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Abstract
A new flow on an open manifold with bounded geometry has been considered. We
prove short time existence and uniqueness for the flow. The approach is based on
the study of the geometry of the manifold of Riemannian metrics on open manifolds.
Moreover, some properties of this flow are investigated.
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1 Introduction

Hamilton introduced the Ricci flow on a compact manifold as an evolution equation
for a family of Riemannian metrics [13]. Solutions of the following evolution on an
n-dimensional Riemannian manifold M have been called a Ricci flow:

∂
∂t g(t) = −2Ric(g(t)),
g(0) = g0

(1.1)
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where Ric(g(t)) denotes the Ricci curvature of the metric g(t).
Short time existence and uniqueness of the Ricci flow on a compact and complete

noncompact manifolds have been proved by different mathematicians (See[4,9,12,
13,15,17]). All proofs are based on considering Ricci flow as a partial differential
equation. This approach is elaborated, but it is too long. In [10], the authors presented
for the compact case an easy proof of short time existence and uniqueness of Ricci flow
by considering the geometry of the manifold of Riemannian metricsM on a compact
manifold. Ebin studied the space of Riemannianmetrics on a compact manifold from a
geometric point of view [5]. The space of Riemannian metrics on a compact, oriented,
smooth n-manifold M is an infinite-dimensional manifold. It is an open subset of a
Fréchet space, and is a Fréchet manifold. After Ebin, the geometry of M where M
is a compact manifold, has been investigated in [8]. In 1995, Eichhorn studied the
geometry of M on an open manifold, i.e., a noncompact manifold without boundary
[6]. Where he restricted himself to metrics with bounded geometry. The reason is the
fact that the Sobolev analysis is then available, e.g., embedding theorems, module
structure theorems, and many invariance properties. We recall that:

A noncompact Riemannian manifold (M, g) has bounded geometry up to order k
if it satisfies the following conditions (I ) and (Bk):

(I ) rin j (M, g) > 0,
(Bk) |∇ i R| ≤ Ci , 0 ≤ i ≤ k,

where rin j (M, g) = in fxrin j (x) is the injectivity radius of (M, g) [6]. The condition
(B∞(M, g)) means |∇ i R| ≤ Ci , i = 1, 2, . . .. Eichhorn introduced a suitable
uniform structure on M and obtained completed spaces b,mM or Mr (I , Bk), and
calculated for each component of Mr (I , Bk) the infinite-dimensional geometry.

Theorem 1.1 [6] Let M be an open manifold, k ≥ r > n/p + 1. Then, Mp,r (I , Bk)

has a representation as a topological sum:

Mp,r (I , Bk) =
∑

i∈I
U p,r (gi ).

For g ∈ Mp,r (I , Bk):

U p,r (g) = {g′ ∈ Mp,r (I , Bk)|b|g − g′|g < ∞,b |g − g′|g′ < ∞, |g − g′|g,p,r < ∞}.

Also, he showed that

Theorem 1.2 [6] Assume k ≥ r > n/p + 1. Then, each component of the space
Mp,r (I , Bk) is a Banach manifold, and for p = 2, it is a Hilbert manifold.

Ricci flow on open manifolds with some conditions has been investigated by some
authors (you can see [2,3,7,14]). The investigations described here are motivated by
the paper [10] where we considered the Ricci flow as a curve on the manifold of
Riemannian metrics on a compact manifold and by [6] where the geometry of the

123



Bulletin of the Iranian Mathematical Society (2021) 47:939–947 941

space of Riemannian metrics on the open manifold has been presented and some
results have been given. The approach used in [10] is not suitable for the Ricci flow
on an open manifold. The major problem is that the Sobolev norm of Ric(g) itself
is mostly infinite, since any manifold of bounded geometry has infinite volume, but
the Sobolev norm of Ric(g) − Ric(g0) is finite. This point encouraged us to define a
new flow on an open manifold with bounded geometry, which is similar to Ricci flow.
We consider the following evolution differential equation on an open manifold with
bounded geometry:

{
∂
∂t g(t) = −2(Ric(g(t)) − Ric(g0))
g(0) = g̃,

(1.2)

where Ric(g(t)) and Ric(g0) denote the Ricci curvature of the metric g(t) and g0,
respectively, and g̃ belongs to comp(g0) = U 2,r (g0). A new and easy proof for the
short time existence and uniqueness of the flow (1.2) on an open manifold will be
presented. The proof is based on the geometry ofM and considering solutions of the
flow as a curve in this space. Moreover, some properties of the flow on open manifolds
with bounded geometry have been obtained.

2 New Flow

The geometry of the space of Riemannian metrics on an open manifolds M with
bounded geometry has been studied by Eichhorn [6]. We consider the flow (1.2) on
an open manifold M .

If the initial metric g(0) = g0 that is g̃ = g0, then ∂
∂t g(t) = 0, and thus, Eq. (1.2)

has the trivial solution g(t) ≡ g0. Now, we assume that g̃ ∈ comp(g0) and investigate
some properties of this flow.

2.1 Exact Solutions

Suppose the initial metric is Einstein, that is Ric(g̃) = λg̃ for some λ ∈ R. Solutions
of the flow (1.2) can be Einstein, i.e., Ric(g(t)) = λg(t). Indeed, we make the answer
for (1.2) as follows:

∂

∂t
g(t) = −2(Ric(g(t)) − Ric(g0))

= −2(λg(t) − Ric(g0)).

Now:

∂

∂t
gi j (t) + 2λgi j (t) = 2Ric(g0)i j

is a linear ordinary differential equation. We have:
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gi j (t) = exp− ∫
2λdt [

∫
exp

∫
2λdt ×2Ric(g0)i jdt + Ci j ]

= 1

λ
Ric(g0)i j + Ci j exp

−2λt .

Then, with initial condition g(0) = g̃, solution to (1.2) is in the following form:

gi j (t) = 1

λ
Ric(g0)i j (1 − e−2λt ) + g̃i j e

−2λt ,

which is a Riemannian metric if λRic(g0) is positive definite.

Remark 2.1 Suppose equation (1.2) has a solution which is of the form:

g(t) = f (t)g̃,

where f (t) is a positive function. We compute:

∂

∂t
g(t) = f ′(t)g̃.

Also, we require:

f ′(t)g̃ = −2(Ric(g(t)) − Ric(g0)).

Therefore:

f ′(t)g̃ = −2(λg̃ − Ric(g0))

f (t)g̃ = −2(λg̃ − Ric(g0))t + C, C = g̃

f (t)I = −2(λI − g̃−1Ric(g0))t + I ,

which says that g̃−1Ric(g0)) must be diagonal.

2.2 Soliton Associated with Flow (1.2)

In this subsection, we can define soliton associated with the flow (1.2) similar to Ricci
soliton in the compact case. Self-similar solutions for the flow (1.2) can be described
as follows: Assume that:

g(t) = σ(t)φ∗
t (g̃) (2.1)

is a solution of (1.2), where σ(t) and φt are scalar and isometries of g0, respectively,
such that σ(0) = 1 and φ(0) = idM . On the other hand, suppose there is a fixed
Riemannian metric in such a way that the identity:

− 2(Ric(g̃) − Ric(g0)) = 2λg̃ + LV (g̃) (2.2)
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holds for some constant λ and some complete Killing vector field V with respect to
g0. In this case, we say that g0 is a Ricci soliton associated with the flow (1.2). The
same is for a Ricci soliton in the compact case we can prove the following observation
about Ricci soliton associated with the flow (1.2).

Lemma 2.2 If g(t) is a solution of the flow (1.2) having the special form (2.1), then
there exists a Killing vector field X with respect to g0, such that (g0, X) solves (2.2).
Conversely, given any solution of (2.2), there exist 1− parameter families of scalars
σ(t) and isometries φ(t) of M, such that g(t) becomes a solution of the flow (1.2)
when g(t) is defined by (2.1).

Proof First, suppose that there is a solution of the flow (1.2) having the form (2.1). We
may assume without loss of generality that σ(0) = 1 and φ0 = id. Then, we have:

∂g

∂t
= σ ′(t)φ∗

t (g̃) + σ(t)
d

dt
φ∗
t (g̃)

∂

∂t
g(t)|t=0 = 2λg̃ + LV (g̃),

where V (t) is the family of vector fields generating the diffeomorphisms φt which is
also the Killing vector field with respect to g0. This implies that g0 satisfies (2.2) with
λ = 1

2σ
′(0) and X = V (0). Conversely, suppose that g0 and g̃ satisfy (2.2). Define

σ(t) = 1− 2λt and X(t) = 1
σ(t)V , let φ(t) denote the diffeomorphisms generated by

the family Xt , where φ(0) = idM and g(t) is a smooth 1-parameter family of metrics
on M defined by:

g(t) = σ(t)φ∗
t (g̃).

It is a solution to Eq. (1.2) with g(0) = g̃ by the following computations:

∂g

∂t
= σ ′(t)φ∗

t (g̃) + σ(t)φ∗
t (LX g̃)

= φ∗
t (−2λg̃ + LV g̃)

= φ∗
t (−2(Ric(g̃) − Ric(g0)))

= −2(Ric(φ∗
t (g̃) − Ric(φ∗

t (g0)))

= −2(Ric(φ∗
t (g̃) − Ric(g0))).


�
Definition 2.3 Let g0 be a Riemannian metric on an open manifold M . A complete
Riemannian metric g̃i j on M is called a Ricci soliton associated with 1.2 if there exists
a smooth Killing vector field V = (Vi ) with respect to g0, such that the Ricci tensor
Ric(g̃i j ) of the metric g̃i j satisfies the equation:

− 2((Ricg̃)i j − (Ricg0)i j ) = 2λg̃i j + ∇̃i V j + ∇̃ j Vi (2.3)
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for some constant λ. Moreover, if V is a gradient vector field, then we have a gradient
Ricci soliton associated with 1.2, satisfying the equation:

(Ricg̃)i j − (Ricg0)i j + ∇̃i ∇̃ j f = λg̃i j (2.4)

for some smooth function f on M . The function f is called a potential function of the
soliton associated with (1.2). Extending to our new setting the soliton terminology, we
say that the soliton associated with (1.2) is shrinking, steady, and expanding according
as λ is positive, zero, and negative, respectively.

Lemma 2.4 Let g̃i j be a complete gradient Ricci soliton associated with 1.2 with
potential function f . Then, we have:

∇̃i R̃ + 2Ric(g̃i j )∇̃ j f − 2g̃ jk(∇̃i Ric(g0) jk − ∇̃ j Ric(g0)ik) = 0 (2.5)

for some constant C and Riemannian metric g0. Here, R̃ denotes the scalar curvature
of g̃.

Proof Let g̃i j be a complete gradient Ricci soliton associated with flow (1.2) on a
manifold M , so that there exists a potential function f , such that the soliton equation
(2.4) holds. Taking the covariant derivatives and using the commutating formula for
covariant derivatives, we obtain:

∇̃i ˜Ric jk − ∇̃ j ˜Ricik + R̃i jkl∇̃l f − (∇̃i ˙Ric jk − ∇̃ j ˙Ricik) = 0.

Taking the trace on j and k and using the contracted second Bianchi identity:

∇̃ j Ricik = 1

2
∇̃i R̃,

we get

∇̃i R̃ − 1

2
∇̃i R + Ric(g̃i j )∇̃ j f − g̃ jk(∇̃i Ric(g0) jk − ∇̃ j Ric(g0)ik) = 0. (2.6)

Therefore:

∇̃i R̃ + 2Ric(g̃i j )∇̃ j f − 2g̃ jk(∇̃i Ric(g0) jk − ∇̃ j Ric(g0)ik) = 0. (2.7)


�

2.3 Short Time Existence and Uniqueness

The first question in the study of every evolution differential equation is the short time
existence of the solutions. In this subsection, we answer this question by considering
the geometry of the space of Riemannian metrics.
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Theorem 2.5 Let M be an open manifold and g0 ∈ M2,r (I , Bk) such that k ≥ r >

n/2 + 1. There exist a constant T , such that evolution equation (1.2) has a unique
solution g(t) for short time [0, T ) with initial metrics g(0) = g̃ ∈ comp(g0) =
U 2,r (g0).

Proof To prove the theorem,we define a vector field onM2,r (I , Bk), such that solution
of flow (1.2) is its integral curve. We claim that X = −2(Ric(g) − Ric(g0)) is the
desired vector field in the tangent space of Riemannian metrics. We have to show that
−2(Ric(g)− Ric(g0)) remains in Tgcomp(g) = �2,r (S2T ∗, g). One can proceed as
follows:

Assume r = ∞, consider comp2,∞(g0) ⊂ M2,∞(I , B∞) = ∩rM
2,r (2, B∞).

Since g ∈ comp2,∞(g0), we have:

|g − g0|2,r < ∞ ∀r
Ric(g) − Ric(g0) ∈ �2,r (S2T ∗M) ∀r;

thus, Ric(g) − Ric(g0) ∈ T comp2,∞(g0) A curve in comp2,∞(g0) ia a curve in any
comp2,r (g0), r ≥ 0.

According to [6, Theorem 2.37], every component ofM2,r (I , Bk) is a Hilbert man-
ifold; consequently, the vector field X = −2(Ric(g) − Ric(g0)) in any comp2,r (g0)
has a unique integral curve on the short time [0, ε). Now, it is clear that the solution
of evolution equation (1.2) is an integral curve of X . 
�

Example 2.6 Euclidean space with the standardmetric (g0 = δ
j
i ) trivially has bounded

geometry. The flow (1.2) in component comp(g0)with initial metric g̃ = g0 has trivial
solution g0.

Example 2.7 Examples of open manifolds with bounded geometry are homogeneous
spaces or Riemannian coverings of closed manifolds. Given a left-invariant metric g0
on Ẽ(2), the universal cover of group of isometries of the plane, with associatedMilnor
frame {θ1, θ2, θ3} the metric and the Ricci tensors are diagonalized [16]. Writing

g0 = A0(θ
1)2 + B0(θ

2)2 + C0(θ
3)2

with A0B0C0 = 4, the non-zero components of the Ricci tensor Ẽ(2) are:

Ric11 = 1

2
A(A2 − B2)

Ric22 = 1

2
B(B2 − A2)

Ric33 = −1

2
C(A − B)2.

Let
g(t) = A(t)(θ1)2 + B(t)(θ2)2 + C(t)(θ3)2,
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the new flow (1.2) in component comp(g0) with initial metric:

g̃ = Ã(θ1)2 + B̃(θ2)2 + C̃(θ3)2, (2.8)

belongs to component comp(g0), becomes an ODE system in (A, B,C) as follows:

dA

dt
= −(A(A2 − B2) − A0(A

2
0 − B2

0 ))

dB

dt
= −(B(B2 − A2) − B0(B

2
0 − A2

0))

dC

dt
= C(A − B)2 − C0(A0 − B0)

2,

which has unique solution with the initial condition (2.8).

Applying the approach used in [11], we obtain the following result:

Theorem 2.8 The solution of evolution equation (1.2) as a curve starting from a g0 ∈
M2,∞(I , B∞) is not a geodesic.

Proof Since a curve in comp2,∞(g0) is a curve in any comp2,r (g0), r ≥ 0, the
geodesic on comp2,∞(g0) is a geodesic in any comp2,r (g0), r ≥ 0. The geodesics
onM2,r (I , Bk) are solutions to the following second-order equation:

g̈ = ġg−1ġ + 1

4
tr(g−1ġg−1ġ)g − 1

2
tr(g−1ġ)ġ,

where g = g(t), ġ = dg
dt [6].

Let the solutions of the flow (1.2) satisfy the above equation; that is:

∂

∂t
[−2(Ric(g) − Ric(g0))] = ġg−1ġ + 1

4
tr(g−1ġg−1ġ)g − 1

2
tr(g−1ġ)ġ;

then:

∂

∂t
Ric(g)ik = 4([Ric(g) − Ric(g0)]g−1[Ric(g) − Ric(g0)])ik

+tr(g−1[Ric(g) − Ric(g0)]g−1[Ric(g) − Ric(g0)])gik
−2tr(g−1[Ric(g) − Ric(g0)])[Ric(g) − Ric(g0)]ik

On the other hand, one can easily conclude that the Ricci tensor under the flow
(1.2) evolves by:

∂

∂t
Rik = gpq(−∇2

q,k Rip + ∇2
i,k Rpq − ∇2

q,i Rkp + ∇2
q,p Rik)

+gpq(−∇2
q,k R

0
i p + ∇2

i,k R
0
pq − ∇2

q,i R
0
kp + ∇2

q,p R
0
ik),
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where Rik = [Ric(g(t))]ik and R0
ik = [Ric(g0)]ik . (We obtained it by applying

evolution equation for the Ricci tensor mentioned in [1])
Above equations show that the flow (1.2) cannot be a geodesic on the manifold of

Riemannian metrics. 
�
Acknowledgements The authors would like to thank the anonymous referee(s) for reading the manuscript
carefully and giving valuable suggestions on it. Also the third author would like to appreciate Prof. H. P.
Kunzle for introducing him “Ricci flow” together with excellent ideas.

References

1. Andrews, B., Hopper, C.: The ricci flow in riemannian geometry: A complete proof of the differentiable
1/4-pinching sphere theorem. Springer, Berlin (2011)

2. Bessieres, L., Besson, G., Maillot, S.: Ricci flow on open 3-manifolds and positive scalar curvature.
Geom. Topol. 15, 927–975 (2011)

3. Bessieres, L., Besson, G., Maillot, S.: Long time behaviour of Ricci flow on open 3-manifolds. Com-
ment. Math. Helv. 90, 377–405 (2015)

4. Chen, B., Zhu, X.: Uniqueness of the Ricci flow on complete noncompact manifolds. J. Differ. Geom.
74(1), 119–154 (2006)

5. Ebin, D.: The manifold of Riemannian metrics. Proc. Symp. Pure Math. 15, 11–40 (1970)
6. Eichhorn, J.: Space of Riemannian metrics on open manifolds. Results Math. 27, 256–283 (1995)
7. Eichhorn, J.: Global properties of the Ricci flow on open manifolds. Differ. Geom. Appl. 99–118,

(2008)
8. Freed, D.S., Groisser, D.: The basic geometry of themanifold of Riemannianmetrics and of its quotient

by the diffeomorphism group. Mich. Math. J. 36(3), 323–344 (1989)
9. DeTurck, D.M.: Deforming metrics in the direction of their Ricci tensors. J. Differ. Geom. 18(1),

157–162 (1983)
10. Ghahremani-Gol, H., Razavi, A.: Ricci flow and themanifold of Riemannianmetrics. Balkan. J. Geom.

Appl. 2(18), 20–30 (2013)
11. Ghahremani-Gol, H., Razavi, A.: Ricci flow as a geodesic on the manifold of Riemannia metrics. J.

Contemp. Math. Anal. 51(5), 215–221 (2016)
12. Hamilton, R.: The inverse function theorem of Nash and Moser. B. Am. Math. Soc. 7, 65–222 (1982)
13. Hamilton, R.: Three-manifolds with positive Ricci curvature. J. Differ. Geom. 17(2), 255–306 (1982)
14. Huang, H.: Ricci Flow on Open 4-Manifolds with Positive Isotropic Curvature. J. Geom. Anal. 1213–

1235, (2013)
15. Lee, M.C.: On the uniqueness of Ricci flow. J. Geom. Anal. 29(4), 3098–3112 (2019)
16. Milnor, J.: Curvatures of left invariant metrics on Lie groups. Adv. Math. 21, 293–329 (1976)
17. Shi, W.X.: Deforming the metric on complete Riemannian manifold. J. Differ. Geom. 30, 223–301

(1989)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	A New Flow on Open Manifolds: Short Time Existence  and Uniqueness
	Abstract
	1 Introduction
	2 New Flow
	2.1 Exact Solutions
	2.2 Soliton Associated with Flow (1.2)
	2.3 Short Time Existence and Uniqueness

	Acknowledgements
	References




