular cases of the solution sp4 when az = 0
and a; = 0, respectively. Therefore, we will not consider them.

The solutions s35, s33 and s4; are particular solutions of the solution s3¢, the first
when ap = 0, the second when 2aa, + bb, = 0 and third when ay = (2ay¢)/b, by =
—(a1b + asd)/b and a = b?/(4c).

The solutions s35 and s37 are same solution.

The solution s4q is a specific case of s39 when by = 0, and s4 is a specific case of
s27 when a; = 0. Hence, we shall omit them from consideration.

The solutions s43 and s44 and give rise to systems (1.16) and (1.17), respectively.

In the solution s45 we simplify the value (a3bd / (a2b>+2ascd+2bbyc)) '/ (b(azb?+
2a4cd + 2bbyc) /c*d)'/?* and it becomes —ayb/c that to get the simple form appears
in system (1.16). The solution s4¢ is a particular solution of s45 when a3z = 0.

The solution s47 is a particular solution of s44 whenaq = —bby/d and c = b? /(4a).

The solutions s43 and s49 are particular solutions of s47, when b, = 0 and by =
—day /b, respectively. So we do not consider the solutions s47, s43 and s49.

Hence all the solutions together produce the eighteen different quadratic systems
with invariants of the form (1.4). This completes the proof of the theorem.

Proof of Corollary 1.2 All quadratic systems having an invariant of the form 7 (x, y, 1) =
ax®+bxy+cy?+dx+ey+cit with ¢ # 0 have no finite singular points, because if
(x0, o) is a finite singular point then I (xg, yo, f) would not be constant when 7 varies.
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(a) (®) (c)

Fig. 1 The three different topological phase portrait of system (3.1) in the Poincaré disc

3 Phase portrait of system (1.14)

System (1.14) depends on five parameters ag, as, ¢, d, by and by. Clearly cdb, # 0,
otherwise the differential system (1.14) would not be a quadratic system. Here we
study the phase portraits of system (1.14) with agp 7# O in the Poincaré disc, from
Corollary 1.2 we know that they are chordal quadratic systems.

Doing the rescaling (x, y) = (apX, bpY) system (1.14) becomes

X=14aY+bY?, Y=c+7V, (3.1
where
an 20b2 bo
a = —, b = — , C = —.
agp dayp by

The unique singular points of the differential system (3.1) are the infinite singular
points localized at the endpoints of the x-axis, the local phase portraits at these points
can be studied doing the changes of variables called blow-ups (see [1]) and using
the coordinates of the Poincaré disc (see Chapter 5 of [7]). Then we obtain three
topologically non-equivalent phase portraits in the Poincaré disc for the differential
system (3.1), the one of Fig. 1(a) when ¢ = —1 and 1 +a + b = 0, the one of Fig. 1(b)
when eitherc > land b < 0,orc = —-1,14+a+b =0anda > 0,orc = —1,
14+a+b <0andb > 0, and finally the one of Fig. 1(c) otherwise.

4 Conclusion

In conclusion, this article successfully presents a classification of planar quadratic
polynomial differential systems exhibiting invariants of the form /(x, y, t) = ax® +
bxy + cy* + dx + ey + c1t with ¢; # 0. The study identifies a total of 13 distinct
families of quadratic systems exhibiting such kind of invariants. Notably, this research
marks a pioneering effort, as it is the first instance of classifying quadratic differential
systems with an invariant that deviates from a Darboux invariant. This achievement
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opens avenues for further exploration and understanding in the field of planar quadratic
systems with diverse invariants.

5 Appendix
Deleted solutions

Here we give the sets of solutions that we have eliminated in the proof of Theorem
1.1.

d d d d
5 = {az =0, by =——ay, b =0, b3 =——a3, by = ——ay, bs = ——as,
e e e e

a=0,b=0, c=0, ¢c; = —(dag + eby)},
s3={b1 =0, bp =0, b3=0, by =0, bs=0,a=0,b=0, c=0, d =0,
c1 = —ebg},
d d d
s4=1a2=0, a4 =0, by =——ay, bp =0, b3 =——a3, by =0, bs = ——as,
e e
a=0,b=0,c=0, c; =—(dap + ebp)},
d d
ss=1a3 =0, by = ——ay, bp = ——ap, b3 =0, by = ——ay, bs = ——as,
e e e e

a=0,b=0, c=0, c; = —(dao + eby)},

d d
s¢ =3a2 =0, a3 =0, by = ——ay, by =0, b3 =0, by = ——ay4, bs = ——as,
e e

a=0,b=0, c=0, ¢c; =—(dag + eby), }
S7={a3=0, b1=0, b2=0, b3=0, b4=0, b5=0, a:O, b=0, C=O,
d=07 C1 =_€b()},

d
ng{a1=0, a3 =0, a4 =0, b1 =0, bp =0, b3 =0, ba =0, bs = ——as,
e

a=0,b=0, c=0, ¢c; = —(dag + eby)},
s ={b1 =0, bp =0, b3=0, b4 =0, b5=0, a=0, b=0, c=0, d =0,
c1 = —ebg},

510={a1=0, a2=0, a3=0, a4=0, 615:0, a:O, b=0,

c=0,e=0,c; = —dao},

sta={az3=0,b1=0,b,=0,b3=0, by =0, b5=0, a=0, b =0,
C:O’ d:O, Clz—ebo},

2 1
sis=1a1 =0, a3 =0, a4 =0, as = —=byc, bg = ——(daz + eby),
d 2¢
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d
by =——a1, b3=0,b4=0, b5=0,a=0, b=0, cl=—(dao+ebo)},
e
2 d d
st6 =41a3 =0, ag = —cay, as =0, bp = ——az, b =0, by = ——ay, b3 =0,
e 2c e
d
b4=0, b5=0, a:O, bZO, Clzz—eaz—dao s
c

e d
517={a2= _Ebz’ a3 =0, ag =0, as =0, by =—;a1, b3 =0, by =0,

bs=0,a=0,b=0, c=0, ¢, =—(dag + eby)},

s;ig={a3 =0, aa =0, by =0, bp =0, b3 =0, by =0, bs =0, a=0, b =0,
c=0,d=0, ¢c; = —ebo},

s19={b1 =0, bp =0, b3=0, by =0, b5=0,a=0,b=0,c=0,d =0,
c1 = —ebo},

2 1
§73 = {a1 = Eaa2, a3 =0, a4 =0, as =0, by = b—3(4a2ea2 —2ab(bay + day)),

4 2 b?
b] = —b—zazag, b2 = —Eaaz, b3 = 0, b4 = 0, Cc = E’ b5 = 0,

1
c1 = b—3(2ae — bd)(bzao — Zaeaz)} ,
2 b 2
S25 =141 = paa, a4 = 5-a3, as = 0, b = —ﬁ(bao +daz)a,

1 2 2
by = —ﬁ(4612a2 + bdaz), by = —Zaaz, by = —Eaa3, by = —az, bs =0,

b2
c=—, e=07 c1=_da07}7
4a

2
526 ={al = paa, a3 = 0, a4 =0, a5 =0,
2 4 2
by = —b—z(bao +day)a, by = —b—azag, by = —Eaaz,

2

b2
by =0, bi=0. b5 =0, c= . e:O,clz—dao},

a
0 0 2 (bas — 2caz)e. b b d
S =134d1 =V, ap =V, a5 = —(bag — 4Zcaz)c, = ——A, = ——da3,
28 1 2 5 b2 4 3 0 2% 0 1 b 3
d b b 2
b2 = —ﬁ(béh\, — 2CCZ3), b3 = —2—Ca3, b4 = _2_Ca47 bS = Eca?) — a4,
b2
= —, = O’ = —d s
a=,".e cl ao}

s30={a1 =0, a2=0,a3=0, a4 =0, a5 =0, b3 =0, by =0, b5 =0,
a=0,b=0,¢c=0, e=0, ¢c; = —dagp},
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d
S32={al=0, a3 =0, a3 =0, a5 =0, b0=—2—a2, b1 =0, b, =0, b3 =0,
C
d
by =0, bs=0,a=0, b=0, c1=da0—2—ea2, ,
C

2
S34={611=0, ap =0, a3=0, a4 =0, as =0, boz—zaao, b1 =0, by =0,

b? 2
b3=0, b4=0, b5=0,C=—, clzao(—ae—d) .
4a b
2 2
s35=1a1 =0, a2 =0, a3 =0, a4 = —Ebz, as = —@bz, by = —3 a0,
b—Ob—Ob—zb b—bb —b2 =0 =—d
1= ’ 3 = ’ 4_da 25 S_d 2’6_451’6_ 7C1_ aO ’
w20 a0, a5 =0, as= by, as =~y by = -2
S37_ al_ 7a2_ 7a3_ 7a4_ d 25 (15— 2ad 25 0 = baa()a
b—Ob—Ob—Zb b—bb —b2 =0 =—d
1= ’ 3 = ’ 4_da 2 S_d 2’6_461’6_ ,C]— aO ’

2
538 ={a1 = L aa, a4 = 0, a3 =0, a5 =0, by

2 4 2
= —ﬁa(bao +daz), by = —b—zazaz, by = —paa, b3 =0,

b2
by =0, b5=0,c=—,e=0, clz—dao},
4a

b 2
s40 =141 =0, ap =0, ay = —a3z, as =0, by = ——aap, by =0,
2a b

d 2 b?

b = —59 by = —5aas, by = —az, bs =0, c = il 0,c1 = —dao} ,
2 2 1, b

Sap =1 a2 = pear, a3 = 0, as = 5 Ca4 by = _ﬁ(b ap + 2cday), by = 50

1 b b2

by = ——(bay +day), b3 =0, by = ——ay4, bs = —a4, a=—, e=0,
b 2c 4c

¢y = —dao},

2 2 d
S46 = {a1 =0,a2=0,a3=0, as = l?bccu, by = — a0, by =0, by = —5 %

2 2
b3 =0, by = —b—2aba4, bs = —ay, a = o e=0, c = —dao},

=0, a1 =0, =0, as =~ Ly, as = =2y =2
sg=qa1=0, a=0, a3=0, a4 = ——by, as = —5—by, bo = — 7 aa,
2 b b?
bl =O9 b3 207 b4 = Eab27 bS = gb27 c= Ev e=07 cl = _dao}a
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2
S48={611=0, a=0,a3=0, a3 =0, as =0, bo=—l—)aao, by =0,

bZ
by =0, b3=0, bas =0, bs =0, c=4—, e =0, clz—dao},
a

2c

2 b d
549 = {a1 =0,a2=0,a3=0, as = l—)ca4, by = ——agy, by =0, by = _Ea4’

b b?
by =0, by = ——ay, bs=—a4, a=—, e=0, ¢c; = —day .
2c 4c
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