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Abstract

In this paper, we propose a new customized proximal point algorithm for linearly
constrained convex optimization problem, and further extend the proposed method
to separable convex optimization problem. Unlike the existing customized proximal
point algorithms, the proposed algorithms do not involve relaxation step, but still
ensure the convergence. We obtain the particular iteration schemes and the unified
variational inequality perspective. The global convergence and O(1/k)-convergence
rate of the proposed methods are investigated under some mild assumptions. Numer-
ical experiments show that compared to some state-of-the-art methods, the proposed
methods are effective.
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1 Introduction
1.1 Proximal Point Algorithm

Proximal point algorithm (PPA for short) dates back to Moreau [ 1], which was extended
by Rockafellar [2], Bertsekas and Tseng [3], and Kaplan and Tichatschke [4], etc. It was
introduced to optimization community by Martinet [5]. The PPA possesses a robust
convergence for very general problems in finite and infinite-dimensions (Kassay [6]
and Gliier [7]), and is also the basis for the splitting methods (Spingarn [8] and Han [9]).
Consider a convex minimization problem with linear constraints of the form

min{f (x)|Ax = b, x € X}, (1.1)

where X C R” is a bounded closed convex and nonempty set, 6 : X — R is a convex
(not necessarily smooth) function, A € R™*", b € R™. The solution set of (1.1),
denoted by X'*, is assumed to be nonempty.
For solving problem (1.1), the primal-dual hybrid gradient (PDHG) algorithm pro-
posed by Zhu and Chan [10] has the following iterative scheme:
{ka = argmin,ex {0(x) + || (x — XKy — %ATA]‘ “2}

(1.2)
Ak—i—l — )\’k _ %(Axk—i-l —b),

where A € R™ is the Lagrange multiplier vector, r, t > 0 are iteration parameters. Let
w = (x,A),and W := X x R™. Then, by the first optimality condition of iteration
(1.2), for w1 € W we have that

0(x) — 0(*Y) + (w — wk“)T[F(wk“) + P! — wk)] >0, VweW,
(1.3)

where
—ATA rl, AT
Flw) = <Ax —b)’ b= (o,m th, )’
and I, denotes an x n-dimensional identity matrix, Oy, x, isam X n-dimensional null
matrix. However, He [11] showed that the PDHG algorithm could not be necessarily
convergent, and gave a counter example, see Sect. 3 of [11].
He, Fu and Jiang [12] proposed a PPA using a linear proximal term (LPPA). For

solving (1.1), the LPPA (Procedure 4.1 in [12]) first produces a predictor wk = (&K, 1k
via

)Ekzargminxe/y{9()6)—1—%”A(x—xk)—)»k||2}, (1.4)

=2k — (AZk = p).
By the first-order optimality conditions of (1.4), for @ € W, we have
0(x) — 0 + (w — i)k)T[F(ﬁ)k) + Pk — wk)] >0, YweWw, (1.5
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where

4T Ty 4T
F(w) = (AXA_kb>, P = <A_/f ‘;‘m) . (1.6)

To ensure the convergence, the new iterate w ™! = (x*¥*1 A¥+1) of LPPA is generated
by a simple relaxation step
wht = wk — e P — @F),
where p; = 7p; and
(wk — TPy (wk — @k
| Pr(wk — k)|

P = , T €1,2).

He, Yuan and Zhang [13] proposed a customized proximal point algorithm (CPPA)
by using matrix P, instead of matrix P in (1.5), where

I, —AT
P, = Tin .
—A tl,
To guarantee convergence, the matrix P, should be positive definite. As a consequence,

it requires r > p(ATA), where p(ATA) is the spectral radius of matrix AT~A. The
corresponding iterative scheme of CPPA first produces a predictor w* = (i, 1) via

A= ok — Liaxk — by,

- . ~ 2 (1.7)
¢ = argmingcx {0(x) + 5[ (x — x%) = LAT@AF — 25| 7},
and then takes a simple relaxation step
W = wk =y =), (1.8)

where y € (0,2) is a relaxation factor. Various numerical experiments show that
y > 1 provides the fast convergence. For distinction in this paper, the CPPA (1.7)-
(1.8) with y = 1 is called original-CPPA or CPPA for short, while the CPPA with
y > 1 is called relax-CPPA or rCPPA for short.

The augmented Lagrangian method of multipliers (ALM) is another efficient
method for convex optimization, see Hestenes [14] and Powell [15]. Let 8 > O be a
penalty parameter of ALM, the iterative scheme of the ALM to the problem (1.9) is

K = arg min, {g(x) + gHAx —b— %)Lk ||2}
ARFL = 3k — gAxkT! — p).

Rockafellar [16] showed that the ALM is exactly an application of PPA to the dual
problem of (1.1), owning the compact inequality (1.3) where P is replaced by

Onscrs Onxm
P = .
3 <0m><n /ljlm
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However, He, Yuan and Zhang [13] showed that the CPPA is more efficient than
the ALM when the objective function 0(x) is simple in the sense that its resolvent
operator of 6(x), defined by (I + }89)_1, has a close-form representation, where 96
is the subdifferential of 6.

1.2 Proximal Point Algorithm for Separable Problem

Consider a separable convex optimization problem of the form
min{@l(x)—i—eg(y) Ax+By=bx e X,y ey}, (1.9)

where & C R" and Y C R"2 are bounded closed and convex nonempty sets, 0] :
X — Rand 6, : Y — R are convex (not necessarily smooth) functions, A € R"™*"1,
B € R™ "2 and b € R™. The solution set of (1.9), denoted by X™* x V*, is assumed
to be nonempty.

The augmented Lagrangian-based methods, especially some splitting forms includ-
ing alternating direction method of multipliers (ADMM for short) and parallel splitting
algorithm [17], are verified to be very efficient for problem (1.9). The iterative scheme
of the ALM to the problem (1.9) is

AL =2k — B(Axk + Byk — b),
. 2
ekl ykly = arg miny ey yey [01(x) + 602(y) + g”Ax + By —b — /lg)hk+1 H ]
(1.10)

In the second subproblem of scheme (1.10), the coupled variable (x, y) makes it
intractable. As a splitting version of the ALM, the ADMM originally proposed by
Glowinski [18] and Gabay [19], is as follows:

= argmin, ey {61 (0) + B[ Ax + Byk — b — %AkHz},

) 2
Y+ = argmin,cy 162(y) + §||Ax"“ +By—-b- %)”k | }
AFL = 3k — B(AxKHT 4 Byk 1 — ).

The ADMM overcomes the drawback of ALM stated above by discoupling variable
(x, ). Gabay [20] expressed the ADMM as essentially an application of the Douglas—
Rachford splitting method [21]. Cai, Gu and He [22] provided a novel and simple PPA
way to understand ADMM, and proposed a generalized ADMM (gADMM) which
producing firstly a predictor ¥ = (&%, 5%, %) via

ik = argmin, ey {91 (x) + %”Ax +By* —b - %)‘k ”2}’

F = nk — B(ATZK + Byk —b), (L1D
~ . ~ kN2

¢ = argminycy {92(y) + 5] A%k + By —b— %)“k I }
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Letv = (y,A) and w := (x,v) € W = X x Y x R™, and then the new iterate
whtl = K+ v+ of the gADMM is generated by a relaxation step:

=3k kM =k 0k =Y, ¥ €(0,2).

The iterative scheme (1.11) can be recovered by a compact form: find w* € W such
that

0(u) — 0G*) + (w — d)k)T{F(zI)k) + Py — wk)} >0, YweW, (1.12)

where u = (x,y), w= (u,A) € Wand0(u) =0;(x)+ 6(y) and

. X —AT)
u:(), w=|yl|, Fw)= —BTA ,
Y A Ax+By—b

and the customized matrix Py is as follows:

0n1><n1 0n1><n2 On1><m
Py = | Onyxn, BBTB —BT
Onxny =B gln

The special structure of matrix P4 implies that variable x may not be involved in the
iteration of the gADMM. The following matrix

_ BBTB —BT
Py = 1 s
~B gl

which removes zero-elements from Py, is required to be symmetric and positive
semidefinite to ensure the convergence of the gZADMM. The gADMM was verified to
be faster than ADMM because some approximate computation is permitted.

Let P, € R"T%" be g matrix such that P;(w* — @) be a descent direction, He
and Yuan [23,24] presented a general relaxation step as follows:

k+1

wh ! = wk —y Pjw* — %),

where y is the steplength. Let H = 1‘_’4(P4{)_1 and G = (P)T+ Py — y(PA{)TH(PA{).
One can relax the conventional proposition on Py, but ensure symmetric and posi-
tive semidefinite property of G. In [23,24], He and Yuan established the worst-case

convergence rate O(1/k) and non-ergodic convergence rate of the Douglas—Rachford
alternating direction method of multipliers.

1.3 Contributions

From above analysis, there are many PPAs for problem (1.1) and (1.9).
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The relaxation steps are very effective used in PPAs. For example, the relaxation step
of CPPA accelerates the algorithm for problem (1.1), the relaxation step of LPPA and
gADMM ensures the convergence for problem (1.1) and (1.9), respectively. However,
the relaxation step might be unacceptable or even not permitted in some practical
applications. These applications include real time control system, decision-making on
flow line production, supply chain management and decision-making, and so on. For
an instance, in the decision-making framework for supply chain management [25-27],
each firm on the chain makes decision independently in a proper sequence, and the
decision is immediately executed whenever it is given. Hence, all firms cannot adjust
their decision at the end, correspondingly the relaxation step in the simulation method
has not any actual meaning.

To adapt these real circumstances, we prefer to modify the prediction step rather
than to take a relaxation step, and propose two novel customized proximal point
algorithms without the relaxation step. The proposed methods are generalized versions
of the CPPA proposed in [13,28] for both convex and separable convex problems,
respectively. The global convergence and the O(1/k)-convergence rate of the proposed
methods will be established under some mild assumptions. We also verify that the new
methods have a better numerical performance in practice comparing to some state-of-
the-art methods within the relaxation step.

The rest of the paper is organized as follows. In Sect. 2, we propose two new
customized proximal point algorithms without relaxation step for problems (1.1) and
(1.9), respectively. The convergence of proposed methods will be proven in Sect. 2. In
Sect. 3, some preliminary numerical results, comparing to the state-of-the-art methods,
are presented to show the high efficiency of the new methods. Section 4 concludes
this paper with some final remarks.

2 Two New Customized Proximal Point Algorithms
2.1 The Generalized Customized Proximal Point Algorithm
The Lagrangian function of problem (1.1) is
L(x, 1) = 6(x) — AT (Ax — b). 2.1)

If x* € X is a solution of problem (1.1), then there exists A* € R™ such that the pair
(x*, 1*) is a saddle point of (2.1) satisfying

L(x,2*) —L(x*,2*) >0, Vxed,
L(x*, %) — L(x*,1) >0, VxeR"

Consequently,

x* =argmin L(x, \"), A" =arg max L(x*, 1). (2.2)
xeX AERM

By Lemma 2.1 in [11], the first-order optimality conditions of problem (2.2) are as
follows:
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O(x) —0(x*) — (x —xHT(ATA*) >0, VxeX,
r —A5T(Ax* —b) > 0, VA eR™

Definition 2.1 The solution set of (1.1), denoted by W* C W, consists of all w* € W
satisfying

Ow) — O™ + (w—w)TF(w*) >0, Ywe W, (2.3)

where

T
u=x, w= G) . F(w) = (/;xA_’\b) . 2.4)

The generalized customized proximal point algorithm for problem (1.1) is proposed
as follows.

Algorithm 2.2: Generalized customized proximal point algorithm, gCPPA

For a given w* € W, the gCPPA produces the new iterate w**! € W via solving
ixkﬂ =2k — 2(Axk —b),

1 = arg min, c y {e(x) + 5]l e = x%) — LAT[(1 + a)ak+! — m\k]UZ},
(2.5)

where @ € (0.5, 1).

By the first-order optimality conditions of iteration subproblem (2.5), we have

O(x) — 0K + (x — xk“)T{ — AT[(1 4+ o)A 1 — k] 4 r(xF ! — xk)] >0,
(o — AFFIYT {a(Axk — by 4tk — ,\k)} _o.

which implies that V w € WV the following variational inequality holds:

Ow) — 0™ + (@ — DA — AFHT Ak — p)
_ L k+IN\T _ ATk I —aAT k+1 _ Lk
+(7 Ten k+1 +( Ten )|z
A—A Ax —-b —aA tl, A — A
In a compact form, we have

0(u) — 0k + t(aa—_l)

+(w— wk“)T[F(wk“) + oW — wk)] >0, foranyw e W, (2.6)
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where F(w) is defined by (2.4), and
| rl —aAT
0= <—aA tl, ) ’ 27

Lemma2.3 Let w* € W* be a solution defined by (2.3), and {wk} be a sequence
generated by the gCPPA method. Then we have

(w* _ wk+l)TQ(wk+l _ wk) 2 t(l;o{) ()\'* _ )\'k-ﬁ—l)T()\'k-‘rl _ )\'k+2) (28)
Proof By setting u = u*, w = w* in (2.6), we get

(w* _ wk+1)TQ(wk+l _ wk)
2 0(14k+1) _ e(u*) + (wk"rl _ w*)TF(wk+1)
+l(1_a) ()\,* _ )Lk+1)T()\’k+l _ )\’k+2). (29)
o
By the monotonicity of F (w),!. we have
W — wH TP > @ — wTFw™). (2.10)
Since w* € W* is a solution, it follows
0@y —ow*) + W — wHTFw*) > 0. (2.11)
Adding (2.10) and (2.11) yields
6y —ow*) + W —wHTF@*! > 0. (2.12)

Substituting (2.12) into (2.9), we obtain (2.8) and complete the proof. O
In the current subsection, let
2

M=rl, — aTATA. (2.13)

It is easy to show that if 7,7 > 0 and rr > a?p(ATA), where & € (0.5, 1), then Q
and M are positive semidefinite. We use the notation ||w||%1 = wTHw > 0if H is
symmetric and positive semidefinite.

Lemma 2.4 For the sequence {w*} generated by the gCPPA method we have
2 tQRa—1)
ka _ ke ”M + T”Ak“ _ )\k+2”2

< |w* - wk HZQ 4 t(l;a) I — ak+12 [”w* _ k! HZQ 4 t(l;a) I — Ak+2||2].
(2.14)

! The mapping F(w) is affine with a skew-symmetric matrix, and thus it is monotone; see He and Yuan
[23]
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Proof By the identity
@—b0)"0(c—d)=3(la—dly—lla—cly+llc—bly — lId = blg).
we have

(w* _ wk+l)TQ(wk+l _ wk)

1
= E(Hw* _ u)k”2Q — Hw* — wktl ”2Q _ ”wk _ wk-HHZQ)’ (2.15)

and
(}\.* _ )“k-ﬁ-l)T()\‘k-‘r] _ )\‘k+2)
1
= (125 =222 — s AP -k ) 2
Combining (2.15), (2.16) and (2.8), we obtain
k k112 _ td=a) ||y k+1 k+212
Jw® —wtH — S A = A

2 2 — 2 2
S L e L P (e e e P ]

(2.17)
By the definition of Q in (2.7), it follows
” wk — k! HQQ _ erk _ k1 H2 —2a(xk — xFHTATk )\k-i-l)
o]k = k2, (2.18)

Applying A-iteration of (2.5), we get
— 2 (xk — xFHTATGR — jkHDy g ak — a2

—¢ [%(Axk —b) — %(Axk-l-l _ b)] _ ()Lk —)Lk+1)H2 _ o;_z||xk _xk-H”iTA

_ tH[()\k kel ket )Lk+2)] — k= )Lk+1)H2 _ aTZHXk _ ket HiTA

e @19
Combining (2.18) with (2.19), it follows
R P O e U CL)

Substituting (2.20) into (2.17), we obtain (2.14) immediately and complete the proof.
O
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Theorem 2.5 Suppose a € (0.5,1), r,t > O and rt > a*p(ATA), the sequence {w*}
is generated by the gCPPA method. Then we have

lim w ! —wk| =0, (2.21)
k—o00

and {w*} globally converges to an element of solution set W* satisfying (2.3).

Proof Since « € (0.5,1),r,¢t > 0and rt > a?p(ATA), it holds that
||xk ok ”fv[ + t(20(tx—l) AL pkH2)2

2 T
Z (l" _ p(;4 A))”xk _ xk+1“2 + l‘(2(it¥7]) ”)\'k-i—l _ )\'k+2“2 2 0’ (222)

where M is defined by (2.13). Summing (2.14) from 0 to K > 1, it yields

K
Z (”xk _ ke H?u + z(zoél—l) Ak kk+2||2>
k

=0
< ”w*_wo HZQ + 1(1;1) ||A*—Al||2—[]|w* _ w1<+1H2Q + t(l;a) 1A — )LK+2”2:|.

(2.23)

On one hand, we get from (2.22) and (2.23) that

2 — 2 _

Hw* _ wO”Q + t(laa) I — A1||2 > Hw* _ k! ”Q + t(laa) A — )LK+2”2
(2.24)
holds for VK > 1. Since the objective function of problem (1.1) is a closed convex

function, the solution set WW* is a bounded closed convex nonempty set.
On the other hand, by taking limits on the both side of (2.23), we get

[e¢)
Z (}‘xk _ xk+l ”i/] + 1(2(271) ||)\.k+l _ A.k+2||2) S d, (225)
k=0

where d := |w* — w® ||2Q + L= % — A2, Thus

lim [xf —x*12, =0,  lim AFF 3522 =0,
k— 00 k— 00
which implies (2.21), i.e.,

lim |x* — X2 =0, 1lim |A* =212 =0, (2.26)
k— 00 k—o00

The sequence {wk} has at least one cluster point. Let w™ be a cluster point of {wky,
i.e., there exists a subsequence {wk/ }k;eic such that w>® = limg; — 0.k ek wXi . Then
by taking limit on (2.6) as k — oo, and applying (2.26) we have
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) —O0u™®) + (w — w®)TFWw>®) >0,Vwe W,
which implies that w*> € WW* is a solution satisfying (2.3) and completes the proof. O

Theorem 2.6 If the conditions of Theorem 2.5 hold, then the sequence {w*} generated
by the gCPPA method has a worst-case convergence rate O(1/k).

Proof Substituting a = w*~! — w* and b = w* — wk*! to the identity
laly — 1l = 2a" Q(a — b) — la — b|5.
we obtain
k—1 k|2 k k412
[ = wh = w® = w™H,

— 2wk — wk)TQ{wk—l — k= k= wk+1)}

2
_ H e S S wkH)HQ' (2.27)

Letting w := wk in (2.6), we get

(@—1)
o

t
H(Mk) _ e(uk+1) + ()»k _ )Lk+1)T()\’k+1 _ )\.k+2)

Fwk — wk+1)T[F(wk+l) £ o = wk)] > 0. (2.28)
Since (2.6) also holds at the (k — 1)"" iteration, we have

0u) — (k) + . (h — AHTRE — 3k

(-1
(0%
F(w— wk)T[F(wk) Lok — wk”)] >0, YweW.

k

Setting w := wX*! in the above inequality, we obtain

oy — ok + =D
o

Rk Tk ket
+ @ = b [Fh) + 0wk —w*h] = 0. (2.29)
Adding (2.28) and (2.29), it yields
(wk — w"“)TQ{wk_1 —wh — " - wk“)]
= @t — wT[ @) - Fah)]

+t(1;0€) (}\’k _ )\’k-‘rl)T[)\'k-‘rl _ )\'k+2 _ ()\‘k _ )\'k-‘rl)].
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By the monotonicity of F(w), we get from the above inequality that

(w* — wk+1)TQ{wk—1 — k= wk — wk+1)}
> r(lt;a) (K — Ak+1)T[Xk+l k2 ok )Lk-H)]' (2.30)
Adding || whk=1 — wk — (wk — Wkt ||2Q to the both sides of (2.30), it follows
(w1 — wk)TQ{wk—l —wh— (k= wk+1)}

=

2
’wk—l —wh = (k- wkH)HQ

i z(la;a)(xk _ )Lk+1)T[Ak+1 k2 gk )Lk-i-l)]. 2.31)
It is easy to derive that

20k — Ak+1)T[kk+1 k2 (b A"“)]
_ —”Ak Y Y )Lk+2)H2 4 ||Ak+1 _ )‘k+2H2 B H)‘k _ k1 ”2

(2.32)
Combining (2.27) with (2.31) and (2.32), we have
”wk—l _wk ”2Q + t(l;a) ||Ak _ k1 ”2 _ (||wk _ k! HZQ + t(loja) ||Ak+1 _ Ak+2||2)
2 2
> Hwk—l _wk — (wk_wk+1)HQ _ @H)\k kAL kL 2y H . (2.33)
By the definition of Q in (2.7), it follows
k=1 k ko ke |2 =1k ok ki ]? k=1 ok ok okt ||
”w —w' = (w"—w )HQ= er —x —=(x"=x )H —I—t”k A= (A=A )H
_ za[xk—l _xk_(xk_karl)]TATI:kk—] _kk_(xk_kk+l)]'
By A-iteration of (2.5), we get
_ 2a[xk—1_xk_(xk _xk-'rl)]TAT[)Lk—l_)Lk_()tk_)\k+1)i|
2
4 t‘)kk—l_kk_(kk_kk+1)“

—¢ EA[xk—l _xk_(xk_ka)]_[)Lk—l _Ak_(kk_kk+1)]“2

t
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2|k ok ke ‘2
R X =" =x") ATA
2 2
= tH)‘k el R /\k+2)H _ # B e xk+1)‘ ’
ATA
which implies
2 2
Hwk—l_wk_(wk_wk+l)HQ _ ka—l_xk _ (xk_xk+1)HM
2
4 t"Ak_Ak+l_(kk+l_kk+2)” . 2.34)

Substituting (2.20) and (2.34) into (2.33), we have

_ 2 2

”xk 1 _xk”M + é”)‘k k2 (”xk _ kTl ”M + é”)»kH . )\k+2”2)

2 2

> kafl kK (xk_xk+l)HM n 1(20;—1) H)”k Y Y NV ) H .
(2.35)
Adding (@ - 5) [||)J( AR kel xk+2||2] to the both side of (2.35),

we obtain
ka—l _ K wa + t<2o;—1) Ak — akH12 (ka _ k! wa + z(2o&—1) Ak Ak+2||2)

2 2
. kafl bk = XHI)HM n t(ZcL—l) H)”k Y Y Ak+2)H

_21‘(27(1) |:||)\.k _ )\‘k+l H2 _ ||}\.k+l _ )‘-k+2”2]

2 2
_ kafl S ka)HM + 4] 2o - DK — akFHly — kL 2y H

42 — e[ = AR
Recall that M is positive semidefinite and o € (0.5, 1), it follows

||xk _ k1 ”i/[ + z(ztf;l) ”)Lk-',-l _ Ak+2||2 < ”xk—l _ K ”?W + 1(20;71) ”)\k _ Ak+1||2.
(2.36)

S 2 _ . . .
Which implies { [x* — x+! 15 + z(2(2_1) Ak — A*¥+2)12 is monotonically nonin-

creasing whenever k > 0. Summing (2.36) from 1 to K + 1, it yields

(14 K ([ = K o 1Rl Kt K22)

K+1
< Z (”xkq _ K “i/z + t(2<z—1> Ak — pk] ”2)
k=1
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k

K
(ka _ k! ”i4 n l(Ziz;]) [ak+T )\k+2”2>'
=0

Combing with (2.23), (2.24) and (2.1), we have
1+ K)(”xK _ k1 ”12‘4 + t(ZO;_—l)”)LKH - AK+2||2) <d.

Hence, for any € > 0 there exists K such that

2 _ d
K — KT, 2D Rl K22 oK <€ (2.37)

Let |d/e| means the maximal integer not greater that d/e. Then, inequality (2.37)
implies that the gCPPA needs at most |d /¢ iterations to ensure that

2 (AT 2 -
(r o« ,o(tA A)>”xk _ ok “ <e, z(2<Z DK+ a K422 ¢

which implies the sequence {wX} generated by the gCPPA method has a worst-case
convergence rate O(1/k) in a non-ergodic sense. The proof of Theorem 2.6 is com-
pleted. O

2.2 Extended gCPPA to Separable Convex Minimization Problems

The Lagrangian function of problem (1.9) is
L(x,y,2) = 61(x) + 6:(y) — AT (Ax + By — b). (2.38)

If a pair of (x*, y*) € X x ) is a solution of problem (1.9), then there exists A* € R™
such that (x*, y*, 1*) is a saddle point of (2.38) satisfying

L(x,y*, M%) — L(x*,y*,1*) >0, Vxed&,
L(x*, y,\*) — L(x*, y*,2*) >0, Vye), (2.39)
L(x*, y*, M%) — L(x*, y*,1) >0, VAeR™

Consequently, by (2.39) it follows

x* =argmin L(x, y*,1*), y* =argminL(x*, y, "),
xeX yey

A= arg }1\161%{(" L(x*, y*, A). (2.40)
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According to Lemma 2.1 in [11], we have the first-order optimality conditions of
problem (2.40):

01(x) — 01 (x*) — (x — x)TATA*) >0, VxedX,
02(») — () — (y — yHTBTA) >0, Vye), (241)
(A — A9T(Ax* 4+ By* —b) > 0, Ve R™,

By a compact form of (2.41), the solution set of problem (1.9), also denoted by W* C
W, consists of all w* € W satisfying (2.3), where W := X x Y x R", 0(u) =
01(x) + 62(y) and

» X —AT)
U= ( > , wi=[y], Fw):= —BTx ) (2.42)
Y A Ax+By—b

We are in the position to propose the extended gCPPA for separable convex optimiza-
tion problem (1.9).

Algorithm 2.7: An extension of the gCPPA to separable convex optimization,
eCPPA

For a given w¥, the eCPPA produces the new iterate w**! € W via solving:
)\k-i-l — )k _ %(A)Ck +Byk —b),

(x = xk) = LAT[ (o + 1)ak+1 — axk]uz},

k1 _ .
xk+ _argjlg)ré {91(x)+%

2
y41 = argmin f62(5) + 3 v =) = 187G + D2 —art] ).
"
(2.43)

where o € (0.5, 1) is a constant.

By the first-order optimality conditions of iteration subproblem (2.43), we have
that, for w**! € W generated by the eCPPA and V w € W, we have

0(x) — 0K 4+ (0 — xFHHTE AT 4 a)ak T — adk) 4 (K — x5 L > 0,
0() — 0K + (v — YFEHTY = BT[(1 + a)aF T — aak] + 5k — Y6yt > 0,
(b — AT {a(Axk + Byk — b) + 1k H1 - xk)} —0.

(2.44)

By notations (2.42), inequality (2.44) can be rewritten to the compact form (2.6) in
which

T
Ly Opyxn, —0A

Q = | Onyxn, sl,, —aBT]. (2.45)
—aA —aB tl,
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Lemma 2.8 Let w* € W* be a solution satisfying (2.3), then we have
* k+1\T k+1 k t(l—a) k+1NT (9 k+1 k+2
(w —wH QW —w') = FE AT = ATTHTAST AT (2.46)

Proof The mapping F(w) is affine with a skew-symmetric matrix, and thus it is mono-
tone. The rest of the proof is as same as that of Lemma 2.3. O

In this subsection, let

f _CATA  _aATH
[V T 7 . (2.47)

25T 25T
a“B A oa“B' B
—eBA s, — B

Ifr,s,t > 0andrt > 2a?p(ATA), st > 2a?p(BTB), where « € (0.5, 1), it is easy
to verify that Q and M are positive semidefinite.

Lemma 2.9 For the sequence {w*} generated by the gCPPA method, we have
» tQRa—1) 2
”uk _ okt “M + T”Akﬂ _ Ak+2“
< ”w* _ Wk HZQ + t(la—a) I — )Lk+1”2 _ [”w* _ k! HZQ + t(la—a) I — Ak+2”2]'
(2.48)

Proof Similar to Lemma 2.4, we also get (2.17). By notation Q in (2.45), it holds

”wk _ k! ”Z) =r||xk _ okt ”2 +s||yk _ yk—H H2 _ 2a(xk _ xk+1)TAT(Ak _ )Lk—&-l)

2
—2a(yk _ yk+l)TBT(kk _ Ak+1) +tHkk _ Ak—H ” )
From X-iteration of (2.43), we get
—2a(xk = FHNTATOR 3kt _ gk — YT RT oK — oty g ak — 2k

2
= tH[%(Axk + ByE — b) — 2 (axF T pyRtl )] — ok - /\k+1)H

2 2

= tH [k — ak+ly = R+l _pkH2y] Gk — A,(Jrl)Hz

_a?
t

2
‘A(xk _ kL Bk — yk+1)H

= Ak )\k+2”2 _ aTZ ‘A(xk _ k) gk - yk+])H2’

which implies
H wk — k! ||2Q _ H”k _ k! ”?w + t||Ak+1 _ k2 ”27 (2.49)
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where

e PR e IR A

_?
t

A(xk_xk+l)+B(yk_yk+l)Hz'

Substituting (2.49) into (2.17), we obtain (2.14) immediately and complete the proof.
O

Theorem 2.10 Suppose that r,s,t > 0 and rt > 2052,0(ATA), st > 2012,0(BTB),
where o € (0.5, 1). Then, for the sequence {w*} is generated by the eCPPA method,
we have
lim |w*t! —w*| =0, (2.50)
k— 00
and {w*} globally converges to an element of solution set W* satisfying (2.41).
Proof Since rt > 2a2p(ATA), st > 2a2p(BTB), it follows
k_ k412 202p(ATA) \ || k+1 _ k422
ik =G, = (= 2R [ k2
2. (BT 2
+ (s——z"‘ o( B)) [y = 42| > 0. 2.51)
Notice that r > 0, @ € (0.5, 1), we get
2 -
Juk — W H, 4 DA 222 >, (2.52)

Summing (2.48) from 0 to K > 1, it yields

K
Z (”uk k! ||?w + t(2<z—1) ”Ak+1 _ Ak+2||2)
k=0
< Hw* _ wOHZQ + t(l(;oz) I — a2 = [Hw* _ k1 H2Q + t(];a) A — )\K+2”2:|.

(2.53)
By (2.52) and (2.53), it is easy to derive (2.24) and

i <Huk . ”kHszvz + t(2<z—1) Ak — Ak+2||2> <d.
k=0

which implies that

lim [x* =12 =0, 1lim |y* — Y2 =0, lim |AF =252 =o.
k—o00 k—o00 k— 00

Hence, there exists a subsequence {w*i }k;eic such that w>® = limg; — 0.k ek wki is
a solution satisfying (2.3) and completes the proof. O
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Theorem 2.11 If the conditions of Theorem 2.10 hold, then the sequence {w*} gener-
ated by the eCPPA method has a worst-case convergence rate O(1/k) in a non-ergodic
sense.

Proof It holds obviously that

Hwkfl_wk_(wk_wkﬂ)”z _ Hukfl_uk_(uk_ukH)HZ
0 M
2
+t“kk —x"*‘—(x“‘—x"”)” L 254

By (2.49) and (2.54), we have

2 2
> Hukfl —uk k- "HI)HM 4 éH(z"‘ — ok — kL gk Ak+2)”

+42 — a)t||ak — k2,

Then, for any € > 0 there exists K such that
2 _
Juf =k H L 4 RS AR < e 259)

By (2.51), inequality (2.55) implies that the eCPPA needs at most |d /€ iterations to
ensure that
2 T 2 T
(r 20 pEA A))”xK _xK+1H2 <e, (S _ 2a p(tB B))”yK _yK+1”2 <e,
tQa—1) ”)LK-H _ AK+2||2 —c
o 9

which implies that the sequence {w*} generated by the eCPPA method has a worst-
case convergence rate O(1/k) in a non-ergodic sense. The proof of Theorem 2.11 is
completed. O

3 Numerical Results

The section focuses on the numerical performance of the gCPPA and eCPPA compar-
ing with some state-of-the-art methods. All methods are coded in MATLAB 2012b and
run on an HP desktop computer with Intel(R) Core(TM) i5-6500 CPU 3.20GHz, RAM
8G. The termination criterion of gCPPA is set to max { [lx¥ — x* 1|, 2k — 251} <
&, and that of eCPPA is set to max {[|lx* — XA |yk — YA ok — a5} < e,
where ¢ > 0 is a small real number. By the global convergence of the gCPPA and
eCPPA methods, we have klim ||wk — wktl ||2 = 0, which means that for any given
—> 00

& > 0 the corresponding algorithm will stop in finite iterations.
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To adjust parameters r, s and ¢ simultaneously, we introduce ¢, o; > 0 satisfying
oy = . Take r = a,R, t > a,p(ATA)/R in gCPPA such that rt > azp(ATA),
and take ¥ = 2a,R, s = 2a,Rp(BTB)/p(ATA), t > V20,p(ATA)/R in
eCPPA such that rt > Zazp(ATA), st > 2a2p(BTB), where R > 0 is a selected
constant.

Example 3.1 The first test problem is a correlation matrices calibrating problem
selected from [11,29], which has the form

1
min{ S1X = Cl% | diag(X) =, X € Si}, 3.1)

where C € R"*" is a symmetrical matrix,e = (1, 1, ..., 1)T e R™! and St ={H e
R | HT = H, H > 0}. Problem (3.1) can be reformulated to problem (1.1) with
,o(ATA) = 1, where A is a projection matrix for the linear constraint diag(X) = e
(see Example 2 in [11]).

Let z € R” be the Lagrange multiplier to the linear equality constraint of problem
(3.1).

We compare the performance of the gCPPA to the CPPA and rCPPA methods. For
a given (X k. z5), the gCPPA produces the new iteration (X k1 k1Y as follows:

= F — 2 (diag(X*) — o),
. . 2
XM+ = argminy g { LIX = I3 + 5] (x — x%) — Ldiag[(1 + e)z*! — a2k, }
(3.2)

The X-subproblem of (3.2) is identical to

1
r+1

Xk—H

1
= arg minycgr { EHX - {rX* + diag[(1 + )" — az¥] + C}HZF }

It is inherent a projection operator via SVD decomposition. It takes the main compu-
tation load in each iteration. Similarly, the iteration schemes of CPPA and rCPPA for
(3.1) can be written in the form of (1.7) and (1.8).

In our experiments, we take a random matrix C = (¢;j)nx, satisfying ¢;; € (=1, 1)
and ¢;; = cj; forall i, j. For each given n, 20 random instances are tested. To be fair,
the initial point X is an n x n identity matrix and z° is n-dimensional zero vector.
For the termination criterion of all methods, we set & = 107°.

Let R = 2.00. The proximal parameters of the CPPA and rCPPA methods are set to
r=Randr = 1.05/R = 0.53, which satisfies rt = 1.05 > p(AAT). Set y = 1.50
in the rCPPA method. The “gCPPA©%” means the gCPPA method with o, = 0.70,
a; = 0.40, so o = Jayo; ~ 0.53, 7 = Roy, = 1.40 and t = 1.05a;/R = 0.29. The
“oCPPA(%1)” means the gCPPA method with o, = 0.30, a; = 0.10, r = Ra, =
0.60, so @ = /oy ~0.17 and t = 1.05¢; /R = 0.05.

For easy comparisons, the results of three methods in terms of matrix dimension
n, average iteration number (iter) and average cpu-time (cput in seconds) are put into
Table 1, and displayed in Fig. 1.
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Table 1 Numerical results of CPPA, rCPPA, gCPPA(-53) and gCPPA(0-17)

n CPPA rCPPA gCPPA(0-53) gCPPA(0-17)
Iter cput Iter cput Iter cput Iter cput
100 31 0.15 23 0.11 26 0.12 19 0.09
200 34 0.97 25 0.70 29 0.82 21 0.63
300 37 2.19 28 1.65 31 1.83 22 1.35
400 38 3.93 27 2.78 32 3.34 23 2.44
500 40 8.18 28 5.70 33 6.88 24 5.09
600 41 14.90 28 10.12 34 12.44 22 8.31
700 42 22.97 29 15.79 35 18.85 23 12.68
800 43 32.99 30 23.01 36 27.45 24 18.72
900 44 36.79 30 24.87 37 30.94 25 21.25
1000 51 78.20 32 49.82 38 58.46 26 40.26
60 80
= CPPA = CPPA .
-A-CPPA -A-rCPPA /
50 H _e_gCPPA(0.53) L -~ 60! _e_gCPPA(Uj}) ':
s ||m—gcppa®? R 2 ||=—gcppa®!? ! /A
Z ol RS £ !
S p--8 = 40
g el ’ _-A é
=307 i A..._*_..A---A-V"A’_-"A---A‘ 1 2|
A" -4
20 &
L L L L 0 2 T L L L L L
200 400 600 800 1000 100 200 300 400 500 600 700 800 900 1000

Matrix dimension n Matrix dimension n

Fig. 1 Comparisons of CPPA, rCPPA, gCPPA(O'53) and gCPPA(O'”). Left: iteration number. Right: cpu
time

One can conclude from Table 1 and Fig. 1 that: (1) the gCPPA(O'53) takes 80%
iterations and time of the CPPA, but takes more iterations and time than the rCPPA;
(2) the gCPPA(O'”) takes 60% iterations of the CPPA and 80% iterations of the rCPPA,
and spends less cpu-time than the CPPA and rCPPA, especially for the high dimension
problem. In other word, the gCPPA(*->3 and gCPPA!7) are better than CPPA, and
gCPPA 17 has almost better numerical performance as the rCPPA with y = 1.50.
However, the convergence of gCPPA (1) is not established since o < 0.5. It will be
left to our future research.

Example 3.2 The second test problem is the matrix completion problem utilized in
Tao, Yuan and He [30], which is as follows:

1
min{ §||X—C||§ XesimsB}, (3.3)

where Sg = {H € R"" | H_ > H > Hy}.
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By introducing an auxiliary variable Y such that X — Y = 0, problem (3.3) can be
reformulated to a separable convex optimization problem of the form

1 1
min{ §||X—C||%+§||Y—C||% X=Y, Xes", YeSB}. (3.4)

Obviously, problem (3.4) is a special case of problem (1.9) in which ,o(ATA) =
p(BTB) = 1.

For comparisons, four methods are used for solving problem (3.4): classical ADMM
(ADMM for short), gADMM, separable version of CPPA (i.e., Algorithm 2.7 with
a = 1, sCPPA) and eCPPA ( Algorithm 2.7 with 0 < a9 < @ < 1). Let Z € R™*"
be the Lagrange multiplier for linear constraint X — ¥ = 0. For a given (XX, Y*, ZX),
the eCPPA produces new iterate (X**1, Yk+1 zk+1) yia

ZM = zh — 2(xk — vk
t b
. 2
XK+ = argminy e gn {%”X — rlﬁ[er + (1 +a)ZH —azk 4+ C] ||F}, (3.5)
Y = argminyes, {3 = fhyls¥* = (1 + @) 25 +azk 4 C1 7).
The X-subproblem of iteration (3.5) is inherent a projection operator via SVD decom-

position, and it takes the main computation load in each iteration. The Y -subproblem
of (3.5) is also a projection

1
SB{s+1

[sY* — (1 + )2 +azk + C]},
where Pg, denotes the projection onto Sp under the Euclidean norm.

In the experiments, we take a random matrix C = (¢;j)nxn satisfying ¢;; € (=1, 1)
and ¢;; = cj; forall i, j. For each given n, 20 random instances are tested. To be fair,
XY and YO are set to n x n identity matrice and z° is set to n-dimensional zero vector.

For termination criterion of all methods, we set ¢ = 1077 [|w! — w?| 5.

The parameter settings of the used methods are stated as follows: The penalty
parameter is set to § = 1.80 in both ADMM and gADMM, the relaxation parameter
is set to y = 1.80 in the gADMM. Let R = 3.00, the proximal parameters of the
sCPPA are setto r = s = /2R ~ 424 and r = 1.024/2/R ~ 0.48, and those of
the eCPPA are set to r = s = +2a,R ~ 2.55, 1 = 1.02/20;/R ~ 0.24, where
a, = 0.60 and a; = 0.50, and @ = /a,0r; ~ 0.55.

We test all methods on 20 random instances for each fixed n. The average iteration
number and the average cpu-time for problem (3.4) with different n are listed in Table
2 and displayed in Fig. 2.

From Table 2 and Fig. 2, one can conclude that the iteration number of eCPPA is
about 30% of ADMM, and about 70% of gADMM and sCPPA. Moreover, eCPPA
takes less cpu-time than others especially for the high-dimensional problems. Thus,
eCPPA has the best performance for problem (3.4).
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Table 2 Numerical results of ADMM, gADMM, sCPPA and eCPPA

n ADMM gADMM sCPPA eCPPA
Iter cput Iter cput Iter cput Iter cput
100 120 0.65 60 0.34 65 0.35 48 0.26
200 127 4.19 64 2.10 74 2.21 52 1.62
300 146 10.14 74 5.13 80 5.06 56 3.68
400 145 17.54 73 9.34 76 8.91 58 6.78
500 153 29.19 77 14.79 78 14.34 60 11.27
600 169 52.99 84 26.52 80 24.25 62 19.20
700 179 81.60 89 40.67 82 35.66 63 27.98
800 162 107.26 80 53.36 84 53.18 64 42.06
900 180 160.57 89 79.51 86 74.71 66 58.29
1000 183 230.29 90 113.43 88 109.65 68 85.60
240 250
-~ ADMM -~ ADMM
-A-gADMM -A-gADMM S
200 || —asCPPA 200 || —asCPPA A
s —e—eCPPA PO NPT - —e—¢CPPA 9,'
Z 160 P v T 150 .
£ H-mon” £
£ 106 2 100 A
2 [}
80 50
).
40 : — : : — : 0 o-cf—b — : :
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
Matrix dimension n Matrix dimension n

Fig.2 Comparisons of ADMM, gADMM, sCPPA and eCPPA. Left: iteration number. Right: cpu time

Example 3.3 The third example selected from [13] focuses on the wavelet-based image
inpainting and zooming problems. Let a two-dimensional image x € R/'*2 and/ = [, -
I>. Letting vec(-) be the vectorization operator in the lexicographic order, x = vec(x) €
R’ is tackled by vectorizing x as an one-dimensional vector in the lexicographic order.
Let D € R/%" be a wavelet dictionary, each column of D is the elements of a wavelet
frame. Commonly, the image X possesses a sparse representation under dictionary D,
i.e., X = Dx where x is a sparse vector. The wavelet-based image processing considers
recovering the real image x from an observation b which might have some missing
pixels or convolutions. The model for wavelet-based image processing can be casted
as

min {||x||1(BDx — b}, (3.6)

where ||x]|1 is to deduce a sparse representation under the wavelet dictionary, and B
(also called mask) is a typically ill-conditioned matrix representation of convolution
or downsampling operators. For the inpainting problem, matrix B € R'*! in (3.6)
is a diagonal matrix whose diagonal elements are either O or 1, where the locations
of 0 correspond to missing pixels in the image and locations of 1 correspond to the
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pixels to be kept. For the image zooming problem, matrix B € R”*/ can be expressed
as B = SH where S € R"™*! is a downsampling matrix and H € R'*! is a blurry
matrix. Matrix H can be diagonalized by the discrete consine transform (DCT), i.e.,
H = C~'AC where C represents the DCT and A is a diagonal matrix whose diagonal
entries are eigenvalues of H.

We compare the gCPPA method to the CPPA and rCPPA methods on 256 x 256
images of Peppers.png and Boat.png for the image inpainting and image zooming
problems, respectively.

The dictionary D is chosen as the inverse discrete Haar wavelet transform with
level 6. Below we give the detail of how the tested images are degraded.

e For the image inpainting problem, the original image Peppers is first blurred by
the out-of-focus kernel with a radius of 7. Then 60% pixels of the blurred images
are lost by implementing a mask operator S. The positions of missing pixels are
located randomly.

e For the image zooming problem, the original image Boat is downsampled by a
downsampling matrix S with a factor of 4. Then, the downsampled image is cor-
rupted by a convolution whose kernel is generated by fspecial (gaussian,
9,2.5) of MATLAB.

Let z be the Lagrange multiplier. For a given (x, z), the gCPPA adopts the fol-
lowing iteration to obtain (x¥*1, ZK+1):

=k — 2(BDxk — b),
x*t1 = arg minge y {IIxllt + 5 ]x— X — %BD[(a + D2 - azk]”z}'

On problem (3.6), the performance of the gCPPA (compared with CPPA and rCPPA)
is tested. Similarly, the iteration scheme of the CPPA has the same iteration as the
gCPPA with @ = 1, and the rCPPA can also be written in the form of (1.7) and
(1.8). Since DDT = I, the blurry matrix H can be diagonalized by DCT and the
binary matrix (both mask and downsampling matrices) S satisfies ||S|| = 1, we have
[(BD)T(BD)|| = 1 for the wavelet-based image inpainting and zooming problems.
Therefore, the requirement r¢ > ||(BD)T(BD)|| reduces to r¢ > 1 for the CPPA or
rCPPA, and rt > «? for the gCPPA. The parameters are described as below.

e For the image inpainting problem, we take initial point (x°, v%) = (DT (b), 0),
and R = 0.60, 7o = R = 0.60, ro = 1.02/R = 1.70, y = 1.00 for the CPPA
and y = 1.90 for the rCPPA. Take o, = 2.00, oy = 0.13, « = +/0.26 = 0.51,
r=a,R=120,t=1.020;/R ~ 0.22 for the gCPPA;

e For the image zooming problem, we take initial point (XO, UO) = (0,0), and
R =0.55rn =R =0551 =1.02/R ~ 1.85, y = 1.00 for the CPPA and
y = 1.20 for the rCPPA. Take o, = 1.00, oy = 0.26, a = +/0.26 ~ 0.51,
r=o,R=0.551=1.020,/R =~ 0.48 for the gCPPA.

As usual, the quality of the reconstruction is measured by the signal-to-noise ratio
(SNR) in decibel (dB)

ﬂ, (3.7)
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Fig. 3 Evolutions of SNR with respect to iterations (Iteration No.) and CPU time (top row: for image
inpainting; bottom row: for image zooming)

where X is a reconstructed image and X is a clean image.

For easy comparisons, the evolutions of SNR with respect to iterations and com-
puting time for all tested methods are displayed in Fig. 3. It shows that the rCPPA
is better than the CPPA, and the gCPPA converges to the nearly same solutions in
inpainting and zooming problems as fast as the rCPPA.

The reconstructed images are displayed in Fig. 4 by executing 300 iterations in
image inpainting (or 30 iterations in image zooming). It verifies our assertion: the
gCPPA could be at least as efficient as the rCPPA on the inpainting and zooming
problem. We have to emphasize that the gCPPA does not involve any relaxation step
while the rCPPA has a relaxation step with y > 1.

Example 3.4 The last example selected from [13] focuses on the total variation (TV)
uniform noise removal model:

min { 19X |1 Hx = Xl < o, (3.8)

where the two-dimensional image x = (x; j)x;, € Ri*l and | = [y - 1. The
vectorized version of an image can be denoted by x = vec(x) € R! as Example
3.3, and | VX|; := 25:1(|Vec(vhx)|,- + |vec(Vyx)|;) is the TV norm with Vyx =
((th)i’j)llxlz’ Vox = ((va),',j)llxl2 where

J#Dh
j=0b

i #10

i=1

Xi+1,j — Xi,j» Xi,j+1 — Xi,j»
(Vix)i,j = , (Vux)ij =
X1.j = Xly.j» Xi,1 — Xil»
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Original Degraded CPPA rCPPA gCPPA
[ e P e . 9y, ol

SNR—2.17  SNR-2029 SNR=20.67  SNR-2146
. y \ I\:;‘P y

SNR=0.00 SNR= 18.83 SNR=18.89 SNR=19.00

Fig.4 Original images, degraded images and reconstructed images by CPPA, rCPPA and gCPPA (top row:
for image inpainting; bottom row: for image zooming)

The vector x € R is an observed image corrupted by a zero-mean uniform noise;
H e R!*! is the matrix representation of a blurry operator satisfying |[HHT|| = 1, o
is a parameter indicating the uniform noise level and ||X||co := max;<;i<; [|1X; .

H x' —ge
(1), e (i)

wheree = (1,1, ---, 1)T € R!. Model (3.8) can be reformulated to

Let

min {||Vx||1 ‘ Ax > b}. 3.9)

We also compare the gCPPA to the CPPA and rCPPA methods on 256-by-256 images
of Peppers.png and Boat.png. The clean images are degraded by either the Gaussian
(fspecial(gaussian,9,2.5)”) or the out-of-focus (fspecial(disk,3)””) convolution.

Let z be the Lagrange multiplier for the linear inequality constraint Ax > b. The
gCPPA produces the new iterate via:

2 = PR+{zk — %(Axk — b)},

x¥*1 = arg min {||VX||1 +5x = x* = LAT[(a + DZFH! — ozzk]”2 |xe X} .

The CPPA method also owns above iteration with « = 1, and the rCPPA can be
written in the form of (1.7) and (1.8). We take R = 0.60,r9 = R, = 1.02/R = 1.70
and y = 1.80 for the CPPA and rCPPA method, and take o, = 7.00, oy = 0.04,
a =+/028 053, r =R =420,1r = 1.02e;/R =~ 0.07 for the gCPPA. The
initial points for all methods are taken as zeros and the stopping criterion is set to
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Original Degraded CPPA rCPPA gCPPA

B & ; :
SNR=5.48 SNR=16.57 SNR=17.05 SNR=17.44

Fig. 5 Original images, degraded images with 0 = 0.5 and reconstructed images by the CPPA, rCPPA,
gCPPA (top row: the gaussian convolution; bottom row: the out-of-focus convolution)

18 18
16
14
o o
= T 12
g g
%] w10
8§ —CPPA || 8 —CPPA |
- --1CPPA ---rCPPA
6 — gCPPA]] 6 —gCPPA]|
1 20 40 60 70 0 0.5 1 15 2 25 3
Iteration No. CPU time(s)
20 20
18
16
g g
g £ 1
172} %} .
1 10/
A —CPPA ] —CPPA
8 -~ -1CPPA|| 8 -~ -1CPPA||
6 — gCPPA| 6 —gCPPA|
1 20 40 60 0 0.5 1 15 2 25
Iteration No. CPU time(s)

Fig.6 Evolutions of SNR with respect to the number of iterations (Iteration No.) and computing time (CPU
time) (fop row: the gaussian convolution with o = 0.5; bottom row: the out-of-focus convolution with
o =0.5;)

B ”Xk-H —Xk”

Tol = - <107°. (3.10)
[Ix“1l

Set o = 0.5. For easy comparisons, the original images, degraded images and the
restored images are displayed in Fig. 5.

@ Springer



Bulletin of the Iranian Mathematical Society (2020) 46:865-892 891

Table 3 Results of the CPPA, rCPPA and gCPPA with different o

Blur o Images CPPA rCPPA gCPPA
Gaussian 0.2 Peppers 72/3.39/16.75 87/4.17/17.13 58/2.53/17.57
Boat 65/3.01/16.58 79/3.48/17.01 58/2.50/17.56
0.5 Peppers 103/5.46/16.00 121/5.58/16.38 73/2.82/16.72
Boat 83/3.78/15.85 101/4.40/16.33 71/2.92/16.79
Out-of-focus 0.2 Peppers 71/3.24/17.67 88/4.77/18.12 50/2.37/18.54
Boat 65/3.51/17.53 82/3.59/18.07 51/2.06/18.64
0.5 Peppers 94/4.38/16.65 108/4.93/17.01 64/2.96/17.27
Boat 86/3.40/16.57 104/4.73/17.05 62/2.65/17.44

The evolutions of SNR with respect to iterations and computing time are displayed
in Fig. 6. It shows that both the CPPA and gCPPA methods reach the higher SNR in
a short time. However, the CPPA converges to the solutions worse than that of the
rCPPA, while the gCPPA converges to better solutions than the rCPPA in TV uniform
noise removal problem.

The numerical results on more experiments with different o are put into Table 3
for comparisons.

In Table 3, each set of - \ -\ - represents the number of iterations, the computing
time in seconds and the restored SNR when the stopping criterion (3.10) is met. From
Table 3, one can conclude that: the rCPPA has better performance comparing with the
CPPA in SNR, but worse in the number of iterations and cpu-time, while the gCPPA
has better performance comparing with the CPPA in all terms including SNR, the
number of iterations and cpu-time.

4 Conclusions

In this paper, we propose two customized proximal point algorithm by modifying
the prediction step involving no relaxation step. We have proposed two new CPPAs
(i.e., gCPPA and eCPPA), both do not involve any relaxation step but still keep the
same convergence properties as the CPPA within some relaxation steps. Numerical
results have demonstrated that the proposed methods are more effective than some
state-of-the-art methods.
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