Bulletin of the Iranian Mathematical Society (2019) 45:1573-1583
https://doi.org/10.1007/s41980-019-00216-4

ORIGINAL PAPER

®

Check for
updates

Linear Maps on Standard Operator Algebras Characterized
by Action on Zero Products

Amin Barari' - Behrooz Fadaee? - Hoger Ghahramani?

Received: 26 November 2018 / Accepted: 11 February 2019 / Published online: 18 March 2019
© Iranian Mathematical Society 2019

Abstract

Let A be a unital standard algebra on a complex Banach space X with dimX’” > 2. The
main result of this paper is to characterize the linear maps 8, t : A — B(X) satisfying
At (B) 4+ §(A)B = 0 whenever A, B € A are such that AB = 0. As application of
our main result, we determine the linear map § : A — B(H) that has one of the
following properties for A, B € A: if AB* = 0, then A§(B)* + §(A)B* = 0, or if
A*B =0, then A*§(B) +5(A)*B = 0, where A is a unital standard operator algebras
on a Hilbert space H such that A is closed under the adjoint operation. We also provide
other applications of the main result.

Keywords Standard operator algebra - Linear map - Zero product

Mathematics Subject Classification 47110 - 47B49 - 47B47

1 Introduction

One of the interesting issues in mathematics is the determination of the structure of
linear (additive) mappings on algebras (rings) that act through zero products in the
same way as certain mappings, such as homomorphisms, derivations, and centralizers.
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Among these issues, one can point out the problem of characterizing a linear (additive)
map 4 from an algebra (ring) A into an .4-bimodule M, which satisfies

ab=0=as(b) +8(@b =0, (a,beA. (1.1)

In fact, in this case § is like derivations at zero product elements. Recall that a linear
mapd : A — M issaid to be a derivation if d(ab) = ad(b)+d(a)b foralla, b € A.
Now let us mention some studies done in this regard. In [3, Theorem 4.4], Bresar
showed by using a more general approach that in the case of 4 being a unital ring
generated by its idempotents every additive map 8 : A — M satisfying (1.1) is of
the form &§(a) = d(a) + ca (a € A), where d : A — M is an additive derivation
and ¢ € Z(A), (Z(A) is the center of 4). Jing et al. [12] showed that, for the cases
of nest algebras on a Hilbert space and standard operator algebras in a Banach space,
the set of linear maps § satisfying (1.1) and §(/) = O coincides with the set of inner
derivations. Then many studies have been done in this case and different results have
been obtained; for instance, see [1,5,9,10,12,17] and the references therein.

Let A be an algebra (ring) and M be an .A-bimodule. Recall that a linear (additive)
map p : A — M is said to be a right (left) centralizer if p(ab) = ap(b) (p(ab)
= p(a)b) foreach a, b € A.1Itis called a centralizer if p is both a left centralizer and
aright centralizer. Conditions similar to (1.1) can be expressed for maps behaving like
right (left) centralizer or centralizers at zero product elements as follows:

ab=0=ap(() =0,
ab=0= p(a)b =0, (1.2)
ab=0= ap() = pla)b =0,

wherea, b € Aand p : A — M is alinear (additive) map. The characterizing of p is
also a matter of concern. In [3], Bresar proves that if A is a primeringand p : A — A
is an additive map, then p satisfying the second equation in (1.2) if and only if p is
a left centralizer. This problem has been studied by several authors, ([14—16] among
others).

The more general condition of the (1.1) and (1.2), which is considered, is as follows:

ab=0=>at(b) +8(a)b =0, (a,beA), (1.3)

where § : A - M and 7 : A — M are linear (additive) maps. If in (1.3) we
assume that t = §, then (1.1) is obtained and, if we put § = 0 or t = 0, then we
pass to the (1.2). The condition (1.3) has also been studied by some authors and the
mappings é§ and T have been characterized on different algebras (rings) (see [8,13]).
In [2], the authors consider linear maps 8,7 : A — M satisfying (1.3) and prove
that if the unital algebra A is generated by idempotents, then § and t are of the form
8(a) = d(a) +8(1)a and t(a) = d(a) + at(1) (a € A), whered : A - Misa
derivation. Also, characterizations of the maps 8 and t are given if 4 is assumed to
be a triangular algebra under some constraints on the bimodule M. In this paper, we
describe the linear mappings of the standard operator algebras in a Banach space that
satisfy (1.3) and we provide different results from this description.
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Throughout this paper, all algebras and vector spaces will be over the complex field
C. Let X be a Banach space. We denote by B(X) the algebra of all bounded linear
operators on X, and F(X) denotes the algebra of all finite rank operators in B(X).
Recall that a standard operator algebra is any subalgebra of B(/X) which contains
F(X). We shall denote the identity matrix of B(X") by /. In Theorem 2.1 of this article,
we characterize the linear maps 8, t : A — B(X) satisfying (1.3), where A is a unital
standard operator algebra. This theorem is the main result of our paper. Also, we apply
our main result to describe linear maps satisfying (1.1) and (1.2) on standard operator
algebras (Corollaries 2.2, 2.3).

Recently, the problem of characterizing linear (additive) maps on x-algebras
(x-rings) behaving like derivations at orthogonal elements for several types of
orthogonality conditions has been considered; for instance, see [6,11]. In
particular, the following conditions on a linear (additive) map § from a x-algebra
(*-ring) A into itself are considered:

ab* =0 = ad(b)* +8(a)b* =0,

(1.4)
a*b =0 = a*8(b) + 8(a)*b = 0,

where a,b € A. As another application of Theorem 2.1, in Theorem 2.4 and
Corollary 2.5, we determine the linear maps satisfying (1.4) on unital standard operator
algebras on a Hilbert space H such that A is closed under the adjoint operation.

In Sect. 2 of this paper, we give all the results and assign Sect. 3 to the proof of
Theorem 2.1.

2 The Main Results

In this section, we present the results of this paper. The following is the main result of
our article, the proof of which will be given in Sect. 3.

Theorem 2.1 Let X be a Banach space, dimX > 2, and let A C B(X) be a unital
standard operator algebra. Suppose that § and t are linear maps from A into B(X)

satisfying
AB=0— At(B)+3(A)B=0, (A,BecA.
Then there exist R, S, T € B(X) such that

8(A) =AS — RA, t(A)=AT —SA

forall A € A.

From Theorem 2.1, one gets the following corollary, which is already proved
in [12, Theorem 6]. So it can be said that Theorem 2.1 is a generalization of
[12, Theorem 6].
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Corollary 2.2 Let X be a Banach space, dimX > 2, and let A C B(X) be a unital
standard operator algebra. Assume that § : A — B(X) is a linear map satisfying

AB=0=— AS8(B)+58(A)B=0, (A,BcA).
Then there exist R, S € B(X) such that
3(A) = AS —RA
forall A € Aand R — S € Z(B(X)).
Proof By Theorem 2.1, there exist R, S, T € B(X) such that
3(A) = AS — RA = AT — SA
for all A € A. So,
AS—-T)=(R—-95A

forall A € A.Let A=1,wearriveat S — T = R — S. Therefore, R — S € Z(A).

We show that R — S € Z(B(X)). Let A € B(X). Since F(B(X)) C" = B(X), there

exists a net (F;);e7 in F(B(X)) such that F; ﬂ) A. By separate SO T -continuity
of product in B(X'), we see that

(R—SF 2L (R—$)A, F.(R-5 225 AR -5).

On account of R — § € Z(A), we have (R — S)A = A(R — S). Since A € B(X) is
arbitrary, it follows that R — § € Z(B(X)). O

In the following, we will characterize the linear maps on standard operator algebras
behaving like right (left) centralizers or centralizers at zero product elements.

Corollary 2.3 Let X be a Banach space, dimX > 2, and let A C B(X) be a unital
standard operator algebra. Assume that p : A — B(X) is a linear map.

(i) p satisfies
AB=0=— A1(B) =0, (A,Bec A,

if and only if T(A) = AD forall A € A inwhich D € B(X).
(1) p satisfies

AB=0=36(A)B=0, (A,BecA),

if and only if §(A) = DA forall A € A inwhich D € B(X).
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>iil) p satisfies
AB=0= Ap(B) =p(A)B=0, (A,Bec A,
if and only if t(A) = DA forall A € Ainwhich D € Z(B(X)).
Proof (i) By Theorem 2.1, there exist R, S, T € B(X) such that
AS—RA =0, t(A)=AT —SA

forall A € A. By setting A = I, we see that S = R. Hence, AS = SA forall A € A.
Now, let D =T — S € B(X) and we have 7(A) = AT for all A € A. The converse
is proved easily.

(ii) The proof is obtained by using a similar argument as in (i).
(iii) Itis clear from (i) and (ii).

O

In the next theorem, we consider the standard operator algebras on Hilbert spaces
which are closed under the adjoint operation and determine the structure of linear
maps on them that act similar to derivations at an one-sided orthogonality condition.
This theorem is an application of Theorem 2.1.

Theorem 2.4 Let A be a unital standard operator algebra on a Hilbert space H
with dimH > 2, such that A is closed under the adjoint operation. Suppose that
8 : A — B(H) is a linear map satisfying
AB*=0=— AS8(B)*+8(A)B* =0, (A,BecA.
Then, there exist R, S € B(X) such that
3(A) = AS—RA

forall A € Aand ReS € Z(B(H)).

Proof Define the linear map t : A — B(H) by 7(A) = §(A*)*. Then by assumption
AS(B*)*+38(A)B=0

forall A, B € Awith AB = 0. Thus,
At(B)+6(A)B=0

forall A, B € A with AB = 0. So § and 7 satisfy the conditions of Theorem 2.1 and
according to this theorem there exist R, S, T € B(H) such that

8(A) = AS — RA, T(A)= AT — SA
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for all A € A. Therefore, §(A*)* = AT — SA for all A € A and hence §(A)
=T*A — AS* forall A € A. Comparing these relations for §, we obtain

AS+ 8 =(R+THA
forall A € A.Let A =1,wegetS+ S* = R+ T*. Hence, S+ S* € Z(A). By using

similar arguments as in the proof of Corollary 2.2, we have S + S* € Z(B(H)). So
ReS € Z(B(H)) and the proof is complete. O

Corollary 2.5 Let A be a unital standard operator algebra on a Hilbert space H
with dimH > 2, such that A is closed under the adjoint operation. Suppose that
8 : A — B(H) is a linear map satisfying
A*B=0= A*§(B) +8(A)*B =0, (A,BecA.
Then there exist R, S € B(X) such that
3(A) = AR — SA

forall A € Aand ReS € Z(B(H)).

Proof Define the linear map 7 : A — B(H) by t(A) = §(A*)*. Consider A, B € A
with AB* = 0. So, (A*)*B* = 0 and by assumption we have

AS(B*) +8(A")*B* = 0.
It follows from the definition of t that
At(B)*+1(A)B* =0.

Therefore, 7 satisfies the conditions of Theorem 2.4 and hence there exist Rj, S;
€ B(H) such that

T(A) = AS| — R|A
for all A € A and ReS; € Z(B(H)). Therefore, §(A*)* = AS; — RjA and
consequently §(A) = SfA — AR] for all A € A. Now by letting S = —S} and
R = —R7, we obtain 6(A) = AR — SA forall A € Aand ReS € Z(B(H)). O

3 Proof of Theorem 2.1

We prove Theorem 2.1 through the following lemmas.

Lemma3.1 Forall A € Aand X € F(X), we have

AT(X) + 8(A)X = AXt(I) + 5(AX).
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Proof Let P € A be an idempotent operator of rank one. Set Q = I — P. Then for
all A € A, we obtain AP Q = 0. So by assumption, we have

APT(Q)+8(AP)Q = 0.
Therefore,
APt(I) — APT(P)+ 8(AP) — §(AP)P = 0.
Hence,
APt(I)+8(AP) = APT(P)+ 8(AP)P. (3.1)
Since AQP =0 (A € A), it follows that
AQT(P)+8(AQ)P = 0.
So,
AT(P) — APt(P) + 8(A)P — §(AP)P = 0.
Consequently,
AT(P) +8(A)P = APT(P) + 8(AP)P. (3.2)
By comparing (3.1) and (3.2), we obtain
At(P) +8(A)P = APt(I)+6(AP).

By [4, Lemma 1.1], every element X € F(X) is a linear combination of rank-one
idempotents, and so

AT(X) + 8(A)X = AXT(I) + 8(AX)

forall A € Aand X € F(X). O

Lemma3.2 Forall A € Aand X € F(X), we have
T(XA)+8(1HXA = X1(A) +8§(X)A.

Proof Let P € A be a rank-one idempotent operator,and Q =1 — P.So PQA =0
and QPA = 0 forall A € A. By assumption, we have

PT(QA) +8(P)AQ =0
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and
Qt(PA)+6(Q)PA =0.
From these equations we have the following, respectively.
Pt(A)+6(P)A = Pt(PA)+6(P)PA
and
T(PA)+8(I)PA = Pt(PA)+46(P)PA.

Comparing these equations, we get

T(PA)+8(I)PA = Pt(A) + 5(P)A.
Now, by [4, Lemma 1.1] we have

T(XA)+8(I)XA=Xt(A)+56(X)A

forall A € Aand X € F(&X). O

Lemma3.3 Forall A, B € A, we have
8(AB) = A8(B)+6(A)B — AS(1)B.
Proof Taking A = I in Lemma 3.1, we find that
SX)=1t(X) - Xt(I)+5()X, (3.3)
for all X € F(X). Since F(X) is an ideal in A, it follows from (3.3) that
3(AX) =1(AX) — AXt() +5(HAX
forall A € Aand X € F(X). From this equation and Lemma 3.1, we obtain
T(AX) = At(X) +8(A)X —6(1)AX 3.4)
forall A € Aand X € F(X). From (3.4), we have
T(ABX) = ABt(X) +6(AB)X —6(I)ABX, (3.5)
forall A, B € Aand X € F(X). On the other hand,

T(ABX) = AT(BX) + 8(A)BX — 8(1)ABX
— ABT(X) + AS(B)X — AS(I)BX + 8(A)BX — 8(I)ABX  (3.6)
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forall A, B € Aand X € F(X). By comparing (3.5) and (3.6), we see that
S3(AB)X = AS(B)X +8(A)BX — AS(I)BX

forall A, B € Aand X € F(X). Since F(X) is an essential ideal in primitive algebra
B(X), it follows that

8(AB) = AS(B) + 8(A)B — AS(I)B

forall A, B € A. O

Lemma3.4 Forall A, B € A, we have
T(AB) = At(B) +t(A)B — At(])B.
Proof From Lemma 3.2 and (3.3), we conclude that

T(XA) = Xt(A) +8(X)A — ()X A
= XT(A) +t(x)A — XT(])A, (3.7)

forall A € Aand X € F(X). Now, by using (3.7) forall A, B € Aand X € F(X),
we calculate (X AB) in two ways and we obtain the following:

T(XAB) = Xt(AB) —t1(X)AB — Xt(I)AB
and
T(XAB) = XAt(B)+ Xt(A)B+t1(X)AB — Xt(I)AB — XAt (I)B.
Comparing these equations, we get
Xt(AB) = XAt(B) + Xt(A)B — XAt(I)B

forall A, B € Aand X € F(X). Since F(X) is an essential ideal in B(X), it follows
that

T(AB) = At(B) + t(A)B — At(I)B

forall A, B € Aand X € F(X). O

Lemma 3.5 Forall A € A, we have

T(A) — At(I) = 8(A) — 8(I)A.
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Proof 1t follows from (3.3) and Lemma 3.3 that

T(AX) — AXT(I) = 8(AX) — §(1)AX
= AS(X) +8(A)X — AS(D)X — 8(I)AX
= At(X) — AXt(I) + 8(A)X — §()AX

forall A € A and X € F(X). On the other hand, according to Lemma 3.4, for all
A€ Aand X € F(X), we have

T(AX) —AXt(I) = At(X) + 1(A)X — At()X — AXT ().
By comparing these equations, we find that
B(A) —8(HAX = (t(A) — At(1)X

forall A € Aand X € F(X). Since F(X) is an essential ideal in B(X), it follows
that

S(A) — 8(I)A = T(A) — At(I)
forall A € A. O

Now, by considering the obtained results we are ready to prove Theorem 2.1.

Proof of Theorem 2.1 Define the linearmap A : A — B(X)by A(A) = §(A)—38(I)A.
It follows from Lemma 3.3 that

A(AB) = 8(AB) — 8(I)AB
— AS8(B) + 8(A)B — AS(I)B — §(I)AB
= AA(B) + A(A)B.

So A is a derivation and according to [7, Theorem 2.5.14] there exists S € B(X) such
that A(A) = AS — SAforall A € A. Set R = § — §(I). From the definition of A
we conclude that §(A) = AS — RA for all A € A. Also, by Lemma 3.5, we have
A(A) =1t(A) — At(I) forall A € A.Set T = S + t(I). Hence, t(A) = AT — SA
for all A € A. The proof of theorem is complete. O
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