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Abstract

In this paper, we will describe the general form of commuting mappings of Hochschild
extension algebras and characterize the properness of commuting mappings on a spe-
cial class of Hochschild extension algebras with the so-called p.
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1 Introduction

Let R be a commutative ring with identity and A be a unital algebra over R. We denote
Z(A) the center of A. Throughout this paper we shall write [x, y] for the commutator
xy — yx of x,y € A. Recall that an R-linear mapping 6 : A — A is said to be
commuting if [0(x), x] = 0 for all x € A. A commuting mapping 6 of A is called
proper if it is of the form

0(x) =ix 4+ nu(x), VxeA,

where A € Z(A) and p is an R-linear mapping from A into Z(A). The purpose of this
paper is to identify a class of algebras on which every commuting mapping is proper.

To the best of our knowledge, the first important result on commuting mappings
is the Posner’s theorem [17] which says that the existence of a nonzero commut-
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ing derivation on a prime ring A implies that A is commutative. An analog of the
Posner’s theorem for automorphisms [13] states that if € is a commuting automor-
phism on a noncommutative prime ring, then 6 = Id. Commuting derivations and
commuting automorphisms and their generalizations are successfully used in the field
of automatic continuity [7,10,14]. In this direction, abundant results related to the
noncommutative Singer—Wermer conjecture have been obtained. For example, every
commuting derivation of a Banach algebra A has its range in the Jacobson radical of
A [14]. An account on commuting mappings in C*-algebras can be found in the book
[1]. The extensive applications of commuting mappings in the field of analysis is one
of the main motivations of our present work.

Another motivation of this paper is the connection between commuting mappings
and Lie-type isomorphisms, which was initiated by BreSar [4,5] when he studied the
Herstein’s conjecture of Lie isomorphisms on prime rings. We encourage the reader to
read the well-written survey paper [6] for a much more detailed understanding of this
topic. It was Cheung [8,9] who initiated the study of additive commuting mappings on
triangular algebras. He determined a class of triangular algebras, containing Hilbert
space nest algebras (a type of non-selfadjoint, non-semiprime operator algebras), on
which every additive commuting mapping is proper. Following the ideas of BreSar
and Cheung, Benkovic¢-Eremita [2] and Xiao-Wei-FoSner [20] studied the Lie-type
isomorphisms of triangular algebras.

In 2010, Xiao and Wei [18] identified a class of Morita context rings, named gen-
eralized matrix algebras, which contains the triangular algebras defined by Cheung
in [9]. They studied the commuting linear mappings [18], the commuting traces of
bilinear mappings and Lie isomorphisms [19]. In this paper, we shall identify another
generalization of the triangular algebras and study the commuting linear mappings on
such algebras.

Let R be acommutative ring with identity. Throughout, all the algebras and modules
are assumed to be defined over R. Let A be a unital algebra over R and E be an A-
bimodule. Recall that a Hochschild 2-cocycle is a bilinear mapping T : A x A — E
satisfying

aT(b,c)+ T(a,bc) =T(ab,c)+ T (a, b)c

for all a, b, c € A. The R-linear space A @ E can be equipped with an associative
operation for a given Hochschild 2-cocycle as

allb]| _ ab
x||y| |ay+xb+T(a,b)

forall a,b € A and x, y € E. Note that we write the elements of A @ E as column
vectors, not as the usual row vectors, which is more helpful for our calculation. Then
A@E forms an R-algebra under the vector addition and the multiplication just defined.
We call this algebra the Hochschild extension of A from E by the 2-cocycle T', denoted
by Hr. We refer the reader to the book [10] for more information on Hochschild
cohomology and its applications in the field of automatic continuity, which motivated
this paper and its subsequent work.
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For the Hochschild extension Hr, if T = 0, then Hr degenerates to the trivial
extension algebra. Several researchers have studied the R-linear mappings on the
trivial extension algebras both in algebra [3,11,12,16] and in analysis [15,21]. Our
aim is to obtain sufficient conditions on the Hochschild extension Hr so that every
commuting mapping of Hr is proper.

2 Structure of Commuting Mappings
Let A be a unital algebra over R and E be an A-bimodule. For a given Hochschild

2-cocycle T : A x A — E, Hr is the Hochschild extension of A from E by the
2-cocycle T. We denote Z(Hr) the center of Hr. A direct computation shows

Lemma 2.1 The center of Hr is

Z(Hr) = { [jﬂ ag € Z(4), [ao, x] =0,
la, xo]l = T(ap,a) — T(a,ap),Ya € A, x € E}

We say that E is faithful as an A-bimodule if is is faithful as a left A-module and
also as a right A-module.

Corollary 2.2 If E is faithful as A-bimodule, then the center of Hr is
Z(Hr) = {[zg} 2 lag, x]1 =0, [a, xo]l = T (ag,a) — T(a,ap),Va € A, x € E} .

Proof 1Tt is sufficient to show that ay € Z(A) if [ag, x] = O for all x € E. Indeed, for
any a € A we get

(apa — aag)x = ag(ax) — a(apx) = (ax)ag — a(xag) = (ax)ag — (ax)ag = 0.

The assumption that E is faithful as A-bimodule leads to apa — aap = 0 and hence
ap € Z(A). O

Corollary 2.3 Suppose that E is faithful as A-bimodule and T is symmetric, then the
center of Hr is

Z(Hr) = {[zo] :[ap, x] =0,[a,x0] =0,Ya € A, x E} )
0
Let us recall that the natural projection w4 : Hr — A by

T a >
: a.
A X

Now, we immediately give the structure of commuting mapson Hr = A @ E.
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Theorem 2.4 Let 0 be a commuting mapping of Hr = A® E. Then 0 can be presented

al\ _ | mia@)+ pax)
9<[’“D_[U1(a)+vz(x)](aeA,xEE), 2.1

where u; : A — A, ur - E— Z(A), vi:A — E, v : E — E areall
R-linear mappings satisfying the following conditions:

(1) w1 is a commuting mapping of A;

(2) [r2(x), x] =0;

(3) vi(a),al = T(a, ni(a)) — T(ui(a), a);

@) [v2(x),a] =[x, u1(a)] = T(a, u2(x)) — T(ua(x), a) foralla € A, x € E.

Proof Assume that the linear map 6 is of the form (2.1) where w1, o are linear
mappings from A, E to A, respectively; vy, vy are linear mappings from A, E to E,
respectively. If 6 is commuting, then

[0(X), X] =0 (2.2)

forall X € Hr.
Taking X = [g} into (2.2) leads to

0= [ustore Lo
= Lm0ox | T x|

Thus,

[n2(x), x] =0

forall x € E.
Similarly, conditions (1) and (3) follow from

o=[o([o])-[o]]

o N I
vi(@a + T (ni(a), a) avi(a) + T(a, wi(a))

foralla € A.
For a commuting mapping 6, we have

[0(X), Y] =1[X,0(Y)]. (2.3)

Choosing X = [2:| and Y = [gi| in (2.3), we compute that

_ n2(x)a — apz(x)
[6(X), ¥1= [Vz(X)a —av(0) + T(ua(x), @) — Ta, Mz(x))]
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and

0
[X. 6] = [xm(a) - m(a)X} :

Thus, uz(x) € Z(A) and [v2(x), a] — [x, u1(@)] = T(a, pu2(x)) — T (u2(x), a) for
allae A, x € E.

Conversely, suppose that all the conditions (1) — (4) are satisfied. It is easy to show
that

(u1(a) + p2(x)x + (vi(a) +v2(x))a + T (1 (a) + n2(x)), a)

_ [ a(p(@) + p2(x)) }
x(p1 (@) + pa(x)) + avi@) + v (x) + T(a, (n1(@) + pa(x)))

[ (ni(a) + pa(x))a }

foralla € A, x € E. Thatis, (X)X = X0(X) forall X = [ﬂ cHr =AQE.
O

3 The Main Theorem

Let Hr be the Hochschild extension of A from E by the 2-cocycle T'. In this section,
we suppose that the unital algebra A has a nontrivial idempotent p such that

px(1 —p)=x,Vx € E. 3.1
We know that triangular algebra 7 = 7 (A, M, B) can be regarded as the trivial

extension algebra Hy = (A @ B) @ M of A @ B from M, in which case M is
considered as an (A & B)—bimodule under the following module operations:

(a,b)x = ax, x(a,b) = xb
for all (a,b) € A® B, x € M. Then 7 (A, M, B) has an idempotent p as above.

Indeed, take p = (14, 0). By adirect verification, equality (3.1) holdson 7 (A, M, B).
Set g = 1 — p. It follows from (3.1) that px = xg = x, xp = gx = 0 for

any x € E. Thus for any x € FE, [;l} € Z(Hr), we have [p,x] = xand y =
T(a,p)—T(p,a).

Lemma 3.1 Suppose that the unital algebra A has a nontrivial idempotent p satisfying
3.1). Let ag € Z(A) with [ag, x] = 0 and

TI'(la, p], ao) = T (ao. [a, pD), (3.2)

foralla € A, x € E, then ay € ma(Z(Hr)).
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Proof By lemma 2.1, it is sufficient to show that there is xo € E such that
[a»x()] = T(a07 a) - T(a7 ‘10), Vae A
It follows from cocycle identity and ap € Z(A) that

aT(ao, p) = —T(a,aop) + T (aao, p) + T (a, ao)p
= [aT(P’ a()) - T(av P)ao - T(“Py ao)] + [aOT(a’ P) + T((l(), ap)]

and
T(pa aO)a = _T(pa07 Q) + pT(a(L a) + T(pa aoa)
= [T (a0, p)a — apT (p, a) — T (ap, pa)] + T (ap, a)+
[=T(a,ap) + T(p,a)ag + T (pa, ap)].
They are
aT (ap, p) = aT (p,ap) — T (ap, ap) + T (ap, ap)
and

T(p,ao)a =T (ao, p)a — T (ao, pa) + T (ao, a) — T(a, ap) + T (pa, ao),
respectively, due to [ag, x] = 0. Using the above two equalities we compute

la, T (ao, p) — T (p, ao)]
= aT(ag, p) —aT(p,ap) — T (ag, p)a+ T(p,ap)a
= —T(ap, ao) + T (ao, ap) — T (ao, pa) + T (ao, a) — T (a, ap) + T (pa, ao)
= —T(la, pl, a0) + T (av, la, p]) + T (ap, @) — T (a, ao).

Therefore, [a, T (ag, p) — T (p, ap)] = T (ag,a) — T (a, ap) by the assumption that
T(la, pl, ao) = T (ao, la, p]). Take xo = T (ao, p) — T (p, ap) as required. O

The next theorem is our main result which characterizes the properness of acommuting
mappingon Hr = A® E.

Theorem 3.2 Suppose that the unital algebra A has a nontrivial idempotent p such
that px(1 — p) = x for all x € E. Then the commuting mapping

ofle]) = |H1@ +na(x)
x vi(a) +va(x)
on Hr is properifand only if [12(x), y] = Oforallx, y € E and there exist a R-linear

mappinga : A —> wa(Z(Hr)) and ay € wa(Z(Hr)) such that u1(a) = apa+a(a)
foranya € A.
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Proof Suppose that 6 is proper. There exist C = [jlcoi| € Z(Hr) and a R-linear
0
mapping 2 : Hr —> Z(Hr) such that 0(X) = XC + Q(X) forall X € Hr. Letus

choose X = |:a:| € Hy. We have

0
0(X) = |:M1(a)i|'

vi(a)
On the other hand,

wni(a) — aoa . a
for all a € A. Hence, |:v1(a) — xoa — T(ao, a):| = Q(I:Oi|) € Z(Hr). For any

a € A,define «(a) = p1(a) —apa which is required. Similarly, take X = 2 € Hr.

Then by the same computational procedure, s (x) € w4 (Z(Hr)) forall x € E. Thus,
[2(x), y] =0forallx,y € E.
Conversely, assume that there exist an element ap and a mapping « satisfying the

“0] € Z(Hr). Then,
X0

conditions as the theorem shows. Let |:
xo = T(ao, p) — T (p, ao). 3.4
By condition (4) of Theorem 2.4, we obtain

[a, v2(x) —apx] = [a, v2(x)] — aola, x]
= [n1(a), x] — T(a, pa(x)) + T(u2(x), a) — aola, x1
= la(a), x] + T(p2(x), a) — T(a, ua(x))
=T (u2(x),a) — T(a, pa(x))

for all @ € A. Combining with [u2(x), y] = 0 yields

m2(x)
[Uz(x) - aox} € Z(Hr) (x € E). (3.5)

Putting a = p in condition (3) of Theorem 2.4 leads to

vi(p) = T(ui(p), p) — T(p, u1(p)). (3.6)

Besides, linearizing the condition (3) gives that
[a, vi(D)] = [vi(@), b] = T (b, p1(a)) + T (1(a), b) + T (n1(b),a) — T (a, n1(b))
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for all a, b € A. This implies that

vi(b) = [vi(p), bI=T (b, p1(p)+T (n1(p), H)+T (n1(b), p)=T(p, u1(b)) (3.7)

for all b € A. Combining (3.4) with (3.7), we get

vi(a) — xoa — T (ap, a) = [vi(p),al — T (a, n1(p)) + T (u1(p), a) + T (u1(a), p)
—T(p, mu1(a)) — T (ag, a) — [T (ao, p) — T (p, ap)la
(3.8)

for all @ € A. It follows from (3.6) that

[vi(p),al = [T(u1(p), p) — T(p, n1(p)), al
= [T(aop, p) — T(p,aop) + T(a(p), p) — T(p,a(p)),al

for all a € A. Note that T(p,aop) + pT (a0, p) = T(p,ao0)p + T(aop, p) =
T (agp, p)- Then the above equality becomes

vi(p),al = [T (ao, p),al + [T (a(p), p) — T (p, a(p)), al. (3.9
Since
T'(aop,a)+T(p,ao)a =T (p,aoa) + T (ao, a)
and
T(a,aop) + aT (ao, p) = T (aoa, p),
we have

T(ui(p),a) —T(a, ui(p)) =T(aop,a) — T(a,app) + T (x(p),a) — T(a, a(p))
= T(p, apa) + T (ag, a) — T (apa, p) + aT (ao, p)
=T (p,ap)a+ T (a(p),a) — T(a,a(p)). (3.10)

Similarly,

T(ni(a), p) = T(p, ni(a)) = T(aoa, p) — T(p, apa) + T (a(a), p) — T (p, a(a)).

Combine the equalities from (3.8) to (3.11) and note that o
[T (a(p), p) = T(p,a(p)),al =T(a,a(p)) — T(x(p),a).

We compute that

vi(a) — xpa — T (ag, a) = T (a(a), p) — T (p, a(a))
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for all @ € A, which implies that

vi(a) — xoa — T (ag, a)

[ a(a) ] € Z(Hy). (3.12)

Taking into account the formulas (3.5) and (3.12), we obtain

pi(a) + pa(x) a] [ ao
|: vy(a) + va(x) i| - |:x:| |:in| € Z((Hr)

for all [i] € Hr which shows that 6 is proper.

4 Applications

In this section, we apply Theorem 3.2 to a special class of algebras containing triangular
algebras. Suppose that A, B are unital algebras over a commutative ring R and M, an
(A, B)—bimodule which is faithful as a left A—module as well as a right 3—module.
The element in A @ B is denoted by a @ b (a € A, b € B), where A @ B is the
direct product of A and B which has its usual pairwise operations. Like in triangular
algebras, M is an A @ B—bimodule equipped with the module operations

(a®b)x =ax, x(a®b) =xb

foralla ®b € A® B, x € M. We will consider the properness of commuting maps
on Hochschild extension algebras Hr = (A & B) & M of A & B from M by the
Hochschild 2-cocycle T. Recall that the multiplication on Hy = (A @ B) & M is

a @by ||aa®by | _ ajay ® b1by
X1 X2 Tl a1xa +x1by +T (a1 ® by, ax ® br)

and its center is

Z(Hr) = ”“Oibﬂ - agx = xby,

axg — xob =T (ag ® bg,a® b) — T(a ® b, ag D by),
Va@beA@B,xeM}.

It should be mentioned that the extension algebra Hy = (A @ B) & M has a non-
trivial idempotent p = 14 @ 0 satisfying conditions (3.1) and (3.2). By Lemma 3.1,
ao®bo € mAqpp(Z(HT)) exactly whenapgx = xbg forall x € M. Applying [9, propo-
sition 3], Z(S) is determined by w4 (Z(Hr)) or 7g(Z(Hr)) due to the faithfulness
of M. Concretely, there exists a unique algebraic isomorphism ¢ from 7 4(Z(Hr))
to mg(Z(Hr)) such that ax = x¢(a) for all x € M.
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If T = 0, then the trivial extension algebra Hr = (A® B)®.M is just the triangular
algebra 7 = 7 (A, M, B). As consequences of Theorem 2.4 and Theorem 3.2, we
have the next two theorems which can derive the results of Cheung [9].

Theorem 4.1 Let 0 be a commuting mapping of Hr = (A ® B) & M of the form:

P a®b |\ _|(faa(a) + fapb) + ga(x)) ® (fala) + fr(D) + gp(x))
X B ha(a) + hp(b) + v2(x) ’

wherefAA:A—>¢4,fAB:B—>A,fBAZA—>B,fBBZB—>B,
A M—A ggp - M— B hy A— M, hg:B—> M, vy - M — M

are all R-linearing mappings. Then the following statements are equivalent:

(1) 0 isproper:i.e., 0(X) = XC + Q(X) forall X € Hr, where C € Z(Hr) and Q
maps Hr into Z(HT).

(2) fap(B) C maA(Z(Hr)), fpa(A) S np(Z(Hr)), and ga(x) © gp(x) €
7T AeB(Z(HT)) for all x € M.

(3) faa(la) € mwa(Z(Hr)), fea(la) € wp(Z(Hr)), and ga(x) @ gp(x) €
T AeB(Z(Hr)) forall x € M.

Proof Let 11, (42, v1 be as in Theorem 3.2. Then, u1(a ®b) = (faa(a) + fap(b)) ®

(fa(a)+ fBB (b)), p2a(x) = ga(x) ®gr(x), vi(a ®b) = hy(a) + hp(b). First, we
will get some information from the fact that 6 is a commuting mapping.
By Theorem 2.4(1), 11 is commuting. Hence,

0=[1@®0),a®0] =[faa(a) ® fpa(a),a ®0] = (faala)a —afsa(a)) &0,

which implies that f4 4 is acommuting map on .A. Similarly, fzp is also a commuting
map on 3. Again, combining with 0 = [ (a @ b),a @ b] foralla® b € AP B. we
have that the image of f4p and fgp4 isin Z(A) and Z(B), respectively.

By Theorem 2.4(2), 0 = [ua(x), x] = [ga(x) & gp(x), x], i.e.,

ga(x)x = xgp(x) 4.1

for all x € M. It follows from Theorem 2.4(4) that [vy(x), p] — [x, u1(p)] =
T (p, n2(x)) — T (ua(x), p). Therefore,

n(x) = faa(l)x —xfpa(la) + T(ga(x) ® gp(x),
lg®0)—T(4D0,ga(x) D gpx)). 4.2)

Combining equality (4.2) with

[v2(x),a ®0] =[x, u1(@a®0)] =T (@®O0, u2(x)) — T (u2(x),a & 0)
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leads to

a(xfpa(l4) — faa(l4)x)
=xfpa(@)— faa(@x+T (@ @0, ga(x) ® gp(x))—T(ga(x) ® gp(x),a ®0)

+aT(ga(x) @ gp(x),14@0) —aT (140, ga(x) ® gp(x)).
(4.3)

Applying the cocycle identity, we compute

Ta@®0,84(x) ®gp(x) =T((a@0)(14D0), galx) D gp(x))
=—T@®0,1480)gp(x)+aT (14 @0, ga(x) ® gp(x)HT (a B0, ga(x)® 0);

(4.4)
T(ga(x) ®gp(x),a®0) =T(galx)® gpx), (a®0)(1400))
=—8A0)T@®0,14D0)+ T(aga(x) ®0,1460) 4.5)
and
aT(ga(x) ® gp(x), 14 @ 0) =(a®0)T(ga(x) D gp(x),1400) @.6)

=-T@®0,84(x)®0)+ T(aga(x) 0,14 60)

Taking these equalities from (4.3)to (4.6) into account, we get

a(xfpa(la) — faa(la)x)
=xfpa(@) — faa(@)x +ga()T@@0,14®0) —T(@aD0,14®0)gp(x)
4.7
foralla € A, x € M. Similarly, using the same computational skills and

(12(x), 0@ b] =[x, L1 (0B D) =T O S b, n2(x)) — T(u2(x), 0 S b),
we can prove that

(faa(la)x —xfpa(l4))b
=xfpa(b) — fap(b)x —ga(N)T (140,000 +T(14®0,0®b)gp(x)
(4.8)
forallb € B, x € M.

Now, (1) = (2). Suppose that the commuting mapping 6 on Hr = (A & B) & M
is proper. Then applying Theorem 3.2, 0 = [u2(x), y] = [ga(x) & gp(x), y] =
ga(x)y — ygp(x) which shows that g4 (x) ® gp(x) € maqeB(Z(H7)) forall x € M
by Lemma 3.1. Also, wi(a @ b) = (ag @ bo)(a @ b) + a(a & b), where ag ® by €
TAeB(Z(Hr)) and o : A @ B — magr(Z(Hr)) is a linear mapping. Define
a(a ®b) = (xaala) + aap)) ® (@pala) + app(b)). Then,

mi1(a ®b) = [aga +apa(a) +aap(D)] @ [bob + apa(a) + app(b)].
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On the other hand,

pila @ b) = (faa(a) + fap(b)) ® (fpala) + fpp(b)).

Combining with these two equalities leads to

fap(b) = asp(b) € mA(Z(Hr))

and
fea(a) = apala) € mp(Z2(Hr))

forall a € A, b € B, which is the desired result.
2) = (3). fpa(ly) € fpa(A) € np(Z(Hr)). By the assumption, we have

ga(x)y —ygp(x) =0,Vx,y e M
which makes (4.7) and (4.8) become

a(xfpa(la) — faa(la)x) = xfpa(a) — faala)x 4.9)

and
(faa(l)x — xfpa(14))b = xfpp(b) — fap(b)x, (4.10)

respectively. Hence,

faa(l)x =xfpa(l4) +xfpp(15) — fap(1p)x
=x(fpa(l4) + fep(1) —@(fap(1p)).

This implies that f44(14) € T A(Z(HT)).

() = (). Setag ® by = [faa(la) — ¢~ (fBa] & [p(faa(l2)) —
fBa(l )] € mAep(Z(Hr)). We will show that pi(a & b) — (ao @ bo)(a & b) €
T AeB(Z(Hr)) foralla @ b € A@ B. Then by Theorem 3.2, we immediately obtain
that 6 is proper. Indeed,

ni(a ®b) — (ap ® bo)(a ® b) = [faa(a) — faa(la)a
+o 7 (feala)a + fap(D)] ®
[fBa(a) + fBB(D) — @ (fan(1 4D + fpa(14)D].

By (4.9), (4.10) and condition (3), it follows that

[faa(@) — faa(laa+ ¢ ' (fea(la)a+ fap(b)lx
= xfpa(a) —axfpa(l4) +axfpa(l4) + fap(b)x
= xfpa(a) + fap(b)x
= xfpa(@) + xfpp(b) — (faa(lx —xfpa(14)b
= x[fpa(a) + fp(b) — @(faa(14)b + fpa(l4)D]
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for all x € M. O

Now, sufficient conditions are given such that every commuting mapping of Hy =
(A & B) @ M is proper.

Theorem 4.2 Let 6 be a commuting mapping of Hy = (A® B) & M. If the following
three conditions are satisfied:

(1) 2(B) = np(Z(Hr)), or A= [A, Al;
(2) Z(A) = mA(Z(Hr)), or B = [, B];
(3) there exists xo € M such that

TAeB(Z(Hr)) ={a®b:ac Z(A),b e Z(B),axo = xob},

then 0 is proper.

The proof of this theorem is the same as that of the main theorem of Cheung [9].
We do not want to give the details here, just remark that the condition (3) implies
ga(x) @ gp(x) € maep(Z(Hr)) from which it follows that (4.9) and (4.10),
two useful equalities when proving [A, A] C fgj(nB(Z(HT))) and [B,B] <

Fap(@AZ(HT))).
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