Bulletin of the Iranian Mathematical Society (2022) 48:3637-3658
https://doi.org/10.1007/s41980-022-00714-y

ORIGINAL PAPER

®

Check for
updates

Weighted Composition-Differentiation Operators
on the Hardy and Bergman Spaces

Abbas Babaei'® - Ali Abkar’

Received: 23 March 2022 / Revised: 14 June 2022 / Accepted: 15 June 2022 /
Published online: 26 July 2022
© The Author(s) under exclusive licence to Iranian Mathematical Society 2022

Abstract

We study weighted composition-differentiation operators on the Hardy and Bergman
spaces in the unit disk. We first find necessary and sufficient conditions for weighted
composition-differentiation operators to be Hilbert—Schmidt. We then characterize
convergence of sequences of composition-differentiation operators acting on the Hardy
space both in weak operator topology, and in strong operator topology.

Keywords Hardy space - Bergman space - Hilbert—Schmidt operator -
Composition-differentiation operator - Weak operator topology - Strong operator
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1 Introduction

Let D denote the open unit disk in the complex plane, and let H denote certain func-
tional Hilbert space of analytic functions on the unit disk. For instance, we may assume
that H is the classical Hardy space, the Bergman space, the Dirichlet space, and so on.
For an analytic self-mapping ¢ on the unit disk, the composition operator Cy, : H — 'H
is defined by

Co(f)=fop.
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It is well-known [1, Corollary 3.7] that the composition operator is bounded on the
Hardy space H 2 (see §2 for definition) and

| 12 | 0\ /2
<ﬁ) <Gyl = (W) .
T 1p(0)] =160

For an analytic function v, the weighted composition operator Cy o, : H — H is
given by

Cyo(f)=V-foop.

In the context of analytic functions, it is easy to verify that the differentiation operator
D(f) = f’isnot bounded on the Hardy space H?; since {z"},>1 is a sequence of unit
vectors in the Hardy space satisfying || D(z")|| = n. Nevertheless, for many analytic
self-mappings ¢ on the unit disk, the operator D, : H 2 — H? defined by

D(p(f )= f "o @
is bounded. We follow Fatehi and Hammond [4] to call Dy, a composition-
differentiation operator. In [9], Shuichi Ohno established a set of sufficient conditions
that guarantee when the operator Dy, is bounded or compact. In particular, S. Ohno
proved that if ||¢|lcc < 1, then Dy, is a Hilbert—Schmidt operator; and hence bounded

and compact; see [9, Theorem 3.3]. We recall that an operator 7 on a separable Hilbert
space X is said to be Hilbert—Schmidt if for some orthonormal basis e,, C X we have

oo

2
> ITenl? < oo
n=0

According to [9, Corollary 3.2], for a univalent self-map ¢ of the unit disk, the
operator D, on the Hardy space H 2 is bounded if and only if

ced (1= lp(@))?

Moreover, the operator Dy, on H 2 is compact if and only if

. 1 —|z]
lim N3 =
lzl>1 (1 = o(2)])

Now, let ¥ be an analytic function on the unit disk, and define the weighted
composition-differentiation operator Dy, o, : H 2 — H? by the following relation:

Dyy(f) =y fog.
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In Sect. 3, we characterize when the operator Dy, , is Hilbert—Schmidt. We prove that
the composition-differentiation operator Dy, is Hilbert—Schmidt if and only if

2w i) 2
sup L/ W(re )'2 do; < oo
o<r<1 | 27 Jo (1-— |(p (re’9)| )3

This extends a result of S. Ohno [9, Theorem 3.3] to weighted composition-
differentiation operators. We will also discuss the same problem for other types of
composition-differentiation operators; in particular, the operators (k € N):

DEHY=fPog, DY =y (f¥ o0,
DY) =P ope. DY (H=v (fPopy.
We will find necessary and sufficient conditions for these operators to become Hilbert—

Schmidt. In particular, we shall see that the operator Di, o is Hilbert-Schmidt on H?
if and only if

< Q.

1 2 I (reie) 2 y
b (1-loenf)™

sup { —
0<r<l1 2z

Moreover, the operator Dl(/f,)w is Hilbert-Schmidt on H? if and only if

< Q.

1 2 |¢ (reiG) §0/ (reiQ) |2
s _/ sir1df
o<r<1 | 27 Jo (1 P (rei9)|2)

Similar results are established in the Bergman space (see Sect. 2, for the definition)
too. The analogs of the above conditions in the Bergman space are the following; the
functions 1 and ¢ have to satisfy

V@R
/D (= [Py 4@ =

(respectively),

;N2
/ [ ()¢ (@) GAC) < oo,
D

(1= lp(2)[?)%+2
where dA(z) = dx dy is the area measure on the unit disk.
Our next objective in Sect. 4 is to find the relationships between convergence of

the sequence of operators Dy, 4, in operator topologies from one hand, and the con-
vergence of the sequences of functions ¥, and ¢, on the other hand. From historical
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point of view, Howard Schwarz [11] studied the relationship between the convergence
of sequence of composition operators C,, and the convergence of the sequence of
self-maps ¢,,. Valetine Matache [7] extended Schwarz’s work by relating the conver-
gence of Cy, in Hilbert-Schmidt norm to the convergence of the sequence ¢,. Then
appeared Gunatillake’s paper [6] on the relationship between convergence of weighted
composition operators Cy, 4, and the convergence of {1} and {¢,}. This latter was
extended by Mehrangiz and Khani-Robati [8] to generalized weighted composition
operators on Bloch type spaces. Here we intend to generalize Gunatillake’s result to
weighted composition-differentiation operator Dy, , in the setting of classical Hardy
spaces. More specifically, let B(H?) denote the Banach algebra of all bounded linear
operators on the Hilbert space H. Itis rather well-known that the dual space of B(H?)
is too big, so that the weak and weak-star topology of this space is not so clear. For this
reason, it is customary to equip this space with the weak operator topology, the strong
operator topology, and the uniform operator topology. We intend to have a character-
ization of the convergence of Dy, ,, to Dy , with respect to operator topologies in
terms of the convergence of ¢, — ¢ and v, — v in the weak and strong operator
topologies of HZ.

2 Preliminaries

Let f be an analytic function in the unit disk ID. The function f is said to belong to
the Hardy space H? if

2

1 .
1P = sup — | | f(re’9> 2d6 < oo.
0<r<1 &7 Jo

It is easy to see that for an analytic function f(z) = Y2 a,2", the norm of f in H 2
is given by

o0
AP =" lanl.
n=0
It is well-known (see for instance, [10]) that for f € H 2 the radial limit

) = rlinf— f (,ei9> = lim f, (em)

r—1-

for almost every 6 € [0, 2] exists. The function f* is known as the radial function
of f. The space H? is a functional Hilbert space, and its inner product is given by

1 2 . ; i
(f.8) = 5 /O 7 () & (e)ao.
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Since the evaluation functionals are bounded, the Hardy space is a reproducing kernel
Hilbert space; this means that for each w € D, there is a function

Ku(z) = € H?

I —-wz
such that every f € H? has the following representation

1 2 ) i
fw)y={f, Kp) = - () K3 (ei)do.
T Jo

It is also well-known that the functional w — f’(w) is bounded on H? ([1, Theorem
2.16]). It then follows from the Riesz representation theorem that there is a function

K,S,]) € H? such that
flwy=(f,K), feH
It turns out that (see §4)

KP(2) = (z,w) € D x D.

-
(1 —wz)?’

Another functional Hilbert space on the unit disk is the Bergman space Lz consisting
of all analytic functions f in the unit disk for which the integral

1 2
—/ |f(2)|7dA(z)
T Jp

is finite; here dA(z) = dxdy is the usual area measure in the complex plane. The norm

of f is defined by
1 1/2
11,2 = (; | |f<z>|2dA<z>) .

A computation reveals that for f(z) = Y 7 a,z", we have

o0

1, =y Jal
Ly n+1

n=0

from which we conclude that H> c L2.

We now turn to recall different notions of convergence in the space of bounded
linear operators on a given Hilbert space. Let 5(H) denote the algebra of bounded
linear operators on a Hilbert space . We consider a sequence 7,, € B(H). We say
that 7;, converges to T in weak operator topology, and write T, — T (WOT) if for
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each x € H, T,x — Tx weakly. Similarly, we say that 7,, converges to T in strong
operator topology, and write T,, — T (SOT) if foreach x € H, T,,x — Tx (in norm).

In this paper, we are concerned with bounded operators of the form Dy, , on H 21t
should be emphasized that if ¥ is a bounded analytic function on the open unit disk,
and if ¢ is a non-constant self-map of the unit disk such that

l¢lloo = supfle(2)| :z € D} <r <1,

then the composition-differentiation operator Dy, , is bounded; indeed, by a result due
to Fatehi and Hammond ( [4, Proposition 4]) we have

12
IID¢I|§<r+|¢(O)|> L ! Jr“fj‘, (1)

r—le0)] L—r

where |-| denotes the greatest integer function. On the other hand, if ¥ is bounded,
then the operator of multiplication by v, i.e. My (f) = ¥ f is bounded, and its norm
does not exceed ||V || . Therefore,

Dy.o(f) = MyDy(f). feH?>

is bounded too. We mention that there are instances of bounded operators when
l¢llo = 1. Indeed, if we know that D, maps H 2 into itself, it follows from Closed
Graph Theorem that the operator D, and hence the operator Dy, is bounded (for a
bounded analytic function ). To see this, let f;, be a sequence of analytic self-maps
such that f, — f in H?, and Dy(fn) - gin H 2. But norm convergence implies
pointwise convergence, so that f, (¢(z)) — g(z) pointwise. Since f,(z) — f'(2),
it follows that f, (¢(z)) — f’(¢(z)). By the uniqueness of limit, we conclude that
f'(9(z)) = g(z) from which it follows that Dy(fn) = Dy(f).

3 Hilbert-Schmidt operators

This section is devoted to the study of Hilbert—Schmidt composition-differentiation
operators. We start by finding conditions on 1 and ¢ to guarantee that the weighted
composition-differentiation operator Dy , is a Hilbert—Schmidt operator. We recall
that an operator 7' € B(X) is called Hilbert—Schmidt if for some orthonormal basis
en C X wehave ), [Te,l> < oo (here X is a separable Hilbert space). It is well-
known that every Hilbert—Schmidt operator is compact (see [3, page 87]). Assume that
@ is an analytic self-map of the unit disk, and v is an analytic function on the unit disk.
In this section, in addition to Dy, ,(f) = ¥ - f’ o ¢, we shall consider the following
weighted composition-differentiation operators on a given functional Hilbert space H
(this functional Hilbert space is either the Hardy space H? or the Bergman space Lg,
moreover k > 1 is an integer):

Dy(f)y=fPog, Dy (NH=v-(fPo0p),
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DR () = (fPopg. DL (N =v-(f¥op)y.

Note that in case k = 1 or k = 2, it is easier to use the notations

Dy ()= (frop)¢’, Dy ,(f)=v-(f op),
Dy(f) = (f"o@)g'. Dy, (f)=v-(f"op).

Some authors (see for instance [9]) denote the operator Dfp (f) by

DC, f(z) = f'(9(2)¢' ().

Our first theorem generalizes a similar result proved in [9] for D,,.

Theorem 3.1 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
Sfunction on the unit disk. Then Dy o, is a Hilbert=Schmidt operator on H 2 if and

only if
1 21 rei@ 2
sup —/ W( )'2 do: < oo
O<r<l1 2 Jo (1— |(,0 (r619)| )3
Proof For the orthonormal basis {z"} for H2, we have
o0 2 n_112
n L i0 i0
,;)”DW(Z I Z sup HZN/ ¥ (ré®) ng (re) de}

0<r<1
1 27 . e 12n
— sup {E/o v (re")) |22(n+1)2‘¢7(re’9)’ de}
n=0

0<r<l1

1 2 2 i0y2
osr<1 |2 Jo (1 —|p(rei®)|)3
Therefore, Zz‘;o | Dy, (z") | is finite if

2 ioy |2
sup L/ |w(re ?'2 do; < oo
o<r<t1 | 27 Jo (1- |(p (re’9)| )3

For the reverse implication note that

o0 ) 2
o0 > Z 1Dy, 7 = Z sup {n[)

<
n=0 <r<l1

v (reie) ne (reie)nil
s L ("”(N”Wde
1

0<r<1 | 27 yp (reie)’2)3

2
de}

O
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Corollary 3.2 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
function on the unit disk. Then D:p, o is a Hilbert-Schmidt operator on H? if and only

if

< Q.

1 /2n |w(rei0)¢/ (rei0)|2d6
o<r<1 | 27 Jo (1_|¢(rei9)|2)3

Proof We just note that in this case

D (%) =0 () r ) ™ o ().

The rest calculations remain unchanged. O

Theorem 3.3 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
function on the unit disk. Then Dlzp, o is a Hilbert—Schmidt operator on H? if and only

if

1 2 0\ 12
E/ |w(re?|25d9 - )
0<r<l1 0 (1 . }cp (re,9)| )

Proof First, assume that (2) holds true. We note that

B3, (%) =y 1)t i 1)

Using the series expansion

n—2

© 2

4x2 4 16x + 4
Z(l’l + 1)2(n —|—2)2x" = W, |x| < 1,
n=0

we conclude that

et e 1 2
21D} @17 = 3 sup {—h i

n—=2 0<r<l1

n—2

v (rei9> nn—1e (reig)

2
]

— sup % Ozn v (rei‘g)‘z 2(;1 +2720+ 1| (re”)'z" de}

0<r<l1

de

127 9 (re®) 12 (4lg (re?) |* + 16]¢ (re?) 1> + 4)
= sup —
o<r<1 | 27 Jo (1 _p (rei0)|2>5
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2 24 0y |2
< sup Zi/ |1//(re )l =do
o<r<1 | 27 Jo (1 — o (rei0)|2>

Conversely, if Di’ o is a Hilbert—Schmidt operator, then

oo oo 1 271
2 n\n2 _
00 > EOHDV/,(P(Z N~ = E sup {27[/0
n=

n=2 O<r<l1

W (reie) nn— e (rei0>’1_2 2d9}

wp { 1 /271 ¥ (rei0> 12 <4|(/> (rei0> 1* 4 16| (rei0> 12+ 4) dg]
O<r<l1 0

B e (1= [p (rei®) 3
1 (rei9) 2
> sup —/ — - df
0

T o<r<t | 27 (1 P (reie)’2)5

)

which implies that (2) is satisfied. O

Corollary 3.4 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
function on the unit disk. Then Dw////, o is a Hilbert—Schmidt operator on H? if and only

if

< Q.

1 /2n |w(rei0)¢/ (rei0)|2d6
P (1= le (o))

Proof In this case note that
Dy @) ey = Y(re'®) -n(n — Dere’®)" ¢/ (re'”).
The rest calculations remain unchanged. O

Theorem 3.5 Let ¢ be an analytic self-map of the unit disk, and ¥ be an analytic
Sfunction on the unit disk. Then D?/,’ 0 is a Hilbert—Schmidt operator on H? if and only
if

2 i0y2
sup L/ Md@ < 00. 3)
osr<1 [ 27 Jo (1= |p(rei®)|)’

Proof For the sake of simplicity, let us assume that ¢ = 1. We first assume that (3)
holds true. Since

D (") (re'®) = n(n — 1)(n — 2)gp(re'”)" >,
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we can write

S 3 5 S 1 2
3,.n _

§0j||Dq,(z Z=3" sup {—271/0

n=

. 2
s n(n — 1)(n — 2)(p(rele)"_3’ de}
n:3 Sr<

1 2 ; 2n
= sup {E/o g(n+1)2(n+2)2(n+3)2 )go(ree)‘ d@}.

0<r<l1

Note that
o0 3 2
36(x° + 9x~ 4+ 9x + 3)
D+ D427 (n 4 3)°x" = T3y ;<1 @
n=0
so that

| pon 36 (|<p(rei9)|6 +9lp@rel®)|* + 9lp(rel®)|? + 3)
do

o0
ID3EMI* = sup {-—
2,10, o<r<1 | 27 Jo (1_|(p(rei9)|2)7

1 [ 36)(22
< sup 2—/ Lhde < 00.
0<r<l1 | 27 <1 _ |¢(rei0)}2>

On the other hand,

00 > Z 1D )I* = sup

n=0 0=r<l

{1 / 27 36 (Ip(re'®)[® + 9lg(re®)|* + lp(re)* + 3) dH}
0 (1- |<P(”€’0)| )’

2
1 2
> sup | — / _ GO gl
0<r<l 2 0 1—|(p(}’619 | )7
O

Corollary 3.6 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
function on the unit disk. Then Dt(/i)w is a Hilbert—Schmidt operator on H? if and only

if
L [P 1y (re)?

sup —f ——df ¢ < o0.
0sr<1 (2700 (1= [g(re®) )7

Proof We just note that

DPE)(re®) = n(n = D(n = 2)p(re”y" ¢/ (re').
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The above pattern can be extended to higher order weighted composition-
differentiation operators. We just state the following two results.

Theorem 3.7 Let ¢ be an analytic self-map of the unit disk, W be an analytic function
on the unit disk, and k be a non-negative integer. Then Dw, o is a Hilbert—Schmidt

operator on H? if and only if

L2 yee)P
sup | — —> dé ¢ < oo.
0<r<1 27 0 (1 _ iw(r810)| )2k+l

Corollary 3.8 Let ¢ be an analytic self-map of the unit disk, ¥ be an analytic function
on the unit disk, and k be a non-negative integer. Then Df; )(p is a Hilbert—Schmidt

operator on H? if and only if

L2 1y e)¢ (re)?
sup | — — do; < oo
o<r<1 |2 Jo (1 - \w(re’9)| )2k+1

Remark 3.9 If k = 0 and v is the constant function 1, then D@’ 0= Cyp, so that C, is
a Hilbert—Schmidt operator on H? if and only if

1 [ 1
sup —/ ——————df < oo
0<r<1 (27 Jo 1 — |g(rei®)|

This result is of course known (see [12, page 227, Ex. 4]).

The Bergman space

As is well-known, the Bergman spaces are special cases of weighted Hardy spaces;
we mean by a weighted Hardy space, a space of analytic functions on the unit disk
such that the monomials {z"},>0 constitute an orthonormal basis for the space. If
2"l = B(n), then

If1% =

00
n
E anl

n=0

2 o]
= lanl*B(m)*.
n=0

If B(n) = 1 for each n, we get the Hardy space, and if B(n) = (n + D712 we get the
Bergman space consisting of functions f that are analytic in the unit disk and satisfy

1
113, = —f |f(2)*dA(z) < o0,
a T ]D)
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where dA(z) = dxdy is the usual area measure. It is easy to see that for f(z) =
Yool oanz", we have

1112 =i il
Lg n+1

n=0

An easy computation shows that the sequence {+/n + 1 z"}72 , constitutes an orthonor-
mal basis for the Bergman space Lﬁ. It should be mentioned that the operator
Cy(f) = f o ¢ is bounded on Lg and its norm satisfies (see [12, Theorem 10.3.2])

1/2
L+l "
Iyl <
1 —1e0)]
The subscript Lﬁ reflects the norm of operator acting on Lg. Therefore, for v € H*,
the operator Dy , is bounded as long as D, maps the Bergman space into itself;
however there are instances in which this operator is unbounded.
We are now in a position to characterize weighted composition-differentiation oper-
ators on the Bergman space that are Hilbert—Schmidt.

Theorem 3.10 Let ¢ be an analytic self-map of the unit disk, and W be an analytic
Sunction on the unit disk. Then Dy, o, is a Hilbert—Schmidt operator on Lg if and only

if

v @)

— = dA .
U= gy @ =

Proof Let ¢ satisfy the above condition, and {«/n + 1 z"*} be an orthonormal basis for
Lﬁ. Using the elementary expansion

o0

4x +2
S+ DX 2" = e e < 1,
Z (1—x)

we have

00 00 5
Z | Dy, (V1 + 1Zn)”ig = Z/D ‘W(Z)n«/n + 1(,0(2)’1_1‘ dA(z)
n=0 n=1

=/D|w(z>|22<n+ D2(n +2) ()" dA()

n=0

[V ()1? (4le@)|* +2)
= dA
b (- lp@P)? ©

[V (2)]?
6 ——dA .
= /D<1—|<p<z>|2)4 (@) <o
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On the other hand, if Dy , is Hilbert—-Schmidt on LZ, then we have

00 > i ” Dy ,(Vn+1z")
n=0

= Z/D ’w(z)n\/n +1e@)"! ‘2dA(Z)
n=1

[ (@)* (4le)* +2)
= dA(z)
b (- lp@P) ‘

W @P
>2 ———dA(2).
/D (I—lp@P*

2
Lg

]

Corollary 3.11 Let ¢ be an analytic self-map of the unit disk, and  be an analytic
function on the unit disk. Then D:ﬁ’ o is a Hilbert—Schmidt operator on LZ if and only

if

’ 2
/ 1V (2)¢'(2)] dA(2) < oo.
D

(1 = lp)H*

Proof 1t is enough to notice that
D), ,(Wn+ 12" = y@nvn+ 1p@)" "¢/ (2.

O

Theorem 3.12 Let ¢ be an analytic self-map of the unit disk, and W be an analytic

unction on the unit disk. Then D>, is a Hilbert—Schmidt operator on L? if and only
V.9 a

if

[V (2)]?
— = dA . 5
[D (- [Py @ = ©)

Proof Let ¢ and ¢ satisfy the condition (5). Then, using

36x2 +72x + 12

2 2 n o__
D+ D427+ 3)x" = TR

n=0

, Jxl <1, 6)

we have

P IR ED = Z/D V@ = DV F Tg()' ’
n=0 n=2

= fD W@+ 1D 0+ 20+ 3) )"

n=0
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_ ,36l0(2)|* + 720912 + 12
- /D V@ (I = [p@P)°

This implies that

12|y (2)[? N | 2 2
T _dA(7) < D 17"
Lo (Z)—gﬂ wp (V112D
120 2
< Itlf(z)l2 _dAG).
p (1 —le)|%)
from which the result follows. 0O

Corollary 3.13 Let ¢ be an analytic self-map of the unit disk, and \ be an analytic
function on the unit disk. Then Dfﬁ )(p is a Hilbert—Schmidt operator on LZ if and only

if

/ 2
/ [V ()¢ (2)] dA ) < co.
D

(1 —l(2)»°

Theorem 3.14 Let ¢ be an analytic self-map of the unit disk, and W be an analytic
Sfunction on the unit disk. Then Di’ plsa Hilbert—Schmidt operator on Lg if and only

if

[V (2)]?

> A —lp@Pr T "

Proof We write

3 |p} 1| = f/@ v @nen— D -2V 1o [
n=0 n=3

= f WP Y (n+ D> +2)*(n +3)*(n + D).
D

n=0

Multiplying (4) through x*, differentiating with respect to x, and dividing both sides
by x3, we obtain

36(110x3 + 72x2 + 54x + 12)
(1—-x)38

Z(n + D2 +2)*(n+3)%(n + Hx" = . x| < 1.

n=0
This implies that
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o

3 n 2
ZHDW( n+ 12"
n=0

36(110]¢(2)(® + 72|¢(2)|* + 54l (2> + 12)
/ Ol Z 1= g P

Since 0 < |p(z)| < 1, it follows that the operator D3 1s Hilbert-Schmidt if and only
if (7) holds true. O

Corollary 3.15 Let ¢ be an analytic self-map of the unit disk, and  be an analytic

function on the unit disk. Then Df;’)(p is a Hilbert—Schmidt operator on Lz if and only

if

/ v @' @[
D (1 —lp(2)*)8

The above pattern can be used repeatedly to establish the following results.

dA(z) < oo.

Theorem 3.16 Let ¢ be an analytic self-map of the unit disk, r be an analytic function
on the unit disk, and k be a non-negative integer. Then leﬁ, o is a Hilbert—Schmidt

operator on Lg if and only if
2
[ OP <
D (1 — |p(2)|*)%+2

Corollary 3.17 Let ¢ be an analytic self-map of the unit disk, W be an analytic function
on the unit disk, and k be a non-negative integer. Then Df/f’)w is a Hilbert—Schmidt
operator on Lg if and only if

A(z) < o0.

/ v @' @[
D (1 — |p(z)|})%+2

Remark 3.18 1If k = 0 and v is the constant function 1, then D{‘h’ 0= Cyp, so that Cy,
is a Hilbert—Schmidt operator on Lg if and only if

dA(z) < oo.

1
/JDJ (1 - lo(2)»)?

This result is of course known (see [12, page 227, Ex. 5]).

4 Convergence in operator topologies
We begin by computing the adjoint of the composition-differentiation operator Dy .

The following lemma is known; but for the convenience of reader, we include a proof
here.
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Lemma4.1 [5]. Let Dy, be a bounded operator on H?. Then D:‘/‘/’(p(Kw) =

1
VK,

tion functional w — f'(w) on H2.

where K,S)l)(z) is the reproducing kernel corresponding to differentia-

Proof Letw € D be fixed. It is well-known that the functional w — f’(w) is bounded
on H? (see [1, Theorem 2.16]). It then follows from Riesz representation theorem that

there is a function K ,5,1) € H? such that
flaw)y=(f, k"), feH~

On the other hand, we have already seen that

Jw)=(f, Kw) = 5=

e—i0
This implies that
/ 1 i0 —i9
= — ! de,
fa=5-| " e =

from which, by the uniqueness of kernel function, we obtain

KP (@) = (z,w) eD x D

_
(1 —wz)?’
We now assume that f € H 2, and write
(f. D}, (Ku)) = (Dy (). Ku)
= (- fop Ky)
=y W)(f 0@, Ky)
=Y )(f. K,
= (£, UK 0,

from which the result follows.

f(d%——zf—da

®)

O

Assume that a sequence of self-maps ¢, on the unit disk satisfies ||¢,llco <7 < 1,
and that i, is a sequence of bounded analytic functions on the unit disk satisfying

o Wl _
n=0 (r = lgn (D'

It then follows from || Dy, ¢, | < ¥4 llooll Dy, |l and (1) that

Dy, g, = 0, n— oo,
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while ¢, may not be convergent. To avoid this, we often consider sequences of oper-
ators Dy, o, with nonzero limits.

Lemma4.2 Let ¢, be a sequence of analytic self-mappings of the unit disk such that
for each n we have ||g,|loo < 1, and let yr,, be a sequence in H? such that Dy, ¢, is
bounded. Assume that Dy, o, converges in the weak operator topology to a nonzero
operator T. Then we have

(a) Y, converges weakly to a nonzero function ,

(b) ¢, converges weakly to an analytic self-mapping of D,

(¢) T is a weighted composition-differentiation operator on H?.

Proof For part (a), consider g(z) = z. By assumption, Dy, o, (g) — T (g) weakly (in
H?). This means that ¥,,g"(¢,) — T(g) weakly; or ¥, — T (g) weakly. To prove
that 7'(g) is a nonzero function, assume on the contrary that 7(g) = 0. Let f be a
polynomial, then Dy, o, (f) — T (f) weakly, which implies that for every w € D,

Dy, ., (f)(w) = T(f)(w),

or equivalently,
Tim_ i (w) £ (@n () = T(F)(w).

Since ¥, (w) — 0, and the sequence f’ (¢, (w)) is bounded, it follows that 7' ( ) (w) =
0. Since the polynomials are dense in H2, we conclude that forevery h € H?, T (h) = 0
which contradicts our assumption on 7. Thus (a) is proved.

As for part (b), we note that for each nonzero z and each w in the unit disk we have

<Kza T*(Kw)) =

= lim
n— oo

(K. D}, , (Ku)).
We now use Lemma 4.1 together with (1) to obtain

T*(Ky)(2) = lim Y )Ky 1, () = lim 9 (w) ©

z
(1 = ¢u(w)2)?
Let E = {¢ € D : ¢(¢) # 0}. Since ¢ is a nonzero analytic function, it follows that

E is topologically "big" in ID; meaning that it has accumulation points in the unit disk.
Since the sequence

_ Z
VO oo

is convergent, it follows that for each w € E, the sequence ¢, (w) converges, say to
¢. On the other hand, ||¢,|lco < 1, so that ¢, forms a normal family. This implies that
a subsequence of ¢, converges to an analytic function /4 on every compact subset of
the unit disk. Thus & and ¢ must agree on the whole disk, that is, ¢, — ¢ uniformly
on compact subsets of ID. It is clear that |p(w)| < 1 for each w € D. Note also
that uniform boundedness of ¢, implies that this sequence is norm bounded in HZ.
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Therefore, ¢, — ¢ weakly in H>. The last thing to be proved is that ¢ is a self
mapping of the unit disk. To this end, let w € E. Since we have from (9)

_— Z
T* Kw = —_—, 10
(K)(z) w(w)(1 o)) (10)

and T*(K,) € H*, we get |¢(w)| < 1. In case that w ¢ E, the function ¥» does not
vanish in a punctured closed disk around w, so that on the boundary of this small disk
we have again |¢| < 1, and by the maximum principle |p(w)| < 1.

Finally, for part (c), it follows from (10) that

(T*(Ky), Ko) = U)K, Ko,

and hence
T(K:)(w) = (T(K2), Ku) = (W (w)Kz, K§()) = ¥ ()KL (p(w)).

Since the span of the reproducing kernel functions is dense in H 2 wehave T ( Hw) =
r(w) f(p(w)),or T(f) = Dy o (f), which is the desired result. O

The following theorem describes the conditions under which the sequence of
bounded operators Dy, 4, converges to Dy , in the weak operator topology.

Theorem 4.3 Let {¢,},>1 and ¢ be analytic self-maps of the unit disk such that
lonlloo < 1, and let {r,}n>1 and  be elements in H?. Assume that each Dy, 4,
is bounded, and that Dy , is a bounded nonzero operator on H 2. Then Dy, o, con-
verges to Dy, , in weak operator topology if and only if

(a) ¥, converges weakly to W in H?,

(b) @, converges weakly to ¢ in H?,

(©) sup, [[ Dy, .4, | < oo.

Proof Assume that Dy, ,, converges to Dy , in weak operator topology. For (a), put
f(z) = z. It follows that Dy, o, (f) = Dy o(f) weakly; or ¢, — ¥ weakly.

For (b), let E C D be the set on which i does not vanish. Consider g(z) =
z2/2. Since Dy, ¢,(8) — Dy ,(g) weakly, it follows that ¥,¢, — ¢ weakly. In
particular, this convergence is pointwise. Therefore, on E where ¥ is nonzero, ¢, — ¢
pointwise. On the other hand, by part (b) of the preceding lemma, ¢, — h weakly,
where & is an analytic self-map of the unit disk. Therefore, ¢, (z) — h(z) for each
z € . This implies that 7 = ¢ on E, and hence on the whole disk (E is a big set!).

The last part is clear from the Banach-Steinhaus theorem; for each f €
H?, Dy, 4, (f) is weakly convergent, hence pointwise bounded (the bound depends
on f). Banach-Steinhaus theorem now implies that Dy, 4, is uniformly bounded.

To prove the converse statement, assume that parts (a), (b), and (c) hold true. Clearly,
¢n — @ pointwise, and ¥, —  pointwise. For z, w € D, we have

JE— b _— Z
- =1 n _—
VO ot s M oo
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and hence
(Dy.g(K2). Ku) = lim (Dy, 4, (K2, Ku).

We recall that a sequence 7, € B(H) converges to T in weak operator topology if
sup, 17|l < oo and for every x, y in a dense subset of H we have (T,,x, y) — (Tx, y)
(see [2, Chap. IX, Proposition 1.3(b)]). Invoking this statement, and noting that the
reproducing kernel functions {K, : z € D} is dense in H?, and the sequence of
operators Dy, o, is bounded, by part (c), we conclude that Dy, ,, — Dy , in weak
operator topology. O

Remark 4.4 1If we consider the sequence D, in which sup, [|@sllcc <7 < 1, and if
we assume that ¢, — ¢ weakly, then from the estimate (1)

r+|gon<0>|)“2L Lt

D -
1Dl = (r—|¢n<0>|

1—r
we conclude that sup,, || Dy, || is bounded, so that the condition (c) is redundant.

In the following we turn to the convergence of Dy, 4, in strong operator topology.
Note that the weak convergence of ¢, — ¢ and the weak convergence of v, —  are
not sufficient for the convergence of Dy, o, — Dy, in the strong operator topology.
For example, let ¥, = ¢,, = z"*/2.1tis clear that both of this sequences converge to the
zero function weakly (elements of an orthonormal basis in a Hilbert space converge
to zero weakly). Therefore, by Theorem 4.3, Dy , — 0 (WOT). Now let f(z) = z,
then for each m # n, we have

1Dy, (£) = Dy (DIl = V272,

which means that Dy, , is not convergent in strong operator topology.

Lemma 4.5 Let{@n}n>1 and ¢ be analytic self-maps of the unit disk such that | ¢y || oo <
1, and let {{ry}n>1 and  be elements in H 2 where r is nonzero. Assume that each
Dy, 4, and Dy, , are bounded operators on H 2 If Dy, ¢, convergesto Dy , in strong
operator topology, then we have

(a) Yy, converges to y in H 2

(b) ¢, converges to ¢ in H 2,

Proof For part (a), set f(z) = z, then by assumption

1Dy, .0, (f) = Dy o (S = 0,
which is the same as saying ¥, — ¥ in H>.

For (b), we have to prove that ||, — ¢|| — 0 as n — oo. Let g(z) = z%/2, it then
follows from the assumption that

l¥ngn — Yol = 0.
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From part (a) and the fact that ||, ||cc < 1 we conclude that

(¥n = ¥)@ull = 0.

Since

1(en — @Vl = (¥ = n)@nll + 1(npn — VO,

it follows that

[(gn =¥l = 0, n— ooc. (1)

Put x,, := |l¢, — ¢||, and let x,,, be an arbitrary subsequence of x,. By (11) we have

I (@n, — @)V Il = 0,

from which it follows that a subsequence of (¢,, — @) converges to zero at almost
every point of the unit disk:

(Ql)nkj @) — @)V () - 0, ae.

Since the analytic function ¥ is not identically zero, it can not vanish on a set with
accumulation point in D, so that it does not vanish almost everywhere in D, implying
that

Pni; (z) —p(x) > 0, ae.

Since ¢y, and its limit function, are bounded, the Bounded Convergence Theorem
applies;

xnkj = ”(Pnkj - 90” -0, J — oo.

We have proved that every subsequence of x;, (here x,, ), in its turn has a subsequence
that converges to zero, thus x, converges to zero. O

Theorem 4.6 Let {¢,}n>1 and ¢ be analytic self-maps of the unit disk such that
lonlloo < 1, and let {ry},>1 and  be elements in H? where r is nonzero. Assume
that each Dy, o, and Dy , are bounded operators on H 2 where Dy o is nonzero.
Then Dy, 4, converges to Dy , in strong operator topology if and only if

(@) ¥, converges to  in H?,

(b) @, converges to ¢ in H?,

(©) sup, [[ Dy, ., < oo.

Proof Assume that Dy, , converges to Dy , in strong operator topology. Parts (a)
and (b) follow from Lemma 4.5. Part (¢) is a consequence of Theorem 4.3.
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For the converse, assume that parts (a), (b) and (c) hold true. We first verify that for
every polynomial f,

1 Dy,,.0,(f) — Dy (/) = 0, n — oo. (12)

Note that on the line segment joining ¢, (z) to ¢(z) we have

F@n@) — f(0) = / £ wyduw,
from which it follows that for each z € D,
Lf (@n(2) = F@@)] < 1 f" loolen(2) — (@),
or
1 0 0n— £ 0 0ll < 1" oo llgn — ol (13)
Again we set
$u = 1Dy 0 (F) = Dy (I,
and assume that
S = 1Dy n () = Dy (D]

is an arbitrary subsequence of x,. We prove that there is a subsequence Xy, that
converges to 0. To this end, we see from part (b), '

lon, — oIl = 0,
so that (13) implies
If" o @n, — f o0l = 0.

Thus we can find a subsequence, say f” o ¢,, — f' o ¢, that converges to zero at
almost every point of the unit disk. Moreover, we have

V@ 0 ¢n, ) = 0 9)| = 2W @IS oo
The Dominated Convergence Theorem now implies that
1 (f o pm, = fro)l >0, j— o0 (14)
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On the other hand, by part (a),
W, = V)" 0 @u, 1P < I ol = W12 =0, j =00, (15)
Finally, we write

1Dy, (f) = Dy (Ol = W f o on =¥ f o0l
S IWn =) f ol + 1Y (f o — f o,

from which, using (14) and (15) we conclude that
1Dy, g, (F) = Dy (H)l = 0. j = oo.

We recall that by [2, Chap. IX, Proposition 1.3(d)]), a sequence 7,, € B(H) converges
to T in strong operator topology if on a dense subset of H we have ||T,,x — Tx| — O.
This fact together with (12) proves that Dy, ,, — Dy, in strong operator topology.

]
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