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Abstract
The present work is concerned with the ergodic shadowing property of semigroup
actions. We prove that any finitely generated semigroup with the ergodic shadowing
property has the ordinary shadowing property, and some properties for semigroup
actions with the ergodic shadowing property such as topologically mixing, chain mix-
ing, and weakly mixing are investigated. Finally, we define some kind of specification
property and clarify its relation to the ergodic shadowing property.
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system · Mixing

Mathematics Subject Classification 35B41 · 37E30

1 Introduction

In this work, we aim at an extension of ergodic shadowing to the realm of finitely
generated free semigroup actions.

Theory of shadowing is a classical notion, which has originated from the works
of Anosov [1] and Bowen [6]. A dynamical system has the shadowing property if
any pseudo-trajectory is close to some exact trajectory. Many authors obtained results
about chaos and stability by studying the various type of shadowing, see, for example,
[5,6,16]. Ergodic shadowing property for a continuous map was introduced in [8]. The
authors proved that any mapping with the ergodic shadowing property is chaotic in
the sense of Li–Yorke and Auslander–Yorke [3,9]. Moreover, in [8], the equivalence
of the ergodic shadowing to being topologically mixing and having the shadowing
property for a continuous onto map was obtained.
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The specification property for a continuous map on a compact metric space X was
introducedbyBowen in [6] to study the ergodic property ofAxiomAdiffeomorphisms.
A mapping f : X → X has the specification property if one can approximate distinct
pieces of orbits by a single periodic orbit with a certain uniformity. It has been shown
that if f has the specification property, then it is topologically mixing and the set of
all periodic points of f is dense in X . So, any mapping with the specification property
is chaotic in the sense of Devaney [2]. Fakhari and Ghane in [8] defined some kind
of specification property and investigated its relation with the ergodic shadowing
property.

Recently, in 2014, Osipov and Thikhomirov [14] introduced the notion of shadow-
ing property for the finitely generated group action. Later, Bahabadi [4] introduced the
shadowing and average shadowing properties for free semigroup actions and proved
that any semigroup with the average shadowing property is chain transitive. In [10],
the authors proved that by the assumption of shadowing property for a semigroup,
total transitivity, topologically weakly mixing, topologically mixing, the specification
property and the average shadowing property are equivalent. For more recent results
on the notion of shadowing and average shadowing properties, we refer the reader to
[4,10,12,18] and references therein. Rodrigues and Varandas in [15] introduced the
specification property for free semigroup actions. They showed that the semigroups
of expanding maps satisfy the orbital specification property.

The concept of topological ergodic shadowing and its relation to topologically
mixing for a dynamical system defined on Hausdorff uniform spaces were studied in
[17], and the authors showed that any dynamical system with the topological ergodic
shadowing property is topologically mixing.

In this paper, we extend the notion of ergodic shadowing property for finitely gen-
erated free semigroup actions and study its relations to topologically mixing, chain
mixing, weakly mixing and the shadowing property. Moreover, we introduce some
notions of strong and pseudo-orbital specification properties for continuous actions
associated with finitely generated semigroup and show that the pseudo-orbital speci-
fication property is equivalent to the ergodic shadowing property. Also, in particular
case of a semigroup of expanding maps, we prove that the strong pseudo-orbital spec-
ification property holds, which shows that the semigroup has the ergodic shadowing
property.

The following theorems are the main results of this paper. The first theorem extends
Theorem A of [8].

Theorem 1.1 Let f1, f2, . . . , fm be continuous maps on the compact metric space X,
which one of them being an onto map. If � is the semigroup generated by the family
�1 = {id, f1, f2, . . . , fm}, then the following properties for the semigroup � are
equivalent:

(1) ergodic shadowing,
(2) chain mixing and ordinary shadowing,
(3) topologically mixing and ordinary shadowing,
(4) pseudo-orbital specification.

Theorem 1.2 Any expanding semigroup has the ergodic shadowing property.
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This paper is organized as follows. In Sect. 2, we give an overview of the main
concepts and discuss some preliminaries. In particular, the concepts of ergodic shad-
owing and pseudo-orbital specification are introduced for finitely generated semigroup
actions. In Sect. 3, we show that any semigroup with the ergodic shadowing property
has the ordinary shadowing property. In Sect. 4, it is proved that the ergodic shadow-
ing property for semigroups implies topologically mixing. Then the equivalence of
ergodic shadowing and pseudo-orbital specification is obtained in Sect. 5. In Sect. 6,
we introduce the strong pseudo-orbital specification property for semigroup actions
and show that the semigroups of expanding maps satisfy the strong pseudo-orbital
specification property. Finally, in Sect. 7, we give some examples. The first and sec-
ond examples illustrate semigroups with the ergodic shadowing property. The third
example shows that the pseudo-orbital specification property does not result in the
strong pseudo-orbital specification property, in general. In the last example, we build
a semigroup that does not have the ergodic shadowing property.

2 Preliminaries

In this section, we describe the free semigroup actions, which we are interested in and
state our major conclusions on the ergodic shadowing and specification within this
context.

Throughout this paper, let N = {1, 2, 3, . . .} and Z
+ = {0, 1, 2, 3, . . .}. Consider

the compactmetric space X endowedwith themetric d. Given a finite set of continuous
maps fi : X → X , i = 1, 2, . . . ,m, m > 1, and the finitely generated semigroup �

(under function composition) with the finite set of generators G1 = {id, f1, . . . , fm},
we will write

� =
⋃

n∈Z+
Gn,

where G0 = {id} and f ∈ Gn if and only if f = fin ◦ · · · ◦ fi1 , with fi j ∈ G1.
We will assume that the generator set G1 is minimal, meaning that no function f j ,

for j = 1, . . . ,m, can be expressed as a composition from the remaining generators.
Take G∗

1 = G1 \ {id}, and let G∗
n denote the space of concatenations of n elements in

G∗
1.
If f is the concatenation of n elements of G∗

1, we will write | f | = n. Notice that
different concatenations may generate the same element in �. Nevertheless, we shall
consider different concatenations instead of the elements in � that they create. One
way to interpret this statement is to consider the coding map � : �A → � given by

w = w1 . . . wn �→ f nw = fwn ◦ · · · ◦ fw1 ,

where �A is the free semigroup with m generators Am = {1, . . . ,m}, and to regard
concatenations on � as images by � of paths on �A. This coding is injective if and
only if � is a free semigroup.
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Symbolic dynamic is a way to represent the elements of �. Indeed, consider the
product space �m = {1, . . . ,m}N. For any sequence ω = ω1ω2 . . . ωn · · · ∈ �m , take
f 0ω := id and

f nω (x) = f nω1...ωn
(x) = fωn ◦ f n−1

ω (x) for all n ∈ N.

Obviously, f nω = f nω1...ωn
= fωn ◦ f n−1

ω ∈ � for every n ∈ N.
For k ∈ N, consider

Am
k = {w ∈ �A : |w| = k}.

We now consider the product semigroup � × � generated by

{ fi × f j : i, j ∈ Am},

where ( fi × f j )(x, y) = ( fi (x), ( f j (y)) for x, y ∈ X . The metric on the space X × X
is given by

D((x1, y1), (x2, y2)) = max{d(x1, x2), d(y1, y2)}.

Clearly, each fi × f j is a continuous map on X × X . For ω1,2 := (ω1, ω2) ∈ (�m)2,
the ω1,2-orbit of (x, y) ∈ X × X (under � × �) is the sequence { f n

ω1,2(x, y)}n≥0,
where

f n
ω1,2(x, y) := f n

ω1 × f n
ω2(x, y).

For any two open subsets U and V of X , put

N�(U , V ) = {
n ∈ N : f nω (U ) ∩ V 	= ∅, for some ω ∈ �m}

.

Definition 2.1 (See [11,15]) We say that the semigroup � is

(1) topologically transitive if N�(U , V ) 	= ∅ for any pair of nonempty open subsets
U , V ∈ X ;

(2) topologically mixing if N�(U , V ) is a co-finite set for any pair of nonempty open
subsets U , V ∈ X ;

(3) weakly mixing if the product semigroup (� × �) is topologically transitive.

Notice that for a finite family G of continuous self-maps on a compact metric space,
the action of the semigroup generated by G is also called the iterated function system
associated with G. For iterated function systems, Bahabadi [4] introduced the concept
of shadowing. Let δ > 0 be given. The sequence {xi }i≥0 is called a (δ, ω)-pseudo-orbit
for the semigroup � and for some sequence ω = ω1ω2 . . . ∈ �m, if for any i ≥ 1,

d( fωi (xi−1), xi ) < δ.
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The semigroup� is said to have the shadowing property, provided that for every ε > 0,
there exists δ > 0, such that for any (δ, ω)-pseudo-orbit {xi }i≥0, there is a point z ∈ X
satisfying the following property:

d( f iω(z), xi ) < ε, i ≥ 0.

A finite sequence {xi }, i ∈ [0, n] ⊂ Z
+, is said to be a finite δ-pseudo-orbit(δ-chain)

for � provided that there exists a finite word w = w1w2 . . . wn ∈ �A such that

d( fwi (xi−1), xi ) < δ, 1 ≤ i ≤ n.

We say that the semigroup � satisfies the finite shadowing property, if for any ε > 0,
there exists δ > 0, such that for any finite (δ, w)-pseudo-orbit {xi }0≤i≤n , there is a
point z ∈ X with

d( f iw(z), xi ) < ε, 0 ≤ i ≤ n.

A semigroup � is called chain transitive if for any two points x, y ∈ X and any δ > 0
there exists a δ-chain from x to y. The semigroup � is called chain mixing if for any
two points x, y ∈ X and any δ > 0, there is a positive integer N such that for any
integer n ≥ N there is a δ-chain from x to y of length n.

Here, we generalize the notions of ergodic shadowing and pseudo-orbital specifi-
cation for semigroup actions. For a sequence η = {xi }i≥0, δ > 0 and ω = ω1ω2 . . .

∈ �m , put

Np(η, �, ω, δ) = {
i ∈ N : d( fωi (xi−1), xi ) ≥ δ

}

and

Npn(η, �, ω, δ) = Np(η,F , ω, δ) ∩ {1, . . . , n}.

To simplify the notation, we denote them by Np(η, ω, δ) and Npn(η, ω, δ), respec-
tively. Given a sequence η = {xi }i≥0 and a point z ∈ X , consider

Ns(η, ω, z, δ) =
{
i ∈ Z

+ : d( f iω(z), xi ) ≥ ε
}

and

Nsn(η, ω, z, δ) = Ns(η, ω, z, δ) ∩ {1, . . . , n}.

Definition 2.2 A sequence η = {xi }i≥0 is called a (δ, ω)-ergodic pseudo-orbit of �

for some sequence ω = ω1ω2 . . . ∈ �m provided that the set Np(η, ω, δ) has zero
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density, that is,

lim
n→∞

#Npn(η, ω, δ)

n
= 0.

Note that if γ ∈ �m and γi = ωi , for all i except for i ∈ Np(η, ω, δ), then a
(δ, ω)-ergodic pseudo-orbit η = {xi }i≥0 of � is also a (δ, γ )-ergodic pseudo-orbit for
�.

A (δ, ω)-ergodic pseudo-orbit η is said to be ε-ergodic shadowed by a point z ∈ X
if there exists a sequence γ ∈ �m with γi = ωi for i ∈ N \ Np(η, ω, δ) such that

lim
n→∞

#Nsn(η, γ, z, ε)

n
= 0.

A semigroup � has the ergodic shadowing property if for each ε > 0 there exists
δ > 0 such that any (δ, ω)-ergodic pseudo-orbit of � can be ε-ergodic shadowed by
some point z in X .

Definition 2.3 Wesay that a semigroup� has the pseudo-orbital specification property
if for any ε > 0 there exist δ = δ(ε) > 0 and K = K (ε) > 0 such that for any
nonnegative integers

a1 < b1 < a2 < b2 < · · · < an < bn

with a j+1 − b j ≥ K and (δ, w j )-pseudo-orbits ξ j , with ξ j = {x( j,i)}, i ∈ I j
= [a j , b j ] ⊂ N and 1 ≤ j ≤ n, and w j = w

j
a j . . . w

j
b j−1 ∈ �A, there exist a

point z ∈ X and ω ∈ �m, with ωi = w
j
i for i ∈ [a j , b j − 1] and 1 ≤ j ≤ n, such

that

d( f iω(z), x( j,i)) < ε, i ∈ I j , 1 ≤ j ≤ n.

3 Shadowing Property

In this section,we show that ergodic shadowing for semigroup actions implies ordinary
shadowing. We first prove that any semigroup with the ergodic shadowing property is
chain transitive.

Lemma 3.1 Suppose that f1, f2, . . . , fm are continuous maps on a compact metric
space X such that one of them is surjective. If the semigroup � generated by these
maps has the ergodic shadowing property, then it is chain transitive.

Proof Consider a semigroup � that satisfies the assumptions of the lemma, and take
any x, y ∈ X . Given ε > 0, let δ > 0 be provided by the ergodic shadowing property.
Let a0 = 0, b0 = 1 and for any k ≥ 1, put ak = bk−1 + k and bk = ak + k + 1. Fix a
sequence ω = ω1ω2 . . . ∈ �m . Suppose that the map f�, � ∈ {1, . . . ,m} is surjective.
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Hence, for any k ≥ 1, there is a point zk ∈ X with f k� (zk) = y. For each k ≥ 0, let us
take

xi :=
{
f i−ak
ω (x), ak ≤ i < bk,

f i−bk
� (zk), bk ≤ i < ak+1;

hence,

xak = x, xak+1 = fω1(x), xak+2 = fω2 ◦ fω1(x), . . . , xbk−1 = f bk−ak−1
ω (x),

and

xbk = zk, xbk+1 = f�(zk), . . . , xak+1−1 = f k� (zk) = y.

By the choice, on [ak, bk) we use f iω(x), i = 0, . . . , k, which is the piece of the orbit
of x beginning at x and of length k, and on [bk, ak+1) we use a piece of an orbit of
length k which ends at y, that is, f i� (zk), i = 0, . . . , k. By this observation, if we take
a sequence η of the form

η = ssω1slsω1ω2sllsω1ω2ω3slll . . . ∈ �m,

for some s ∈ {1, 2, . . . ,m}, then the sequence

{xi }i≥0 = {
x0 = x, y, x, fω1(x), z1, y, x, fω1(x), fω2 ◦ fω1(x), z2, f�(z2), y, . . .

}

is a (δ, η)-ergodic pseudo-orbit.
Indeed, d( fηi (xi ), xi+1) < δ except for the set Np({xi }i≥0, η, δ) = {i : ηi = s},

which has zero density. Since by construction for any arbitrary large positive integer
L , there exists an interval I ⊂ N of length L such that for any i ∈ I , ηi 	= s and so
I ∩ Np({xi }i≥0, η, δ) = ∅. Therefore, by the definition of ergodic shadowing, there
are a sequence γ ∈ �m with γi = ηi , for each i except for i ∈ Np({xi }i≥0, η, δ), and a
point z ∈ X such the set Ns({xi }i≥0, γ, z, ε) has zero density, so its complement must
intersect infinitely many intervals [ak, bk) and infinitely many intervals [bk, ak+1).

Therefore, there exist positive integers i0, j0, i1, j1 with j0 < i1 such that

d
(
f i0γ (z), f j0

ω (x)
)

< ε, d
(
f i1γ (z), t

)
< ε, t ∈ f − j1

� (y).

Thus,

{
x, fω1(x), . . . , f j0

ω (x), f i0γ (z), f i0+1
γ (z), . . . , f i1−1

γ (z), t,

f�(t), . . . , y = f j1
� (t)

}
,

123



310 Bulletin of the Iranian Mathematical Society (2020) 46:303–321

is an (ε, w)-chain from x to y for

w = ω1ω2 . . . ω j0γi0γi0+1 . . . γi1−1 � . . . �︸ ︷︷ ︸
j1 times

.

��
Remark 3.2 In Lemma 3.1, we assume that one of the generators of the semigroup �

maps the space X onto itself. We can replace this assumption by the following:

m⋃

i=1

fi (X) = X .

It is well known that the finite shadowing property for a continuous map implies
the shadowing property, see [2]. In the following lemma, we show that it is true for
semigroup actions.

Lemma 3.3 Let � be a semigroup generated by a finite collection of continuous maps
on a compact metric space X. If any finite pseudo-orbit of � can be shadowed by a
true orbit, then � has the shadowing property.

Proof Let ε > 0 be given. Suppose that δ > 0 is the ε-modulus of the finite shadowing
property for �. Let {xi }i≥0 be an infinite δ-pseudo-orbit for �. Then there exists a
sequence ω = ω1ω2 . . . ∈ �m with

d( fωi (xi−1), xi ) < δ, i ≥ 1.

For any k > 0, there exists a point zk ∈ X which shadows (δ, η)-pseudo-orbit
{xi }0≤i≤k of the semigroup � with η = ω1ω2 . . . ωk ∈ Am

k , that is,

d( f iη(zk), xi ) = d( f iω(zk), xi ) < ε, 0 ≤ i ≤ k.

Since X is compact, there exist a subsequence {zkn }n≥0 and a point z ∈ X such that
{zkn } → z as n → ∞. By continuity of mapping f j , j = 1, . . . ,m, for any i ≥ 0,
there is an integer kn > i such that d( f iω(zkn ), f iω(z)) < ε. Therefore, for any i ≥ 0,

d( f iω(z), xi ) ≤ d( f iω(z), f iω(zkn )) + d( f iω(zkn ), xi ) < 2ε.

This implies that the point z, 2ε-shadows the sequence {xi }i≥0. ��
Lemma 3.4 Let � be a finitely generated semigroup satisfying the assumption of
Lemma 3.1. If � has the ergodic shadowing property, then it enjoys the ordinary
shadowing property.

Proof Consider a semigroup � satisfies the assumptions of the lemma having the
ergodic shadowing property. By the previous lemma, it is enough to show that any
finite pseudo-orbit of � can be shadowed by a true orbit. Given ε > 0, let δ > 0 be
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an ε-modulus of ergodic shadowing. Suppose that {xi }0≤i≤n is a finite δ-pseudo-orbit
for � of finite length. Hence, there exists a finite word w = w1w2 . . . wn ∈ �A, with

d( fwi (xi−1), xi ) < δ, 1 ≤ i ≤ n.

By Lemma 3.1, there is a δ-chain from xn to x0, that is, there exist a sequence {yi }�i=0
with y0 = xn and y� = x0 and a word γ = γ1 . . . γ� ∈ �A such that

d( fγi (yi−1), yi ) < δ, 1 ≤ i ≤ �.

Let us take

zi :=
{
xi−m j , i ∈ [m j ,m j + n],
yi−m j−n−1, i ∈ [m j + n + 1,m j + n + � + 1],

for m j := j(n + � + 2) and i, j ≥ 0, that is,

{zi }i≥0 := {x0, x1, . . . , xn, y0, y1, . . . , y�, x0, x1, . . . , xn, . . .}.

Consider a sequence ω := wkγ kwkγ kw . . . ∈ �m , for some symbol k ∈ Am , where
w and γ are finite words as described above. Thus, d( fωi (zi−1), zi ) < δ, except for
a subset of positive integers with zero density. Therefore, {zi }i≥0 is a (δ, ω)-ergodic
pseudo-orbit and so can beρ-ergodic shadowed by some point z and for some sequence
ρ ∈ �m with ρi = ωi for all i except for i ∈ Np({zi }i≥0, ω, δ). Since z ergodic
shadows {zi }i≥0, Ns({zi }i≥0, ρ, z, ε) cannot meet every interval [m j ,m j + n] ⊂ N;
therefore, it would have positive density. Hence, at least one n interval is entirely ε

shadowed by a piece of the z orbit. ��

4 Topologically Mixing

Chain mixing, weakly mixing, and topologically mixing are formal ways to get some
special dynamical properties and also chaos in global sense. Here, we show that the
ergodic shadowing implies the mentioned properties at the same time.

Fix n ∈ N, and consider a finitely generated semigroup � with the finite set of
generators G1 = {id, f1, . . . , fm}.

Take G∗
1 = G1 \ {id}, and let G∗

n denote the space of compositions of n elements
in G∗

1. Thus, f ∈ G∗
n if f = f nw for some finite word w ∈ �A with length n. Denote

�n the semigroup generated by G∗
n .

Notice that a sequence {xi }i≥0 is a (δ, ω)-ergodic pseudo-orbit of �n , if we can
write ω := w1w2 . . . ∈ �m, where wi = wi

1w
i
2 . . . wi

n ∈ Am
n , i ≥ 1, such that the set

Npn({xi }i≥0, ω, δ) := {
i ∈ N : d (

f n
wi (xi−1), xi

) ≥ δ
}

has zero density. The semigroup �n has the ergodic shadowing property if for each
ε > 0, there are δ > 0 and γ = γ 1γ 2 . . . ∈ �m, where γ i ∈ Am

n , such that γ i = wi
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for all i except for i ∈ Npn({xi }i≥0, ω, δ) and the subset

Nsn({xi }i≥0, γ, z, ε) :=
{
i ∈ N : d

(
f n
γ i )(z), xi

)
≥ ε

}

has zero density.
Moreover, if {xi }i≥0 is a (δ, ω)-ergodic pseudo-orbit of �n , then the sequence

{yi }i≥0 of the form

{yi }i≥0 =
{
x0, fω1(x0), fω2 ◦ fω1(x0), . . . , fωn ◦ · · · ◦ fω1(x0),

x1, fωn+1(x1), fωn+2 ◦ fωn+1(x1), . . . , fω2n ◦ . . . ◦ fωn+1(x1),

...

xk, fωnk+1(xk), fωnk+2 ◦ fωnk+1(xk), . . . , fωnk+n ◦ . . . ◦ fωnk+1(xk), . . .
}

is a (δ, ω)-ergodic pseudo-orbit of �, if we can rewrite ω of the form ω = ω1ω2 . . .,
where wi = ωn(i−1)+1 . . . ωn(i−1)+n for each i ≥ 1.

By these observations, the next result can be followed.

Lemma 4.1 If the semigroup � has the ergodic shadowing property, then for any
n ∈ N, the semigroup �n has also the ergodic shadowing property.

Corollary 4.2 Let � be a semigroup generated by a finite family of continuous self-
maps on a compact metric space X such that one of the generators is a surjective map.
If � has the ergodic shadowing property, then it is chain mixing.

Proof By Lemma 4.1, for any n ∈ N, the semigroup �n has the ergodic shadowing
property, so by Lemma 3.1, it is chain transitive. This implies that the semigroup � is
chain mixing, see [18, Theorem 2.3]. ��
In the following, we prove that any semigroup with the ergodic shadowing property
is topologically mixing. For this purpose, we need the following auxiliary lemma.

Lemma 4.3 If� has the chainmixing and shadowingproperties, then it is topologically
mixing.

Proof Given two open sets U , V ⊂ X , with x ∈ U and y ∈ V , choose ε > 0
such that Nε(x) ⊂ U and Nε(y) ⊂ V . Let δ > 0 be an ε-modulus of shadowing.
Since � is chain mixing, so for sufficiently large integer n, there is a (δ, w)-chain
{x = x0, x1, . . . , xn−1 = y} from x to y of length n, where w is a finite word of
length n. Using shadowing property, one can find a point z ∈ X such that z ∈ Nε(x0)
and f nw(z) ∈ Nε(y). Thus, f nw(U ) ∩ V 	= ∅. ��
Corollary 4.4 If � has the ergodic shadowing property, then it is topologically mixing.

Proof Suppose that � has the ergodic shadowing property. By Lemma 3.4, it has
shadowing property and so byCorollary 4.2 and Lemma 4.3, it is topologicallymixing.

��
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Lemma 4.5 If� has the ergodic shadowing property, then the product semigroup�×�

has also the ergodic shadowing property.

Proof Given ε > 0, and let δ > 0 be an ε-modulus of shadowing for �. Suppose that
η = {(xi , yi )}i≥0 is a δ-ergodic pseudo-orbit for the semigroup � × �. Therefore,
there are sequences ω1, ω2 ∈ �m such that

Np(η, ω1,2, δ) :=
{
i ∈ Z

+ : D
(
f
ω
1,2
i

(xi−1, yi−1), (xi , yi )
)

≥ δ
}

, (4.1)

has zero density, where f
ω
1,2
i

(x, y) = fω1
i
(x) × fω2

i
(y). The definition of the metric

D yields that

D
(
f
ω
1,2
i

(xi−1, yi−1), (xi , yi )
)

= D
(
( fω1

i
(xi−1), fω2

i
(yi−1)), (xi , yi )

)

= max
{
d

(
fω1

i
(xi−1), xi

)
, d

(
fω2

i
(yi−1), yi

)}
.

Therefore,

#Np({xi }i≥0, ω
1, δ) ≤ #Np(η, ω1,2, δ)

and

#Np({yi }i≥0, ω
2, δ) ≤ #Np(η, ω1,2, δ).

These facts imply that both sets Np({xi }i≥0, ω
1, δ) and Np({yi }i≥0, ω

2, δ) have
zero density. Thus, the sequences {xi }i≥0 and {yi }i≥0 are (δ, ω1) and (δ, ω2)-ergodic
pseudo-orbits for�, respectively.Hence, there are twopoints z1, z2 ∈ X and sequences
γ 1, γ 2 ∈ �m with γ 1

i = ω1
i for all i except for i ∈ Np({xi }i≥0, ω

1, δ) and γ 2
i = ω2

i
for all i except for i ∈ Np({yi }i≥0, ω

2, δ) such that the subsets Ns({xi }i≥0, γ
1, z1, ε)

and Ns({yi }i≥0, γ
2, z2, ε) have zero density. It is easy to see that

Ns(η, γ 1,2, (z1, z2), ε) :=
{
i ∈ Z

+ : D
(
f i
ω1,2(z1, z2), (xi , yi )

)
≥ ε

}

⊆ Ns({xi }i≥0, γ
1, z1, ε) ∪ Ns({yi }i≥0, γ

2, z2, ε);

hence, Ns(η, γ 1,2, (z1, z2), ε) has also zero density. ��
Lemma 4.6 Let � be a semigroup generated by a finite family of continuous self-maps
on the compact metric space X such that one of them is a surjective map. If � has the
ergodic shadowing property, then it is weakly mixing.

Proof By Lemma 4.5, the semigroup�×� has the ergodic shadowing property. Using
Lemmas 3.1 and 3.4 implies that � × � is chain transitive and has the shadowing
property and hence it is topologically transitive, see [10, Lemma 3.10]. Thus, � × �

is weakly mixing. ��
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5 Pseudo-orbital Specification Property

The aim of this section is to show that the ergodic shadowing property for a semigroup
� is equivalent to the pseudo-orbital specification property.

Lemma 5.1 If semigroup � has shadowing and topologically mixing properties, then
it has the pseudo-orbital specification property and the ergodic shadowing property.

Proof Take a semigroup � generated by a finite family of continuous self-maps { fi :
i = 1, . . . ,m} having the shadowing and topologically mixing properties. Let ε > 0
be given and let δ > 0 be an ε-modulus of shadowing property for �. By uniform
continuity of the mappings fi , there exists η < δ such that d(x, y) < η implies that
d( fi (x), fi (y)) < δ for all 1 ≤ i ≤ m and x, y ∈ X . Since X is compact, we can find
a finite open cover U = {U1, . . . ,UM } of X composed of open balls of radius η/2.
Since � is topologically mixing, hence for any two open sets Ui ,Uj ∈ U , there exist
an integer Mi j > 0 and sequence ωi j ∈ �m such that f n

ωi j (Ui )∩Uj 	= ∅ for n ≥ Mi j .

Take

K (ε) = max{Mi j : 1 ≤ i, j ≤ M}.

Let ξ j = {x( j,i)} be (δ, ρ j )-pseudo-orbits in X defined on subinterval I j =
[a j , b j ], 1 ≤ j ≤ n with a j+1 − b j > K (ε), where ρ j = ρ

j
a j . . . ρ

j
b j−1 ∈ �A.

Notice that for any x ∈ X , there is an open set U ∈ U such that x ∈ U , which is
denoted byU (x). Set m j := a j+1 − b j , by the choice of K (ε) there exists a sequence
γ j ∈ {ωi j : 1 ≤ i, j ≤ M} ⊂ �m such that

f
m j

γ j (U (x( j,b j )) ∩U (x( j+1,a j+1)) 	= ∅.

Therefore, there is y j ∈ U (x( j,b j )) such that f
m j

γ j (y j ) ∈ U (x( j+1,a j+1)).Now consider

the sequence ω = ω0ω1 . . . ∈ �m with

ω� =
{

ρ
j
� , a j ≤ � ≤ b j − 1,

γ
j

�−b j
, b j ≤ � ≤ a j+1 − 1,

and ζ j = { fγ j (y j ), . . . , f
m j

γ j (y j )}. One can see that {ξ1, ζ1, ξ2, ζ2, . . . , ζn−1, ξn} is
a (δ, ω)-pseudo-orbit and can be ε-shadowed by a point z ∈ X . This shows that the
semigroup � has pseudo-orbital specification property.

To verify that the semigroup � has the ergodic shadowing property, we use the
approach used in the proof of Lemma 4.5 in [8]. Let ε > 0 be given. Choose δ > 0
and K (ε) as above. Let ξ = {xi }i≥0 be a (δ, ω)-ergodic pseudo-orbit for �. There
exists a sequence

a1 < b1 < a2 < b2 < · · ·

of natural numbers such that the following conditions hold:
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(1) [an, bn] ⊂ N \ Np(ξ, ω, δ) for each n,
(2) an+1 − bn ≥ K for each n,

(3) limn→∞ (
∑n

k=1 ak+1−bk )
bn

→ 0.

Set ξ j = {x( j,i)} := {xi } for i ∈ I j , j ∈ N. Then ξ j is a (δ, ρ j )-pseudo-orbit in X
defined on subinterval I j = [a j , b j ], j ∈ N with ρ j = ωa j . . . ωb j−1 ∈ �A. Using
a similar argument as above, implies that {ξ1, ζ1, ξ2, ζ2, . . .} is a (δ, η)-pseudo-orbit,
where η = η0η1 . . . ∈ �m and

η� =
{

ρ
j
� , a j ≤ � ≤ b j − 1,

γ
j

�−b j
, b j ≤ � ≤ a j+1 − 1.

Thus, there is a point z ∈ X , which ε-shadows this sequence. Therefore, the semigroup
� has the ergodic shadowing property. ��
Lemma 5.2 If the semigroup � has the pseudo-orbital specification property, then it
is topologically mixing and has the shadowing property.

Proof First, we show that � is topologically mixing. Given two open sets U , V ⊂ X .
Choose ε > 0 such that Nε(x) ⊂ U and Nε(y) ⊂ V . Let K = K (ε) > 0, δ = δ(ε) >

0 be as in the definition of pseudo-orbital specification property. Put a1 = 0 < b1
and a2 = K + b1 < b2. Let x(1,i) = f i−a1

w1 (x) and x(2,i) = f i−a2
w2 (y) for some

w j = w
j
a j . . . w

j
b j−1 ∈ �A, i ∈ I j = [a j , b j ], j = 1, 2. Clearly, ξ j = {x( j,i)}, i ∈

I j = [a j , b j ], j = 1, 2 are (δ, w j )-pseudo-orbits for �; therefore, there exist a point
z ∈ X and ω ∈ �m, with ωi = w

j
i for i ∈ [a j , b j − 1] and j = 1, 2, such that

d( f iω(z), x( j,i)) < ε, i ∈ I j , j = 1, 2.

In particular,

d( f a1ω (z), x(1,a1)) = d(z, x) < ε

and

d( f a2ω (z), x(2,a2)) = d( f a2ω (z), y) < ε.

So z ∈ Nε(x) ⊂ U and f a2ω (z) ∈ Nε(y) ⊂ V ,which implies that f b1+K
ω (U )∩V 	= ∅.

Similar arguments show that for any n > b1 + K there exists a sequence ω ∈ �m,

such that f nω (U ) ∩ V 	= ∅.

Now, we show that the semigroup � has the shadowing property. By Lemma 3.3, it
is enough to show that it has the finite shadowing property.Given ε > 0, let δ = δ(ε) be
an ε-modulus pseudo-orbital specification property. Suppose that {xi }0≤i≤n is a finite
δ-pseudo-orbit for �. Hence, there exists a finite word w = w0w2 . . . wn−1 ∈ �A,
with

d( fwi (xi ), xi+1) < δ, 0 ≤ i ≤ n − 1.
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Set a1 = 0, b1 = n, and x(1,i) = xi , i ∈ [0, n]. Then ξ1 = {x(1,i)} is a (δ, w)-
pseudo-orbit for �. By pseudo-orbital specification property, there is a point z ∈ X
and ω ∈ �m, with ωi = wi for i ∈ [0, n − 1] such that

d( f iω(z), xi ) < ε, i ∈ [0, n].

��
Collecting the lemmas which have been proved in the previous sections, we can state
the proof of Theorem 1.1.

Proof of Theorem 1.1 (1) ⇒ (2) is followed by Lemma 3.4 and Corollary 4.2, (2) ⇒
(3) is Lemma 4.3, (3) ⇒ (4) is Lemma 5.1. (4) ⇒ (1) is followed from Lemma 3.4,
Corollary 4.4 and Lemma 5.2. ��

6 Expanding Semigroups and Strong Pseudo-orbital Specification

In this section, we introduce a stronger notion of pseudo-orbital specification. Our
main goal here is to prove that semigroups of expanding maps satisfy the strong
pseudo-orbital specification property and, therefore, they have the ergodic shadowing
property.

Assume that X is a compact Riemannian manifold. Consider a finitely generated
semigroup � with the finite set of generators G1 = {id, f1, . . . , fm}. We say that the
semigroup � is expanding, if for each i ∈ {1, . . . ,m}, the mapping fi is an expanding
C1 map, that is, there are constants C > 0 and 0 < λi < 1 such that

‖(Df ni (x))−1‖ ≤ Cλni ,

for every n ≥ 1 and x ∈ X .

The strong orbital specification property for semigroup actions was introduced in
[15]. Here, we define the strong pseudo-orbital specification property for semigroup
actions.

Definition 6.1 The semigroup � has strong pseudo-orbital specification property if
for any ε > 0, there exist δ = δ(ε) > 0 and K = K (ε) > 0 such that for any
nonnegative integers

a1 < b1 < a2 < b2 < · · · < an < bn

with a j+1 − b j ≥ K and (δ, w j )-pseudo-orbits ξ j , with ξ j = {x( j,i)}, i ∈ I j =
[a j , b j ] ⊂ N and 1 ≤ j ≤ n, and w j = w

j
a j . . . w

j
b j−1 ∈ �A, if ω ∈ �m with

ωi = w
j
i for i ∈ [a j , b j −1] and 1 ≤ j ≤ n, then there exists a point z ∈ X such that

d( f iω(z), x( j,i)) < ε, i ∈ I j , 1 ≤ j ≤ n.
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Remark 6.2 Observe that for m = 1, this definition coincides with the definition of
pseudo-orbital specification property of mapping f1 in [8]. Therefore, if a semigroup
� with the set of generators G1 = {id, f1 . . . , fm} has the strong pseudo-orbital
specification property, then one can see that, for each i = 1, . . . ,m, the mapping fi
has the pseudo-orbital specification property. Obviously, if the semigroup� has strong
pseudo-orbital specification property, then it has pseudo-orbital specification property.

For any w ∈ �A, with w = w0 . . . w�−1 and ε > 0, define a metric dw on X by

dw(x1, x2) = max
0≤i≤�

d
(
f iw(x1), f iw(x2)

)
for all x1, x2 ∈ X ,

also we define the dynamical ball B(x, w, ε) by

B(x, w, ε) = {y ∈ X : dw(x, y) ≤ ε}.

Lemma 6.3 (see [15]) Let � be an expanding semigroup with the set of generators
G1 = {id, f1, . . . , fm}, then the following statements hold:

(1) There exists δ0 > 0 such that f �
w(B(x, w, δ)) = B( f �

w(x), δ), for any δ ≤ δ0, any
x ∈ X, and any w ∈ �A, with |w| = � ∈ N.

(2) For any δ > 0, there exists K = K (δ) ∈ N such that f Kw (B(x, δ)) = X for every
x ∈ X and every w ∈ Am

K .

Lemma 6.4 Any expanding semigroup � has the strong pseudo-orbital specification
property.

Proof If a semigroup � is expanding, then it has the shadowing property, see [7,13].
Let ε > 0 be given. For any nonnegative integers

a1 < b1 < a2 < b2 < · · · < an < bn,

since semigroup� has the shadowingproperty, there exists δ > 0 such that any (δ, w j )-
pseudo-orbit ξ j = {x( j,i)} with w j = w

j
a j . . . w

j
b j−1 ∈ �A, can be ε

2 -shadowed by
some point z j ∈ X , that is,

d
(
f
i−a j

w j (z j ), x( j,i)

)
<

ε

2
for i ∈ I j = [a j , b j ], 1 ≤ j ≤ n.

Set m j := b j − a j ; then |w j | = m j . By Lemma 6.3, there exits η0 > 0 such that for
any η ≤ η0,

f
m j

w j

(
B(z j , w

j , η)
)

= B
(
f
m j

w j (z j ), η
)

for all 1 ≤ j ≤ n.

We assume that ε
2 ≤ η0. Using Lemma 6.3, there exists a number K = K (ε) such

that f Kγi (B( f mi
wi (zi ),

ε
2 )) = X , for any γi ∈ Am

K , 1 ≤ i ≤ n.
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Let zn ∈ B(zn, wn, ε
2 ), and let γi ∈ Am

K , 1 ≤ i ≤ n be arbitrary. So there
exists zn−1 ∈ B( f mn−1

wn−1 (zn−1),
ε
2 ) such that f Kγn−1

(zn−1) = zn . Therefore, there

exists zn−2 ∈ B(zn−1, w
n−1, ε

2 ) such that f mn−1

wn−1 (zn−2) = zn−1, which implies that

f Kγn−1
◦ f mn−1

wn−1 (zn−2) = zn . By induction, there exists x ∈ B(z1, w1, ε
2 ) such that

f Kγ j−1
◦ f

m j−1

w j−1 ◦ · · · ◦ f Kγ1 ◦ f m1
w1 (x) = z j ,

and hence

f Kγ j−1
◦ f

m j−1

w j−1 ◦ · · · ◦ f Kγ1 ◦ f m1
w1 (x) ∈ B

(
z j , w

j ,
ε

2

)
,

which implies that, for any i ∈ [a j , b j ],

d
(
f
i−a j

w j ◦ f Kγ j−1
◦ f

m j−1

w j−1 ◦ · · · ◦ f Kγ1 ◦ f m1
w1 (x), f

i−a j

w j (z j )
)

<
ε

2
.

Let ω ∈ �m with ωi = w
j
i , i ∈ [a j , b j − 1], 1 ≤ j ≤ n. Let K j = a j+1 − b j ≥ K .

Since any map fi , 1 ≤ i ≤ m is surjective, choose z ∈ ( f a1ω )−1(x). Therefore, for
any i ∈ [a j , b j ],

f iω(z) = f
i−a j

w j ◦ f
K j−1
γ j−1 ◦ f

m j−1

w j−1 ◦ · · · ◦ f K1
γ1

◦ f m1
w1

(
f a1ω (z)

)

for some γ j ∈ Am
K j

. Thus, for i ∈ [a j , b j ],

d( f iω(z), x( j,i)) = d
(
f
i−a j

w j ◦ f
K j−1
γ j−1 ◦ f

m j−1

w j−1 ◦ · · · ◦ f K1
γ1

◦ f m1
w1 (x), x( j,i)

)

≤ d
(
f
i−a j

w j ◦ f
K j−1
γ j−1 ◦ f

m j−1

w j−1 ◦ · · · ◦ f K1
γ1

◦ f m1
w1 (x), f

i−a j

w j (z j )
)

+ d
(
f
i−a j

w j (z j ), x( j,i)

)
< ε.

Therefore, the semigroup � has the strong pseudo-orbital specification property. ��
Corollary 6.5 Any expanding semigroup � has the ergodic shadowing property.

7 Examples

Here, we give some examples investigating the ergodic shadowing property.

Example 7.1 Consider the space X = {a, b, c}with the discretemetric d, where a, b, c
are different points. Let f1(x) = a, f2(x) = b, and f3(x) = c for any x ∈ X .

Then f0, f1, and f2 are continuous maps on the complete metric space X , such that
∪3
i=1 fi (X) = X . Let G1 = {id, f0, f1, f2} and let � be a finitely generated semi-

group. We show that � has the ergodic shadowing property.
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Let 0 < ε < 1 be arbitrary. Put δ = ε. Suppose that η = {xi }i≥0 is a δ-ergodic
pseudo-orbit for �. So there is ω = ω1ω2 . . . ∈ �3 such that the set

Np(η, ω, δ) = {
i ∈ N : d( fωi (xi−1), xi ) ≥ δ

}
,

has zero density. Clearly, fωi (xi−1) = xi for any i ∈ N \ Np(η, ω, δ). Since f0, f1,
and f2 are constant functions, fωi (x) = xi for any i ∈ N \ Np(η, ω, δ) and x ∈ X .
Let z ∈ X be arbitrary, and choose γ ∈ �m with γi = ωi for any i except for the set
Np(η, ω, δ). For each i ∈ N \ Np(η, ω, δ), we have

d( f iγ (z), xi ) = d( fγi ◦ fγi−1 ◦ · · · ◦ fγ1(z), xi )

= d( fωi ( fγi−1 ◦ · · · ◦ fγ1(z)), xi )

= 0 < ε.

Since the set Np(η, ω, δ) has density zero, so the point z, ε-ergodic shadows the
sequence η. By Theorem 1.1, the semigroup � has shadowing and pseudo-orbital
specification properties. Also, it is chain mixing, topologically mixing, and weakly
mixing.

Example 7.2 Consider the mappings f0, and f1 on S1 = R

Z
defined by

f0(x) = 2x (mod 1), f1(x) = 3x (mod 1).

Then fi areC1 expandingmaps. So by Corollary 6.5, the semigroup� with generators
G1 = {id, f0, f1} has the ergodic shadowing property.

Example 7.3 In this example, we build a semigroup with the ergodic shadowing
property which does not have the strong pseudo-orbital specification property. Let
X = {a, b, c} and let a, b, c be three different points of X . With the discrete metric d,
X is a compact metric space. Let f1 and f2 be two cyclic permutations on X , that is,

f1(a) = b, f1(b) = c, f1(c) = a, f2(a) = c, f2(b) = a, f2(c) = b.

Then f0 and f1 are homeomorphisms on X . Denote by � the semigroup generated by
�1 = {id, f1, f2}. Let ξ = {xi }i≥0 be a (δ, ω)-ergodic pseudo-orbit for �. Choose a
sequence

a1 < b1 < a2 < b2 < · · ·

of natural numbers such that the following conditions hold:

(1) [an, bn] ⊂ N \ Np(ξ, ω, δ) for each n,
(2) an+1 − bn ≥ 3 for each n,

(3) limn→∞ (
∑n

k=1 ak+1−bk )
bn

→ 0.
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It is easy to see that we can choose a point z ∈ X and γ ∈ �2 with γi = ωi , a j ≤ i ≤
b j − 1 such that

f aiγ (z) = xai for any i ∈ N.

Since for any a j ≤ i ≤ b j , j ∈ N, fωi (xi−1) = xi , we have

d( f iγ (z), xi ) = d
(
f
i−a j

σ
a j γ

( f
a j
γ (z)), f

i−a j

σ
a j ω

(xa j )
)

= d
(
f
i−a j
ω (xa j ), f

i−a j

σ
a j ω

(xa j )
)

= 0 < ε.

This implies that� has the ergodic shadowing property, and by Theorem 1.1, it has the
pseudo-orbital specification property. Now, we show that � has not the strong pseudo-
orbital specification property. Indeed, since the mapping fi has the finite order, if
ω ∈ �2 and ωi = 1 for i ∈ N \ [a j , b j ], then there are arbitrary large iterates n such

that f
n+b j
ω (xb j ) = xb j and choosing xa j+1 	= xb j implies that semigroup � does not

have the strong pseudo-orbital specification property.

Example 7.4 Let f : S1 → S1 be a C1-expanding map of the circle and let Rα :
S1 → S1 be the rotation of the angle α. Consider the semigroup � generated by
G1 = {id, f , Rα}. It is well known that Rα does not have the shadowing property,
so the semigroup � does not have the shadowing property, see [4]. Therefore, by
Theorem 1.1, the semigroup � does not have the ergodic shadowing property.
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