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Abstract

Let Bx be the open unit ball of a complex Banach space X, which may be
infinite dimensional. The weighted composition operator and weighted space defined
on Byx are introduced. We obtain the boundedness and compactness of the weighted
composition operator from the Bloch-type spaces to the weighted spaces, and some
properties with the Bloch-type spaces are given. Our main results generalize the
previous works on the Euclidean unit ball B" to the case of Bx.
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1 Introduction

Let C" be the space of n-dimensional complex variables z = (z1, z2, ..., Zn). The
unit ball

n
B" = {z =@ €C P =) lul < 1},
k=1

and B! = U denotes the unit disk in C. Let H(B") be the family of holomorphic
function from B" to C.
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A positive continuous function p on [0, 1) is called normal if there is 6 € [0, 1)
and 0 < a < b < oo such that

_ro) is decreasing on [§, 1) and lim B0 =0:
(I —r) r—1 (1 —r)
n(r) p(r)

m is increasing on [§, 1) and rlgnl (I——V)b = oo.

Then a normal function u is strictly decreasing on [§, 1) and u(r) — O asr — 1.
Denote by Aut(B") the holomorphic automorphism group of B". If u € H(B") and
¢ € Aut(B"), then the corresponding weighted composition operator is defined by

uCy(f)(2) =u@) f(p(2), z € B". (1.1)

The boundedness and the compactness of the operators uC, on Bloch-type spaces,
Zygmund spaces, Hardy spaces and the weighted Bergman space attract a lot of
attentions (see, e.g., [6,8,12,14,16,18,19,22,23]).

The classical Bloch functions on the open unit disk U have been widely
studied (see, e.g., [1,17]), and the corresponding notion in higher dimension was first
introduced by Hahn [11]. Timoney [20] studied in depth the Bloch functions on
bounded homogeneous domain in C" with using Bergman metric (also see, Allen
and Colonna [2]). Furthermore, Blasco et al. [3,4] extended the Bloch space on
B" to the case of unit ball By of an infinite dimensional complex Hilbert space
H. The bounded symmetric domains in complex Banach spaces are exactly the
open unit balls of JB*-triples which are complex Banach spaces equipped with a
Jordan triple structure. Moreover, a complex Banach space is a JB*-triple if and only
if its open unit ball is homogeneous (see, e.g., Deng and Ouyang [7], Kaup [13]).
Recently, Chu et al. [5] generalized the Bloch space on B" to the case of an infinite
dimensional bounded symmetric domain realized as the open unit ball of a JB*-triple
X by taking the place of the Bergman metric with the Kobayashi metric (compare with
definition in Timoney [20]). In addition, they obtain the criteria for boundedness and
compactness on composition operator between the Bloch spaces on infinite
dimensional bounded symmetric domain. By [5], Hamada [10] continued to study
the weighted composition operators from the Hardy space H to the Bloch space on
bounded symmetric domains. Hamada [9] obtained the boundedness and compactness
of the extended Cesaro operators between the Bloch-type spaces, which extended the
results in Tang [21] to the case of unit ball of a infinite dimensional complex Banach
space.

In this paper, we conform to the definitions of Bloch-type spaces and little Bloch-
type spaces as [9], which generalize the corresponding spaces on B" to the case
of the open unit ball Bx of an infinite dimensional complex Banach space X with
arbitrary norm || - ||. All the weighted composition operator and weighted space are
extended to Bx (see, Sect. 2). We study the boundedness and compactness of the
weighted composition operator from w-Bloch space Br ., (Bx) (resp. little w-Bloch
space Br ,,(Bx)) to the weighted space on Hl‘jo(BX) (resp. little weighted space
H/%’ (Bx)) (see, Sect. 4). In Sect. 3, we give the relations between the Bloch-type
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spaces Br ,,(Bx) and the little Bloch-type spaces Br ., (Bx). Using the work of
Hamada [9], we successfully construct two test functions (see, Lemma 2.4), which
play a key role in the proof of our main results. Since the Bloch-type spaces Br ,,(Bx)
coincide with the Bloch-type spaces Br ., (Bm) when X is a complex Hilbert space
H [see Remark 2.1 in (iii)], our main results extend the corresponding works on B”
(see, e.g., Krantz and Stevi¢ [12]) to the case of Bx of an infinite dimensional complex
Banach space.

2 Preliminaries and Auxiliary Results

Let Bx be the unit ball of a complex Banach space X with arbitrary norm || - ||. Let
H (Bx) denote the set of holomorphic mappings from By into C. For x € X\{0}, we
define

T(x) ={ly € X" : [x(x) = lIx[l, [kl =1}

Then T (x) # @ in view of the Hahn—Banach theorem.

Let w be a normal function on [0, 1), and w can be extended to a function on Bx by
w(z) = o(||z]]). A function f € H(Bx) is called a Bloch-type function with respect
to w if

1 flIBg., =suplo(2)IRf(2)|:z € Bx} < +o0, 2.1

where R f(z) = Df(z)z is the radial derivative of f and Df(z) is the Fréchet
derivative of f at z.

The class of all Bloch-type functions with respect to @ on By is called a Bloch-type
space on Bx and is denoted by Br, ,,(Bx). With the norm

1fIR0 =1fOI+1flBg,,

the Bloch-type space Br ., (Bx) becomes a Banach space (see, Proposition 2.5 in
Hamada [9]).
The little Bloch-type space Br ,, (Bx) is a subspace of Br ,,(Bx) consisting of all
f such that
lim w(2)|Rf(z)|=0. (2.2)
lzll—1
Remark 2.1 (i) The Bloch-type space Br ,(Bx) and little Bloch-type space
BR,w, Bx) were first introduced by Hamada [9], which generalize the correspond-
ing spaces defined on the Euclidean unit ball B” or on the unit disk U.
(i) By choosing different functions w, we have the following special spaces:

o Ifw(z) =1—]|z ||2 in (2.1) and (2.2), respectively, then we obtain the Bloch space
Br (Bx) and little Bloch space B o(Bx) in the unit ball of a complex Banach
space (the case in B”, see, e.g., [15]).

o Ifw(z) = (1 — ||z]|»)* with a € (0, 00) in (2.1) and (2.2), respectively, then we
obtain the a-Bloch space B7, (Bx) and little a-Bloch space B%’O(BX) in the unit
ball of a complex Banach space (the case in B", see, e.g., [16]).
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o Ifw(zx) = (1 — ||Z||2)(H, , IntJ] e ”2) in (2.1) and (2.2), respectively, then
we obtain the iterated logarithmic Bloch space Bjog = (Bx) and little Bloch space
Biog, R,0(Bx) in the unit ball of a complex Banach space (the case in B", see, e.g.,

[12]).

(iii) In the case Bx = Byy is the unit ball of a complex Hilbert space H, Hamada [9]
proved that the condition (2.1) is equal to

I /1B, = suple@)IIDf ()l : z € Bx} < +o00, (2.3)
and the condition (2.2) is equal to

| lﬁm w (@) Df ()| =0. 2.4

The same situation holds with (2.3) and (2.4) when Bx = B" (see, Tang [21]). In fact,
if f € H(Bx), then the relation |R f (z)| < ||Df (z)|| make sure that

sup{w (2)[IDf (D)l : z € Bx} < +00 = f € Br »,(Bx),

but the converse is not true.

The weighted space HJ°(Bx) consisting of all f € H(Bx) such that

I fllage = sup{w ()| f(2)] : z € Bx} < 400,

where w is normal.
The little weighted space H,; (Bx) is a subspace of H;"(Bx) consisting of all f
such that
||l|1|m o ()| f(@)|=0.

If u € H(Bx), and ¢ € Aut(Bx), then the operator uC,, is defined by

uCy(f)(2) = u(2) f(p(). f € HBx), z € Bx. 2.5

Remark 2.2 We note that (2.5) extends the corresponding weighted composition
operator in (1.1) on B" to the case of unit ball Bx of a complex Banach space X.

Next, we formulate and prove several auxiliary results which are used in the main
theorems. Lemma 2.3 was proved by Hamada [9], (the corresponding results in B”,
see Tang [21]). Lemma 2.5 is a generalization of the result on B" (see, Krantz and
Stevi¢ [12]) to the case of unit ball Bx of a complex Banach space X. In Lemma 2.4,
we define two test functions, which play a key role in the proof of our main theorems.

Lemma2.3 ([9], Lemma 2.1) Let w be a normal function. Denote ky =
max (0, [log, ﬁ]), re = @) () and i = [lj,k]fork > ko, where the
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symbol [x] means the greatest integer not more than x. Let

G@)=1+) 2" ¢ el.

k>ko
Then
(1) G is a holomorphic function on U such that G (r) is increasing on [0, 1) and

0<Ci= inf w(@r)G@r) < sup w(r)G@r)=Cr < o0
rel0,1) rel0,1)

(ii) there exists a positive constant C3 such that the inequality
2

/r G(t)dr < C3 /r G(t)dt
0

0

holds for all r € [r1, 1), where r1 € (0, 1) is a constant such that

/ 1 G(t)dr = 1.
0

Lemma 2.4 Let Bx be the unit ball of a complex Banach space X. For any v € Bx\{0}
andl, € T (v), let

[[vlily(z)
fok@ =14k / G(o)de, 2 € By,
0

where G is the function defined in Lemma 2.3 and 0 < k < +00. Then

@ fok € Br,w,Bx) and || 1 kIR, < 14 kCo, where Cy is the constant defined
in Lemma 2.3.

(®) ifllvll = r1 and

1
Fo(2) = r» (v)(fu,k(z»% z € By,

where ry is defined in Lemma 2.3, then F, € BRr,,,(Bx) and

1
1ForllR,0 < §C3 +2(1 + k)Ca2C3,

where Co, C3 are the constants defined in Lemma 2.3. Moreover, 1ff01 ﬁdt = 00,
then F, x — 0 uniformly on any closed ball strictly inside Bx as ||v]| — 1

Proof (a) Using Lemma 2.3, we obtain

0 @R fuk (@] = ko @)|GIL )V ()] < ke (lzIDG1z]) < kCa.
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Therefore, f,r € Br.»Bx) and || fikllR.o» < 1+ kC,. Moreover, since R fy k
is bounded on Bx, we have lim -1 w(2)|Rfyk(z)] = 0, which implies f x

€ BR,wU (Bx).
(b) By some simple estimates and using the Lemma 2.3, we have

0 ()|RFyk(2)| = 2k - w(Z)f e )Ifuk(Z)IG(IIVIIlu(Z))IIIVIlllu(Z)I

< 2k - ozl

v, G
Tox ()If (@IGIzID

1+& " G@yde

1+ k [V Goyde

1+ kCs [V Go)de
kM Gode

1 1
= 2kC2<§—”v|2 +C3>
Jo " G(©)de

:2kC2< f G(C)d{ +C3>

<2kC< —f”vu G&)dg + 3)

1
< 2kC2<EC3 + c3> = 2(1 + k)C2C5. (2.6)

< 2kCy

< 2kCy

By (2.6), we obtain F, x € Br ,(Bx) and

[Fo kIR0 < TFui(O)] +2(1 + k) C2C3

= +2(1+k)C2C
|fu,k(‘})| ( )C263

1
= e +2(1 + k)Ca2C3
1+k [y G(o)de

JMG (2)de
Tk P Gde

1
= 1 C3+2(1+ KC2Cs. 2.7)

+2(1 +k)C2C3

Moreover, since RF), ; is bounded on By, we have lim; 1 w(2)|RF, x(z)| = O,
which implies F, x € B, 4, Bx).

Next, if fol ﬁt)dt = 00, then we can prove that F), ; — 0 uniformly for |z]|
<r (0 <r < 1)as|v| — 1by asimilar way in ([9], Lemma 2.7). The proof is
finished. o

@ Springer



Bulletin of the Iranian Mathematical Society (2019) 45:1389-1406 1395

Lemma 2.5 Suppose that u € H(Bx), u is normal and ¢ € Aut(Bx). Then the
operator uCy : BR ,(Bx) — H;°(Bx) is compact if and only if uCy: Br ,,(Bx)
— Hﬁo(BX) is bounded, and for any bounded sequence {fi}ren in Br ,Bx)
converging to zero uniformly on compact subset of Bx as k — oo, we have that

limg— o [ Cy (fi) |l Hge = 0.

Proof 1t is similar to the proofs of the corresponding results [cf. ([4], Lemma 4.4) and
([12], Lemma 5)]. We omit the proof here.

Throughout this paper, the notation A < B means that there is a positive constant
C such that & < B < CA. o

3 Some Properties with Spaces Bz ,(Bx) and Br ;,(Bx)

In this section, we prove Bgr ,,(Bx) is a closed subset of Br ,(Bx) in Theorem
3.1, and the transform relationship between of them is given by delay function in
Theorem 3.2, which generalize the previous works on B” to the case of unit ball Bx
(see, Theorem 2 and Theorem 3 in Krantz and Stevié¢ [12]).

Theorem 3.1 Let Bx be the unit ball of a complex Banach space X. Then Br ,,,(Bx)
is a closed subset of Br ,,(Bx), where p is normal on [0, 1).

Proof Let {f;}en be a sequence in Br ,,,(Bx) such that
Adim | fj = fllr,u =0, f € Br . (Bx). (3.1
J—>+0o0

Using the (3.1), we have that, for every ¢ > 0, there is an jj € N such that

1fj = fllru <e (3.2)

for j > jo. In particular, taking j = jo in (3.2), it gives that

sup p([1zIDIR fjy (2) = Rf (2] < | fjy(z) — f(O)]

z€Bx

+ sup u(llzDIRfjy(2) = Rf ()| < €. (3-3)

z€Bx

On the other hand, f;, € Br_,,(Bx) makes sure that, for every ¢ > 0, thereisad > 0
such that
ullzIDIR fi (2 < € 3.4

for § < ||z|| < 1. Thus, from (3.3) and (3.4), we have

wlzIDIRf ()| = ndlzIDIRf(2) — R fjy(z) + Rfj, (2|
< nllzIDIR f(2) = R fjp (1 + nlizIDIR £, (2)]
< 2¢
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for § < |lz|l < 1, which implies that f € Bgr_,,(Bx). The proof of this theorem is
completed. O

Theorem 3.2 Let Bx be the unit ball of a complex Banach space X. Assume that
f € Br.Bx)and f,(z) = f(rz), r € [0,1), z € Bx. Then f € Br ,,Bx) if
and only if
lim [|f = frllr,u =0, (3.5)
r—1

where  is normal decreasing function of ||z|| with u(0) < +o0.

Proof After some simple computations, it is easy to see that
Rfr(@ =Rf(rz), z € Bx. (3.6)
Since p is normal decreasing function of ||z||, by (3.6), it follows that

pdlzl) pdlizlh

< .
wdiren S W, =6

3.7

pUzIDIR fr ()] = ndlzDIRfr)| < 1 f Bz,

Assume that (3.5) holds. Let f € Bg , (Bx), then by (3.7), we have

lim — u(llzDIR fr(2)] = 0.

lzll—1
This implies that f, € Br ,,(Bx). Furthermore, Br ,,(Bx) is a closed subset of

Br,.(Bx) (see, Theorem 3.1), then (3.5) implies that f € Br ,,,(Bx).
Now assume f € Br ,,(Bx). Then, forevery ¢ > 0, thereisa § € (0, 1) such that

w@IRf ()] <&, (3.8)
as 82 < ||z|| < 1. By (3.6), we have

If = frlRu = sup n(@)IRf(rz) = Rf ()]

z€Bx
< sup w(@)|Rf(rz) = Rf(2)]
lzll<s
+ ”S}‘IPSM(Z)lRf(rZ) - Rf@I (3.9)
zll>
It is obviously
lim sup |[Rf(rz) —Rf(2)|=0 (3.10)
=17 z)<8
and
sup pu(z) = sup pu(llzll) < wu(0) < +oo0. (3.11)
lzlI<s lzlI<8
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Thus, using (3.10) and (3.11), it follows that

lim sup u(2)IRf(rz) = Rf(2)|=0. (3.12)

=17 7)<8

On the other hand, by (3.8), for all z € Bx and r € [0, 1) such that § < ||z|| < 1,§
<r < 1, we have
H@IRf(r2)l < nr2)IRf(rz)l <e. (3.13)

Hence, by (3.8) and (3.13), it follows that

sup w()IRfrz) =R < sup w@IRf(rz)l

d<llzll<1 d<llzl<l1

4+ sup w@IRf(2)| < 2¢ (3.14)

s<|lzll<1

for every r € (8, 1). Using (3.12) and (3.14) in (3.9), we obtain (3.5). The proof is
finished. O

4 uCy : Br,o(Bx)(or Br,e,(Bx)) — H;’(Bx)(or H’ (Bx))

In this section, we study the boundedness and compactness of operator uCy, :
Br.,Bx) — Hlfo(BX) (resp. Br o,Bx) — H;Z;’(BX)), which generalize the
corresponding results on B” to the case of unit ball Bx of a infinite dimensional
complex Banach space X (see, Theorems 16—19 in Krantz and Stevi¢ [12]). The
following set E, , is needed when consider the compactness of the operator uCy,. For
Ve > 0and p € (0, 1), we define

1
E;p,= {z €Bx: |zl <p,3Is € [1, ;}, s.t. u(s2)|u(sz)| = 8}. 4.1

Theorem 4.1 Let Bx be the unit ball of a complex Banach space. Assume that u
€ HB), ¢ € Aut(Bx), w and p are normal on [0, 1). Then uC, : Br, ,Bx)
— H;°(Bx) is bounded if and only if

le@I 1
sup ,u(z)lu(z)l(l +/ —dt) < 00. 4.2)
0

ZEBX w (t)

Moreover, if uCy : Br,»,Bx) — Hl‘j"(Bx) is bounded, then

le@I 1
luCyllR., = sup M(Z)Iu(z)l(l +/0 Mdt). (4.3)

z€Bx
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Proof Assume that (4.2) holds and f € Br ,,(Bx), z € Bx. Using Proposition 2.4 in
[9], we have

[uCy () (DB, ,—HE = sup n(2)|uCy(f)(@)] = sup u(@)|f(p()u2)]

zeBx zeBx
= sup wu(@)|u)Ilf ()]
z€Bx
le@I 1
< G4l flIR,0 SUP M(Z)IM(Z)|<1 +/ —dt).
z€Bx 0 a)(t)

4.4)

From (4.2) and (4.4), it follows that

@I
luCyllpe < Cq sup pu()|u@)|| 1+ —dt ) <0 4.5)
. 2By 0 (1)

and uCy : Br ,(Bx) — H,fo(Bx) is bounded.
Conversely, assume that uC, : Bgr ,Bx) — Hﬁo(BX) is bounded. For v
€ Bx,k > 0and/, € T(v), we give the test function

[viIZy (z)
For@ =1 +k / G(0)de, z € By, 4.6)
0

where G is defined as Lemma 2.3. By Lemma 2.4, then f,x € Bgr o, (Bx)
C Bro®Bx) and || fukllR.o < C2. Let r1 be the constant in Lemma 2.3. Thus,
for v € Bx with [[e(V)|| = r1, we get

w(t) Cy

lew)12
< u<v>|u<v>|(1 +9f ’ G(r)dt)
Ci Jo

S U S, e @O < sup WIS, e @)

lol lp)l
M”)'“(V)l(l + Ldt) < M(V)Iu(v)|<1 + @dt)
0 0

vEBX ¢
= vselg; M(V)luc(p[f(p(u),%?](vﬂ = ”MC(p[f(p(v)’%]”BRw—)Hﬁo
<ICol1f,,) 2 IR0 < CaluCyll < o0, (47)
T
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If l¢(v)|| < r1, then by Lemma 2.3, we have

le®I 1 IO G ()
M(V)|M(V)|(1 +/ —dt) < M(v)|u(v)|<1 +f —dt)
0 w(l) 0 Cl

< M(V)Iu(v)|<1 + /r] @dt> = (1 + L) u)|u(v)l
o Ci Ci

1 1
< (1 + C_) sup u(W)[u(v)| < <1 + C_1> luCy(DBr ,— HF

1 veBx

1
< (1 + C—)||uC(p|| < Q. (4.8)
1

The inequalities (4.7) and (4.8) yield (4.2), as desired. Moreover, from (4.4), (4.7) and
(4.8), we obtain (4.3). This completes the proof. O

Theorem 4.2 Let Bx be the unit ball of a complex Banach space X. Assume u € H(B),
¢ € Aut(Bx), w and p are normal functions on [0, 1). Let the set E; , is relatively
compact in Bx for any ¢ > 0 and p € (0, 1). The following statements are true.

(a) Iffo1 ﬁdt < o0, then uCy : BR (Bx) — H;°(Bx) is compact if and only if

u € HX(By).

(b) Iffol ﬁdr = 00, then uCy : Br »,Bx) — Hﬁo(BX) is compact if and only if
uCy : Br,oBx) — Hﬁo(BX) is bounded and

le@I—1

le@I 1
lim u(z)lu(z)l(l +/ —dt) =0. 4.9)
0 w(t)

Proof (a) Suppose that uCy, : Br ,Bx) — Hl‘j" (Bx) is compact. Then it is clear

tp\at uCy is bounded. Take the test function f(z) = 1, z € Bx. It is easy to know that
f € Br »(Bx). We have

sup (2uCyl f1(z) = sup u(2)u(z)| < oo,
zeBx zeBx
which implies u € H;jo Bx).
Conversely, if u € H;jo (Bx), then fol ﬁdf < oo makes sure that (4.2) holds.
Thus, uCy : Br,,Bx) — Hﬁo(BX) is bounded by Theorem 4.1. For any ¢ > 0,

there exists p € (%, 1) such that

le@I 1 e
M(Z)|L£(Z)|(1 +/p mdt) < g, (410)

when z € Bx with p < [l@(2)|| < 1.Let{f;};en be a bounded sequence in Br ,,(Bx)
which converges to 0 uniformly on any compact subset of Bx. We may assume that
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I fillR.w < 1.Then |f;| < C, forall j and ||z|| < p by Proposition 2.4 in [9], where

Lo
C,p = Cu1 +/ ——dr).
g 0 @)
There exists a positive N such that

Ifj(w)] <

&
— >N, we E;/3c.)0-
3||”||Hﬁ°+1 J €/(3Cp),p

Therefore, for ||¢(z)|| < pandt = 1 orfor p < |l¢(z)|| < landt = ”(pfz)” , we have

n@u @)l fjte)] < g Jj>N.

Next, we will finish the proof through a case by case check:
Case I: if z € Bx with [l¢(z)]| < p, by (4.11), then we have

WIS @) < 5. j > N

holds.

.11

(4.12)

Case II: if z € Bx with p < |l¢(2)|| < 1, by (4.10), (4.11) and some simple

calculation, we have

m@Nu@I fi(e(2)]

. 9@ (, %@
<u@w@I 0@ £ (og o) [+ w@m@if (g )
1 1
< 1(@)u(z) / , IRfj(tso(z))l;dl+“(Z)|”(Z)|‘fj (” ||ZZ;||)‘
Te@T
||<P(z)|| / <)
< u@u )| IR fj(tp(2))|dr + n(2)|u(2)l| f;
Hw(dl\ ‘ ( ”(p(Z)H
<21@)u@|le@)| / |Rf](r<p<1>>|df+M(Z)'”(2)"f1( ||§ZEZ;||
Hw(
1 <,0(Z)
- I S ([, 2R
M(z)lu(z)lllfp(z)II/ e AR A Gy
lle@)ll
@(2)
2 1
< 58 + §8 =&
for j > N.
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For any ¢ > 0, employing the (4.12) and (4.13), we obtain
luCy fillHge <€, j > N. 4.14)

Using Lemma 2.5 and (4.14), uC, : Br ,(Bx) — H/fo (Bx) is compact.

() If uCy : Br,Bx) — Hfjo (Bx) is compact, then uCy : Bgr ,Bx)
— H ,fo (Bx) is bounded. Now, we assume that conditions (4.9) dose not hold, then
there exist ¢ > 0 and a sequence {¢(zx)}xen C Bx such that

kliﬂolo el =1 (4.15)
and
leGol
M(Zk)|M(Zk)|<1 +/ —dt) e k=1,2,3,. (4.16)
0 (1)

For v € Bx and [, € T(v), we give the test function

@ = 1 (1 C3 /I(ﬂ(Zk)ll(p@k)(z) G )d§>2
C3 + = g )
(P(Zk) C| 1 + g_’]; fOH‘/)(Zk)HZ G(;)d; C] 0

4.17)
where G is defined as Lemma 2.3 and z € Bx. In fact, (4.15) implies that we can
assume that ||<p(Zk)|| > rq, where ry is the constant in Lemma 2.3. Furthermore,

if we take fx(z) = (p( 0. c3 (z) for z € By, from Lemma 2.4, then {fi}ren is a

bounded sequence in BR,wo (BX) and fy — O uniformly on any compact subset of
Bx. Therefore, we have
lim ||uC¢(fk)||Hﬁo =0. (4.18)
k—o00

On the other hand, using (4.16) and Lemma 2.3 with [|¢(zx)|| > r1, we have

[uCy(fi)llHge = sup p()|u(@I| file@)| = w(zi)lu @l fi(pzi)l

ZEX

Cs [leol?
= M(Zk)lu(Zk)l(l + C—/ G(t)dt)
1Jo

1 [leeol
> M(Zk)lu(Zk)I<l + C_1/0 G(t)dt)

lo@ol
> M(Zk)W(Zk)l(l + / —dz) 4.19)
0 w(t)

(4.19) is a contradiction compare with (4.18). Thus, we obtain (4.9).
Conversely, assume that uC,, : Br ,(Bx) — H l‘j" (Bx) is bounded and (4.9) holds.

By Theorem 4.1, we know that condition (4.2) holds. Furthermore, since fo L) dr

= 00, we get (4.2) impliesu € H ff’ (Bx). Moreover, according to (4.9), there exists
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pE (%, 1) such that

lle@
M(Z)Iu(z)|<1 +/ G(t)dt) <
0

where ¢ is any small positive number. The rest of the proof is similar to the case (a),
we omit it. This proof is completed. O

y o <lle@l <1,

W] ™

Theorem 4.3 Let Bx be the unit ball of a complex Banach space. Assume u € H (Bx),
¢ € Aut(Bx), o and ju are normal functions on [0, 1). Then uCy, : BR 4, (Bx)
— Hﬁf’o (Bx) is bounded if and only if u € H;’;’ (Bx) and

le@I
M =: sup u(z)|u(z)|<1 +f —dt) < 0. (4.20)
0

ZEBX @ ([)

Proof First assume that u € H OOO(BX) and (4.20) hold. By Theorem 4.1, we know
thatuCy : Br ,Bx) — (BX) is bounded. Therefore, we only need to prove that
uCy(f) € H o (Bx) for any f € BRr w,(Bx). Now, let f € Br ,,(Bx). Applying
(4.20), then there exists po € (2, 1) such that

0@)IRf()] < ﬁ po < lzll <1, 421

where ¢ is an arbitrarily small positive number.
Taking 7 = pororar ”w(z)”, then ||Z|| = po < 1. For any z € Bx with py < |z] < 1,
using (4.21), we have

‘ /10 Rf(t(p(z))dt)

@1

|fle@) = f@I =

|| (z)ll
<o / R £ (rp(2))di
||W()H

e @Il I
S e ) wtle@D

e @l
< —dr

booM ),y @@

e (le@l |

< —di. (4.22)

M J, w(f)

In the above equality (4.22), we use the fact that

po = @Il < llte@Il <7 < 1.

1% ()II
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Set K = supy,<p, |/ (2)|. By Proposition 2.4 in [9], K < oco. Since u € H (BX)
we have, for any ¢ > 0, there is p; € (pg, 1) such that

n(@lu)| < % 4.23)

whenever p; < ||z|| < 1. Combining (4.22) and (4.23), for p; < ||z]| < 1, we obtain

m@NuCy(f)(2)| = nw@u)|l f(e)|
= pn@u@Ifle) - f@) + fQ)
< @@ fle) = fRI+n@u@ll f@)]

eIl
< 5 HEE) A sz + R@ @) f @)
& &
S oMt oK =e (4.24)

Hence, (4.24) implies that qu(f) € H 0(BX)
Conversely, assume that uCy, : BR woBx) — H;fO(BX) is bounded. Taking
f(2) =1,then f € Br 4, (Bx). Thus,

||hm (@) uCy()| = llm (H@Nu@)] =0,

which implies that u € H 0(Bx). On the other hand, For v € Bx,k > 0 and
l, € T(v), we give the test functlon

[lviily ()
For@ =14k / G(0)de, 7 € By, (4.25)
0

where G is defined as Lemma 2.3. Applying the facts Br ,,(Bx) C Br ,Bx) and
H;fo Bx) C Hﬁo (Bx), we can obtain (4.20) by (4.7) and (4.8). The proof is finished.
O

Theorem 4.4 Let Bx be the unit ball of a complex Banach space X. Assume u

€ HBx), ¢ € Aut(Bx), o and p are normal functions on [0, 1). The set E; , is

relatively compact in Bx for any ¢ > 0 and p € (0,1). Then uCy : Br 4, (Bx)
H20 (Bx) is compact if and only if

le@I
|hm ,u(z)|u(z)|< / _t)dt> =0. (4.26)

| (
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Proof Assume that (4.26) holds. Taking any f € Br,q,(Bx), by Proposition 2.4 in
[9], we have

@) uCy (/) ()] = u(2)|u@|lf (@)

le@I 1
< C4,u(z)|u(z)|<1 +f0 TdI)IIfIIRw, (4.27)

which implies

||1ﬁm sup{u(2)[uCy (/)@ : [ fllRw <1} =0. (4.28)

Therefore, uCy : BRr o, (Bx) — Hﬁ;’(BX) is compact.
Conversely, assume that uCy,, : Br, ,,(Bx) — H/‘jg (Bx) is compact, then uCy, is
bounded. Taking the test function f(z) = 1, we have

Hlﬁm M(Z)Mcw(f)(z)— hm M(Z)|M(Z)| =0. (4.29)

Now we prove
; L[l 2o 430
W(;)ﬂtlﬁ}u(z)ltt(z)l( +f0 e r) - (4.30)

holds. In fact, if (4.30) does not hold, then there exist & > 0 and a sequence {¢(z;)}
C By such that lim ;o [l@(z;)|| = 1 and

leGHl 4
,u(zj)lu(z]-)|<1~|-/ _dt> e, j=1,23,. 4.31)
0 (#)

Taking the same test functions fx(z) as (4.17) and using the similar ways in
Theorem 4.2, we note that { f;} is a bounded sequence in Br ,,(Bx) and fiy — 0
uniformly on any compact subset of Bx. Since uCy : Br ,,Bx) — Hﬁj(BX)
is compact, we may assume that there exists some h € Hﬁ;’(BX) such that
luCy(fi) — h”H;f.oo — 0 as k — oo. Then for each z € Bx, we have

h(z) = lim uCy(fi)(z) = uCy(lim fi)(z) = uCy(0)(z) =0.

Thus, we have ||uC¢,(fk)||Hoo — 0 as k — oo. This contradicts with (4.31). Thus,
(4.30) holds. By (4.30) we have that for any ¢ > 0 there exists r € (0, 1) such that

@I
M(Z)Iu(z)l(l +/ —dt) < (4.32)
0 w(t)
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with 7 < |l¢(z)|| < 1. On the other hand, using (4.29), there exists p € (0, 1) such
that

&
n@u)| < ——m—— (4.33)
L+ f5 omde

with p < ||z|| < 1. Therefore, when p < ||z|| < l and r < ||¢(2)| < 1, from (4.32)
and (4.33), we have

le@I 1
,u(z)lu(z)|<1 +/ —dt) < é&. (4.34)
0 (1)

If p < Izl < 1 and ||@(2)]| < r, from (4.33), then

le@)ll
,u(z)lu(z)l(l +/ Ldt) < u(z)lu(z)l[ —dt . (4.35)
0 w(t)

Combining (4.34) and (4.35), we obtain

) @I . e
|\z|1|r£1M(Z)| (Z)|/ (t) =0. (4.36)

This proof is completed. O

Remark 4.5 This assumption that the set E, , is relatively compact in Bx is
automatically satisfied when dim(X) < 400 (see Theorems 4.2, 4.4).
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