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Abstract

A new definition of connectedness of an object in a category with respect to a closure
operator is given. It is shown that many of the classical results about connectedness of
topological spaces, under mild conditions, hold in an arbitrary category. In particular
it is shown that the image of a connected object is connected; that the union and the
product of connected objects are connected. Several illustrative examples are provided.
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1 Introduction and Preliminaries

Closure operators and connectedness of objects in a category with respect to a closure
operator have been investigated by several authors, [2-8,12,13], among others.

In the current paper, we give yet another definition of connectedness of an object
in a category with respect to a closure operator.

In [13], the definition of connectedness is based on the idea that a topological space
is connected if there is no nontrivial closed subset A of X, such that X\ A is closed
too.

The definition given in this paper is based on the idea that a topological space is
connected if there are no two non-empty closed subsets A and B of X, such that
ANB=¢@and X = AU B (or equivalently X\ (A U B) = ).
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It turns out that in a category, the connectedness (given in this paper) is generally
stronger than that given in [13], and that under certain conditions the two coincide.

In [13], the category is assumed to be finitely complete and the class M of monomor-
phisms, on which the closure operator is defined, is assumed to be the right part of a
proper and stable factorization structure; while in this paper, there is no assumption
on the category and the class M is not as restricted.

We give several classical results about connectedness under mild hypotheses. In
particular in Sect. 2, we give the definition of connectedness of an object in a category,
providing several examples; in Sect. 3, we prove that the image of a connected object
under a morphism is connected; in Sect. 4, we define two kind of unions (joins) and
we prove that the union of mutually disjoint connected objects is connected; and in
Sect. 5, we show that the product of two connected objects is connected.

Under conditions that the connectedness here and the one given in [13] coincide,
the results not provided in [13], such as connectedness of union and connectedness of
product of objects, can be deduced.

To this end, in the rest of this section, we establish some notation and give some
preliminaries needed in the subsequent sections.

For a class M of morphisms, we denote by M /X the class of isomorphism classes
of monomorphisms in M with codomain X.

Denoting by a A b the diagonal of the pullback of a along b and calling it meet of
a and b, we have:

Definition 1.1 A class M of monomorphisms in a category C is called a domain, if:

(1) it contains all the identities;
(2) itis stable under pullbacks, i.e., forallm € M/X and f:Y ——= X inC, the

pullback f~'(m) of m along f exists and is in M/Y;
(3) forall X € C, M/X is closed under binary meets;
(4) for all X € C, M/X has a minimum (also called zero).

A class M that satisfies only (1)—(3) is called a weak domain; and a domain that is
closed under composition is called a strong domain.

We remark that conditions 1 and 2 yield that M contains all the isomorphisms and is

closed under composition with isomorphisms, on both sides and that the meet induces

a preorder, denoted by <, on M /X which is up to isomorphism a partial order.
Denoting the minimum of M/X by ox : Ox —> X, we have:

Lemma 1.2 Let M be a strong domain.

(a) Suppose that in the commutative triangle:
A—1 ¢
B

i, j,andm arein M. Then, i = oc ifand only if j = op. In this case, Ogp = Oc¢.
(b) Forall C € C, 0o, = 10.
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Proof (a) Suppose i = oc. Given k € M/B, we have mk € M/C. Therefore,
i < mk, implying mj < mk. Therefore, j < k. Hence, j = 0p.

Now, suppose that j = op. Givenk € M/C, we have m~! (k) € M/B. Therefore,
j < m~Y(k), implying that mj < mm~'(k). Therefore, i = mj < mm~'(k) =
kk=Ym) < k.

(b) Given C € C,let B = Oc and m = oc : B——= C . By part (a), we have
mop = oc. Therefore, mop = m, implying that op = 1p, as required. O

For a, b € M /X, defining the joint negation —{a, b} to be the largest element of
M /X whose meet with both a and b is ox and the negation —a to be the largest
element of M /X whose meet with a is oy, we have:

Lemma 1.3 Let M be a strong domain in C and a,b € M/X. Then:

(@) forall f €C, f~Yanb)= f~la) A f~10).
(d) forallm : M — X in M, m™'(ox) = op.
(c) forallm € M, m_l(ﬁ{a, b}) = —-{m_l(a), m_l(b)}.

Proof All parts can be proved by straightforward computations. Parts (») and (c) use
Lemma 1.2. That M be a strong domain is needed only in (¢). O

2 Connectedness

Recall that, [8]:

Definition 2.1 Let M be a weak domain in C. A closure operator ¢, on C, relative to
Mis afamily ¢ = (cx)xec of maps cx : M/X — M/X, such that for every X € C:

(1) (Extension) m < cx(m) forallm € M/X;
(2) (Monotonicity) if m < m’ in M /X, then cx (m) < cx(m');
(3) (Continuity) cx(f~'(n)) < f~(cy(n)) forall f:X ——=7Y andn € M/Y.

A morphism m € M /X is called c-closed if cx (m) = m and c-dense if cx (m) = 1.
Note that for any morphism f: X ——=7Y ,if n € M/Y is c-closed, then so is

f~Y(n) € M/X; and that the conditions on M are weaker than those in [8], where
M is assumed to be part of a factorization structure.

Definition 2.2 (a) Let M be a domaininC anda, b € M/X. b is said to be a quasi-
complement of a if a A b = ox and —{a, b} = ox. In this case, we also say that
a and b are quasi-complements.

(b) With a closure operator ¢ on C relative to M, we say that a and b are c-closed
quasi-complements, if they are c-closed and quasi-complements.

Remark 2.3 The pseudo-complement —a of a (if it exists), see [13], is a quasi-
complement of a.

Definition 2.4 Let M be a domain in C and ¢ be a closure operator on C relative to M.
An object X of C is said to be c-connected if whenever a and b in M /X are c-closed
quasi-complements, then @ = oy or b = oy.
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Remark 2.5 If an object X is connected, then the only closed quasi-complement of
a non-zero closed subobject of X must be oy. Therefore, by Remark 2.3, the closed
pseudo-complement of a non-zero closed subobject of X (if it exists) is ox . Therefore,
X is connected in the sense of [13]. The converse holds whenever for all non-zero
closed subobjects a of X, if a non-zero closed quasi-complement of a exists, then the
pseudo-complement of a exists and is closed.

Therefore, if the category C satisfies the conditions of [13], and the above condition
holds, then the connectedness here and the one given in [13] coincide.

Example 2.6 Let C be the category T op of topological spaces.

(1) Let M be the collection of initial monos and ¢ be the Kuratowski closure operator.
Then, a topological space is c-connected if and only if it is connected in the
classical sense.

(2) Let M be the collection of all monos. For each X € C and a in M/X, define

cx (a) to be the inclusion I, & X with induced topology, where 1, is the

image of A under a and I, is the Kuratowski closure of /,. One can verify that
¢ = {cx(a) : X € C,a € M/X} is a closure operator on C relative to M.
Since a € M/X is c-closed if and only if it is initial and closed with respect
to Kuratowsky closure operator, the c-connectedness coincides with the classical
one.

Recalling that a preradical r in the category R-mod of R-modules is a subfunctor
of the identity functor of R-mod, any preradical r gives a closure operator ¢" of R-
mod, such that fora mono m: B——= A, ,(B) = 7 (r(A/I,)), where I, is
the image and 7 is the cokernel of m, [8].

Example 2.7 Let C be the category Ab of abelian groups and M be the collection of
all monos.

(1) For the preradical ¢ defined by the torsion subgroup,
t(A)={a€A:(In e Z)n > 0and na =0}
the corresponding closure operator ¢!, for m € M/A is given by:
c(m)={aeA:(3neZn>0andna € I,)}.

(a) Any abelian group A for which #(A) # 0 is ¢’-connected because for any
c'-closed m and n in M/A, m A n # 0. Therefore, by Remark 2.5, it is
connected in the sense of [13]. While for A = Z, & Z, for which t(A) # 0,
it is not connected in the sense of [7].

(b) The free abelian group Z of integers is ¢’ -connected, because every non-zero
m € M/Z is c'-dense. Therefore, it is connected in the sense of [13]. It can
be verified that it is not in the sense of [7].

(c) The group A = Z @ Z, where @& denotes the direct sum, is ¢’-connected,
because if b and ¢ are any two non-zero ¢’-closed members of M /A, such
that b A ¢ = 0, then for some integers m,n,r,s € Z, I, = ((m,n)) and
I. = ((r,s)),and so for d: (m+r,n+s5)~——=A,wehaved A b =
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d A ¢ =0, implying that ({b, c} = 04) # 04 if it exists.

Connectedness in the sense of [13] follows. It can be shown that it is not
connected in the sense of [7].

(2) For the preradical f defined by the Frattini subgroup:

f(A) =N{M : M is a maximal (proper) subgroup of A}

the corresponding closure operator ¢/, for m € M/ A is given by:

(a)

(b)

()

cf; (m) = N{M : M is a maximal subgroup of A containing I,, }.

ZLpis ¢/ -connected, because it does not have any nontrivial subgroup. There-
fore, it is connectedness in the sense [13]. Simple verification shows that it is
not in the sense of [7].

Consider the abelian group A = Z, ® Zg. Since (Z, ® Z4) [ (Z), ©0) = Zg,
f(Z,®Zy)/(Z),®0)) = f(Zy) =0, implying that a : Z, ®0—— A
is ¢/ -closed. Similarly, b : 0@ Zj, C A isc/-closed. Since A is cyclic,
the only nontrivial subgroups of A are Z, @ 0 and 0 @ Z,. Therefore, if for
me M/A,mAa =0and m Ab = 0, then m = 0. This shows (a, b) is
a ¢/ -closed partition of A. Therefore, A is not ¢/ -connected in the sense of
[13], and therefore not ¢/ -connected. It can be shown that it is not connected
in the sense of [7].

Let A = Zpn and n > 2. The subgroups of Z,n are (pi) fori =0, ..., n.
Since an/(pi) = Z,i, we have f(Zp»z/(pi)) = f(Zy). If i = 2, then
f(Z pi) F 0. Therefore, the only ¢/ closed subgroup of Z,n is (p). Thus,
Lipn is ¢/ -connected. Therefore, it is ¢/ -connected in the sense of [13]. It is
not connected in the sense of [7].

The following example shows connectedness and connectedness in the sense of
[13] are not the same, due to non-existence of pseudo-complements.

Example 2.8 Let C be the category generated by the following preordered set:

N

Ay A Aj
a as
0] X
by b3
by
By B> Bj

V]

M be the collection of all morphisms and consider the identity closure operator ¢ on
C, relative to M.
One can verify thata, Ab,, = ox and —{a,, b,,} = ox.Since a,, and b, are c-closed
and non-zero, X is not c-connected. However. for all n, A,, and B,, are c-connected.
Since neither a, nor b, has a pseudo-complement, there is no c-closed partition of
X. Thus. X is c-connected in the sense of [13]. One can verify that it is c-connected
in the sense of [7].
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In the following example, connectedness and connectedness in the sense of [13]
are not the same, this time due to non-closedness of pseudo-complement.

Example 2.9 Let C be the category generated by the following preordered set:
A _b, B
a e
8
0 X
h
¢ f
C——=D
d

where the two triangles commute.

With M the collection of all morphisms, we define the closure operator ¢ as follows:

InC/0,C/A,C/B,C/C, and C/D, all morphisms are c-closed, while in C/X, e
and f are c-dense and the rest are c-closed.

The only c-closed subobjects of X are oy, g, h and 1x. One can easily verify
that g A h = ox and —{g, h} = oy, so that g and / are non-zero c-closed quasi-
complements. Hence, X is not c-connected. However, =g = f and —h = e. Therefore,
in the sense of [13], X is ¢-connected.

3 Image of a Connected Object is Connected

In this section, we introduce the notion of fine epi and use it to show that the image of
a connected object under a fine epi is connected.

Definition 3.1 Let M be a domain in C. A morphism f : X ——=Y is said to be
M-fine epi, if forany i : I — Y in M, f~1(i) = oy implies i = oy.

When the domain M is the collection of all the monos whose pullback along every
morphism exist, then M-fine epi is also called fine epi.

Example 3.2 Let M be adomainand f : X ——=Y be a morphism in C.
(1) If f~Y(oy) # oy, then f is M-fine epi.

This follows from the fact that fori € M/Y, f~'(oy) < f~1().
(2) If f is aretraction, then it is M-fine epi.

Let i : B———=Y in M/Y be given, such that the following square is a pullback.

—1
i— () B
li
Y

Ox ——>

! (i)=0xl
X

[

7
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Since i’l(f) is a retraction, there is s : B —— Oy , such that i’l(f)s =1p.

Toshowi = oy,let a : A——=Y begivenin M/Y.Since oy < f‘l(a),there
is h, such that ox = f~'(a)h. We have aa~'(f)hs = ff ' (a)hs = foxs =
ii~'(f)s = i, implying that i < a, as desired.

(3) Suppose that all morphisms in C with domain Oy are mono. If f is stable regular
epi, then f is M-fine epi.

With i as in part 2, i~ (f) is regular epi. Since it is by hypothesis mono, it is an
isomorphism. An argument similar to part 2 shows thati = oy.

(4) Suppose that C is balanced and all morphisms in C with domain Ox are mono. If
f is stable epi, then f is M-fine epi.

(5) With C the following poset, O — A is epi but not M-fine epi, while A — B is
both epi and M-fine epi.

O—A——>B.

Extending the concept of essential module, [9], to essential homomorphism, by
calling an R-module homomorphism f : X —— Y essential if Y is an essential
extension of f(X), which is equivalent to, for all y € Y, f(X) N Ry = 0 yields
y = 0, we have:

Example 3.3 In the category Rmod of R-modules, with R a commutative ring with
identity, a morphism f : X ——=Y is fine epi, if and only if it is not mono or it is
essential mono. In particular, every essential, hence epi, is fine epi.

Suppose that f : X —— Y is fine epi and mono. Let y € Y, such that f(X) N
Ry = 0. Since f is mono, we get f~'(Ry) = 0. Since f is fine epi, Ry = 0 and so
y = 0. Hence, f is essential mono.

Conversely if f is not mono, then f~!(0) # 0. Therefore, by part (1) of Exam-
ple 3.2, f is fine epi and if it is essential mono, then let i : B —— Y be mono, such
that f~1(i) = 0.Forb € B,sety = i(b).Since f "1 (Ry) = 0,weget f(X)NRy = 0.
Therefore, y = 0 and thus, » = 0. Hence, B = 0 as desired.

Example 3.4 In the category Set of sets, a morphism is fine epi if and only if it is epi.

Suppose fisfineepi.Let i : ¥ — f(X) — Y betheinclusion. Then, f~1(i) =
#. Thus, Y — f(X) =@, and so, Y = f(X). Hence, f is epi. The converse is true by
part 4 of Example 3.2.

Example 3.5 Let (C, | |) be a concrete category over X, [1], M¢ be a domain in C and
M be a domain in X'. Suppose that | | takes M elements to M elements, preserves
pullbacks, and preserves and reflects zeros. If | f| is M-fine epi, then f is M-fine
epi. If in addition structured M elements lift to M elements, then the converse is
true.

In particular, in the construct T op of topological spaces, a morphism is fine epi if
and only if it is surjective.

Let i: B—=7Y be in Mc/Y, such that f~'(i) = ox. Since | | preserves
pullbacks and zeros, | f|~'(]i])) = 01x|- Now, | f] is M-fine epi, so |i| = ojy|. Since
| | reflects zeros, we geti = oy.
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For the converse, let i’ : B' —= |Y| be in M/|Y|, such that | f|~'(i") = o)x|.

Let i : B——Y be alift in Mg, of i’. By preservation of pullbacks, we have
lf~1@)| = |fI7'(") = ox), and so, f (i) = ox. Since f is Mc-fine epi, i = oy.
Therefore, i’ = |i| = o}y).

Definition 3.6 A (weak, strong) domain M in C is said to have images, if for all
f:X——=7Y  themap f~'(): M/Y ——= M/X has aleft adjoint f().

Example 3.7 Let M be a strong domain with images. If f : X — Y is a morphism,
such that for any i : B — Y in M/Y for which f=1(i) = ox, (i ' (f))(10oy) = 15,
then f is M-fine epi.

Let the morphism i : B ——=Y in M/Y be such that f~!(i) = ox. The map
i~ O : M/Ox —— M/B being a left adjoint, preserves zeros and by part (2)
of Lemma 1.2, 00, = lo,. Therefore, op = i ~'(f)(00y) = i "' (f)(1oy) = 15.
Thus, by part 1 of Lemma 1.2, 0y =iop =ilp =1i.

Recalling that a collection M of morphisms is called a quasi-right factorization
structure in C, [11], if, for every f € C, there is a smallest m € M, called a quasi-
right part of f, such that f < m; and that when M is a collection of monos whose
pullbacks along every morphism exits, then a quasi-right factorization structure is a
right factorization structure, we have:

Proposition 3.8 A weak domain M is a (quasi) right factorization structure in C if
and only if it is a weak domain with images.

Proof The proof for quasi-right factorization structure follows from the fact that for
each f € Candi € M, such that fi is defined, a quasi-right part of fi corresponds
to f(i), [11]. Since, when M consists of monos, as is the case here, quasi-right
factorization structures are right factorization structures, the result follows. O

Example 3.9 Let the domain M be a quasi-right factorization structure in C that is
closed under composition. If f : X — Y isamorphism, such thatforanyi : B — Yin
MY for which f~1(i) = ox, aquasi,right part of i ~! () is 1 3, then by Example 3.7,
f is M-fine epi.

Also M is a right factorization structure, and since it is closed under composition,
by [8], there is a collection &, such that (£, M) is a factorization structure. Therefore,
if f : X — Y is a morphism, such that for any i : B — Y in M/Y for which
f~1() = ox, the map i~!(f) is in &, then f is M-fine epi. In particular, if £ is
pullback stable, then every £-morphism is M-fine epi.

Saying a morphism f reflects (closed) quasi-complements, if whenever a and b are
(closed) quasi-complements, then so are f ~1(a) and f ~L(b), we have:

Theorem 3.10 Let M be a domain in C and ¢ be a closure operator on C relative to M.
Suppose that f : X ——Y is M-fine epi and f reflects closed quasi-complements.
If X is c-connected, then so is Y.
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Proof Leta and b in M/Y be closed quasi-complements. Since X is c-connected and
f’l(a) and f’l(b) are c-closed, f’l(a) = ox or f’l(b) = ox. f being a fine epi,
yields a = oy or b = oy. Therefore, Y is c-connected. O

Example 3.11 Since in the category T op and in every Topos, [10], implications and
zeros are stable under pullbacks, every morphism reflects quasi-complements. There-
fore, by Theorem 3.10, every fine epi preserves connectedness.

4 Union of Connected Objects is Connected

In this section, we first define two different joins (unions), and then, we show that the
union of connected objects is connected in both cases, each under certain conditions.

Definition 4.1 Let M be a domain in C. For i and j in M/X, define i < j if for any
ke M/X, kAN j=oximpliesk Ai = ox. We write i ~ j, wheneveri < j and
J =i

Lemma4.2 (M/X, <) is a preordered class.
Proof Obvious. O

Definition 4.3 Let M be a domain in C and {ay : @ € I} € M/X.a € M/X is
called:

(a) ajoin of {ay}, denoted by Va,, if it is a join relative to the preorder <.
(b) a prime join of {ay}, denoted by Vaq, if for any b € M/X, b A a = oy if and
onlyifforalle € I,b A ay = 0y.

Proposition 4.4 Let M be a domain in C and {ay : @ € 1} € M/X.

(a) Both join and prime join, if they exist, are unique up to ~.
(b) Foranyb e M/X, b A ‘ffaa ~ \'?(b A dgy).
(c) If vay exists and commutes with meet, then Vay is a prime join.

Proof Follows from straightforward computations. O

Example 4.5 Let C be the category T op of topological spaces.

(1) Let M bethe collection of all monos. for a : A= X inM/X,letl, = a(A)
be the set image of A under a. One can easily verify that:

(@) a A b is the inclusion I, N [,~—— X , where for i = a~'(b) and j =
b~!(a), the topology of I, N1} is generated by the subbase {i “1(G), j~'(H) :
G openin A and H open in B}.

(b) a < bifandonlyif I, C I, and that the inclusion I, = I}, iscontinuous,
where I, and I, have topologies induced by the isomorphisms /, = A and
I, = B, respectively.

(c) a <bifandonlyif I, C Ip.
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(d) The negations of a and {a, b} in M/X are respectively the inclusions
—a:X—-1,“—= X and —{a,b}: X — (I, U I;) —— X withinduced

topologies.

(e) Vag is the inclusion Ul,,“— X , with the coinduced topology from all
I4,.

(f) Yay is the inclusion Ul,,“—— X , with any topology containing the
induced topology.

(2) Let M be the collection of all initial monos, i.e., monos with induced topology.

(a) a A bisthe inclusion I, N I,——= X , with induced topology.

(b) a < bifandonlyif I, C Ip.Inthis case, the inclusion I, = I}, isinitial,
where 1, and I; have topologies induced by the isomorphisms I, = A and
I, = B, respectively.

(c) a<bifandonlyif I, C Ip,i.e.,a < bifand only ifa < b.

(d) The negations of a and {a, b} in M/X are, respectively, the inclusions
—-a:X—1,“~—— Xand —{a, b} : X — (I, U I) —— X with induced
topologies.

(e) va, = Yay, is Ul,, = X , with induced topology.

Example 4.6 Let C be the category Rmod of R-modules over a commutative ring R
with identity and M be the collection of all monos. for a : A X in M/X, let
1, = a(A) be the set image of A under a. One can easily verify that:

(1) anbis I, N I,“——= X , with submodule structure.

(2) a < bif and only if I, C I, and that the inclusion I, &= I, is a module
homomorphism, where I, and I; have module structures induced by the isomor-
phisms I, = A and I, = B, respectively.

(3) a < bifand only if I, N I[,“—— I, is essential.

(4) The negations, —a and —{a, b}, do not exist in general.

(5) Vayg is the inclusion X1,,“— X with submodule structure, where for each
a, I4, has the module structure induced by the isomorphism /,, = Ag.

(6) The existence of %aa, in general, is not known.

Example 4.7 Let C be the category generated by the following preordered set:

Ay A A3
ay as
a
(0] X
by b3

by

By B> B3
which has pullbacks. Let M be the collection of all morphisms, A = {a; : i € N} C
M/X and@ # A C A.

Every a; is a prime join of A’. If A’ is finite, then the join of A’ is the @; € A’
with maximum index, which is a stable join as well; and if A’ is infinite, then the join

/AN
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of A" is 1x, which is not a stable join. Since for any b;, \/,,. c 4/(a; A bj) = O, but
(Vgen @) Abj=1x Abj = bj, we conclude that 1 x is not a prime join of A",

For any a; and b, a; v b; = 1x, which is not stable because (a; V b;) A aj1 =
Ix ANajy1 = ajy1,but (a; Aajy1) VvV (bj Aajy1) = a; V 0 = g;. One can verify that
1x is also a prime join of a; and b

Example 4.8 Let C be the category generated by the preordered set:

/\
\/

which has pullbacks. Let M be the collection of all morphisms. One can easily verify
that in M /X, 1x is the join of b and c, and that ca’, b and ¢ are prime joins of b and c.

Example 4.9 Let C be the category generated by the preordered set:

which has pullbacks. Let M be the collection of all morphisms. Denoting the maps
from A to D; by a;, etc, and the maps from D; to D; by d;, consider a; and b; in
M/ Dy. Neither a join nor a prime join of a; and b; exists.

Lemma4.10 Let M be a strong domain in C. Then, everym : M — X in M/X
reflects quasi-complements.

Proof Let a,b € M/X be quasi-complements. Using Lemma 1.3, we have
m~a) Am~Y(b) = m™Ya Ab) = mV(ox) = oy, and =~{m Y (a), m~ 1 (b)} =
m’l(—{a,b}) = mYox) = oy. Hence, m—'(a) and m~1(b) are quasi-
complements. O

Theorem 4.11 Let M be a strong domain in C and ¢ be a closure operator on C relative
to M. Suppose that m : M — X in M is c-dense and for any k € M/X, m < k
implies cx (m) < cx (k). If M is c-connected, then so is X.

Proof Leti and j in M /X be closed quasi-complements. Using Lemma 4.10, m ! (i)
and m~!(j) are closed quasi-complements. Since M is c-connected, m (i) = oy
or m_l(j) = oy. In case m~L1(i) = oy, by Lemma 1.2, we getm A i = oyx. Now,
m =< j,because if k A j = ox,thenk Am ANi = ox andk Am A j = ox implies
k A m = ox. Now, by hypothesis, cx(m) < cx(j). Since m is dense and j is closed,
lx < j,implying that j = 1x. Sincei A j = ox, we geti = ox. Similarly, in case
m_l(j) = opm, We get j = ox. Hence, X is c-connected. O
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Calling a collection {a, } € M /X mutually intersecting if forall « and B, a, Aag #
ox, we have:

Theorem 4.12 Let M be a strong domain in C and ¢ be a closure operator on C relative
to M. Suppose that the mutually intersecting collection {ay : Ay — X} € M/X has
ajoina : A — X that commutes with meet. If for every o, A, is c-connected, then so
is A.

Proof Without loss of generality, we assume for all «, a, # ox. Leti and j in
M /A be closed quasi-complements. Since a is a join of {a,}, for each &, a morphism
by : Ay — A exists, such that a, = aby. By the fact that for every «, b, is in

M, Lemma 4.10 implies b (i) and b, 1(j) are closed quasi-complements. Since Ay
is connected, for each «, bgl (i) = o4, or b‘;] (J) =04,

If there is «g, such that b;ol @) # 04y and there is o1, such that b;ll (j) # OAg,s
then by above bgol (j) = o4,, and b;ll (i) = o04,,- By Lemma 1.2, it follows that
(bay A bay) Ni =04 and (byy A byy) A j = 04. Therefore, by, A by, = 04. Thus,
Agy A Ay = a(byy A by) = o0x, which is a contradiction whether «p = o1 or not.
Therefore, either for every o, b, liy=o0 A, or for every a, by, L Jj) =o0a4,-

If for every «, b;l(i) = 04,,then ay A (ai) = (aby) A (ai) = a(by NT) = 0x.
Since a commutes with binary meet, a A (ai) = ox. Therefore, ai = oy, implying
that i = 04. Similarly if for every «, by 1( Jj) = o4, then j = o04. Hence, either
i =040r j =04. O

Example 4.13 Let Top be the category of topological spaces, M be the collection of
initial monos, and ¢ be the Kuratowski closure operator. By Example 2.6 and the fact
that all the requirements of Theorem 4.12 are met, the theorem gives the known classic
result about topological spaces.

Definition 4.14 Let M be a (weak) domain in C. A closure operator ¢ on C relative to
M is said to be strongly continuous if fora : A — X in M /X satisfyinga ~ 1x, we
have acs (i) = cx(ai), for every i € M/A.

Remark 4.15 1If the preorders < and < on M /X coincide, then every closure operator
relative to M is strongly continuous.

Example 4.16 Let C be the category T op of topological spaces.

(1) Let M be the collection of all initial monos, [1]. Then, any closure operator rela-
tive to M, in particular the Kuratowski closure operator, is strongly continuous,
because fora € M/X,a ~ ly ifand only ifa = 1.

(2) Let M be the collection of all monos and ¢ be as in Example 2.6. ¢ is not strongly
continuous, because for a =1y : (X, 77) ——= (X, Tp) , where 71 D Tr,a ~
1(x,77), but it is not necessarily closed.

Example 4.17 Let C be the category Ab of abelian groups.

(1) The closure operator ¢ introduced in Example 2.7 is not strongly continuous,
because for a : {0, 2} < Zg4, a ~ 1gz,, but it is not c'-closed.
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(2) Also the closure operator ¢/ introduced in Example 2.7 is not strongly continuous
because for a : 47 < Z,a ~ 1y, but it is not ¢/ -closed.

Lemma 4.18 Let M be a strong domain in C. Consider the following pullback square:

D B
a_](b)l J/b
A

H‘X
a

b~a)

R

Ifa < b, then

@ a~'(b) ~ 14
(b) Let ¢ be a strongly continuous closure operator on C relative to M. If j € M /B
is c-closed, then so is a= (b 7).

Proof (a) Letk A a~'(b) = 04. We have (ak) Ab = alk Aa~ (b)) = aos = ox.
Since a < b, (ak) A a = ox. Therefore, ak = oy, and thus, by Lemma 1.2,
k = OA.

(b) Let d = b~ !(a). Since J is c-closed, d‘l(j) is c¢-closed. By part (a), we
have a~'(bj) = a”' (B (j) = a"'B)ep@ () = cala B)A'()))
= ca(a—'(b))), as required.

O

Lemma4.19 Let M be a strong domain in C, and let a: A—— X and

b:B——= X bein M/X, suchthata < b. Ifi, j € M/B are quasi-complements,
then so are a= (bi) and a=' (bj).

Proof Using Lemma 1.3, we have a = (bi) Aa='(bj) = a= ' (b(i A j)) =a (o) =
04.Toshow —{a~ 1 (bi), a~ ' (bj)} = 04,letk € M/A,suchthatkra~'(bi) = 04 and
kAa='(bj) = o4.Theformeryields b(b~' (ak)Ai) = ak Abi = a(kna™ ' (bi)) = ox
and so by Lemma 1.2, b~ ak) Ai = op; and the latter gives b~ ak) A Jj =op. We
get b~ (ak) = op. Therefore, ak A b = bb~'(ak) = ox. Since a < b, ak A a = oy,
and since ak < a,ak = ox. Thus, k = 04. |

Note that the above Lemma holds, when the inequality a < b is replaced by the
stronger inequality a < b.

Theorem 4.20 Let M be a strong domain in C and ¢ be a strongly continuous closure
operator on C relative to M. Suppose that the mutually intersecting collection {ay :
Ay — X} € M/X has a prime joina : A — X. If for every a, Ay is ¢-connected,
then so is A.

Proof Without loss of generality, we assume for all «, ay # ox. Leti, j € M/A be
closed quasi-complements. Now supposei # 04 and j # 04.By Lemma 1.2, we have
ai Na =ai #ox andaj Aa = aj # ox. Since a is a prime join, there exist oy and
oy, such thatai Aay, 7 ox and aj Aay, 7# ox. The former yields aaoa(;ol (ai) # ox,
implying that aojol (ai) # 04,, and the latter gives aojll (aj) # 04, -Since ay, < a and

@ Springer



1208 Bulletin of the Iranian Mathematical Society (2020) 46:1195-1210

ag, = a,by Lemma 4.19, a ' (ai) and a, ! (aj) in M /Ay, and a,,' (ai) and a ' (aj)
in M/A,,, are closed quasi-complements.

Since Ay, and Ay, are c-connected, a;ol (ai) # 0Aq, and a;ll(aj) #= 04y, » W€
get ay'(aj) = oa,, and ay'(ai) = 0aq,. We have a(a™"(ag)) A i) = ag, Aai =
g, ag, (ai) = ag,04,, = 0x,implying thata~!(ag,) Ai = 04. Similarly, a = (ag,) A
Jj = o4. So a’](aao Adg) NI = oa and a’](aw0 A dg) N j = 04, and thus,
al (agy N ag,) = 04. Therefore, a A (ag, Aay,) = 0x, implying that aq, Aay, = 0x,
which is a contradiction whether op = o1 or not. Therefore, eitheri = 04 or j = 04,
as desired. O

Remark 4.21 If the preorders < and < on M /X coincide, then Theorems 4.12 and 4.20
coincide.

The following proposition is needed in the next section.

Proposition 4.22 Let M be a strong domain in C and let ¢ be a strongly continuous
closure operator on C relative to M. Fora : A — X and b : B — X in M /X, such
that a ~ b, if A is c-connected, then so is B.

Proof Leti, j € M/B be closed quasi-complements. Since ¢ < b, by Lemma 4.18,
a~'(bi) and a~'(bj) are c-closed and by Lemma 4.19, they are closed quasi-
complements. Since A is c-connected, aY(bi) =04 ora”! (bj) =o04.1f a=l(bi) =
04, then by Lemma 1.2, a A bi = ox. Since b < a, b A bi = ox and since bi < b,
bi = ox. Thus, i = op. Similarly, ifa_l(bj) =04, then j = 0p. O

5 Product of Connected Objects is Connected

In this section, we prove that under certain conditions, the product of connected objects
is connected.

Definition 5.1 Suppose C has a terminal object 7 and M is a weak domain in C. For
morphisms ¢t : 7 —— X and s : T ——Y in M, an (s, f)-copy of X and Y is a
prime join, in M/X x Y,of 1x x sand ¢ x ly.

Definition 5.2 Let C be a category with a strict initial object O. We say that a domain
M in C has a common zero if for each object X, the unique map !y : O — X
belongs to M/X.

Note that when M has a common zero, then for each object X, Ox = O and
!X =0x . 0 — X.

Proposition 5.3 Suppose C has a strict initial object O and a terminal object T # O.
Let M be a strong domain with a common zero in C and ¢ be a strongly continuous
closure operator on C relative to M. Suppose also that there is a non-empty collection
{t: : T — X|i € I} C M, amorphisms : T — Y in M and for eachi € I, an
(s, ti)-copy, wj : W ——=XxY,ofXandY.If w: W ——= X XY isaprime
join of all the w;’s and X and Y are c-connected, then so is W.
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Proof Since X x T = X, by Theorem 3.10, X x T is c-connected. Similarly, 7 x Y
is c-connected. For each i, the pullback square:

tix1r

TxT——XxT

lTXS\L llxxs

TxY——XxY

tixly

shows that (1x x s) A (#; X ly) # oxxy. Therefore, by Theorem 4.20, W; is c-
connected. Now, if w; A w; = oxxy, then since w; = (1x x s) { (tj x 1ly), we
get w; A (1 x §) = oxxy. This in turn implies (1 x s) A (#; X 1) = oxxy, which
is a contradiction. Hence, w;s are mutually intersecting. By Theorem 4.20, W is c-
connected. O

Theorem 5.4 Suppose C has a strict initial object O, a terminal object T # O, and
for any object A # O, there is a morphism T — A in C. Let M be a strong
domain with common zero in C and ¢ be a strongly continuous closure operator on
C relative to M. Suppose also that the collection T = {t; : T — X|i € I} of all
morphisms from T to X is contained in M, there exists a morphisms : T — Y in
M, and that for each i € I, there exists an (s, t;)-copy of X and Y. If X and Y are
c-connected, then sois X x Y.

Proof Foreachi € I,let w; : W; —— X x Y be an (s, t;)-copy of X and Y. We

show ‘?wi =lxxy.Let a: A——= X xY bein M/X x Y, suchthatforalli € I,
aANw; = oxxy.Soforalli,a A (t; X ly) = oxxy. If a # oxxy, then there is

t : T —— A inC. Now, the composition T Lo A2 o Xxxy -2 X isin
7 and so equals, say, ¢;. In the following diagram, all the squares are pullbacks:

—— 0 ——>TxY——T

RN

——A——XxY ——=X
t a b

]

This is a contradiction, because pullback of #; along itself is 17. Therefore,a = oxxy.
Thus, 1xxy is a prime join of w;’s. By Proposition 5.3, X x Y is c-connected. O

Example 5.5 (1) For C the category T op of topological spaces, it can be easily verified
that the collection M of all the monos whose pullbacks along every morphism
exists is a strong domain with common zero. By Examples 4.5 and 4.16, Theo-
rem 5.4 generalizes the classical result.

(2) For C a topos, [10], in which for any object A # O, there is a morphism

T —— A, by Theorem 5.4, product of connected objects is connected.
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