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Abstract
This paper deals with a Cauchy problem of the parabolic equations

ut = �u + a1(x)u
p1 + b1(x)v

q1 , vt = �v + a2(x)u
p2 + b2(x)v

q2 ,

where the exponents pi , qi (i = 1, 2) are positive constants; the coefficients ai (x) ∼
|x |αi and bi (x) ∼ |x |βi as |x | → +∞ with the parameters αi , βi ∈ R. For αi ,
βi ≥ 0, we determine the exponent regions where all of the solutions blow up for any
nonnegative nontrivial initial data. For at least one negative parameter, wefind different
conditions on global existence of solutions according to different classifications of
the parameters.
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1 Introduction

In this paper, we study a Cauchy problem of the parabolic equations with different
spatially dependent coefficients
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⎧
⎨

⎩

ut = �u + a1(x)u p1 + b1(x)vq1 , (x, t) ∈ RN × [0, T ),

vt = �v + a2(x)u p2 + b2(x)vq2 , (x, t) ∈ RN × [0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN ,

(1.1)

where the exponents pi , qi (i = 1, 2) are positive constants; the coefficients
ai (x), bi (x) � 0 are locally Hölder-continuous satisfying that ai (x) ∼ |x |αi and
bi (x) ∼ |x |βi as |x | → +∞ for αi , βi ∈ R (i = 1, 2); Initial data u0, v0 � 0
are nonnegative bounded continuous functions. The uniqueness and local existence
of classical solutions can be obtained by the standard procedure in [14]. Nonlinear
parabolic equations coupled via nonlinear sources just as (1.1) are widely used in
chemical reactions, population dynamics, and heat transfer process, where the com-
ponents of the solutions represent the thickness of two kinds of chemical reactants,
the densities of two biological populations during a migration, and the temperature of
two different materials during a propagation (see, for example, [4,5,12]).

It is well known that the Fujita blow-up exponent pc = 1+2/N is introduced for the
Cauchy problemof ut = �u+u p. If 1 < p ≤ pc, any nonnegative nontrivial solutions
blow up in finite time. Pinsky studied the weighted equation ut = �u + a(x)u p with
a(x) ∼ |x |α as |x | → +∞ and obtained the Fujita exponent pc = 1 + (2 + α)/N
in [16]. Escobedo and Herrero studied the Fujita exponents of the problem (1.1) with
a1 = b2 = 0 and a2 = b1 = 1 in [4].

Li, Sun and Zhang in [8] considered the Fujita exponent to the Cauchy problem of
the following reaction–diffusion equations:

ut = �u + v p, vt = �v + a(x)uq , (x, t) ∈ RN × [0, T ), (1.2)

where a(x) ∼ |x |m as |x | → +∞ andm ∈ R. They proved that (i) if 0 < pq ≤ 1 and
m ≥ 0, all of the solutions are global; (ii) if pq > 1 andm ≥ 0, there are no global solu-

tions provided that max

{
m+2
2 p+1
pq−1 ,

m+2
2 +q
pq−1

}

≥ N/2; (iii) if max

{
m+2
2 p+1
pq−1 ,

m+2
2 +q
pq−1

}

<

N/2 and m ≥ 0, the problem (1.2) possesses both global and blow-up solutions.
For m < 0, some results on the global existence of solutions are proved under some
additional conditions.

Souplet and Tayachi in [15] discussed the following Cauchy problem:

ut = �u + u p1 + vq2 , vt = �v + v p2 + uq1, (x, t) ∈ RN × (0, T ), (1.3)

with constants pi , qi > 1 (i = 1, 2). If p1 > q1 + 1 or p2 > q2 + 1, then there
exist initial data, such that non-simultaneous blow-up happens; If p1 < q1 + 1 and
p2 < q2 + 1, then simultaneous blow-up occurs for every initial data. Rossi and
Souplet in [13] studied the parabolic equations (1.3) in a bounded domain, subject
to homogeneous Dirichlet boundary conditions. The coexistence of non-simultaneous
and simultaneous blow-up was first observed in the exponent region {p1 > q1 +
1, p2 > q2 + 1}.
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Liu and Lin discussed the Cauchy problem of the following parabolic equations in
[10]:

ut = �u + b(x)uαv p, vt = �v + a(x)uqvβ, (x, t) ∈ RN × [0, T ), (1.4)

where a(x) ∼ |x |m and b(x) ∼ |x |n as |x | → +∞ for m, n ≥ 0. Problem (1.4)
does not possess global solutions for nonnegative nontrivial initial data provided that
(1 − α)(1 − β) < pq ≤ (pq)c or 1 < α ≤ αc := 1 + (2 + n)/N or 1 < β ≤ βc :=
1 + (2 + m)/N , where

(pq)c : = (1 − α)(1 − β) + 2

N
max

{
p
(m

2
+ 1

)

+(1 − β)
(n

2
+ 1

)
, q
(n

2
+ 1

)
+ (1 − α)

(m

2
+ 1

)}
.

If pq > (pq)c, α > αc, and β > βc, both global solutions and blow-up solutions
exist according to the choice of the initial data. Li and Sun in [7] studied a time-
weighted parabolic system, subject to null Dirichlet boundary conditions. The critical
Fujita exponents are prescribed by the weighted functions and the first eigenvalue
of Laplacian operator with zero Dirichlet boundary. Some related results can also be
found in the works [3,9,17–20] and [1,2,11] also.

It could be checked that the Fujita exponents in [10] are compatible with the ones
in [4,8,16] when the exponents and the parameters in (1.4) were taken of the special
values. Because of the different coupled relationship between (1.1) and (1.4), the
blow-up and global criteria on solutions in [10] are not applicable to the ones of (1.1).
The coupled parabolic equations in (1.1) are much more complicated than the ones in
(1.2). There are also many classifications for the parameters of coefficients. It could be
imagined that the singular phenomena of solutions aremuchmore complicated than the
ones in [8]. Inspired by the works [7,8,10], we want to determine the exponent regions
where any nonnegative solutions blow up in finite time for any nontrivial nonnegative
initial data. Moreover, we want to discuss the influence of the four parameters in the
coefficients and show the quantitative conditions on the global existence of solution.

This paper is arranged as follows. In the next section, the main results are given
with respect to different cases (Theorems 2.1–2.6). The proof of the theorems can be
found in Sects. 3, 4, and 5, respectively. At the last section, we show the conclusion.

2 Main Results

If p1, q2, p2q1 ≤ 1, the problem (1.1) turns into the subcritical one, where
all of the nonnegative solutions are global for any nonnegative initial data. If
max{p1, q2, p2q1} > 1, there exist blow-up solutions for large initial data (see, e.g.,
[6]). For convenience, we give three notations

(p1)c : = 1 + max

{
2 + α1

N
, 0

}

, (q2)c := 1 + max

{
2 + β2

N
, 0

}

,
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(p2q1)c : = 1 + 2

N
max

{

p2

(
β1

2
+ 1

)

+ α2

2
+ 1, q1

(α2

2
+ 1

)
+ β1

2
+ 1, 0

}

.

Let c̃1, c̃2 > 0 be two constants satisfying that

c̃1|x |αi ≤ ai (x) ≤ c̃2|x |αi , c̃1|x |βi ≤ bi (x) ≤ c̃2|x |βi for large |x |, i = 1, 2.
(2.1)

Theorem 2.1 Let α1, α2, β1, and β2 be positive. There are no global solutions of (1.1)
for any nonnegative nontrivial initial data provided that

1 < p2q1 ≤ (p2q1)c, or 1 < p1 ≤ (p1)c, or 1 < q2 ≤ (q2)c.

The blow-up criteria in Theorem 2.1 are compatible with the ones in [4,8,16]. The
results of Theorem 2.1 and the ones in [8,10] show that the coefficients of the sources
play an important role in distinguishing global solutions from blow-up solutions.
Positive parameters of the coefficients are helpful for the existence of blow-up solutions
when |x | is large enough, while negative parameters are good for global existence of
solutions.

If the exponents satisfy that

p2q1 > (p2q1)c, p1 > (p1)c, and q2 > (q2)c, (2.2)

there are blow-up solutions for large initial data (see [6]). We care about the different
quantitative conditions on the global existence of solutions according to different
classifications of α1, α2, β1, and β2. The assumption (2.2) is necessary in the following
theorems.

The first result is given for the positive parameters α1, α2, β1, and β2.

Theorem 2.2 Let (2.2) be in force. Assume the initial data satisfy

u0(y) ≤ δ1G(k, 0, y), v0(y) ≤ δ2G(k, 0, y), (2.3)

for any k > 0 and some constants δ1, δ2 > 0. There exist global solutions of (1.1)
provided that positive parameters β2, α1, β1, and α2 satisfy that

β2 > q1N , (2.4)

α1 > p2N , (2.5)

(q2 − 1)Ev < min {1, N (q2 − 1)/2 − 1 − β2/2} , (2.6)

(p1 − 1)Eu < min {1, N (p1 − 1)/2 − 1 − α1/2} , (2.7)

where Ev := N
2 − (

β1
2 +1)p2+ α2

2 +1
p2q1−1 and Eu := N

2 − (
α2
2 +1)q1+ β1

2 +1
p2q1−1 .

It can be checked that the conditions (2.4–2.7) in Theorem 2.2 are easy to meet. In
fact, (2.2) deduces that p1 > 1 and q2 > 1; At first, we easily choose β2 and α1, such
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that (2.4–2.5) hold for any N ≥ 1. Then, one could choose suitable β1 and α2, such
that (2.6–2.7) hold.

The following four results of (1.1) are given, containing at least one negative param-
eter in the coefficients.

Theorem 2.3 Let only one of the parameters α1, α2, β1, and β2 be negative and (2.2)
be in force. Assume the initial data satisfy (2.3).

(i) α1 < 0. If the positive parameters β2, α2, and β1 satisfy

(p1 − 1)Eu ≤ 2 + α1

2
for p1 − 1 > p2, (2.8)

(2.4) and (2.6), then system (1.1) has global solutions.
(ii) β2 < 0. If the positive parameters α1, α2, and β1 satisfy

(q2 − 1)Ev ≤ 2 + β2

2
for q2 − 1 > q1, (2.9)

(2.5) and (2.7), then system (1.1) has global solutions.
(iii) α2 < 0 or β1 < 0. If the positive parameters β2, α1, and β1, or β2, α1, and

α2, respectively, satisfy (2.4–2.7) for q2 − 1 > q1, then system (1.1) has global
solutions.

Theorem 2.4 Let two of the parameters α1, α2, β1, and β2 be negative and (2.2) be in
force. Assume the initial data satisfy (2.3).

(i) β1, β2 < 0 or α2, β2 < 0. If positive parameters α1 and α2, or α1 and β1,
respectively, satisfy (2.5), (2.7) and (2.9) for q2 − 1 > q1, then system (1.1) has
global solutions.

(ii) α1, α2 < 0 or α1, β1 < 0. If positive parameters β2 and β1, or β2 and α2,
respectively, satisfy (2.4), (2.6) and (2.8) for p1 − 1 > p2, then system (1.1) has
global solutions.

(iii) α1, β2 < 0 or α2, β1 < 0. If (2.4–2.7) are true, then system (1.1) has global
solutions.

Theorem 2.5 Let three of the parameters α1, α2, β1, and β2 be negative and (2.2) be
in force. Assume the initial data satisfy (2.3).

(i) α1, α2, β1 < 0. If (2.4), (2.6) and (2.8) are true and p1 − 1 > p2, then system
(1.1) has global solutions.

(ii) α2, β1, β2 < 0. If (2.5), (2.7) and (2.9) are true and q2 −1 > q1, then system (1.1)
has global solutions.

(iii) α1, α2, β2 < 0 or α1, β1, β2 < 0. If the parameter β1 or α2, respectively, satisfies
(2.8–2.9) and q2−1 > q1 and p1−1 > p2, then system (1.1) has global solutions.

Theorem 2.6 Let all of the parameters α1, α2, β1 and β2 be negative and (2.2) be in
force. Assume the initial data satisfy (2.3). If (2.8–2.9) are true and q2 − 1 > q1 and
p1 − 1 > p2, then system (1.1) has global solutions.
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3 Proof of Theorem 2.1

Before the proof of Theorem 2.1, we give five lemmas. Denote u(t) := u(x, t) and

v(t) := v(x, t) for simplicity. Let G(t, x, y) = 1
(4π t)N/2 e

− |x−y|2
4t be the fundamental

solution of the heat equation in RN and

(S(t)w0)(x) :=
∫

RN
G(t, x, y)w0(y)dy.

The first three lemmas are just [8, Lemmas 4.1–4.3], respectively. For completeness,
we introduce the three results here.

Lemma 3.1 For any m ≥ 0 and t > 0, the function H(x) =
∫

RN
G(t, x, y)(1 +

|y|)mdy attains its minimum at x = 0. �	
Lemma 3.2 For any β > 1, m ≥ 0, and k = 1, 2, ..., there is a constant C1 > 0
independent of k, such that

(∫

RN
G(t, 0, y)(1 + |y|)

m
βk dy

)βk

≥ C1t
m
2 for t ≥ 0.

Moreover, the same result holds for m < 0 and t ≥ 1. �	
Lemma 3.3 For any k > 0 and m ≥ 0, there is a constant C2 > 0 independent of k,
such that

∫ 1

0
rk[r(1 − r)]m2 dr ≥ C2

(k + m
2 + 1)

m
2 +1

.

�	
The following three estimates are inspired by the [8, Lemmas 4.4, 4.7, and 4.8],

respectively. Since the coupled relationship in (1.4) is much complicated than themain
system in [8], similarly to them, we show the proof of the following three lemmas for
completeness.

Lemma 3.4 Let (u(t), v(t)) be a global solution of (1.1) with p2 ≥ 1, q1 ≥ 1, and
p2q1 > 1. Then, there exists a positive constant C = C(p2, q1, α2, β1), such that for
any t > 0

t
(
α2
2 +1)q1+ β1

2 +1
p2q1−1 ‖S(t)u0‖∞ ≤ C, t

(
β1
2 +1)p2+ α2

2 +1
p2q1−1 ‖S(t)v0‖∞ ≤ C .

Proof Considering that

⎧
⎪⎪⎨

⎪⎪⎩

u(t) = S(t)u0 +
∫ t

0
S(t − s)a1u

p1(s)ds +
∫ t

0
S(t − s)b1v

q1(s)ds,

v(t) = S(t)v0 +
∫ t

0
S(t − s)a2u

p2(s)ds +
∫ t

0
S(t − s)b2v

q2(s)ds,
(3.1)

123



Bulletin of the Iranian Mathematical Society (2022) 48:1051–1074 1057

and by (3.1), we have

u(t) ≥ S(t)u0, v(t) ≥ S(t)v0, (3.2)

u(t) ≥
∫ t

0
S(t − s)b1v

q1(s)ds, v(t) ≥
∫ t

0
S(t − s)a2u

p2(s)ds. (3.3)

Using (3.2) and (3.3), we obtain u(x, t) ≥ b1(x)t(S(t)v0(x))q1 and

v(t) ≥
∫ t

0
S(t − s)a2u

p2(s)ds

≥
∫ t

0
s p2

(∫

RN

∫

RN
G (t − s, x, y) a

1
p2q1
2 (y)G(s, y, z)b

1
q1
1 (y)v0(z)dzdy

)p2q1

ds

≥
∫ t

0
s p2

{∫

RN

∫

RN
[4π(t − s)]− N

2 (4πs)−
N
2 e− |y−x |2

4(t−s) − |z−y|2
4s a

1
p2q1
2

(y)b
1
q1
1 (y)v0(z)dzdy

}p2q1

ds.

It can be checked that

−|y − x |2
4(t − s)

− |z − y|2
4s

= − t

4s(t − s)

∣
∣
∣
∣y − sx + (t − s)z

t

∣
∣
∣
∣

2

− |x − z|2
4t

.

Then, by (2.1) and Lemma 3.2, one can obtain that a2(x) ≥ c1(1+|x |)α2 and b1(x) ≥
c1(1 + |x |)β1 for large |x |, and hence

v(t) ≥
∫ t

0
s p2

{∫

RN

∫

RN
[4π(t − s)]− N

2 (4πs)−
N
2 e− t |y|2

4s(t−s) − |x−z|2
4t

c1(1 + |y|)
α2+p2β1

p2q1 v0(z)dzdy

}p2q1
ds

≥
∫ t

0
s p2

[∫

RN

∫

RN
G

(
(t − s)s

t
, 0, y

)

c1(1 + |y|)
α2+p2β1

p2q1 dyG(t, x, z)v0(z)dz

]p2q1
ds

≥
∫ t

0
s p2c1C1

[
(t − s)s

t

] α2+p2β1
2

ds(S(t)v0)
p2q1 ,

where C1 is given in Lemma 3.2. Using Lemma 3.3, we let s = r t and obtain

∫ t

0
s p2

[
s(t − s)

t

] α2+p2β1
2

ds≥ C2t
α2+p2β1

2 +p2+1

(
α2+p2β1

2 + p2 + 1
) α2+p2β1

2 +1
.
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In fact, in Lemma 3.3,
∫ 1

0
rk[r(1 − r)]m2 dr is bounded if k ≤ 0 or m < 0. Here, we

solve the case for p2 > 0. Then, we have

v(t) ≥ c1C1C2t

(
β1
2 +1

)
p2+ α2

2 +1
(S(t)v0)p2q1

[(
β1
2 + 1

)
p2 + α2

2 + 1
] α2+p2β1

2 +1
,

similarly, u(t) ≥ c1C1C2t
( α2

2 +1
)
q1+ β1

2 +1(S(t)u0)p2q1

[(
α2
2 + 1

)
q1 + β1

2 + 1
] α2+p2β1

2 +1
, (3.4)

where C1 and c1 are two positive constants.
Substituting (3.4) into (3.1), we have

v(t) ≥
∫ t

0
S(t − s)a2u

p2(s)ds

≥
∫ t

0
S(t − s)a2

⎧
⎪⎪⎨

⎪⎪⎩

c1C1C2s
( α2

2 +1
)
q1+ β1

2 +1(S(s)u0)p2q1

[(
α2
2 + 1

)
q1 + β1

2 + 1
] α2+p2β1

2 +1

⎫
⎪⎪⎬

⎪⎪⎭

p2

ds

= (c1C1C2)
p2

[(
α2
2 + 1

)
q1 + β1

2 + 1
]
(

α2+p2β1
2 +1

)
p2

∫ t

0
S(t − s)a2s

[( α2
2 +1

)
q1+ β1

2 +1
]
p2

(S(s)u0)
p22q1ds.

In fact, by Lemma 3.2, we have

∫ t

0
S(t − s)a2(S(s)u0)

p22q1ds

≥
∫ t

0

(∫

RN

∫

RN
G (t − s, x, y) a

1
p22q1
2 (y)G(s, y, z)u0(z)dzdy

)p22q1

ds

≥
∫ t

0

{∫

RN

∫

RN
[4π(t−s)]− N

2 (4πs)−
N
2 e− t |y|2

4s(t−s) − |x−z|2
4t a

1
p22q1
2 (y)u0(z)dzdy

}p22q1

ds

≥
∫ t

0

[∫

RN
G

(
(t − s)s

t
, 0, y

)

(1 + |y|)
α2
p22q1 S(t)u0

]p22q1

ds

≥
∫ t

0
C1

[
(t − s)s

t

] α2
2

(S(t)u0)
p22q1ds.
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By Lemma 3.3, we have

∫ t

0
S(t − s)a2s

[( α2
2 +1

)
q1+ β1

2 +1
]
p2

(S(s)u0)
p22q1ds

≥
∫ t

0
S p22q1(t − s)a2s

[( α2
2 +1

)
q1+ β1

2 +1
]
p2

(S(s)u0)
p22q1ds

≥
∫ t

0
C1

[
(t − s)s

t

] α2
2

(S(s)u0)
p22q1s

[( α2
2 +1

)
q1+ β1

2 +1
]
p2ds

≥ C1t

[( α2
2 +1

)
q1+ β1

2 +1
]
p2+ α2

2 +1
∫ 1

0
r

[( α2
2 +1

)
q1+ β1

2 +1
]
p2 [r(1 − r)] α2

2 dr(S(t)u0)
p22q1

≥ C1C2t

[( α2
2 +1

)
q1+ β1

2 +1
]
p2+ α2

2 +1
(S(t)u0)p

2
2q1

{[(
α2
2 + 1

)
q1 + β1

2 + 1
]
p2 + α2

2 + 1
} α2

2 +1
.

For convenience, we denote E := (α2
2 +1)q1 + β1

2 +1, F := (
β1
2 +1)p2 + α2

2 +1.
Therefore, we have

v(t) ≥ (c1C1C2)
p2+1t Ep2+

α2
2 +1(S(t)u0)p

2
2q1

E

(
α2+p2β1

2 +1
)
p2

(Ep2 + α2
2 + 1)

α2
2 +1

,

similarly, u(t) ≥ (c1C1C2)
q1+1t Fq1+

β1
2 +1(S(t)v0)p2q

2
1

F

(
β1+q1α2

2 +1
)
q1

(Fq1 + β1
2 + 1)

β1
2 +1

.

Using Lemmas 3.2 and 3.3, we obtain

∫ t

0
S(t − s)a2s

(Fq1+ β1
2 +1)p2ds

≥ c1C1

∫ t

0
s(Fq1+ β1

2 +1)p2

[
s(t − s)

t

] α2
2

ds

= c1C1t
(Fq1+ β1

2 +1)p2+ α2
2 +1

∫ 1

0
r (Fq1+ β1

2 +1)p2 [r(1 − r)] α2
2 dr

≥ c1C1C2t (Fq1+
β1
2 +1)p2+ α2

2 +1

[(Fq1 + β1
2 + 1)p2 + α2

2 + 1] α2
2 +1

≥ c1C1C2t Fp2q1+F

(Fp2q1 + F)
α2
2 +1

.

Therefore, there is

v(t) ≥
∫ t

0
S(t − s)a2

⎡

⎢
⎢
⎣

(c1C1C2)
q1+1sFq1+

β1
2 +1(S(s)v0)p2q

2
1

F

(
β1+q1α2

2 +1
)
q1
(
Fq1 + β1

2 + 1
) β1

2 +1

⎤

⎥
⎥
⎦

p2

ds
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= (c1C1C2)
(q1+1)p2

F

(
β1+q1α2

2 +1
)
p2q1

(
Fq1 + β1

2 + 1
)
(

β1
2 +1

)
p2

×
∫ t

0
S(t − s)a2s

(Fq1+ β1
2 +1)p2(S(s)v0)

(p2q1)2ds

≥ (c1C1C2)
(p2q1+1)t Fp2q1+F (S(t)v0)(p2q1)

2

F

(
β1+q1α2

2 +1
)
p2q1

(
Fq1 + β1

2 + 1
)
(

β1
2 +1

)
p2

(Fp2q1 + F)
α2
2 +1

.

Using the induction process, we have

v(t) ≥ (c1C1C2)
(p2q1)k−1

p2q1 Ak Bkt
(p2q1)k−1

p2q1 (S(t)v0)
(p2q1)k , (3.5)

where constants

Ak : = F
−
(

β1+q1α2
2 +1

)
(p2q1)k−1

k−1∏

i=1

[

Fq1
(p2q1)i − 1

p2q1 − 1
+ β1

2
+ 1

]−
(

β1
2 +1

)
(p2q1)k−i p2

,

Bk : = (Fp2q1 + F)−(
α2
2 +1)(p2q1)k−2

k−1∏

i=1

[
(p2q1)i − 1

p2q1 − 1

]−( α2
2 +1

)
(p2q1)k−i

.

Then by (3.5), we have

t

[(
β1
2 +1

)
p2+ α2

2 +1
]

(p2q1)k−1
p2q1−1

1
(p2q1)k (S(t)v0)

≤ (c1C1C2)
− (p2q1)k−1

p2q1−1
1

(p2q1)k A
− 1

(p2q1)k

k B
− 1

(p2q1)k

k ‖v(t)‖
1

(p2q1)k

∞ .

It can be found out that (Ak Bk)
− 1

(p2q1)k has a finite limit as k → ∞. Thus, for some
constant C > 0 and any t ∈ [0, T )

t

(
β1
2 +1

)

p2+ α2
2 +1

p2q1−1 ‖S(t)v0‖∞ ≤ C < +∞.

Then, we treat (u(t + τ), v(t + τ)) for t , τ ≥ 0 as the solution of (1.1) with the initial
value (u(τ ), v(τ )). Replace (u0, v0) by (u(τ ), v(τ )) and those estimates hold also.
Setting t = τ , one can obtain the conclusion. The proof for u(t) is similar. �	
Lemma 3.5 Assume the global solution (u, v) of (1.1) satisfies that

u(x, t) ≥ c0t
l1e− |x |2

t , v(x, t) ≥ c0t
l2e− |x |2

t , t ≥ t0 > 0, x ∈ RN , (3.6)
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where t0, c0 > 0, and l1 ∈ [−N/2,∞), l2 ∈ [−N/2,∞). Then, for ai (x) ∼ |x |αi ,
bi (x) ∼ |x |βi , i = 1, 2, as |x | → ∞, there exist positive constants c, t1, such that for
t ≥ t1

∫ t

0
S(t − s)b1v

q1(s)ds ≥
⎧
⎨

⎩

ct1+q1l2+ β1
2 e− |x |2

t , if 1 + q1l2 + β1
2 > − N

2 ,

ct− N
2 log(1 + t)e− |x |2

t , if 1 + q1l2 + β1
2 = − N

2 ;
(3.7)

∫ t

0
S(t − s)a2u

p2(s)ds ≥
⎧
⎨

⎩

ct1+p2l1+ α2
2 e− |x |2

t , if 1 + p2l1 + α2
2 > − N

2 ,

ct− N
2 log(1 + t)e− |x |2

t , if 1 + p2l1 + α2
2 = − N

2 .

(3.8)

Proof It follows from (3.3) and (3.6) that:

u(t) ≥ cq10

∫ t

t0

∫

RN
[4π(t − s)]− N

2 e− |y−x |2
4(t−s) b1(y)s

q1l2e− q1|y|2
s dyds, t ≥ t0.

Here

e− |y−x |2
4(t−s) − q1|y|2

s = e− |y−r(s,t)x |2
4r(s,t)(t−s) e− q1r(s,t)|x |2

s ,

and for s ∈ [0, t
2 ]

−q1r(s, t)

s
|x |2 − r(s, t)

2(t − s)
|x |2 > −|x |2

t
,

where r(s, t) = s
s+4q1(t−s) . Then

u(t) = cq10

∫ t

t0

∫

RN
G(r(s, t)(t − s), r(s, t)x, y)e− q1r(s,t)|x |2

s b1(y)s
q1l2r

N
2 (s, t)dyds

≥ cq10

∫ t

t0

∫

RN
2− N

2 G

(
r(s, t)(t − s)

2
, 0, y

)

e− q1r(s,t)
s |x |2− r(s,t)

2(t−s) |x |2

b1(y)s
q1l2r

N
2 (s, t)dyds

≥ cq10 2− N
2

∫ t

t0

∫

RN
G

(
r(s, t)(t − s)

2
, 0, y

)

e− |x |2
t b1(y)s

q1l2r
N
2 (s, t)dyds.

For t ≥ 2t0, we obtain

∫ t

0
S(t − s)b1v

q1(s)ds

≥ cq10 2− N
2 e− |x |2

t

∫ t
2

t0

∫

RN
G

(
r(s, t)(t − s)

2
, 0, y

)

b1(y)s
q1l2r

N
2 (s, t)dyds.
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A simple calculation reveals, for sufficiently large k > 0, if t ≥ 2k and k ≤ s ≤ t − k,
then r(s, t)(t − s)/2 ≥ 1. Without loss of generality, we take k ≥ t0 and r1 = s/t . By
[8, Lemma 2.2], we have

u(t) ≥ c1c
q1
0 2− N+β1

2 e− |x |2
t

∫ t
2

k
(t − s)

β1
2 sq1l2r

N+β1
2 ds

≥ c1c
q1
0 2− N+β1

2 e− |x |2
t

∫ 1
2

k
t

(t − tr1)
β1
2 (tr1)

q1l2r
N+β1

2 tdr1

= c1c
q1
0 2− N+β1

2 e− |x |2
t

∫ 1
2

k
t

(t − tr1)
β1
2 (tr1)

q1l2

[
r1t

r1t + 4q1(t − tr1)

] N+β1
2

tdr1

= c1c
q1
0 2− N+β1

2 e− |x |2
t t1+q1l2+ β1

2

∫ 1
2

k
t

r
q1l2+ β1+N

2
1 (1 − r1)

β1
2

[r1 + 4q1(1 − r1)]
N+β1

2

dr1, t ≥ 2k.

(3.9)

By (3.9), one could find positive constants c2 and t1, such that

∫ t

0
S(t − s)b1v

q1(s)ds ≥ c2t
1+q1l2+ β1

2 e− |x |2
t , t ≥ t1.

This shows thefirst inequality in (3.7). If 1+q1l2+ β1
2 = − N

2 , thenq1l2+ β1
2 + N

2 = −1,
and the integral of (3.7) is on log t for large t . Thus

∫ t

0
S(t − s)b1v

q1(s)ds ≥ ct−
N
2 log(1 + t)e− |x |2

t , t ≥ t1.

This finishes the proof of (3.7). Similarly, we have (3.8). �	
Lemma 3.6 Assume that p2q1 > 1 and (u(t), v(t)) be a global solution of (1.1).

(i) If
(

α2
2 +1)q1+ β1

2 +1
p2q1−1 > N

2 , then there exist positive constants r1, tr1 , and C, such that

u(x, t) ≥ Ctr1e− |x |2
t for t ≥ tr1 , x ∈ RN ;

If
(

α2
2 +1)q1+ β1

2 +1
p2q1−1 = N

2 , then there exist positive constants t1, C, such that u(x, t) ≥
Ct− N

2 log(1 + t)e− |x |2
t for t ≥ t1, x ∈ RN .

(ii) If
(

β1
2 +1)p2+ α2

2 +1
p2q1−1 > N

2 , then there exist positive constants r2, tr2 , and C, such that

v(x, t) ≥ Ctr2e− |x |2
t for t ≥ tr2 , x ∈ RN ;

If
(

β1
2 +1)p2+ α2

2 +1
p2q1−1 = N

2 , then there exist positive constants t2, C, such that v(x, t) ≥
Ct− N

2 log(1 + t)e− |x |2
t for t ≥ t2, x ∈ RN .
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Proof By (3.1), we have

u(t) ≥ S(t)u0 +
∫ t

0
S(t − s)b1v

q1(s)ds, (3.10)

v(t) ≥ S(t)v0 +
∫ t

0
S(t − s)a2u

p2(s)ds. (3.11)

Using (3.11) and (3.10), we obtain

u(t) ≥ S(t)u0 +
∫ t

0
S(t − s)b1

[∫ s1

0
S(s1 − s2)a2u

p2(s2)ds2

]q1
ds1.

We have u(t) ≥ u0(x, t) + u1(x, t). Define

u1(t) :=
∫ t

0
S(t − s1)b1

[∫ s1

0
S(s1 − s2)a2u

p2(s2)ds2

]q1
ds1. (3.12)

Let l1 = l2 = − N
2 . By [8, Lemma 2.2], substituting (3.8) into (3.12), we obtain

u1(t) ≥
∫ t

0

∫

RN
G(t − s1, x, y)b1(y)(cs

1− N
2 p2+ α2

2
2 e

− |x |2
s2 )q1dyds1

≥ C1t
( α2

2 +1
)
q1+ β1

2 +1− N
2 p2q1e− |x |2

t ,

similarly, v1(t) = C1t

(
β1
2 +1

)
p2+ α2

2 +1− N
2 p2q1e− |x |2

t ,

where constant C1 > 0. Let

u2(t) :=
∫ t

0
S(t − s1)b1

[∫ s1

0
S(s1 − s2)a2u

p2
1 (s2)ds2

]q1
ds1.

We have

u2(t) ≥
∫ t

0

∫

RN
G(t − s1, x, y)b1(y)

{

cs

[(
1+ α2

2

)
q1+1+ β1

2 − N
2 p2q1

]
p2+1+ α2

2

2 e
− |x |2

s2

}q1

dyds1

≥ C2t

{[(
1+ α2

2

)
q1+1+ β1

2 − N
2 p2q1

]
p2+1+ α2

2

}
q1+1+ β1

2 e− |x |2
t

= C2t

[(
1+ α2

2

)
q1+1+ β1

2

]
(p2q1+1)− N

2 (p2q1)2e− |x |2
t .

By induction, we have

uk(t) =
∫ t

0
S(t − s1)b1

(∫ s1

0
S(s1 − s2)a2u

p2
k−1(s2)ds2

)q1
ds1

= Ckt

[(
1+ α2

2

)
q1+1+ β1

2

]
[

(p2q1)
k−1

]

p2q1−1 − N
2 (p2q1)k e− |x |2

t .
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Then, there exist positive constants Ck , tk , such that

u(x, t) ≥ Ckuk(x, t) ≥ ckCkt

[(
1+ α2

2

)
q1+1+ β1

2

]
[
(p2q1)k−1

]

p2q1−1 − N
2 (p2q1)k e− |x |2

t ,

t ≥ tk, x ∈ RN .

Since p2q1 > 1, we obtain that, if
(

α2
2 +1)q1+ β1

2 +1
p2q1−1 > N

2 , there exists a constant K > 0,
such that

r1 =
[(

α2
2 + 1

)
q1 + β1

2 + 1
] [

(p2q1)K − 1
]

p2q1 − 1
− N

2
(p2q1)

K > 0,

and u(x, t) ≥ Ctr1e− |x |2
t . If

(
α2
2 +1)q1+ β1

2 +1
p2q1−1 = N

2 , by Lemma 3.5, we have u(x, t) ≥
Ct− N

2 log(1 + t)e− |x |2
t . Similarly, the case (ii) of Lemma 3.6 is proved. �	

Inspired by the proof of [10, Theorem 1.1(i)], we show the proof of Theorem 2.1 of
the present paper.

Proof of Theorem 2.1 We only prove 1 < p2q1 ≤ (p2q1)c. Assume for some
(u0, v0) �= (0, 0), system (1.1) has a solution which is bounded in any ST =
[0, T ) × RN . By Lemma 3.6, if

(
α2
2 +1)q1+ β1

2 +1
p2q1−1 = N

2 and p2q1 > 1, then there
exist constants t1,C > 0 satisfying that

S(t)u(t) ≥
∫

RN
G(t, x, y)Ct−

N
2 log(1 + t)e− |y|2

t dy

≥ Ct−
N
2 log(1 + t)e− |x |2

t , t ≥ t1, x ∈ RN .

Thus, for some τ > 0

t

(
α2
2 +1

)
q1+ β1

2 +1

p2q1−1 S(t)u(t) ≥ C log(1 + t)e− |x |2
t , t ≥ τ, x ∈ RN ,

and these imply the left-hand side comes to infinite at point x = 0 as t → +∞,

a contradiction to Lemma 3.4. If
(

α2
2 +1)q1+ β1

2 +1
p2q1−1 > N

2 and p2q1 > 1, there exist
constants t1,C > 0, such that

S(t)u(t) ≥
∫

RN
G(t, x, y)Ctr1e− |y|2

t dy ≥ Ctr1e− |x |2
t , t ≥ tr1 , x ∈ RN .

Similarly, one could obtain a contradiction also at point x = 0 as t → +∞. The proof
for v(t) is similar. �	
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4 Proof of Theorem 2.2

The proof is inspired and similar to the part (I) in the proof of [8, Theorem 1.2(b) and
Theorem 1.3].

Proof of Theorem 2.2 Define u0(x, t) = S(t)u0, v0(x, t) = S(t)v0, and

un+1(x, t) = u0(x, t) +
∫ t

0
S(t − s)a1u

p1
n (s)ds +

∫ t

0
S(t − s)b1v

q1
n (s)ds, (4.1)

vn+1(x, t) = v0(x, t) +
∫ t

0
S(t − s)a2u

p2
n (s)ds +

∫ t

0
S(t − s)b2v

q2
n (s)ds. (4.2)

By induction, un+1(x, t) ≥ un(x, t) and vn+1(x, t) ≥ vn(x, t). If u(x, t) =
lim
n→∞ un(x, t) < ∞ and v(x, t) = lim

n→∞ vn(x, t) < ∞ for x ∈ RN , t ∈ [0,∞),

then by(4.1–4.2), (u, v) satisfies (3.1). Hence, (u, v) is global. Thus, it suffices to
prove that if

u0(y) ≤ δ1G(k, 0, y), v0(y) ≤ δ2G(k, 0, y),

for any k > 0 and some δ1, δ2 > 0, then

sup
n

un(x, t) < ∞ sup
n

vn(x, t) < ∞ for x ∈ RN , t ≥ 0.

Consider

{
un(x, t) ≤ c1(k + t)EuG(mn(t + k), 0, x) for x ∈ RN , t ≥ 0,
vn(x, t) ≤ c2(k + t)EvG(ln(t + k), 0, x) for x ∈ RN , t ≥ 0,

(4.3)

where c1, c2 > 0 and

w(ε, N ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ε

2
, if (ε, N ) ∈ {(−1,+∞) × [1,+∞)} ∪ {(−2,−1] × [2,+∞)},

−1

2
, if (ε, N ) ∈ [−2,−1) × {1},

ε

2
+ δ, if (ε, N ) = {{−1}} × {1}} ∪ {{−2} × [2,+∞}},

with ε ∈ {αi , βi , i = 1, 2} and small δ > 0. For n = 0, 1, 2, ...

mn = 1,
1 + p2
p2

,
1 + q1 + p2q1

p2q1
,
1 + p2 + p2q1 + p22q1

p22q1
, ...,

ln = 1,
1 + q1
q1

,
1 + p2 + p2q1

p2q1
,
1 + q1 + p2q1 + p2q21

p2q21
, ...,
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that is, for k = 0, 1, 2, ...

mn =

⎧
⎪⎪⎨

⎪⎪⎩

1 + q1 − (p2q1)k+1 − q1(p2q1)k

(1 − p2q1)(p2q1)k
, n = 2k,

(1 + p2)
[
1 − (p2q1)k+1

]

(1 − p2q1)p
k+1
2 qk1

, n = 2k + 1;

ln =

⎧
⎪⎪⎨

⎪⎪⎩

1 + p2 − (p2q1)k+1 − p2(p2q1)k

(1 − p2q1)(p2q1)k
, n = 2k,

(1 + q1)
[
1 − (p2q1)k+1

]

(1 − p2q1)q
k+1
1 pk2

, n = 2k + 1.

One could see mn+q1
q1

= ln+1,
ln+p2
p2

= mn+1, and {mn}, {ln} are increasing with

lim
n→∞mn = p2q1 + q1

p2q1 − 1
, lim

n→∞ ln = p2q1 + p2
p2q1 − 1

.

Here, we only prove (4.3). First

u0(x, t) = S(t)u0 ≤ δ1

∫

RN
G(t, x, y)G(k, 0, y)dy ≤ δ1(k + t)EuG(mn(t + k), 0, x),

v0(x, t) = S(t)v0 ≤ δ2

∫

RN
G(t, x, y)G(k, 0, y)dy ≤ δ2(k + t)EvG(ln(t + k), 0, x).

Assume that

un(x, t) ≤ c1(k + t)EuG(mn(t + k), 0, x) for x ∈ RN , t ≥ 0, (4.4)

vn(x, t) ≤ c2(k + t)EvG(ln(t + k), 0, x) for x ∈ RN , t ≥ 0. (4.5)

By (4.4) and (4.2), we see by [8, (2.1)] that

vn+1(x, t) ≤ v0(x, t) +
∫ t

0
S(t − s)a2c

p2
1 (k + s)p2Eu G p2 (mn(s + k), 0, x)ds

+
∫ t

0
S(t − s)b2c

q2
2 (k + s)q2EvGq2 (ln(s + k), 0, x)ds

≤ v0(x, t) + C1

∫ t

0
cp21 (k + s)p2Eu+ N

2 (1−p2)

G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

×
∫

RN
a2(y)G

(
(t − s)mn(s + k)

mn(s + k) + p2(t − s)
, y,

mn(s + k)

mn(s + k) + p2(t − s)
x

)

dyds

+C2

∫ t

0
cq22 (k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

×
∫

RN
b2(y)G

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)
, y,

ln(s + k)

ln(s + k) + q2(t − s)
x

)

dyds. (4.6)
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We study the case α2, β2 > 0. By [8, Lemma 5.1], we have

∫

RN
a2(y)G

(
(t − s)mn(s + k)

mn(s + k) + p2(t − s)
, y,

mn(s + k)

mn(s + k) + p2(t − s)
x

)

dy

≤ C
′
{

1 +
[

(t − s)mn(s + k)

mn(s + k) + p2(t − s)

] α2
2 +

[
mn(s + k)

mn(s + k) + p2(t − s)

]α2

|x |α2
}

,

∫

RN
b2(y)G

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)
, y,

ln(s + k)

ln(s + k) + q2(t − s)
x

)

dy

≤ C
′′
⎧
⎨

⎩
1 +

[
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

] β2
2 +

[
ln(s + k)

ln(s + k) + q2(t − s)

]β2

|x |β2
⎫
⎬

⎭
.

Then

vn+1(x, t) = v0(x, t) + C1

∫ t

0
cp21 (k + s)p2Eu+ N

2 (1−p2)G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

×
{

1 +
[

(t − s)mn(s + k)

mn(s + k) + p2(t − s)

] α2
2 +

[
mn(s + k)

mn(s + k) + p2(t − s)

]α2

|x |α2
}

ds

+ C2

∫ t

0
cq22 (k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

×
⎧
⎨

⎩
1 +

[
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

] β2
2 +

[
ln(s + k)

ln(s + k) + q2(t − s)

]β2

|x |β2
⎫
⎬

⎭
ds.

Let

J1 =
∫ t

0
(k + s)p2Eu+ N

2 (1−p2)G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

ds,

J2 =
∫ t

0
(k + s)p2Eu+ N

2 (1−p2)G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

[
(t − s)mn(s + k)

mn(s + k) + p2(t − s)

] α2
2

ds,

J3 =
∫ t

0
(k + s)p2Eu+ N

2 (1−p2)G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

[
mn(s + k)

mn(s + k) + p2(t − s)

]α2

|x |α2ds,

J4 =
∫ t

0
(k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

ds,

J5 =
∫ t

0
(k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)
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[
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

] β2
2

ds,

J6 =
∫ t

0
(k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

[
ln(s + k)

ln(s + k) + q2(t − s)

]β2

|x |β2ds.

Then

vn+1(x, t) ≤ v0(x, t) + C(J1 + J2 + J3 + J4 + J5 + J6)

withC := max{cp21 C1, c
q2
2 C2}. Since mn(s+k)+p2(t−s)

p2
≤ mn+p2

p2
(t +k) = ln+1(t +k),

one has

G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

≤
[

4π
mn(s + k) + p2(t − s)

p2

]− N
2

e
− |x |2

4
(mn+p2)(t+s)

p2

≤ C

[
t + k

mn(s + k) + p2(t − s)

] N
2

G(ln+1(t + k), 0, x).

As for J1, we have

J1 ≤ C
∫ t

0
(k + s)p2Eu+ N

2 (1−p2)
[

t + k

mn(s + k) + p2(t − s)

] N
2

G(ln+1(t + k), 0, x)ds

= CG(ln+1(t + k), 0, x)
∫ t

0
(k + s)Ev− α2

2 −1
[

t + k

mn(s + k) + p2(t − s)

] N
2

ds.

In view of Ev > 0, we obtain

J1 = C(k + t)EvG(ln+1(t + k), 0, x)
∫ t

0

1

(k + s)
α2
2 +1

[
t + k

mn(s + k) + p2(t − s)

] N
2

ds.

Let r = s/t . We have

∫ t

0

1

(k + s)
α2
2 +1

[
t + k

mn(s + k) + p2(t − s)

] N
2

ds

=
∫ 1

0

1

(k + r t)
α2
2 +1

[
t + k

mn(r t + k) + p2(t − r t)

] N
2

tdr .

Moreover

t + k

mn(r t + k) + p2(t − r t)
→ 1

mn
as t → 0,
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t + k

mn(r t + k) + p2(t − r t)
→ 1

p2 − (p2 − mn)r
as t → ∞.

Since 1 ≤ mn ≤ p2q1+q1
p2q1−1 and r = p2

p2−mn
> 1, t+k

mn(r t+k)+p2(t−r t) is bounded. By

α2
2 > 0,wehave 1

(k+r t)
α2
2 +1

t is integrable in [0, 1] and
∫ 1

0

1

(k + r t)
α2
2 +1

tdr is bounded

in [0,∞). Hence, J1 ≤ C(k + t)EvG(ln+1(t + k), 0, x).
The estimate for J2 is similar to the one for J1 as J2 ≤ C(k + t)EvG(ln+1(t +

k), 0, x). We omit the detail here.
As for J3, we have

J3 ≤ CG(ln+1(t + k), 0, x)
∫ t

0
(k + s)p2Eu+ N

2 (1−p2)
[

mn(s + k)

mn(s + k) + p2(t − s)

]α2

×
[

t + k

mn(s + k) + p2(t − s)

] N
2

e− p2 |x |2
4 R |x |α2ds.

Here

R = mnt + p2k − (p2 − mn)s

[mn(s + k) + p2(t − s)][(mn + p2)(t + s)] .

As for e− p2 |x |2
4 R |x |α2 , let z = |x |2 and

f (z) = e− p2 |x |2
4 R |x |α2 = e− p2Rz

4 |z| α2
2 .

f (z) shows its maximum at z = 2α2
p2R

and its maximum is e− α2
2 ( 2α2

p2R
)

α2
2 . Then

J3 ≤ CG(ln+1(t + k), 0, x)
∫ t

0
(k + s)Ev−1

×
[

s + k

mn(s + k) + p2(t − s)

] α2
2
[

t + k

mn(s + k) + p2(t − s)

] N
2 + α2

2

ds.

Similarly to the proof of J1 and J2, one could find a constant C > 0, such that

J3 ≤ C(k + t)EvG(ln+1(t + k), 0, x).

Since the proofs for J4, J5, and J6 are all very similar, we only prove J5 here. In the

case of q2 > (q2)c, if β2 > q1N and Ev(q2 − 1) < min
{
1, N

2 (q2 − 1)− 1− β2
2

}
, we

obtain q2Ev + N
2 (1−q2)+ θ ≤ Ev and θ >

β2
2 +1, where θ is a constant. Therefore,

we have

J5 ≤ C(k + t)EvG(ln+1(t + k), 0, x)
∫ t

0

1

(k + s)θ− β2
2

[4πln+1(t + k)] N
2
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×
[

4π
ln(s + k) + q2(t − s)

q2

]− N
2

e
− |x |2

4

[
q2

ln (s+k)+q2(t−s) − 1
ln+1(t+k)

]

[
t − s

ln(s + k) + q2(t − s)

] β2
2

ds.

Since ln(s+k)+q2(t−s)
q2

≤ ln+q2
q2

(t + k), we have e
− |x |2q2

4[ln (s+k)+q2(t−s)] ≤ e
− |x |2

4(ln+q2)(t+s) . Let

R = q2
(ln + q2)(t + s)

− 1

ln+1(t + k)
.

In virtue ofq2 > (q2)c and
2+β2
N > q1, one could find that ln > l2 = 1+ 1

q1
> 1+ 1

q2−1 .
Hence, R > 0 and

J5 = C(k + t)EvG(ln+1(t + k), 0, x)
∫ t

0

1

(k + s)θ− β2
2

×
[

ln+1(t + k)q2
ln(s + k) + q2(t − s)

] N
2
[

t − s

ln(s + k) + q2(t − s)

] β2
2

ds.

Let r = s/t . We have

∫ t

0

1

(k + s)θ− β2
2

[
ln+1(t + k)q2

ln(s + k) + q2(t − s)

] N
2
[

t − s

ln(s + k) + q2(t − s)

] β2
2

ds

=
∫ 1

0

1

(k + r t)θ− β2
2

[
ln+1(t + k)q2

ln(r t + k) + q2(t − r t)

] N
2
[

t − r t

ln(r t + k) + q2(t − r t)

] β2
2

tdr .

Moreover

ln+1(t + k)q2
ln(r t + k) + q2(t − r t)

→ ln+1q2
ln

as t → 0,

ln+1(t + k)q2
ln(r t + k) + q2(t − r t)

→ ln+1q2
q2 − (q2 − ln)r

as t → ∞.

Since 1 ≤ ln ≤ p2q1+p2
p2q1−1 and r = q2

q2−ln
> 1, there is a contradiction here with

premise r ∈ (0, 1), and hence, the function ln+1(t+k)q2
ln(r t+k)+q2(t−r t) is bounded. Similarly,

t−tr
mn(r t+k)+p2(t−r t) is also bounded. In virtue of θ − β2

2 > 1, we know that 1

(k+r t)θ− β2
2

t

is integrable in [0, 1] and
∫ 1

0

1

(k + r t)θ− β2
2

tdr is bounded in [0,∞). Then, there

exists some positive constant C , such that J5 ≤ C(k + t)EvG(ln+1(t + k), 0, x).
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Consequently, we obtain

vn+1(x, t) ≤ v0(x, t) + C̃(J1 + J2 + J3 + J4 + J5 + J6)

≤ (δ1 + C̃)(k + t)EvG(ln+1(t + k), 0, x),

where C̃ = max{cp11 C1, c
q1
2 C2}. The calculation steps for un+1 and vn+1 are very

similar and the result is

un+1(x, t) ≤ (δ2 + Ĉ)(k + t)EuG(mn+1(t + k), 0, x),

where Ĉ = max{cq21 C1, c
p2
2 C2}. We can do former procedure again and obtain that

{
un+2(x, t) ≤ u0(x, t) + C(k + t)EuG(mn+1(t + k), 0, x),
vn+2(x, t) ≤ v0(x, t) + C(k + t)EvG(ln+1(t + k), 0, x).

That is, if (4.4–4.5) hold for n, the estimates hold for n + 2. This completes the proof.
�	

5 Proof of Theorems 2.3–2.6

In this section, we prove Theorems 2.3–2.6. We only give the proof of Theorem 2.4
(iii). The other cases can be proved similarly. The proof is inspired and similar to the
part (II) in the proof of [8, Theorem 1.2(b) and Theorem 1.3].

Proof of Theorem 2.4(iii). We study the case for α1, β2 < 0 and the other cases
can be obtained similarly. There exists some positive constant C , such that a2(x) ≤
C(1 + |x |)α2 , b2(x) ≤ C(1 + |x |)β2 . By [8, Lemma 5.2], we obtain from (4.6) that

∫

RN
b2(y)G

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)
, y,

ln(s + k)

ln(s + k) + q2(t − s)
x

)

dy

≤
∫

RN
b2(y)G

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)
, 0, y

)

dy.

For t ∈ [0, 1] and β2 < 0,
∫

RN
G(t, 0, y)(1 + |y|)β2dy ≤ 1. Using [8, Lemma 2.2]

∫

RN
G(t, 0, y)(1 + |y|)β2dy ≤ C f (t), t ≥ 0, β2 ∈ [−2, 0],

where

f (t) =
{
1, if t ≤ 1,
tw(β2,N ), if t > 1.
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By (4.6), we see

vn+1(x, t) ≤ v0(x, t) + C1

∫ t

0
cp21 (k + s)p2Eu+ N

2 (1−p2)G

(
mn(s + k) + p2(t − s)

p2
, 0, x

)

×
{

1 +
[

(t − s)mn(s + k)

mn(s + k) + p2(t − s)

] α2
2 +

[
mn(s + k)

mn(s + k) + p2(t − s)

]α2

|x |α2
}

ds

+ C2

∫ t

0
cq22 (k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

× f

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

)

ds.

Define

K1 : =
∫ t

0
(k + s)q2Ev+ N

2 (1−q2)G

(
ln(s + k) + q2(t − s)

q2
, 0, x

)

f

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

)

ds.

Therefore, vn+1(x, t) ≤ v0(x, t)+C(J1+J2+J3+K1)withC = max{cp21 C1, c
q2
2 C2}.

The discussion on J1, J2, and J3 could be obtained by the former ones. We only deal
with K1. If p1 − 1 > p2,

K1 ≤ G(ln+1(t + k), 0, x)
∫ t

0
(k + s)q2Ev+ N

2 (1−q2)

×
[

ln+1(t + k)q2
ln(s + k) + q2(t − s)

] N
2

f

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

)

ds.

From the analysis on J5, we know that ln+1(t+k)q2
ln(s+k)+q2(t−s) is bounded. Then

K1 ≤ G(ln+1(t + k), 0, x)
∫ t

0
(k + s)q2Ev+ N

2 (1−q2) f

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

)

ds.

Let r = s/t . We obtain that

∫ t

0
(k + s)q2Ev+ N

2 (1−q2) f

(
(t − s)ln(s + k)

ln(s + k) + q2(t − s)

)

ds

=
∫ 1

0
(k + r t)q2Ev+ N

2 (1−q2) f

(
(t − r t)ln(r t + k)

ln(r t + k) + q2(t − r t)

)

tdr .

If (t−r t)ln(r t+k)
ln(r t+k)+q2(t−r t) ≤ 1, one can see that t is bounded. Then, if (q2 − 1)Ev ≤ 2+β2

2 , it
is obvious that there exists a constant C > 0, such that

∫ 1

0
(k + r t)q2Ev+ N

2 (1−q2) f

(
(t − r t)ln(r t + k)

ln(r t + k) + q2(t − r t)

)

tdr ≤ C(k + t)Ev .
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If (t−r t)ln(r t+k)
ln(r t+k)+q2(t−r t) > 1, there exists a constantC > 0, such that t−r t

ln(r t+k)+q2(t−r t) > C .
Then

∫ 1

0
(k + r t)q2Ev+ N

2 (1−q2) f

(
(t − r t)ln(r t + k)

ln(r t + k) + q2(t − r t)

)

tdr

≤
∫ 1

0
(k + r t)q2Ev+ N

2 (1−q2)+w(β2,N )tdr ≤ C(k + t)Ev .

Hence

vn+1(x, t) ≤ v0(x, t) + cpi Ci (J1 + J2 + J3 + K1)

≤ (δ2 + cpC)(k + t)EvG(ln+1(t + k), 0, x).

Similarly, un+1(x, t) ≤ c(k + t)EuG(mn+1(t + k), 0, x). �	

6 Conclusion

As noted above, for αi , βi > 0, i = 1, 2, we prove that there are no global solutions
of (1.1) for any nonnegative nontrivial initial data provided that

1 < p2q1 ≤ (p2q1)c, or 1 < p1 ≤ (p1)c, or 1 < q2 ≤ (q2)c.

Besides the case for αi , βi > 0, i = 1, 2, at least one out of αi , βi , i = 1, 2 is negative,
we show the global existence of solution provided that

p2q1 > (p2q1)c, p1 > (p1)c, and q2 > (q2)c,

where some other conditions on pi , qi , αi , βi , i = 1, 2, are needed. Therefore, it was
a pity that we have not obtain the precise Fujita exponents of (1.4). We thought about
that the exponents (p2q1)c, (p1)c, (q2)c were correct, because they are compatible
with the ones in [4,8,16]. In fact, the more complicated coupled relation and the
unbounded variable coefficients bring much more difficulty in the discussion of the
global existence of solutions. And the semigroup method used in [10] would not be
used anymore. We need to overcome more difficulty in dealing with the interactive
terms, such as Ji , i = 1, 2, · · · , 6, in the proof of Theorems 2.2–2.6, respectively.
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