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Abstract
In this paper, we propose a linear, unconditional energy-stable time-discretization
scheme for Cahn–Hilliard–Navier–Stokes model, which is a phase-field model for
two-phase incompressible flow. Based on a Lagrangemultiplier approach and pressure
projection method, our proposed scheme is linearized. Error analyses are carried out
under the finite element frame; numerical experiments are done to demonstrate the
effectiveness for the proposed scheme.
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1 Introduction

Recently, numerical simulation and analysis of multiphase flow have bcome very
common in scientific research and practical application, such as hydraulic machinery,
underwater launching, aeronautical and chemical engineering and so on. Among them,
the phase-field approach, whose origin can be traced back to [1,2], has been used
extensively with much successes and has become one of the major tools to study
a variety of interfacial phenomena. As well as avoiding interface tracking, a special
advantage of the phase field approach is that the governing systemcan be obtained from
the energy-based variational form. This usually leads to the law of energy dissipation,
which allows us to establish a coupled nonlinear system. For two fluids with matched
density, the Cahn–Hilliard–Navier–Stokes system (CHNS) is a well-accepted phase
field model. The difficulty in the numerical approximation of phase-field models is
how to construct efficient and easy-to-implement numerical schemes which perserve a
discrete energy law.Someexisting numericalmethods canbe seen in related literatures;
two typical stable numerical methods have been developed: the stabilization method
[11–14,19] and the convex splitting method [15–19]. There are other ideas to design
numerical schemes for NSCH problem, such as the following : Taylor expansion [24],
SAV (Lagrange multiplier) [27], Secant method [26], decoupling method [28].

In addition, an adaptive energy-stable scheme is formulated in [20] and two decou-
pling of energy stable numerical schemes are provided in [21]. In [22], the author
proposed several second-order in time, fully discrete, linear and nonlinear numerical
schemes for solving the phase field model of two-phase incompressible flows in the
framework of finite element method. In [23] a novel second-order in time numerical
scheme is proposed, in which second-order convex-splitting method for the Cahn–
Hilliard equation and pressure-projection method for the Navier–Stokes equation are
used. In [24], by introducing Lagrange multiplier method to the Cahn–Hilliard equa-
tion, a linear scheme is obtained. In [25], themain purpose is to provide a rigorous error
analysis for these given schemes in semi-discrete (in time) form for CHNS system.

The main objective of this paper was to construct a linear, decoupled energy stable
scheme for Cahn–Hilliard–Navier–Stokes model. By introducing a new variable q in
the double potential function F(φ), the whole model is linearized due to the treatment
for φ and q implicitly or explicitly. We show that the scheme is mass conservative,
unconditionally stable.

The rest of this paper is organized as follows: In Sect. 2, the Cahn–Hilliard phase-
field model that we consider is described. In Sect. 3, a coupled linearized numerical
scheme is provided, and unconditionally energy stable is proven. In Sect. 4, a rigorous
error analysis for our semi-discrete scheme in time is provided. In Sect. 5, some
numerical simulations are presented to validate our scheme.

2 Cahn–Hilliard Phase-Field Model

To introduce the underlying model, we introduce a phase function (macroscopic label-
ing function) φ such that

123



Bulletin of the Iranian Mathematical Society (2022) 48:1991–2017 1993

φ(x, t) =
{
1 f luid1,

−1 f luid2,
(2.1)

with a thin, smooth transition region of width O(η), and consider the following
Ginzburg–Landau type of Helmholtz free energy functional:

W (φ,∇φ) =
∫

Ω

λ(
1

2
|∇φ|2 + F(φ))dx, (2.2)

where λ is the mixing energy density, where the first term leads to the hydrophilic
(tendency of mixing) of interactions between the materials and the second part, the
double-well bulk energy F(φ) = 1

4η2
(φ2−1)2, φ ∈ [−1, 1], represents the hydropho-

bic type (tendency of separation) of interactions. Parameter η represents a thin smooth
transition layer of thickness connecting the two fluids.

The Cahn–Hilliard–Navier–Stokes model confined in a domainΩ ∈ Rd(d = 2, 3)
can be written as follows:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

φt + (u · ∇)φ − MΔω = 0, (2.3)

ω + λ(Δφ − f (φ)) = 0, (2.4)

ut + (u · ∇)u − νΔu + ∇ p − ω∇φ = 0, (2.5)

∇ · u = 0, (2.6)

where M is the relaxation or mobility parameter of the phase function, ν is the
viscosity parameter,u is the fluid velocity field, and p is the pressure. The above system
(2.3)–(2.6) should be supplemented with a set of appropriate boundary conditions:

u|∂Ω = 0,
∂φ

∂n
|∂Ω = 0,

∂ω

∂n
|∂Ω = 0. (2.7)

By taking the inner product of (2.3)–(2.5) with−ω, φt and u, respectively, and adding
the three relations, we find that the system (2.3)–(2.6) satisfies the following energy
law:

d

dt

∫
Ω

(1
2
|u|2 + λ

2
|∇φ|2 + λF(φ)

)
dx = −

∫
Ω

(
ν|∇u|2 + M |∇ω|2

)
dx . (2.8)

3 Energy-Stable Numerical Scheme for Cahn–Hilliard Phase-Field
Model

We introduce a linear scheme based on a Lagrange multiplier approach in [24], where
it is first developed to solve the Cahn–Hilliard equation without flow. A function

q = φ2−1
η2

is introduced such that one can write f (φ) = qφ. It then follows that
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qt = 2
η2

φφt . By using the variable q, the total energy can be written as

E =
∫

Ω

(1
2
|u|2 + λ

2
|∇φ|2 + λη2

4
q2

)
dx . (3.1)

Given the initial conditions φ0,u0, q0 = (φ0)2−1
η2

and p0 = 0, for this numerical

scheme that we consider, we solve for (φn+1, ωn+1, qn+1, ũn+1), and then we solve
for (un+1, pn+1); the scheme is expressed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

τ
(φn+1 − φn) + (ũn+1 · ∇)φn − MΔωn+1 = 0 (3.2)

ωn+1 + λ(Δφn+1 − φnqn+1) = 0 (3.3)

η2

2

qn+1 − qn

τ
= φn φn+1 − φn

τ
(3.4)

ũn+1 − un

τ
− νΔũn+1 + ∇ pn + (un · ∇)ũn+1 − ωn+1∇φn = 0 (3.5)

∂φn+1

∂n
|∂Ω = 0,

∂ωn+1

∂n
|∂Ω = 0, ũn+1|∂Ω = 0 (3.6)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
un+1 − ũn+1

τ
+ ∇(pn+1 − pn) = 0 (3.7)

∇ · un+1 = 0 (3.8)

n · un+1|∂Ω = 0 (3.9)

Remark 3.1 If (ũn+1 · ∇)φn of (3.2) will be substituted by ∇ · (un∗φn), where un∗ =
un − τφn∇ωn+1. −ωn+1∇φn of (3.5) will be substituted by φn∇ωn+1, computations
of (φn+1, ωn+1, qn+1),ũn+1, (un+1, pn+1) are totally decoupled, as can be seen in
[28].

For the above scheme, we can establish the following theorem:

Lemma 3.2 The scheme (3.2)–(3.9) is uniquely solvable.

Proof Let (φn+1
1 , ωn+1

1 , qn+1
1 , ũn+1

1 ) and (φn+1
2 , ωn+1

2 , qn+1
2 , ũn+1

2 ) be two solutions
of (3.2)-(3.6) and denoting φ = φn+1

1 − φn+1
2 , ω = ωn+1

1 − ωn+1
2 , q = qn+1

1 −
qn+1
2 , ũ = ũn+1

1 − ũn+1
2 ; then⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

τ
φ + (ũ · ∇)φn − MΔω = 0, (3.10)

ω + λ(Δφ − φnq) = 0, (3.11)

η2

2τ
q = φn φ

τ
, (3.12)

ũ
τ

− νΔũ + (un · ∇)ũ − ω∇φn = 0, (3.13)

∂φ

∂n
|∂Ω = 0,

∂ω

∂n
|∂Ω = 0, ũ|∂Ω = 0,
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By taking the inner product of (3.10)–(3.13) with ω, φ
τ
, λq and ũ, respectively, and

adding the four resulting relations, we get the following:

M‖∇ω‖2 + λ

τ
‖∇φ‖2 + λη2

2τ
‖q‖2 + ‖ũ‖2

τ
+ ν‖∇ũ‖2 = 0.

Hence the proof of the unicity of the scheme (3.2)–(3.6) holds, because the scheme
(3.7)–(3.9) consists of a linear elliptic equation, and the scheme (3.2)–(3.9) is uniquely
solvable. ��
Theorem 3.3 The solution of (3.2)–(3.9) satisfies the following discrete energy law:

E(un+1, φn+1, qn+1) + τ 2

2
‖∇ pn+1‖2 + ντ‖∇ũn+1‖2 + Mτ‖∇ωn+1‖2

≤ E(un, φn, qn) + τ 2

2
‖∇ pn‖2,

where

E(u, φ, q) = 1

2
‖u‖2 + λ

2
‖∇φ‖2 + λη2

4
‖q‖2;

thus the scheme is unconditionally stable.

Proof Taking the inner product of (3.5) with 2τ ũn+1, using the well-known property

(u · ∇v, v) = 0,∀u ∈ H , v ∈ (H1
0 (Ω))d ,

where H = {u ∈ (L2(Ω))d : ∇ · u = 0,u · n = 0}, we derive

‖ũn+1‖2 − ‖un‖2 + ‖ũn+1 − un‖2 + 2ντ‖∇ũn+1‖2
+ 2τ(∇ pn, ũn+1) − 2τ(ωn+1∇φn, ũn+1) = 0 (3.14)

To deal with (ωn+1∇φn, ũn+1) in (3.14), we first take the inner product of (3.7) with
2τ∇ pn to obtain

τ 2(‖∇ pn+1‖2 − ‖∇ pn‖2 − ‖∇ pn+1 − ∇ pn‖2) = 2τ(ũn+1,∇ pn); (3.15)

We also derive from (3.7) that

τ 2‖∇ pn+1 − ∇ pn‖2 = ‖ũn+1 − un+1‖2; (3.16)

Then we take the inner product of (3.7) with un+1 to get

‖un+1‖2 + ‖ũn+1 − un+1‖2 = ‖ũn+1‖2; (3.17)

Combining (3.14)–(3.17), we find

‖un+1‖2 − ‖un‖2 + ‖ũn+1 − un‖2 + 2ντ‖∇ũn+1‖2
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+ τ 2(‖∇ pn+1‖2 − ‖∇ pn‖2) − 2τ(ωn+1∇φn, ũn+1) = 0. (3.18)

It now remains to deal with the last term in (3.18); taking the inner product of (3.2)
with 2τωn+1, we get

2(φn+1 − φn, ωn+1) + 2τ(ũn+1∇φn, ωn+1) + 2Mτ‖∇ωn+1‖2 = 0; (3.19)

Taking the inner product of (3.3) with −2(φn+1 − φn), we get

− 2(ωn+1, φn+1 − φn) + λ(‖∇φn+1‖2 − ‖∇φn‖2 + ‖∇φn+1 − ∇φn‖2)
+ 2λ(φnqn+1, φn+1 − φn) = 0 (3.20)

Taking the inner product of (3.4) with 2λτqn+1, we have

η2λ

2
(‖qn+1‖2 − ‖qn‖2 + ‖qn+1 − qn‖2) = 2λ(φn(φn+1 − φn), qn+1) (3.21)

Combining all the above equations, we find

‖un+1‖2 − ‖un‖2 + ‖ũn+1 − un‖2 + 2ντ‖∇ũn+1‖2
+ τ 2(‖∇ pn+1‖2 − ‖∇ pn‖2) + 2Mτ‖∇ωn+1‖2
+ λ(‖∇φn+1‖2 − ‖∇φn‖2 + ‖∇φn+1 − ∇φn‖2)

+ η2λ

2
(‖qn+1‖2 − ‖qn‖2 + ‖qn+1 − qn‖2) = 0 (3.22)

Thus, we derive

1

2
‖un+1‖2 + λ

2
‖∇φn+1‖2 + λη2

4
‖qn+1‖2 + τ 2

2
‖∇ pn+1‖2 + ντ‖∇ũn+1‖2

+ Mτ‖∇ωn+1‖2 ≤ 1

2
‖un‖2 + λ

2
‖∇φn‖2 + λη2

4
‖qn‖2 + τ 2

2
‖∇ pn‖2 (3.23)

The desired result is then a direct consequence of the above inequality. ��

4 Error Estimates

4.1 First-Order Error Estimates

AssumptionWe assume that the exact solutions (u, φ, ω, p) are sufficiently smooth.
More precisely,

φ ∈ L∞(0, T ; H3(Ω)) ∩ W 1,∞(0, T ; H2(Ω))

∩ W 2,∞(0, T ; H1(Ω)) ∩ W 3,∞(0, T ; L2(Ω))
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u ∈ L∞(0, T ; H3(Ω)d) ∩ W 1,∞(0, T ; H2(Ω)d)

∩ W 2,∞(0, T ; H1(Ω)d) ∩ W 3,∞(0, T ; L2(Ω)d)

ω ∈ L∞(0, T ; H3(Ω)) ∩ L∞(0, T ; H2(Ω))

p ∈ W 2,∞(0, T ; H1(Ω))

q ∈ L∞(0, T ; H2(Ω)) ∩ L∞(0, T ; H3(Ω))

Let (un, pn, qn, ωn, φn, ũn)be the numerical solution obtained from the scheme (3.2)–
(3.9), and (u(tn), p(tn), q(tn), ω(tn), φ(tn)) be the exact solution; we define the error
function for n = 0, 1, 2, ...., N as

ẽn
u = u(tn) − ũn, en

u = u(tn) − un, en
q = q(tn) − qn,

en
p = p(tn) − pn, en

φ = φ(tn) − φn, en
ω = ω(tn) − ωn .

Theorem 4.1 Under the Assumption, there exists some τ0 > 0 such that when τ < τ0
the solution (un, pn, φn, ωn)(0 ≤ n ≤ T

τ
) of scheme (3.2)–(3.9) satisfies the following

error estimates:

‖eφ,τ‖l∞(H1(Ω)) + ‖eu,τ‖l2(H1(Ω)d ) + ‖ẽu,τ‖l2(H1(Ω)d ) + ‖eω,τ‖l2(H1(Ω)) ≤ cτ,

‖eu,τ‖l∞(H1(Ω)d ) + ‖eω,τ‖l∞(H1(Ω)) + ‖ẽu,τ‖l∞(H1(Ω)d ) ≤ cτ
1
2 ,

‖eu,τ‖l∞(L2(Ω)d ) + ‖eq,τ‖l∞(L2(Ω)) + ‖ẽu,τ‖l∞(L2(Ω)d ) ≤ cτ, ‖∇en
p‖(L2(Ω)d ) � 1.

(4.1)

Proof To analyze the error for the stabilized scheme (3.2)–(3.9), we define the local
truncation error Rn+1

φ (n = 0, 1, ..., N − 1) for the equation (3.2)as follows:

Rn+1
φ = φ(tn+1) − φ(tn)

τ
+ (u(tn+1) · ∇)φ(tn) − MΔω(tn+1) (4.2)

the local truncation error Rn+1
ω (n = 0, 1, ..., N − 1) for the following equation (3.3):

Rn+1
ω = ω(tn+1) + λ(Δφ(tn+1) − φ(tn)q(tn+1)) (4.3)

the local truncation error Rn+1
q (n = 0, 1, ..., N − 1) for the equation (3.4):

Rn+1
q = η2

2

q(tn+1) − q(tn)

τ
− φ(tn)

φ(tn+1) − φ(tn)

τ
(4.4)

the local truncation error Rn+1
u (n = 0, 1, ..., N − 1) for the equation (3.5):

Rn+1
u = u(tn+1) − u(tn)

τ
− μΔu(tn+1) + ∇ p(tn)
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+ (u(tn) · ∇)u(tn+1) − ω(tn+1)∇φ(tn) (4.5)

the local truncation error Rn+1
p (n = 0, 1, ..., N − 1) for the equation (3.7):

Rn+1
p = u(tn+1) − u(tn+1)

τ
+ ∇(p(tn+1) − p(tn))

= ∇(p(tn+1) − p(tn)) (4.6)

It is easy to establish the following estimates for the truncation errors, provided that
the exact solution are sufficiently smooth:

Lemma 4.2 Under Assumption, the truncation errors satisfy

‖Ru,τ‖l∞(L2(Ω)d ) + ‖Rφ,τ‖l∞(H1(Ω)) + ‖Rω,τ‖l∞(H1(Ω))

+ ‖Rp,τ‖l∞(L2(Ω)) + ‖Rq,τ‖l∞(L2(Ω)) ≤ cτ, (4.7)

where c is independent of τ .

Proof We sketch the proof for Rφ,τ (4.2) and omit the rest error terms. Recalling (4.2)
and the original equation (3.2), by Taylor expansion, we have

Rn+1
φ = φ(tn+1) − φ(tn)

τ
− ∂tφ(tn+1) + u(tn+1) · ∇φ(tn) − u(tn+1) · ∇φ(tn+1)

= −τ

2
∂t tφ(t∗) − τu(tn+1) · ∇∂tφ(t∗∗), (4.8)

where t∗, t∗∗ ∈ (tn, tn+1). The error bound for Rφ,τ is then implied by the regularity
Assumption. ��

Next,we derive the equations governing the error growth. Define

˙̃en+1
u = ẽn+1

u − en
u

τ
+ (u(tn) · ∇)u(tn+1) − (un · ∇)ũn+1 (4.9)

Subtracting (4.2)–(4.6) from (3.2), (3.3), (3.4), (3.5) and (3.7), respectively, we get
the following error equations for n ≥ 0 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

en+1
φ − en

φ

τ
+ (u(tn+1) · ∇φ(tn) − ũn+1 · ∇φn) − MΔen+1

w = Rn+1
φ (4.10)

en+1
ω + λΔen+1

φ − λ(φ(tn)q(tn+1) − φnqn+1) = Rn+1
ω (4.11)

η2

2

en+1
q − en

q

τ
− (φ(tn)

φ(tn+1) − φ(tn)

τ
− φn φn+1 − φn

τ
) = Rn+1

q (4.12)

˙̃en+1
u − νΔẽn+1

u + ∇en
p − (ω(tn+1)∇φ(tn) − ωn+1∇φn) = Rn+1

u (4.13)

en+1
u − ẽn+1

u

τ
+ ∇(en+1

p − en
p) = Rn+1

p (4.14)
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with the boundary conditions

ẽn+1
u |∂Ω = 0, ∂nen+1

φ |∂Ω = 0, ∂nen+1
ω |∂Ω = 0. (4.15)

Taking inner product of (4.10) with λτen+1
φ and τen+1

ω , we obtain

λ

2
(‖en+1

φ ‖2 − ‖en
φ‖2 + ‖en+1

φ − en
φ‖2) + λτ(u(tn+1) · ∇en

φ + ẽn+1
u · ∇φn, en+1

φ )

+ Mτλ(∇en+1
ω ,∇en+1

φ ) = (Rn+1
φ , λτen+1

φ ) (4.16)

(en+1
φ − en

φ, en+1
ω ) + τ(u(tn+1) · ∇φ(tn) − ũn+1 · ∇φn, en+1

ω )

+ Mτ‖∇en+1
ω ‖2 = (Rn+1

φ , τen+1
ω ) (4.17)

Taking inner product of (4.11) with Mτen+1
ω and −(en+1

φ − en
φ), respectively, we have

Mτ‖en+1
ω ‖2 − λτ M(∇en+1

φ ,∇en+1
ω )

− λτ M(φ(tn)q(tn+1) − φnqn+1, en+1
ω ) = (Rn+1

ω , Mτen+1
ω ) (4.18)

− (en+1
φ − en

φ, en+1
ω ) + λ

2
(‖∇en+1

φ ‖2 − ‖∇en
φ‖2 + ‖∇en+1

φ − ∇en
φ‖2)

+ λ(φ(tn)q(tn+1) − φnqn+1, en+1
φ − en

φ) = −(en+1
φ − en

φ, Rn+1
ω ) (4.19)

Taking inner product of (4.12) with λτen+1
q , we have

λη2

4
(‖en+1

q ‖2 − ‖en
q‖2 + ‖en+1

q − en
q‖2)

− λ(φ(tn)(φ(tn+1) − φ(tn)) − φn(φn+1 − φn), en+1
q ) = λτ(Rn+1

q , en+1
q )

(4.20)

Taking inner product of (4.13) with τ ẽn+1
u , we have

1

2
(‖ẽn+1

u − en
u‖2 + ‖ẽn+1

u ‖2 − ‖en
u‖2) + μτ‖∇ ẽn+1

u ‖2 + τ(ẽn+1
u ,∇en

p)+
τ((u(tn) · ∇)u(tn+1) − (un · ∇)ũn+1, ẽn+1

u )

− τ(ω(tn+1)∇φ(tn) − ωn+1∇φn, ẽn+1
u ) = τ(Rn+1

u , ẽn+1
u ) (4.21)

In addition, we know

λ(φ(tn)q(tn+1) − φnqn+1, en+1
φ − en

φ)

− λ(φ(tn)(φ(tn+1) − φ(tn)) − φn(φn+1 − φn), en+1
q )

= λ(en
φq(tn+1) + φnen+1

q , en+1
φ − en

φ)

− λ(en
φ(φ(tn+1) − φ(tn)) + φn(en+1

φ − en
φ), en+1

q )
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= λ(en
φq(tn+1), en+1

φ − en
φ) − λ(en

φ(φ(tn+1) − φ(tn)), en+1
q ) (4.22)

Combining (4.16)–(4.21) and using (4.22), we obtain

λ

2
(‖en+1

φ ‖2 − ‖en
φ‖2 + ‖en+1

φ − en
φ‖2) + Mτ‖∇en+1

ω ‖2 + Mτ‖en+1
ω ‖2

+ λ

2
(‖∇en+1

φ ‖2 − ‖∇en
φ‖2 + ‖∇en+1

φ − ∇en
φ‖2)

+ λη2

4
(‖en+1

q ‖2 − ‖en
q‖2 + ‖en+1

q − en
q‖2) + λτ(u(tn+1) · ∇en

φ, en+1
φ )

+ 1

2
(‖ẽn+1

u − en
u‖2 + ‖ẽn+1

u ‖2 − ‖en
u‖2) + ντ‖∇ ẽn+1

u ‖2

+ λτ(ẽn+1
u · ∇φn, en+1

φ ) − λτ M(φ(tn)q(tn+1) − φnqn+1, en+1
ω )

+ λ(en
φq(tn+1), en+1

φ − en
φ) − λ(en

φ(φ(tn+1) − φ(tn)), en+1
q ) + τ(ẽn+1

u ,∇en
p)

+ τ(en
u∇u(tn+1), ẽn+1

u ) + τ(u(tn+1)∇en
φ, en+1

ω ) − τ(ω(tn+1)∇en
φ, ẽn+1

u )

= τ(Rn+1
u , ẽn+1

u ) + (Rn+1
φ , λτen+1

φ ) + (Rn+1
φ , τen+1

ω ) + (Rn+1
ω , Mτen+1

ω )

+ (en+1
φ − en

φ, Rn+1
ω ) + λτ(Rn+1

q , en+1
q ) (4.23)

We now control each term in (4.23) as follows: First, it is easy to estimate

|(Rn+1
φ , λτen+1

φ )| ≤ cτ‖Rn+1
φ ‖‖en+1

φ ‖ ≤ cτ 3 + cτ‖en+1
φ ‖2

|(Rn+1
φ , λτen+1

ω )| ≤ cτ‖Rn+1
φ ‖‖en+1

ω ‖ ≤ cτ 3 + Mτ

16
‖en+1

ω ‖2

|(Rn+1
ω , Mτen+1

ω )| ≤ Mτ‖Rn+1
ω ‖‖en+1

ω ‖ ≤ cτ 3 + Mτ

16
‖en+1

ω ‖2

|λτ(Rn+1
q , en+1

q )| ≤ cτ‖Rn+1
q ‖‖en+1

q ‖ ≤ cτ 3 + cτ‖en+1
q ‖2

|τ(Rn+1
u , ẽn+1

u )| ≤ τ‖Rn+1
u ‖‖ẽn+1

u ‖ ≤ cτ 3 + ντ

16
‖∇ ẽn+1

u ‖2 (4.24)

|λτ(u(tn+1) · ∇en
φ, en+1

φ )| ≤ cτ‖∇en
φ‖‖en+1

φ ‖ ≤ cτ‖∇en
φ‖2 + cτ‖en+1

φ ‖2

|λτ(u(tn+1) · ∇en
φ, en+1

ω )| ≤ cτ‖∇en
φ‖‖en+1

ω ‖ ≤ cτ‖∇en
φ‖2 + Mτ

16
‖en+1

ω ‖2

|τ(ω(tn+1)∇en
φ, ẽn+1

u )| ≤ cτ‖∇en
φ‖‖ẽn+1

u ‖ ≤ cτ‖∇en
φ‖2 + ντ

16
‖∇en+1

u ‖2

|τ((en
u · ∇)u(tn+1), ẽn+1

u )| ≤ cτ‖en
u‖‖ẽn+1

u ‖ ≤ cτ‖en
u‖2 + ντ

16
‖∇ ẽn+1

u ‖2 (4.25)

|λτ(ẽn+1
u ∇φn, en+1

φ )| ≤ cτ‖ẽn+1
u ‖1‖∇φn‖‖en+1

φ ‖1
≤ cτ(‖en+1

φ ‖2 + ‖∇en+1
φ ‖2) + ντ

16
‖∇ ẽn+1

u ‖2 (4.26)

| − λτ M(φ(tn)q(tn+1) − φnqn+1, en+1
ω )|
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= | − λτ M(φ(tn)en+1
q + en

φqn+1, en+1
ω )|

≤ cτ‖en+1
q ‖‖en+1

ω ‖ + cτ‖en
φ‖1‖en+1

ω ‖1‖qn+1‖L2

≤ cτ‖en+1
q ‖2 + Mτ

16
‖en+1

ω ‖2 + cτ‖en
φ‖2 + cτ‖∇en

φ‖2 + Mτ

16
‖∇en+1

ω ‖2. (4.27)

|λ(en
φq(tn+1), en+1

φ − en
φ)|

= |λτ(en
φq(tn+1),

en+1
φ − en

φ

τ
)|

≤ |λτ(en
φq(tn+1),−(u(tn+1)∇en

φ + ẽn+1
u ∇φn))|

+ |λτ(en
φq(tn+1), MΔen+1

ω + Rn+1
φ )|

≤ cτ‖en
φ‖‖Rn+1

φ ‖ + |Mλτ(∇en
φq(tn+1) + en

φ∇q(tn+1),∇en+1
ω )|

+ cτ‖en
φ‖‖∇en

φ‖ + cτ‖en
φ‖1‖ẽn+1

u ‖1‖∇φn‖
≤ cτ‖en

φ‖‖Rn+1
φ ‖ + cτ‖∇en

φ‖‖∇en+1
ω ‖ + cτ‖∇en

φ‖‖∇en+1
ω ‖

+ cτ‖en
φ‖‖∇en

φ‖ + cτ‖en
φ‖1‖ẽn+1

u ‖1‖∇φn‖
≤ cτ‖en

φ‖2 + cτ 3 + cτ‖∇en
φ‖2 + Mτ

8
‖∇en+1

ω ‖2 + ντ

16
‖∇ ẽn+1

u ‖2. (4.28)

The boundedness of ‖∇φn‖ in (4.26), (4.28) and ‖qn+1‖L2 in (4.27) is obtained from
Theorem 3.3.

|λ2(en
φ(φ(tn+1) − φ(tn)), en+1

q )|
≤ λ2τ |(en

φφt (ξ), en+1
q )| ≤ cτ‖en

φ‖‖en+1
q ‖ ≤ cτ‖en

φ‖2 + cτ‖en+1
q ‖2

where ξ ∈ (tn, tn+1).
Following (4.28), we estimate

|(en+1
φ − en

φ, Rn+1
ω )|

= |τ(Rn+1
ω ,

en+1
φ − en

φ

τ
)|

= |τ(Rn+1
ω ,−(u(tn+1)∇en

φ + ẽn+1
u ∇φn))| + |τ(Rn+1

ω , MΔen+1
ω + Rn+1

φ )|
≤ Mτ

16
‖∇en+1

ω ‖2 + cτ 3 + cτ‖∇en
φ‖2 + ντ

16
‖∇ ẽn+1

u ‖2.

It remains to estimate the term involving pressure. Using (4.15), en+1
u · n|∂Ω = 0, and

∇ · en+1
u = 0, we get

τ(ẽn+1
u ,∇en

p)

= τ(en+1
u − τ Rn+1

p + τ(∇en+1
p − ∇en

p),∇en
p)

= −τ 2(Rn+1
p ,∇en

p) + τ 2

2
(‖∇en+1

p ‖2 − ‖∇en
p‖2 − ‖∇en+1

p − ∇en
p‖2) (4.29)
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and

‖en+1
u

τ
+ (∇en+1

p − ∇en
p)‖2 = ‖Rn+1

p + ẽn+1
u

τ
‖2, (4.30)

which implies

‖∇en+1
p − ∇en

p‖2 = 1

τ 2
(‖ẽn+1

u ‖2 − ‖en+1
u ‖2) + ‖Rn+1

p ‖2 + 2

τ
(Rn+1

p , ẽn+1
u )

(4.31)

Hence, from (4.29) and (4.31), we find

τ(ẽn+1
u ,∇en

p) = τ 2

2
(‖∇en+1

p ‖2 − ‖∇en
p‖2) + 1

2
(‖en+1

u ‖2 − ‖ẽn+1
u ‖2) − τ 2

2
‖Rn+1

p ‖2

− τ(Rn+1
p , ẽn+1

u ) − τ 2(Rn+1
p ,∇en

p), (4.32)

where

|τ(Rn+1
p , ẽn+1

u )| ≤ τ‖Rn+1
p ‖‖ẽn+1

u ‖ ≤ cτ 3 + ντ

16
‖∇ ẽn+1

u ‖2.
τ 2|(Rn+1

p ,∇en
p)| ≤ τ 2‖Rn+1

p ‖‖∇en
p‖ ≤ τ 3‖∇en

p‖2 + cτ 3

Last, with ‖e0φ‖ = 0, ‖∇e0φ‖ = 0, ‖e0u‖ = 0, ‖e0q‖ = 0, ‖∇e0p‖ = 0, summing (4.23)
together for time steps 1 to n, and combining the results above, we derive that for
1 ≤ n ≤ [T /τ ] − 1,

λ

2
‖en+1

φ ‖2 + λ

2
‖∇en+1

φ ‖2 + 1

2
‖en+1

u ‖2 + λη2

4
‖en+1

q ‖2

+ τ 2

2
‖∇en+1

p ‖2 +
n∑

k=1

[λ
2
‖∇ek+1

φ − ∇ek
φ‖2 + 1

2
‖ẽk+1

u − ek
u‖2

+ 9ντ

16
‖∇ ẽk+1

u ‖2 + 3Mτ

4
‖∇ek+1

ω ‖2 + 3Mτ

4
‖ek+1

ω ‖2]

≤ cτ 3(n + 1) + cτ
n+1∑
k=0

(
λ

2
‖ek

φ‖2 + λ

2
‖∇ek

φ‖2 + 1

2
‖ek

u‖2 + λη2

4
‖ek

q‖2 + τ 2

2
‖∇ek

p‖2)

≤ cT τ 2 + cτ
n+1∑
k=0

(
λ

2
‖ek

φ‖2 + λ

2
‖∇ek

φ‖2 + 1

2
‖ek

u‖2 + λη2

4
‖ek

q‖2 + τ 2

2
‖∇ek

p‖2).

Since the constants appearing in the above inequalities are independent of τ , we derive
from Gronwall’s inequality that there exist some constant c such that

λ

2
‖en+1

φ ‖2 + λ

2
‖∇en+1

φ ‖2 + 1

2
‖en+1

u ‖2 + λη2

4
‖en+1

q ‖2

+τ 2

2
‖∇en+1

p ‖2 +
n∑

k=1

[λ
2
‖∇ek+1

φ − ∇ek
φ‖2 + 1

2
‖ẽk+1

u − ek
u‖2
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+9ντ

16
‖∇ ẽk+1

u ‖2 + 3Mτ

4
‖∇ek+1

ω ‖2 + 3Mτ

4
‖ek+1

ω ‖2]
≤ cτ 2, 1 ≤ n ≤ [T /τ ] − 1

According to the inequality 1 ≤ n ≤ [T /τ ] − 1

‖en+1
φ ‖2 + ‖∇en+1

φ ‖2 + ‖en+1
u ‖2 + ‖en+1

q ‖2 + τ 2‖∇en+1
p ‖2 ≤ cτ 2,

we get

‖eφ,τ‖l∞(H1(Ω)) + ‖eu,τ‖l∞(L2(Ω)d ) + ‖ẽq,τ‖l∞(L2(Ω)d ) ≤ τ, ‖∇en
p‖(L2(Ω)d ) � 1.

From 1 ≤ n ≤ [T /τ ] − 1

n∑
k=1

[9ντ

16
‖∇ ẽk+1

u ‖2 + 3Mτ

4
‖∇ek+1

ω ‖2 + 3Mτ

4
‖ek+1

ω ‖2] ≤ cτ 2,

we obtain

‖eu,τ‖l2(H1(Ω)d ) + ‖ẽu,τ‖l2(H1(Ω)d ) + ‖eω,τ‖l2(H1(Ω)) ≤ cτ.

Using

n∑
k=1

[‖∇ ẽk+1
u ‖2 + ‖∇ek+1

ω ‖2 + ‖ek+1
ω ‖2] ≤ cτ, 1 ≤ n ≤ [T /τ ] − 1,

we know

max
1≤k≤n

‖∇ ẽk+1
u ‖2 + max

1≤k≤n
‖∇ek+1

ω ‖2 + max
1≤k≤n

‖ek+1
ω ‖2 ≤ cτ,

so

‖eu,τ‖l∞(H1(Ω)d ) + ‖eω,τ‖l∞(H1(Ω)) + ‖ẽu,τ‖l∞(H1(Ω)d ) ≤ cτ
1
2 .

where the estimate for ‖eu,τ‖H1(Ω)d can be derived from the inequality ‖en+1
u ‖1 ≤

c‖ẽn+1
u ‖1. Thus (4.1) holds. ��

Lemma 4.3 Under the Assumption, for the stabilized scheme (3.2)-(3.9), we have

‖en+1
φ ‖2 ≤ cτ

1
2 , 1 ≤ n ≤ [T /τ ] − 1

Proof Applying H2 theory to (4.11), we have

‖en+1
φ ‖2 ≤ c(‖Rn+1

ω ‖ + ‖en+1
ω ‖ + ‖en

φ‖ + ‖en+1
q ‖) ≤ cτ

1
2

��
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4.2 Improved Pressure Estimates

Combining with Theorem 4.1, we now establish a sub-optimal error bound for the
pressure. we define some notation, for a sequence of function {φk, k = 0, 1, 2, ...}

δtφ
k = φk − φk−1

Lemma 4.4 Under the assumption of Assumption, for the stabilized scheme (3.2)–
(3.9), we have the following estimate for the pressure

‖ep,τ‖l2(L2(Ω)) ≤ cτ
1
2

Proof Form Theorem 4.1, we know

‖(δt eu)τ‖l∞(L2(Ω)d ) ≤ cτ, ‖(δt eu)τ‖l2(L2(Ω)d ) ≤ cτ
3
2 .

Adding (4.14) to (4.13), we get

− νΔẽn+1
u + ∇en+1

p = hn+1

∇ · ẽn+1
u = gn+1, ẽn+1

u |∂Ω = 0, (4.33)

where

hn+1 = h̃n+1 − en+1
u − en

u

τ

h̃n+1 = Rn+1
u + Rn+1

p − en
u · ∇u(tn+1) − un · ∇ ẽn+1

u

+ λ(ω(tn+1)∇en
φ + en+1

ω ∇φn)

gn+1 = τΔ(pn+1 − pn)

Due to

‖gn+1‖ = ‖∇ · ẽn+1
u ‖ ≤ ‖∇ ẽn+1

u ‖ ≤ cτ
1
2 , ‖h̃n+1‖−1 ≤ cτ

1
2

Then, we get

‖hn+1‖−1 ≤ ‖h̃n+1‖−1 + ‖en+1
u − en

u

τ
‖−1

‖hτ‖l2(H−1(Ω)d ) ≤ ‖h̃τ‖l2(H−1(Ω)d ) + 1

τ
‖(δt eu)τ‖l2(L2(Ω)d ) ≤ cτ

1
2 .

Applying stand stability result for inhomogeneous Stokes system to (4.33), it turns
out

‖ẽn+1
u ‖1 + ‖en+1

p ‖ � ‖hn+1‖−1 + ‖gn+1‖
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we get

‖ep,τ‖l2(L2(Ω)) ≤ cτ
1
2 ,

the sub-optimal error estimate for pressure is derived. ��
Lemma 4.5 Under the assumption of Assumption, for the scheme (3.2)–(3.9), we have

‖(δt eu)τ‖l∞(L2(Ω)d ) ≤ cτ
3
2 , ‖(δt eu)τ‖l2(L2(Ω)d ) ≤ cτ 2.

Proof Denote time increment operator as

εn
u = δt e

n
u , ε̃n

u = δt ẽ
n
u , εn

φ = δt e
n
φ, εn

ω = δt e
n
ω, εn

p = δt e
n
p, εn

q = δt e
n
q ,

applying time increment operator δt to (4.10)–(4.14), we have for n ≥ 1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εn+1
φ − εn

φ

τ
− MΔεn+1

w = δt Rn+1
φ − R̃n+1

φ , (4.34)

εn+1
ω + λΔεn+1

φ − R̃n+1
ω = δt Rn+1

ω , (4.35)

η2

2

εn+1
q − εn

q

τ
− R̃n+1

q = δt Rn+1
q , (4.36)

ε̃n+1
u − εn

u

τ
− νΔε̃n+1

u + ∇εn
p = δt Rn+1

u − R̃n+1
u,u − R̃n+1

u,φ , (4.37)

εn+1
u − ε̃n+1

u

τ
+ ∇(εn+1

p − εn
p) = δt Rn+1

p (4.38)

where

R̃n+1
φ = ẽn

u · ∇δtφ
n + δtu(tn+1) · ∇en

φ + ε̃n+1
u · ∇φn + u(tn) · ∇εn

φ,

R̃n+1
ω = en

φδt q(tn+1) + εn
φq(tn) + φnεn+1

q + δtφ
nen

q ,

R̃n+1
q = en

φ

δtφ(tn+1) − δtφ(tn)

τ
+ εn

φ

φ(tn) − φ(tn−1)

τ

+ φn
εn+1
φ − εn

φ

τ
+ δtφ

n
en
φ − en−1

φ

τ
,

R̃n+1
u,u = δtun · ∇ ẽn

u + en
u · ∇δtu(tn+1) + un · ∇ ε̃n+1

u + εn
u · ∇u(tn),

R̃n+1
u,φ = −en

ω∇δtφ − δtω(tn+1)∇en
φ − ω(tn)∇εn

φ − εn+1
ω ∇φn .

Taking inner product of (4.34) with λτεn+1
φ , we obtain

λ

2
(‖εn+1

φ ‖2 − ‖εn
φ‖2 + ‖εn+1

φ − εn
φ‖2) + λMτ(∇εn+1

φ ,∇εn+1
ω )

= λτ(δt Rn+1
φ , εn+1

φ ) − λτ(R̃n+1
φ , εn+1

φ ) (4.39)
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Taking inner product of (4.34) with τεn+1
ω , we obtain

(εn+1
φ − εn

φ, εn+1
ω ) + Mτ‖∇εn+1

ω ‖2 = τ(δt Rn+1
φ , εn+1

ω ) − τ(R̃n+1
φ , εn+1

ω ) (4.40)

Taking inner product of (4.35) with Mτ
2 εn+1

ω and −(εn+1
φ − εn

φ), we get

Mτ

2
‖εn+1

ω ‖2 − Mλτ

2
(∇εn+1

φ ,∇εn+1
ω ) − Mτ

2
(R̃n+1

ω , εn+1
ω ) = Mτ

2
(δt Rn+1

ω , εn+1
ω )

(4.41)

− (εn+1
φ − εn

φ, εn+1
ω ) + λ

2
(‖∇εn+1

φ ‖2 − ‖∇εn
φ‖2 + ‖∇εn+1

φ − ∇εn
φ‖2)

+ (R̃n+1
ω , εn+1

φ − εn
φ) = −(δt Rn+1

ω , εn+1
φ − εn

φ) (4.42)

Taking inner product of (4.35) with λMτ
2 Δεn+1

φ , we get

− Mλτ

2
(∇εn+1

φ ,∇εn+1
ω ) + Mλ2τ

2
‖Δεn+1

φ ‖2

− Mλτ

2
(R̃n+1

ω ,Δεn+1
φ ) = Mλτ

2
(δt Rn+1

ω ,Δεn+1
φ ) (4.43)

Taking inner product of (4.36) with τεn+1
q , we get

η2

4
(‖εn+1

q ‖2 − ‖εn
q ‖2 + ‖εn+1

q − εn
q ‖2) − τ(R̃n+1

q , εn+1
q ) = τ(δt Rn+1

q , εn+1
q )

(4.44)

Taking inner product of (4.37) with τ ε̃n+1
u , we get

1

2
(‖ε̃n+1

u − εn
u ‖2 + ‖ε̃n+1

u ‖2 − ‖εn
u ‖2) + ντ‖∇ ε̃n+1

u ‖2 + τ(∇εn
p, ε̃

n+1
u )

= τ(δt Rn+1
u , ε̃n+1

u ) − τ(R̃n+1
u,u + R̃n+1

u,φ , ε̃n+1
u ) (4.45)

Then, summing up (4.39)–(4.45), we derive

λ

2
(‖εn+1

φ ‖2 − ‖εn
φ‖2 + ‖εn+1

φ − εn
φ‖2) + Mτ‖∇εn+1

ω ‖2 + Mτ

2
‖εn+1

ω ‖2

+ Mλ2τ

2
‖Δεn+1

φ ‖2 + λ

2
(‖∇εn+1

φ ‖2 − ‖∇εn
φ‖2 + ‖∇εn+1

φ − ∇εn
φ‖2)

+ η2

4
(‖εn+1

q ‖2 − ‖εn
q ‖2 + ‖εn+1

q − εn
q ‖2) + ντ‖∇ ε̃n+1

u ‖2

+ 1

2
(‖ε̃n+1

u − εn
u ‖2 + ‖ε̃n+1

u ‖2 − ‖εn
u ‖2) + τ(∇εn

p, ε̃
n+1
u )

= λτ(δt Rn+1
φ , εn+1

φ ) − λτ(R̃n+1
φ , εn+1

φ ) + τ(δt Rn+1
φ , εn+1

ω ) − τ(R̃n+1
φ , εn+1

ω )
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+ Mτ

2
(R̃n+1

ω , εn+1
ω ) + Mτ

2
(δt Rn+1

ω , εn+1
ω ) − (δt Rn+1

ω , εn+1
φ − εn

φ)

− (R̃n+1
ω , εn+1

φ − εn
φ) + τ(R̃n+1

q , εn+1
q ) + τ(δt Rn+1

q , εn+1
q )

+ τ(δt Rn+1
u , ε̃n+1

u ) − τ(R̃n+1
u,u + R̃n+1

u,φ , ε̃n+1
u ) + Mλτ

2
(R̃n+1

ω ,Δεn+1
φ )

+ Mλτ

2
(δt Rn+1

ω ,Δεn+1
φ ) =

14∑
i=1

Bi (4.46)

Together with the assumptions on the exact solution, we have

‖δtφ
n‖1 ≤ ‖δtφ(tn)‖1 + ‖δt e

n
φ‖1 � τ

‖φn‖2 ≤ ‖φ(tn)‖2 + ‖en
φ‖2 ≤ c

‖δtun‖1 ≤ ‖δtu(tn)‖1 + ‖εn
u ‖1 � τ + ‖ε̃n

u ‖1
‖δtφ

n‖L∞ ≤ ‖δtφ(tn)‖L∞ + ‖εn
φ‖H2 ,

where these conclusions will be used in the behind of theoretical analysis. We now
estimate the right-hand terms in (4.46) as follows:

B1 ≤ |λτ(δt Rn+1
φ , εn+1

φ )| ≤ cτ‖δt Rn+1
φ ‖‖εn+1

φ ‖ ≤ cτ‖εn+1
φ ‖2 + cτ 5,

B2 ≤ |λτ(R̃n+1
φ , εn+1

φ )|
= |λτ(ẽn

u · ∇δtφ
n + δtu(tn+1) · ∇en

φ + ε̃n+1
u · ∇φn + u(tn) · ∇εn

φ, εn+1
φ )|

≤ cτ [‖∇δtφ
n‖‖ẽn

u‖1‖εn+1
φ ‖1 + ‖δtu(tn+1)‖1‖∇en

φ‖‖εn+1
φ ‖1

+ ‖∇φn‖‖ε̃n+1
u ‖1‖εn+1

φ ‖1 + ‖u(tn)‖2‖∇εn
φ‖‖εn+1

φ ‖]
≤ cτ(τ 2‖ẽn

u‖21 + τ 4 + ‖εn+1
φ ‖21 + ‖εn

φ‖21) + ντ

16
‖∇ ε̃n+1

u ‖2,

B3 ≤ |τ(δt Rn+1
φ , εn+1

ω )| ≤ cτ‖δt Rn+1
φ ‖‖εn+1

ω ‖ ≤ Mτ

16
‖εn+1

ω ‖2 + cτ 5.

B4 ≤ |τ(R̃n+1
φ , εn+1

ω )|
= |τ(ẽn

u · ∇δtφ
n + δtu(tn+1) · ∇en

φ + ε̃n+1
u · ∇φn + u(tn) · ∇εn

φ, εn+1
ω )|

≤ τ [‖∇δtφ
n‖‖ẽn

u‖1‖εn+1
ω ‖1 + ‖δtu(tn+1)‖1‖∇en

φ‖‖εn+1
ω ‖1

+ ‖∇φn‖1‖ε̃n+1
u ‖‖εn+1

ω ‖1 + ‖u(tn)‖2‖∇εn
φ‖‖εn+1

ω ‖]
≤ cτ(τ 2‖ẽn

u‖21 + τ 4 + ‖εn
φ‖21 + ‖ε̃n+1

u ‖2) + Mτ

16
‖∇εn+1

ω ‖2 + Mτ

16
‖εn+1

ω ‖2

B5 ≤ | Mτ

2
(R̃n+1

ω , εn+1
ω )|

= |Mτ(en
φδt q(tn+1) + εn

φq(tn) + φnεn+1
q + δtφ

nen
q , εn+1

ω )|
≤ cτ‖δt q(tn+1)‖L∞‖en

φ‖‖εn+1
ω ‖ + cτ‖q(tn)‖L∞‖εn

φ‖‖εn+1
ω ‖
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+ cτ‖φn‖L∞‖εn+1
q ‖‖εn+1

ω ‖ + cτ‖δtφ
n‖1‖en

q‖1‖εn+1
ω ‖

≤ Mτ

16
‖εn+1

ω ‖2 + cτ 5 + cτ‖εn
φ‖2 + cτ‖εn+1

q ‖2,

where we have used the following inequality:
In fact, (3.4) can be rewritten as

qn+1 − (φn+1)2 − 1

η2
= qn − (φn)2 − 1

η2
− (φn+1 − φn)2

η2

Noting that (φn+1−φn)2 ∼ O(τ 2), therefore, qn+1 is formally a second order approx-

imation to (φn+1)2−1
η2

.

‖en
q‖1 = ‖en

q‖ + ‖∇en
q‖ ≤ cτ + ‖∇en

q‖
‖∇en

q‖ = ‖∇q(tn) − ∇qn‖ + O(τ 2) = ‖ 2

η2
(φ(tn)∇φ(tn) − φn∇φn)‖ + O(τ 2)

= ‖ 2

η2
(en

φ∇φ(tn) + φn∇en
φ)‖ + O(τ 2) ≤ c‖en

φ‖
+ ‖φn‖L∞‖∇en

φ‖ + O(τ 2) ≤ cτ

‖en
q‖1 = ‖en

q‖ + ‖∇en
q‖ ≤ cτ

For the remaining terms, we have

B6 ≤ | Mτ

2
(δt Rn+1

ω , εn+1
ω )| ≤ cτ‖δt Rn+1

ω ‖‖εn+1
ω ‖ ≤ cτ 5 + Mτ

16
‖εn+1

ω ‖2

B7 ≤ |(δt Rn+1
ω , εn+1

φ − εn
φ)|

= |τ(δt Rn+1
ω , MΔεn+1

ω + δt Rn+1
φ − R̃n+1

φ )|
≤ cτ‖∇δt Rn+1

ω ‖‖∇εn+1
ω ‖ + cτ‖∇δt Rn+1

ω ‖‖∇δt Rn+1
φ ‖ + τ(δt Rn+1

ω , R̃n+1
φ )

≤ Mτ

16
‖∇εn+1

ω ‖2 + cτ 5 + τ(δt Rn+1
ω , R̃n+1

φ ) (4.47)

Next, we estimate the last term τ(δt Rn+1
ω , R̃n+1

φ ) of (4.47)

τ |(δt Rn+1
ω , R̃n+1

φ )|
= τ |(δt Rn+1

ω , ẽn
u · ∇δtφ

n + δtu(tn+1) · ∇en
φ + ε̃n+1

u · ∇φn + u(tn) · ∇εn
φ)|

≤ τ‖δt Rn+1
ω ‖1‖ẽn

u‖‖δtφ
n‖L∞ + τ‖δt Rn+1

ω ‖‖δtu(tn+1)‖L∞‖∇en
φ‖

+ τ‖δt Rn+1
ω ‖‖ε̃n+1

u ‖1‖∇φn‖1 + τ‖δt Rn+1
ω ‖‖u(tn)‖L∞‖∇εn

φ‖

≤ λ2Mτ

32
‖�εn

φ‖2 + τ 5 + ντ

16
‖∇ ε̃n+1

u ‖2 + cτ‖∇εn
φ‖2
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B8 = −(R̃n+1
ω , εn+1

φ − εn
φ)

= −(en
φδt q(tn+1) + εn

φq(tn) + φnεn+1
q + δtφ

nen
q , εn+1

φ − εn
φ), (4.48)

Where (φnεn+1
q , εn+1

φ − εn
φ) will cancel out with (4.49). Therefore, we only need to

analyze the remaining three terms of (4.48)as follows:

− (en
φδt q(tn+1) + εn

φq(tn) + δtφ
nen

q , εn+1
φ − εn

φ)

= −τ(en
φδt q(tn+1) + εn

φq(tn) + δtφ
nen

q , MΔεn+1
w + δt Rn+1

φ − R̃n+1
φ );

then, we have

|τ(en
φδt q(tn+1) + εn

φq(tn) + δtφ
nen

q , MΔεn+1
w )|

= |Mτ(∇en
φδt q(tn+1) + en

φ∇δt q(tn+1) + ∇εn
φq(tn)

+ εn
φ∇q(tn) + ∇δtφ

nen
q + δtφ

n∇en
q ,∇εn+1

w )|
≤ cτ‖∇en

φ‖‖δt q(tn+1)‖L∞‖∇εn+1
w ‖ + cτ‖en

φ‖‖∇δt q(tn+1)‖L∞‖∇εn+1
w ‖

+ cτ‖∇εn
φ‖‖q(tn)‖L∞‖∇εn+1

w ‖ + cτ‖εn
φ‖‖∇q(tn)‖L∞‖∇εn+1

w ‖
+ cτ‖∇δtφ

n‖1‖en
q‖1‖∇εn+1

w ‖ + cτ‖δtφ
n‖L∞‖∇en

q‖‖∇εn+1
w ‖

≤ Mτ

16
‖∇εn+1

ω ‖2 + cτ 5 + λ2Mτ

32
‖Δεn

φ‖2 + cτ‖∇εn
φ‖2 + cτ‖εn

φ‖2

|τ(en
φδt q(tn+1) + εn

φq(tn) + δtφ
nen

q , δt Rn+1
φ )|

≤ cτ‖en
φ‖1‖δt q(tn+1)‖1‖δt Rn+1

φ ‖ + cτ‖εn
φ‖‖q(tn)‖L∞‖δt Rn+1

φ ‖
+ cτ‖δtφ

n‖1‖en
q‖1‖δt Rn+1

φ ‖
≤ cτ 5 + cτ‖εn

φ‖2
|τ(en

φδt q(tn+1), R̃n+1
φ )|

= |τ(en
φδt q(tn+1), ẽn

u · ∇δtφ
n + δtu(tn+1) · ∇en

φ + ε̃n+1
u · ∇φn + u(tn) · ∇εn

φ)|
≤ τ‖δt q(tn+1)‖L∞ (‖en

φ‖1‖ẽn
u‖‖δtφ

n‖L∞ + ‖en
φ‖‖δtu(tn+1)‖L∞‖∇en

φ‖)
+ τ‖en

φ‖1‖δt q(tn+1)‖L∞‖ε̃n+1
u ‖‖∇φn‖1 + τ‖en

φ‖1‖δt q(tn+1)‖1‖u(tn)‖L∞‖∇εn
φ‖

≤ cτ 5 + λ2Mτ

32
‖Δεn

φ‖2 + cτ‖ε̃n+1
u ‖2 + cτ‖εn

φ‖21.
B9 = τ(R̃n+1

q , εn+1
q )

= τ(en
φ

δtφ(tn+1) − δtφ(tn)

τ
+ εn

φ

φ(tn) − φ(tn−1)

τ

+ φn
εn+1
φ − εn

φ

τ
+ δtφ

n
en
φ − en−1

φ

τ
, εn+1

q )

= (en
φ(δtφ(tn+1) − δtφ(tn)) + εn

φ(φ(tn) − φ(tn−1))

+ φn(εn+1
φ − εn

φ) + δtφ
n(en

φ − en−1
φ ), εn+1

q ), (4.49)
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where (φn(εn+1
φ − εn

φ), εn+1
q ) can be cancelled out with (4.48). Therefore, we only

need to analyze the remaining three terms of (4.49):

(en
φ(δtφ(tn+1) − δtφ(tn)), εn+1

q ) ≤ cτ 2‖en
φ‖‖εn+1

q ‖ ≤ cτ‖εn+1
q ‖2 + cτ 5.

(εn
φ(φ(tn) − φ(tn−1)), εn+1

q ) ≤ cτ‖εn
φ‖‖εn+1

q ‖ ≤ cτ‖εn+1
q ‖2 + cτ‖εn

φ‖2.
(δtφ

n(en
φ − en−1

φ ), εn+1
q ) = (δtφ

nεn
φ, εn+1

q ) ≤ ‖δtφ
n‖1‖εn

φ‖1‖εn+1
q ‖

≤ cτ‖εn
φ‖1‖εn+1

q ‖ ≤ cτ‖εn+1
q ‖2 + cτ‖εn

φ‖21
B10 = τ(δt Rn+1

q , εn+1
q ) ≤ cτ‖δt Rn+1

q ‖‖εn+1
q ‖ ≤ cτ‖εn+1

q ‖2 + cτ 5

B11 = τ(δt Rn+1
u , ε̃n+1

u ) ≤ cτ‖δt Rn+1
u ‖‖ε̃n+1

u ‖ ≤ cτ 5 + μτ

16
‖∇ ε̃n+1

u ‖2

B12 ≤ | − τ(R̃n+1
u,u + R̃n+1

u,φ , ε̃n+1
u )|

≤ cτ(‖δtun‖1‖∇ ẽn
u‖‖ε̃n+1

u ‖1 + ‖en
u‖1‖∇δtu(tn+1)‖‖ε̃n+1

u ‖1
+ cτ(‖en

ω‖1‖δtφ
n‖1‖ε̃n+1

u ‖1 + ‖ω(tn)‖L3‖∇εn
φ‖‖ε̃n+1

u ‖1 + ‖εn
u ‖‖ε̃n+1

u ‖1)
+ ‖δtω(tn+1)‖1‖∇en

φ‖‖ε̃n+1
u ‖1 + ‖εn+1

ω ‖‖φn‖W 1,2d ‖ε̃n+1
u ‖

L
2d

d−1
)

≤ cτ(τ 2‖ẽn+1
u ‖21 + τ 2‖ẽn

u‖21 + τ 2‖en
u‖21 + ‖εn

u ‖2 + ‖ε̃n+1
u ‖2 + ‖∇εn

φ‖2

+ τ 2‖en
ω‖21 + τ 4) + Mτ

16
‖εn+1

ω ‖2 + ντ

16
‖∇ ε̃n

u ‖2 + ντ

16
‖∇ ε̃n+1

u ‖2

B13 ≤ | Mλτ

2
(R̃n+1

ω ,Δεn+1
φ )|

≤ | Mλτ

2
(en

φδt q(tn+1) + εn
φq(tn) + φnεn+1

q + δtφ
nen

q ,Δεn+1
φ )|

≤ cτ‖en
φ‖1‖δt q(tn+1)‖1‖Δεn+1

φ ‖ + cτ‖εn
φ‖‖q(tn)‖L∞‖Δεn+1

φ ‖
+ cτ‖φn‖L∞‖εn+1

q ‖‖Δεn+1
φ ‖ + cτ‖δtφ

n‖1‖en
q‖1‖Δεn+1

φ ‖

≤ λ2Mτ

32
‖Δεn+1

φ ‖2 + cτ 5 + cτ‖εn
φ‖2 + cτ‖εn+1

q ‖2,

B14 ≤ | Mλτ

2
(δt Rn+1

ω ,Δεn+1
φ | ≤ λ2Mτ

32
‖Δεn+1

φ ‖2 + cτ 5.

To control τ(∇εn
p, ε̃

n+1
u ) in (4.46), we have the following result similar to (4.32):

τ(∇εn
p, ε̃

n+1
u ) = τ 2

2
(‖∇εn+1

p ‖2 − ‖∇εn
p‖2) + 1

2
(‖εn+1

u ‖2 − ‖ε̃n+1
u ‖2) − τ 2

2
‖δt Rn+1

p ‖2

− τ(δt Rn+1
p , ε̃n+1

u ) − τ 2(δt Rn+1
p , ∇εn

p).

|τ(δt Rn+1
p , ε̃n+1

u )| ≤ τ‖δt Rn+1
p ‖‖ε̃n+1

u ‖ ≤ μτ

16
‖∇ ε̃n+1

u ‖2 + cτ 5

|τ 2(δt Rn+1
p ,∇εn

p)| ≤ τ 2‖δt Rn+1
p ‖‖∇εn

p‖ ≤ τ 3‖∇εn
p‖2 + cτ 5.
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Inserting the above estimates into (4.46), we obtain

λ

2
(‖εn+1

φ ‖2 − ‖εn
φ‖2 + ‖εn+1

φ − εn
φ‖2) + Mτ‖∇εn+1

ω ‖2 + Mτ

2
‖εn+1

ω ‖2

+ 7λ2Mτ

16
‖Δεn+1

φ ‖2 + λ

2
(‖∇εn+1

φ ‖2 − ‖∇εn
φ‖2 + ‖∇εn+1

φ − ∇εn
φ‖2)

+ η2

4
(‖εn+1

q ‖2 − ‖εn
q ‖2 + ‖εn+1

q − εn
q ‖2) + τ 2

2
(‖∇εn+1

p ‖2 − ‖∇εn
p‖2)

+ 1

2
(‖ε̃n+1

u − εn
u ‖2 + ‖εn+1

u ‖2 − ‖εn
u ‖2) + υτ‖∇ ε̃n+1

u ‖2

≤ cτ(‖εn+1
φ ‖2 + τ 2‖∇εn

p‖2 + ‖εn
φ‖2 + ‖∇εn+1

φ ‖2 + ‖εn
u ‖2 + ‖εn+1

q ‖2 + ‖ε̃n+1
u ‖2)

+ 5ντ

16
‖∇ ε̃n+1

u ‖2 + ντ

16
‖∇ ε̃n

u ‖2 + 3λ2Mτ

32
‖Δεn

φ‖2 + 3Mτ

16
‖∇εn+1

ω ‖2

+ 5Mτ

16
‖εn+1

ω ‖2 + cτ 3(τ 2 + ‖ẽn
u‖21 + ‖en

ω‖21). (4.50)

Together with

‖∇ ε̃1u‖2 = 0, ‖ε1u‖2 = 0, ‖ε1φ‖2 = 0, ‖∇ε1p‖2 = 0, ‖∇ε1φ‖2 = 0, ‖ε1q‖2 = 0;

Summing up (4.50) from 0 to n, we obtain

λ

2
‖εn+1

φ ‖2 + λ

2
‖∇εn+1

φ ‖2 + η2

4
‖εn+1

q ‖2 + 1

2
‖εn+1

u ‖2 + τ 2

2
‖∇εn+1

p ‖2

+ 1

8

n+1∑
k=2

(λ‖εk
φ − εk−1

φ ‖2 + ‖∇εk
φ − ∇εk−1

φ ‖2 + η2‖εk
q − εk−1

q ‖2 + ‖ε̃k
u − εk−1

u ‖2)

+
n+1∑
k=2

(
13Mτ

16
‖∇εk

ω‖2 + 3Mτ

16
‖εk

ω‖2 + 5μτ

8
‖∇ ε̃k

u‖2 + 11λ2Mτ

32
‖Δεk

φ‖2)

≤ cτ 3
n+1∑
k=1

(τ 2 + ‖ẽk
u‖21 + ‖ek

ω‖21) + cτ
n+1∑
k=1

(‖εk
φ‖2 + ‖∇εk

φ‖2 + ‖εk
q‖2 + ‖εk

u‖2)

Then, applying Gronwall inequality, and using Theorem 4.1, we derive the desired
result. ��
Theorem 4.6 Under the Assumption, there exists a constant τ0 > 0 such that when
τ < τ0 the solution (un, pn, φn, ωn)(0 ≤ n ≤ T

τ
) of scheme (3.2)–(3.9) satisfies the

following error be cancelled out with the following estimates:

‖eφ,τ‖l∞(H1(Ω)) + ‖eu,τ‖l2(H1(Ω)d ) + ‖ẽu,τ‖l2(H1(Ω)d )

+ ‖eω,τ‖l2(H1(Ω)) + ‖ep,τ‖l2(L2(Ω)) ≤ cτ,

‖eu,τ‖l∞(H1(Ω)d ) + ‖eω,τ‖l∞(H1(Ω)) + ‖ẽu,τ‖l∞(H1(Ω)d ) + ‖ep,τ‖l∞(L2(Ω)) ≤ cτ
1
2 ,

‖eu,τ‖l∞(L2(Ω)d ) + ‖ẽu,τ‖l∞(L2(Ω)d ) ≤ cτ,
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Proof

‖(δt eu)τ‖l∞(L2(Ω)d ) ≤ cτ
3
2 , ‖(δt eu)τ‖l2(L2(Ω)d ) ≤ cτ 2.

Then,we get

‖hn+1‖−1 ≤ ‖h̃n+1‖−1 + ‖en+1
u − en

u

τ
‖−1

‖hτ‖l2(H−1(Ω)d ) ≤ ‖h̃τ‖l2(H−1(Ω)d ) + 1

τ
‖(δt eu)τ‖l2(L2(Ω)d ) ≤ cτ.

Applying stand stability result for inhomogeneous Stokes system, it turns out that

‖ẽn+1
u ‖1 + ‖en+1

p ‖ � ‖hn+1‖−1 + ‖gn+1‖, and

we get

‖ep,τ‖l2(L2(Ω)) ≤ cτ.

The proof is completed. ��

5 Numerical Results

In this section, we will present some numerical experiments to verify the efficiency of
our method. In the following simulation, for the phase field φ, chemical potential ω,
variable q, and the pressure p, we take the P1 finite element space(continuous piece-
wise linear), for the fluid velocity u, we take the P1b finite element space(piecewise
linear continuous function plus bubble function). All experiments are implemented in
Freefem++.

5.1 Convergence Tests

In this section,convergence tests are done using our scheme. We use P1b − P1 finite
element spaces, and we choose the domain [0, 1]2 and fix η = 0.1, M = 0.01, λ =
0.001, ν = 0.1, T = 1. We set the initial condition as

φ0 = 0.24 cos(2πx) cos(2π y) + 0.4 cos(πx) cos(3π y)

u0 = (−sin(πx)2 sin(2π y), sin(π y)2 sin(2πx)).

In this test, consider that exact solution cannot be founded; we provide a more
accurate approach to test the convergence orders with respect to Δt . We use the
difference between results on different time step size to derive the error eτ

φ :=
φτ (x, T ) − φ

τ
2 (x, T ). The rate of convergence is defined as the ratio of errors:

log2(‖eτ
φ‖/‖e

τ
2
φ ‖). The error and the rate of convergence in H1 norm and L2 norm are
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Table 1 Numerical results with (P1b, P1) element

τ τ
2 ‖eh

φ‖L2 Rate ‖eh
p‖L2 Rate

1
8

1
16 0.014402 0.00482234

1
16

1
32 0.00762669 0.917139 0.00395847 0.307603

1
32

1
64 0.00394346 0.951594 0.00274897 0.526052

1
64

1
128 0.00199625 0.982171 0.00199551 0.462132

Table 2 Numerical results with (P1b, P1) element

τ τ
2 ‖eh

u1‖L2 Rate ‖eh
u2‖L2 Rate

1
8

1
16 0.00357101 0.00319532

1
16

1
32 0.0013468 1.4068 0.00131768 1.27796

1
32

1
64 0.000622855 1.11257 0.000620068 1.0875

1
64

1
128 0.000308877 1.01186 0.000311445 0.993448

Table 3 Numerical results with
(P1b, P1) element

τ τ
2 ‖eh

u1‖H1 Rate ‖eh
u2‖H1 Rate

1
8

1
16 0.0355462 0.0367258

1
16

1
32 0.0236494 0.587894 0.0232827 0.657532

1
32

1
64 0.0176088 0.425502 0.0173559 0.423833

1
64

1
128 0.0130924 0.427571 0.0128563 0.432948

Table 4 Numerical results with
(P1b, P1) element

τ τ
2 ‖eh

φ‖H1 Rate

1
16

1
32 0.0951615

1
32

1
64 0.0499483 0.929943

1
64

1
128 0.025291 0.981811

Table 5 Numerical results of (3.9a)–(3.9e)

τ τ
2 ‖eh

φ‖L2 Rate ‖eh
p‖L2 Rate

1
8

1
16 0.0144828 0.00496763

1
16

1
32 0.00753913 0.941868 0.00408457 0.302372

1
32

1
64 0.0038773 0.959346 0.00297891 0.4554

1
64

1
128 0.00194225 0.997324 0.0022455 0.407746

calculated, respectively. The results are presented in Table 1, 2, 3 and 4. We observe
that the results is consist with theoretical analysis.
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Table 6 Numerical results of (3.9a)–(3.9e)

τ τ
2 ‖eh

u1‖L2 Rate ‖eh
u2‖L2 Rate

1
8

1
16 0.0034848 0.00297354

1
16

1
32 0.00138117 1.33518 0.00132176 1.16972

1
32

1
64 0.000663253 1.05826 0.000675549 0.968325

1
64

1
128 0.000339554 0.96591 0.000354208 0.93146

Fig. 1 The modified energy
evolution

Fig. 2 The modified energy E1
and the exact energy E2
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Fig. 3 Snapshots of coarsening of a binary fluid during spinodal decomposition
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Using the scheme (3.9a)–(3.9e) in [19]for inhomogeneous Stokes system and our
proposed scheme, some numerical results are presented in Tables 5 and 6 to make a
comparison. The error and convergence rate of L2 norm of φ, u and p are calculated;
parameters are the same as Table 1.

5.2 Energy Stability

To demonstrate the stability of the proposed scheme, the energy functional (2.8) can
be discretized as

E(u, φ, q) = 1

2
‖u‖2 + λ

2
‖∇φ‖2 + λF(φ),

where the modified energy of discrete scheme (3.2)–(3.9) is defined as

E(u, φ, q) = 1

2
‖u‖2 + λ

2
‖∇φ‖2 + λη2

4
‖q‖2

we can observe that the energy is non-increasing. There are two curves in the Fig. 1.
The red line represents λ = 0.001 and the green line represents λ = 0.01, where
we choose h = 1

64 , τ = 0.001 and other parameters are the same as in Table 1. The
picture in Fig. 2 shows both of the modified energy E1 and the exact energy E2.

5.3 The Process of Coarsening

In this experiment, we study the phase separation behavior; we simulate the process
of spinodal decomposition in Cahn–Hilliard–Navier–Stokes system. The simulation
is done in the domain [0, 1] × [0, 1] with the parameters h = 1/64 and τ = 0.001.
We fixed η = 0.005, M = 0.01, λ = 0.001, ν = 0.1. The initial condition is taken as
a random field value. The process of coarsening is shown in the following figures:

6 Conclusion

In this paper, we established the theoretical analysis for solving Cahn–Hilliard–
Navier–Stokes phase-field model. Based on Lagrange multiplier approach, the
proposed scheme is linearized. By observing the numerical tests, the scheme are of
first-order accuracy for φ,u in L2 norm, the rate of covergence for pressure p appears
to be only half-order which is known for the pressure projection scheme, and our
scheme is energy-dissipative. These results show that our scheme is effective.
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