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Abstract

In this work, we prove a simple fixed point theorem in non-Archimedean (n, 8)-
Banach spaces, by applying this fixed point theorem, we will study the stability and
the hyperstability of the kth radical-type functional equation:

f ({‘/xk + yk> = f(x)+ £y,

where f is a mapping on the set of real numbers and k is a fixed positive integer.
Furthermore, we give some important consequences from our main results.
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1 Introduction

In 1940, during a conference at Wisconsin University, Ulam [35] presented the fol-
lowing question concerning stability of group homomorphisms: Let (G1, ), (G2, *)
be two groups and d : Gy x G, — [0,00) be a metric. Given ¢ > 0, does
there exist § > 0, such that if a function g : G; — G, satisfies the inequal-
ity d(g(xxy), g(x) x g(y)) < ¢ for all x,y € G, then there is a homomorphism
h:Gy — G withd(g(x), h(x)) <eforallx € G1?

When the homomorphisms are stable? Therefore, we are interested in this ques-
tion, that is, if a mapping is almost a homomorphism, then there exists an exact
homomorphism that must be close. In following year, Hyers [24] was the first to give
an affirmative answer to Ulam’s question for the case where G| and G, are Banach
spaces. The famous Hyers stability result that appeared in [24] was generalized in
the stability involving a sum of powers of norms by Aoki [3]. In 1978, Rassias [32]
provided a generalization of Hyers’ theorem that allows the Cauchy difference to
become unbounded. For the last decades, stability problems of various functional
equations have been extensively investigated and generalized by many mathemati-
cians [6,11,13,15,22,30,33,34,37]. The theory of 2-normed spaces was first developed
by Géhler [20] in the mid-1960s, while that of 2-Banach spaces was studied later by
Gihler [21] and White [36]. In 1897, Hensel [23] introduced a normed space which
does not have the Archimedean property. It turns out that non-Archimedean spaces
have many nice applications (see [4,25,28,31]).

The first hyperstability result appears to be due to Bourgin [5]. However, the term
hyperstability was used for the first time in [29]. Quite often, hyperstability is confused
with superstability, which admits also bounded functions. Numerous papers on this
subject have been published and we refer to [7,12,14,16,18,19]. Recently, the stability
problem and hyperstability results for the functional equations of the radical type in
2-Banach spaces and in some other generalized spaces have been also studied; for
example, see [1,2,8,10,16-18,26,27].

The functional equation:

f(\/x2+y2)=f(X)+f(y) (1.1)

is called a radical quadratic functional equation. Kim et al. [27] investigated the gen-
eralized Hyers—Ulam—Rassias stability of Eq. (1.1) in quasi-f-Banach spaces using
the direct method.

In the whole paper, N and R denote the sets of all positive integers and real numbers,
respectively; we put Nog := NU{0}, Ry := R\{0}, and R} = [0, 00), and we write BA
to mean the family of all functions mapping from a nonempty set .4 into a nonempty
set 5.

This work is organized as follows: in Sect. 2, we discuss some basic definitions
and lemmas used in later sections to prove the stabilities on non-Archimedean (n, 8)-
Banach spaces. In Sect. 3, we introduce and solve the kth radical-type functional
equation:
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f(\k/kary") =f+f), x,yeR, (1.2)

in the class of functions f from R into a vector space, where k € N is fixed. In Sect. 4,
we prove the fixed point theorem [9, Theorem 1] in non-Archimedean (n, §)-Banach
space. In Sect. 5, we will apply the fixed point method to study the stability and the
hyperstability of (1.2) in non-Archimedean (n, 8)-Banach space. In Sect. 6, we will
give some consequences from our main results. Our results are improvements and gen-
eralizations of many main results referred to in [1,2,16-18,26] on non-Archimedean
(n, B)-Banach spaces.

2 Preliminaries

In this section, we will introduce some basic concepts concerning the non-
Archimedean (n, §)-normed space.

Definition 2.1 By a non-Archimedean field, we mean a field K equipped with a func-
tion (valuation) | - |4 : K — [0, 0o) such that for all 7, s € K, the following conditions
hold:

(1) ||« = 0if and only if r = 0;
(2) |rsls = |rlslsls
3) |r + s|x < max(|r]y, |s|s) forall r,s € K.

Clearly, |1]x = | — 1|4 = 1 and |n], < 1 for all n € N. The function | - |, is called

the trivial valuation if |r|, = 1,Vr € K, r # 0, and |0], = O.

Definition 2.2 Let E be a vector space over a scalar field K with a non-Archimedean
non-trivial valuation | - |,. A function || - [l : £ — R, is non-Archimedean norm
(valuation) if it satisfies the following conditions:

(1) lx]lx = 0if and only if x = 0;
(2) |lrx|lx« = |rl«llx||4 forall » € Kand x € E;
) llx + yllx = max(|lx]l«, [[ylls) forallx, y € E.

Then, (E, || - ||%) is called a non-Archimedean space or an ultrametric normed space.
Due to the fact that:

lxm — xnlls < max{||xj+1 _xj”* cm =< j<n-—1},
in which n > m, the sequence {x,} is Cauchy if and only if {x,4+1 — x,} converges
to zero in a non-Archimedean normed space. In a complete non-Archimedean space,
every Cauchy sequence is convergent.

Example 2.3 Fix a prime number p. For any nonzero rational number x, there exists a
unique positive integer n, such that x = 7 p"~, where a and b are positive integers not
divisible by p. Then, |x|, := p~"* defines a non-Archimedean norm on Q (the set of
rational numbers). The completion of Q with respect to the metric d(x, y) = |x — y|,
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is denoted by Q,,, which is called the p-adic number field. In fact, Q, is the set of all
formal series x = Z,f;nx ay p*, where |ag| < p — 1. The addition and multiplication
between any two elements of Q,, are defined naturally. The norm Z,f;nx arp*| =
p~"* is a non-Archimedean norm on @, and Q,, is a locally compact field.

Definition 2.4 Let X be a real vector space with dim X > n over a scalar field K
with a non-Archimedean nontrivial valuation | - |4, where n € N and g € (0, 1] is

a fixed number. A function |-, ..., |l+ g : X" — R4 is called a non-Archimedean
(n, B)-norm on X if and only if it satisfies:

(N1) lx1, x2, ..., xplls,p = Oif and only if x1, x2, . .., x, are linearly dependent;
(N2) |lx1, X2, ..., Xpll+ g is invariant under permutations of x1, x2, ..., X,

(N3) llAx1,x2, ..., Xullsp = |A|f||x1, X2, ... Xullgs

(N4) [lx + y,x2, ..., Xnllep < max {[lx, x2, ..., Xallsg, 1y, X2, oo, Xnllep ]
forall x, y, x1, X2, ..., x, € X and A € K. Then, the pair (X, ||-, ..., ‘||« ) is called

a non-Archimedean (n, B)-normed space.

Example 2.5 Let K be a non-Archimedean field equipped with a non-trivial valuation
|- |.Forn =2, 2 € Kand x = (x1,x2), y = (y1, ) € X = K> withx +y =
(x1 + y1, x2 + y2) and Ax = (Ax1, Ax2), the non-Archimedean (2, 8)-norm on X is
defined by:

lx, ylls,p = [x1y2 — xayill,

where 8 € (0, 1] is a fixed number.

It follows from the preceding definition that the non-Archimedean (n, 8)-normed
space is a non-Archimedean n-normed space if 8 = 1, and a non-Archimedean S-
normed space if n = 1, respectively.

Lemma2.6 Let (X, ||, ..., |l«g) be a non-Archimedean (n, B)-normed space, such
thatn > 2 and 0 < B < 1. Then:
() ifx € Xand ||x,x2,...,%plls,g =0forall xa, ..., x, € X, thenx =0;
(2) a sequence {x,,} in a non-Archimedean (n, B)-normed space X is a Cauchy
sequence if and only if {x;,+1 — X} converges to zero in X.

Proof For (1), suppose that x 7~ 0. Since dim X > n, choose x3, ..., x, € X, such
that {x, x», ..., x,,} is linearly independent and so by (N1) in Definition 2.4, we have:

||x,x2, -~-a-xn||*,/3 #0

This is a contradiction and thus x should be a zero vector. For (2), it follows from (N4)
that:

lXm — xk. X2, Xnlls,p S max {[lxj11 — xj. %0, ... xplle g ik < j<m—1}, (m>k)
for all x», ..., x, € X. Therefore, a sequence {x,,} is a Cauchy sequence in X if and
only if {x;,4+1 — x;,} converges to zero in X. O
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Definition 2.7 (a) A sequence {x,,} in a non-Archimedean (n, §)-normed space X is
called a convergent sequence if there exists an elementx € X, suchthatlim,,_ o ||x; —
X, %2, ..., Xl p = Oforallxy, ..., x, € X.Inthis case, we write lim,, . X 1= X,
and we have

Hm lxp, x2, ..., Xplls g = | Hm x5, X2, ..., Xplls g
m-—00 m— 00
forall xp,...,x, € X.

(b) A non-Archimedean (n, 8)-normed space in which every Cauchy sequence is
a convergent sequence is called a non-Archimedean (n, 8)-Banach space.

3 Solution of Eq. (1.2)

In this section, we give the general solution of functional equation (1.2).

Theorem 3.1 Let ) be a linear space. A function f : R — ) satisfies Eq. (1.2) if and
only if there exists an additive function T : R — Y, such that:

f@ =TGN, xeR, 3.1)
for each fixed k € N.

Proof (See [8, page 127]). O

Remark 3.2 (i) The function f(x) = cx* satisfies Eq. (1.2) for all x € R, where
k € Nand ¢ € R are fixed numbers.
@ii) If f satisfies Eq. (1.2), then FrP*x)y = rP f(x) for all x € R and integers
p, where r € Q\{0} (Q :=, the set rational numbers) if k is odd and » € QT
(QT := the set of positive rational numbers) if & is even.
(iii) If f satisfies Eq. (1.2) and continuous, then f(x) = x* f(1) forall x € Rifk is
odd and f(x) = xkf(l) for all x € Ry if k is even.

4 Fixed Point Theorem

In this section, we rewrite the fixed point theorem [9, Theorem 1] in non-Archimedean
(n, B)-Banach space. For it, we need to introduce the following hypotheses.

(H1) W is a nonempty set and X is a non-Archimedean (n, 8)-Banach space.
H2) fi,....fi:W—> WandKy,...,K; : W x X1 - R are given maps.
(H3) A: R+WXX'H — fox"—' is a non-decreasing operator defined by:

(AS)(x,x2, ..., xy) == IIE?LX_Ki(x,XZ, e X)8(fi(x), x2, .00, Xpn)
=)

forall 8 € R X" (x, x5, ..., x,) € W x X1,
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(H4) T : XV — XV is an operator satisfying the inequality:

||TE(.X) - T/’L(-x)v X2y ovey xn”*,ﬁ S lIEla<Xj Ki(-x9 X2y ovey -xn) ”‘%‘(]Cl(x))

_M(ﬁ(x)), X2y ovey xn”*,ﬁ

forall&, u € X" and (x, x2,...,x,) € W x X"~
The basic tool in this paper is the following fixed point theorem.

Theorem 4.1 Assume that hypotheses (H1)—(H4) are satisfied. Suppose that there are
functions e - W x X"\ - Ry and ¢ : W — X, such that:

HT(p('x) - QD(X)’xZa AR ’an*,ﬂ S E(X,XZ’ e ,xn)’ (x7x25 AR 7xn) € W X Xn_l7
4.1
and
lim A™e(x,x2, ..., %) =0, (x,%2,....,%,) € W x X", 4.2)
m—0o0

then, for every x € W, the limit:
Y(x) = lim (7"¢)(x)
m—0o0

exists and the function € X", defined in this way, is a fixed point of T with:

lox) =¥ (x), x2, ..., xplls,p < sup (A"e)(x, x2, ..., %) (4.3)
meNy
forall (x,x2,...,x,) € W X X"~1. Moreover, if

A( sup (A™8))(x, X2, ..., X)) < sup (A" le)(x,x2, ..., xn)

meN meNg

forall (x,x2,...,x,) € W x X"\, then \r is the unique fixed point of T satisfying
(4.3).

Proof First, we show by induction that, for any m € Ny:

[T o)) = (T" ) @) 32,y < A" (rx2s o x0), (44)

(X, X2, ..., xp) €W x X" 1,

Clearly, by (4.1), the case m = 0 is trivial. Now, fix m € Ny and suppose that (4.4) is
valid. Then, using (H3) and (H4), for any (x, x2,...,x,) € W x X n=1 e obtain:
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[T 20)00) = @T" Q) 0), 220 |,y = [T @ ) 0) =TT Q) (0), 220

< max K; (v ) [T (i) = T"o(fi (), .o,

1<i<j
< fmax. Ki(x,x2, ..., x) (A" e)(fi (%), x2, ..., xp)
= (A" o) (x, x2, ... X)),

and therefore, (4.4) holds for every m € Nj.

By (4.2), (4.4) and Lemma 2.6, we get {(7"¢)(x)}, _ is a Cauchy sequence in
X. Thus, the fact that X is a non-Archimedean (n, 8)-Banach space implies that the
limit v (x) exists for every x € W, i.e., ¥ (x) := limy— 00 (7™¢)(x) for any x € W.
Moreover, (4.4) shows that, forany k € N, m € Ny and (x, x2,...,x,) € W x xn—1.

[(T"0)(0) = T" o)) xa, s xl, ,
< max [T o)) — (T o)), x, o xa

T Le€{0,-k—1)
< max (A"e)(x,x2, ..., xn)
Le{0,--k—1}
E Sup(AZS)(xv X2y eeny xn)-
>m
Letting now k — oo, we see that for any m € Np and (x, x2,...,x,) € W X xnt

we have:

[(T"p)(x) — Y(x), x2, ..., xp ||*7/3 < Eup(A‘e)(x,xz, LX), (45)

Putting m = 0 in (4.5), we see that inequality (4.3) holds. Moreover, using (H3)—-(H4)
and (4.5), we obtain:

[Ty x) = (T o)), x2, x|,
B
< max Ki(x,x2, o x0) [ (i) = T"9(fi(0))sx2s o ox], g

1<1<j
< max K;(x,x2, ..., %) sup(ALe)(fi(x), X2, ..., xn)
I=i=j >m
= A(sup(A‘e))(x,x2. ..., xn) (4.6)
>m

forall (x,x2,...,x,) € W x X"~! From (4.2) and (4.6), we get:

TW)H(x) = lim (T"9)) = Y (x), xeW.

To prove the statement on the uniqueness of v/, suppose that 1, ¥» € XV are two
fixed points of 7 satisfies (4.3). Then, for each (x, x2, ..., x,) € W x X"~!, we have:

Y1 (x) = Y2(x), X2, ..., Xnlls,p < sup (A™e)(x, x2, ..., xp),

meNg
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and as in the proof of (4.4), for any (x, x2,...,x,) € W x X" landk ¢ Np, we get:

91 (x) — Y2(x), X2, o Xnllap = IT* Y1) () = (T*Y2) (X), X2, -+, Xl g

< sup (A" o) (x, x2, ..., xn). 4.7
meN
Letting m — oo in (4.7) and from (4.2), we finally get ¥; = 2. O

5 A New Stability Result for Eq. (1.2)

The following theorem is the main result of this paper. It has been motivated by the
issue of Ulam stability, which concerns approximate solutions of a functional equation
(1.2) in non-Archimedean (n, 8)-Banach spaces by applying the fixed point theorem
4.1.

Theorem 5.1 Let X be a non-Archimedean (n, B)-Banach space. Let f : R — X,
c:N—= Ryand L : Ry x Ry x X"~ — R, be functions satisfying the following
three conditions:

M = {m e N| ay = max {c(m*), c(1 + m")} <1} # 0, (5.1)
L(txk, tyk, X2, .., xn) < c(t)L(xk, yk, X2, ..., xn),
te{mf 1+m*), meM, (5.2)
’f (\k/ xk +yk> - f('x) - f(y)v-xz’ e 7-xn S L(-xky yk3x27 e 9xl‘[)
*’ﬁ
(5.3)
forallx,y € Rogand x3, ..., x, € X, withk € Nis fixed. Then, there exists a unique

additive function T : R — X (ie, T(x +y) =T (x) + T(y) forall x, y € R), such
that:

Hf(x) —T(xk),xz,...,xn i} <¢r(x,x2,...,x,), x €Rgy, x2,...,x, €X,
5.4
where:
Gr(x, x2,...,x,) 1= lgf\f/l L(xk, mkxk, X2, . nn, x,,). (5.5)
m

Proof Taking y = mx in (5.3), we get:

”f(\k/(l +m’<)xk> — FOmx) — f(X), X2, ..., Xn

< L(xk, mkxk, X7, .. .,xn)

*.p
=:en(x,x2,...,%,) (5.6)
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forall x € Rg and x3, ..., x, € X, withm € N. For each m € N, we will define an
operator 7,, : X® — X® by:

TE(x) = € (m) —Emx), £cX® xeR
Then:
TLF(0) =0, ¢,meN, (5.7)
and inequality (5.6) takes the form:
12 f(xX) = f (), X2, s Xnllap < Em(x, X2, .o, Xn)

forall x € Rg, x2,...,x, € X,and m € N.
n—1 n—1
Let Ay, : R%)XX — R%OXX be an operator which is defined by:

Amd(x, x2, ..., x,) = max {8 (xk/(l +mkyxk, xo, .., xn) ,8(mx, xa, .. .,xn)}

for all § € RE(’, x € Rp and x3,...,x, € X. Then, it is easily seen that, for each
m € N, the operator A := A,, has the form described in (H3), with j =2, W = Ry
and:

F10) =V (A +mbxk, fr(x) =mx, Ki(x,x2,...,%0) = Ko(x, X2, ...,x,) = 1

forall x € Rp and x», ..., x, € X. Moreover, for every &, i € XRo o meN, xe Ro,
and xp, ..., x, € X, we obtain:

||TmE(X) = T (x), x2, ..., Xn ”*,ﬁ

HS (m) —&(mx) — <m) + pu(mx), x2, ..., xn
* B

max [ €A1 = mCA, X2l g [ECE) = w5203, )

max Kj(xx. .. San)[[E = (i), xa - an) g

IA

where (§ — 1) (x) = £(x) — u(x). Therefore, (H4) is valid for 7,,, with m € N. Note
that, in view of (5.2), we have:

Aper(x,x2, ..., xp) < apmer(x,x2,...,%x0), I,bmeN, xeRg, x2,...,x, € X.

(5.8)
Using mathematical induction, we will show that foreachx € Rand x>, ..., x, € X,
we have:
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Afngl(xs-x27"'sxn) Saﬁlgl(xs-x27"'sxn) (5'9)

for all £ € N and m € M. From (5.8), we obtain that the inequality (5.9) holds for
£ = 1. Next, we will assume that (5.9) holds for £ = r, where r € N. Then, we have:

1 .
A;rn+ e1(x,x2, ..., xy) =Ny (A;né‘l(x, X2y ety xn))
= max {A,rnsl (xk/ mk + Dxk, xo, ..., x,,) JAe(mx, xo, .., x,,)}
< a}, max {81 <\k/ mk + Dxk, xo, ..., xn) sei(mx, xa, ..., xn)}

1
<a e x, ).

This shows that (5.9) holds for £ = r + 1. Now, we can conclude that the inequality
(5.9) holds for all ¢ € N. Therefore, by (5.9), we obtain that:

le)rgo Afnem(x,xz, cesXp) =0

for all x € Ry and m € M. Furthermore, for each £ € Ng, m € M, x € Ry and
X2, ...,%x, € X, we have:

l
sup A em (X, X2, ..., Xp) = & (X, X2, ..., Xp),
£eNy
Al+1 = A
sup A7 Em (X, X2, o0, X)) = A& (X, X2, ..o, Xp).
£eNg

Consequently, by Theorem 4.1 (with W = R and ¢ = f), for each m € M the
mapping F/, : Rg — X, given by F/, (x) = limy_, oo 7,{ f (x) for x € Ry, is a fixed
point of 7,,, that is:

Fl(x) = F/, ({‘/(mk n 1)xk) — Fl(mx), xeRqy, meM.

Moreover:

| £O) = Fpy(0)s 22, x|, 5 < sup Ayem (e, 22, xn)
’ £eNy

forall x € Ry, x2,...,x, € X, and m € M.
Define F,, : R — X by F,(0) = F,,(0) and F,,(x) = F,,(x) for x € Ry and
m € M. Then, it is easily seen that, by (5.7):

F(x) = eli)n;OTrﬁf(x), xeR, meM.

Next, we show that:

|7 (\k/xk e yk) S IR AT

< aﬁlL(xk, yk,xz, .. .,xn)
(5.10)
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forevery x,y € Ry, x2,...,x, € X, £ € Ny, and m € M.

Clearly, if £ = 0, then (5.10) is simply (5.3). Therefore, fix £ € Ny and suppose that
(5.10) holds for n and every x, y € Rg and x3, ..., u, € X. Then, forevery x, y € Rg
and xo,...,u, € X :

|70t (o) = T - T o

T f (ot + D0k 4 90) = T (mifat o 3%) = T (VonF + 1) + T o)
=~ Taf (Yot + 09) + T p |

T2 7 (Yt + Dk +39) = T (Vs 4 D)

T (Yot w0 )xa T () = T )

ol

< max {a,lnL((l +mk)xk,(1+mk)yk,x2 ..... x,,),a

§max{

’

#

—TEf(my), x2, ..., X

<l LR VK ).

Thus, by induction, we have shown that (5.10) holds forall x, y € Rg, x2, ..., x, € X
and for all £ € Ny. Letting £ — oo in (5.10), we obtain that:

Fon (i/xk +yk> = Fu() + Fu(y), x.y€Ry, me M.  (5.11)

Therefor, we have proved that for each m € M, there exists a function F,, : R — X
satisfying (1.2) for x, y € Ry, such that:

L
”f(x)_Fm(x),xZ:‘-"xn”*ﬁ S sup Amgm(xsx27-~-,xn)=8m(x,x27~-'sxn)
’ £eNp

(5.12)

forall x € Rg, x2,...,x, € X,and m € M.

Now, we show that F,, = F; for all m,l € M. Therefore, fix m,l € M. Note
that F; satisfies (5.11) with m replaced by /. Hence, taking y = mx in (5.11), we get
TnF; = Fjfor j =m,[ and:

||Fm('x) - Fl(-x)a-x27 ceesXn ”*1ﬂ S max{gm(x,xb et 7-xn)7 Sl(-x7 X2,y e »xn)}

for all x € Rp and x3, ..., x, € X. Whence, by (5.9):
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||Fm(x) — Fi(x),x2,...,xp ||*/3 = ||’];£Fm(x) —TrﬁFl(x),xz,...,xn ”*/3

< max {Aﬁiem(x,xz, . Xn), Afnal(x,xz, .. .,x,,)}
< afn max {em(x, X2y oy Xn), E1(X, X0, ..., xn)}
for all x € Rg, x2,...,x, € X and £ € Ny. Letting £ — oo, we get F,, = F; =: F.

Thus, in view of (5.12), we have proved that:

Hf(x)—F(x),xz,...,an*ﬂ§5m(x,x2,...,xn), xeRy, x2,...,xp,€ X, me M.

Since, in view of (5.11), it is easy to notice that F is a solution to (1.2) and, by
Theorem 3.1, the function F : R — X has the form F(x) = T(xk) with some
additive function 7. Therefore, we derive (5.4).

It remains to prove the statement concerning the uniqueness of F. Therefore, let
G : R — X be also a solution of (1.2) and:

“f('x)_G('x)v-xZa"'a-xn”*’ﬁS¢L('xv-x27""-xn)7 XGR()’ x2,--~axn€X~
Then:
HF(x)_G(x)’x27"'5~xn”*yﬁ§¢L(xax25"'axn)’ XGR07 x2,~~7xn€X-

Further 7,,G = G for each m € N. Consequently, with a fixed m € M:

|Fx) = G@),xa oo xa, 4 = |TEF () = TG (x) x|,
N B

< ApdL(x,x2, .. xn)

= A,anm(X, X2, .y Xp)

< abem(x, x2, ..., xp)
forall x € Rg, x2,...,x, € X and £ € Ny. Letting £ — oo, we get F = G. This also
confirms the uniqueness of 7. The proof of the theorem is complete. O

The following hyperstability result can be deduced from Theorem 5.1. This result
is a generalization of many works referenced in [16—18].

Corollary 5.2 Let X be a non-Archimedean (n, B)-Banach space. Let f : R — X,
c:N—= Ryand L : Ry x Ry x X"~! — R be functions and the conditions (5.1),
(5.2), and (5.3) be valid. Assume that:

inf L(x*, m*x* x0, .0 x,) =0 (5.13)
meM

forall x € Roand xa, ..., x, € X, where k € N is fixed. Then, f satisfies (1.2) for
allx,y € R.

@ Springer



Bulletin of the Iranian Mathematical Society (2021) 47:487-504 499

Proof In view of (5.13), ¢r(x,x2, -+ ,x,) = 0 foreach x € Ry, x2,...,x, € X,
where ¢ is defined by (5.5). Hence, from Theorems 3.1 and 5.1, we easily derive that
f is a solution of (1.2) for all x, y € R. O

Corollary 5.3 Let X be a non-Archimedean (n, B)-Banach space. Let ¢ : N — R,
and L : Ry x Ry x X" ! — R4 be functions and the conditions (5.1), (5.2) and
(5.13) be valid. Let f : R — X and F : R* — X be two functions, such that:

Hf (k/xk +yk) —fX) = fO)=F(x,¥),x2,..., % y

x,y €Rpy, x2,...,x, € X,

< L(xk, yk, X2 .. .,x,,),

where k € N is fixed. Assume that the functional equation:

h (,k/xk+y’<) =h(x)+h(y)+F(x,y), x,veRy (5.14)

admits a solution fy : R — X for x,y € Ry, with F(0,0) = — fo(0). Then, f isa
solution of (5.14) forall x,y € R.

Proof Let g(x) := f(x) — fo(x) for x € R. Then:

*, B
=|r (\k/xk + yk) ~ /o (f/x’f + yk) — @)+ fol@) = £

_F(x,)’)‘f'fO(Y)"‘F(xvy)v)Q ssss Xn

*7ﬂ
< max { Hf (f/xk + y’f) —f) = fO) = F@,y), %2, x|
*’ﬁ
Hfo (\k/xk + y") — fox) = foy) = F(x,9), %2, ..., xn , }
= Hf(\k/xk—‘ryk) _f(x)_f(Y)_F(X,y)vxLuwxn
*p
<L(xk yk X2y, xn) X2, e, xpn€X, x,yeRy

It follows from Corollary 5.2 that g satisfies the functional equation (1.2) for all
x,y € R. Therefore:

; (m) — F@) = fO) = Flx,y) =g (W) —g(x)—g()
+ fo <m> = Jo(x) — fo(y) — F(x,y) =0
forall x, y € R. -
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6 Some Consequences

According to Theorem 5.1 and Corollaries 5.2, 5.3, we derive three natural examples
of functions L and c satisfying the conditions (5.1) and (5.2). Namely, for:

() Lx,y,x2,...,x,) = glx[P|y|?lz, x2, ..., Xulls. 5
(i) L(x,y,x2, ..., x0) == e(Ix|P|y[? + [x|PFT7 + |y|PT9) ]Iz, x2, . .., xplla 5
(ili) L(x,y,x2, ..., x0) := &(or]x[" + o2l y|2) " [z, x2, ... Xnllup
for all x,y € Rg, x2,...,x, € X, and for some arbitrary element z € X and

&, p,q,si,w €R,suchthate >0, p+¢g <0, o; > 0and ws; <Ofori =1, 2.

Corollary 6.1 Let X be a non-Archimedean (n, B)-Banach space and ¢, p,q € R,
withe > 0 and p + q < 0. Suppose that f : R — X satisfies the inequality:

Hf<m) — ) = f),x2,..., X

forall x,y € Ry and xa, ..., x, € X and for some arbitrary element z € X, with
k € N is fixed. Then, the following two statements are valid.

<elxPIyl?llz, x2, ..., Xnll«,p
* B

(a) Ifq > 0, then there exists a unique additive functionT : R — X forallx, y € R,
such that:

k
R e R I R A
*

xe€Rg, x2,...,x, € X.

(b) If g <O, then f satisfies (1.2) forall x,y € R.

Proof Let L(x*, %, x5, ..., x,) := elx|P|y|9llz, X2, . .., Xpllx g and c(t) = tPFTD/K
in Theorem 5.1 for all x, y € Rg and x3, ..., x, € X and for some arbitrary element
z € X,wheret € Nand p,q,e € R, suchthat e > 0 and p + g < 0, then we get
that the condition (5.2) is valid. Obviously, (5.13) holds if ¢ < 0, but if ¢ > 0, then
inf,, c A L(xk, mhxk xy, ..., xn) = L(xk, xk xp, ... ,x,,). On the other hand, there
exists mqo € N, such that:

max{c(m®), cm* + D} =mPT <1, m > mo.

Therefore, we obtain (5.1), as well. Then, by Theorem 5.1 and Corollary 5.2, we get
the desired results. O

Corollary 6.2 Let X be a non-Archimedean (n, B)-Banach space and ¢, p,q € R,
suchthate > 0, p+q <0andg < 0. Let f : R — X and F : R*> — X be two
functions, such that:

Hf(m>_f(x)_f(y)_F(x7y),x2,4..,xn

<elx?Iyltlz, x2, . Xallsp
*
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forall x,y € Rog and x2, ...,x, € X and for some arbitrary element z € X, with
k € N is fixed. Assume that the functional equation:

g<\k/xk+yk) =g(x)+g(y)+ F(x,y), x,y€eRy (6.1)

admits a solution go : R — X for x,y € Ro with F(0,0) = —go(0). Then, f isa
solution of (6.1) forall x,y € R.

Corollary 6.3 Let X be a non-Archimedean (n, B)-Banach space and €, p,q € R,
such that ¢ > 0 and p + q < 0. Suppose that f : R — X satisfies the inequality:

< e(IxIPIy + 1x1PT9 + 1y1PT9) |z x2, .. Xnllup
*,

forall x,y € Rog and x2, ...,x, € X and for some arbitrary element z € X, with
k € N is fixed. Then, the following two statements are valid.

(a) Ifg > O, then there exists a unique additive functionT : R — X forallx,y € R,
such that:

[r@ =T x| <36l Nz xalg. ¥ € B0 xa € X,
*

(b) Ifq = 0, then there exists a unique additive function T : R — X forallx,y € R,
such that:

|1 =765, o Sl x € R0, xpxn € X,

(c) Ifg < O, then there exists a unique additive functionT : R — X forallx,y € R,

such that:
Hf(x)—T(xk),xz ..... Xn B <elx|Pt)z,x, ..., Xnlle,g. X €Ro, x2,..., xn € X.
Proof Let L(x*, y*, xa, ..., x,) := e(Ix|P|y]7 +|x|PT9 + |y[PT9)|z, x2, ..., Xpllep
and ¢(¢t) = tPTD/k in Theorem 5.1 for all x, y € Rp and x2,...,x, € X and for

some arbitrary element z € X, where r € N and ¢, p, g € R, such that ¢ > 0 and
p + q < 0, then we get that the condition (5.2) is valid. Obviously:

inf L(xk,mkxk,xz,...,xn) = ¢|x|PTY||z, x2, oo Xl if g <0,
me
inf L(xk,mkxk,xz,...,xn) = 2¢|x|PTY||z, x2, v Xpllp if g =0
me
and
inf L(xk,mkxk,xQ, ...,x,,) = 3£|x|p+q||z,xz,...,xn||*,,3 if g >0.
me
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On the other hand, there exists mg € N, such that:
max{c(m®), cm* + D} =mPT <1, m > mo.

Therefore, we obtain (5.1), as well. Then, by Theorem 5.1, we get the desired results.
O

Corollary 6.4 Let X be a non-Archimedean (n, 8)-Banach space and ¢, s;, w, o; € R,
such that ¢ > 0, a; > 0 and ws; < 0fori = 1,2. Suppose that f : R — X satisfies
the inequality:

Hf (m) - f(x) — f(y)’xZ’ . Xn

forall x,y € Ry and xa, ...,x, € X and for some arbitrary element z € X, with
k € N is fixed. Then, the following two statements are valid.

w
<e(arlxlt +a2ly2) Nz, x2, .., xnlls p
* B

(@) If w > 0, then there exists a unique additive function T : R — X for all
x,y € R, such that:

[F@ = TeH x| < a1zl

(b) If w < 0, then there exists a unique additive function T : R — X for all
x,y € R, such that:

k
[ £ = TCh < e o) e 52l

forallx € Ry, andall x>, ..., x, € X and for some arbitrary element z € X, where:

max{sy, s2} ifw > 0;
s = . .
min{sy, s2} ifw < O.
Proof Let L(xk, v xa, . xn) = s(oqlxls1 + otzlylsz)wllz, X2, ..., Xll«,p and
c(t) = 50w/k in Theorem 5.1 for all x, y € Rp and x3,...,x, € X and for some

arbitrary element z € X, where t € Nand ¢, ¢4, s;, w € R, such that ws; < 0, o; >
and ¢ > 0 fori € {0, 1, 2}, with:

max{si, so} ifw > 0;
50 1=
min{sy, s} ifw <O.

Then, we get that the condition (5.2) is valid. Obviously:

Xk
Xk

inf,, e A L( ,mkxk,xz, .. .,xn) =o' |x|""Wlz, x2, ..., xnlle, g if w > 0;

inf,, c A4 L( ,mkxk,xz,...,xn) =e(ar +a)” x|z, x2, ..., Xulls, g ifw <O.
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On the other hand, there exists my € N, such that:

max{c(m®), cm® + D)} = m™° < 1, m > my.

Therefore, we obtain (5.1), as well. Then, by Theorem 5.1, we get the desired results.

O
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