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Abstract In this paper, we study a complete submanifold M™ in a sphere S” /. We
obtain that there is no nontrivial L% p-harmonic 1-forms on M™ if the total curvature
is bounded from above by a constant depending only on m, and we also obtain that
M'™ has only one p-nonparabolic end.
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1 Introduction

The topological properties and vanishing theorems of submanifolds in various ambient
spaces have been studied extensively during the past few years. In [4], Cao, Shen and
Zhu showed that a complete connected stable minimal hypersurface in Euclidean
space must have exactly one end. Its strategy was to utilize a result of Schoen—Yau
asserting that a complete stable minimal hypersurface in Euclidean space cannot admit
a non-constant harmonic function with finite integral [22]. Later, Ni [17] proved that
if n-dimensional complete minimal submanifold M in Euclidean space has sufficient
small total scalar curvature (i.e. f u |AI" < Cyp), then M has only one end. In [21], Seo
improved the upper bound Cj. In [8], Fu and Xu proved that a complete submanifold
M™ with finite total curvature and some conditions on mean curvaute in an (n + p)-
dimensional simply connected space form M7 (¢) must have finitely many ends. In
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[5], Cavalcante, Mirandola, Vitério proved that a complete submanifold M™ with finite
total curvature and some conditions on the first eigenvalue of the Laplace—Beltrami
operator of M in an Hadamard manifold must have finitely many ends. In [14], Lin
proved some vanishing theorems for L? harmonic forms under the assumptions on
the second fundamental forms. In [15], Lin proved some vanishing and finiteness
theorems for L2 harmonic forms under the assumptions on Schrodinger operators
involving the squared norm of the traceless second fundamental form. In [16], Lin
obtained some vanishing theorems for L? forms on hypersurfaces in sphere. In [25,26],
Zhu and Fang obtained some vanishing and finiteness theorems for L? harmonic 1-
forms on submanifold in sphere. In [9], the author investigates complete noncompact
submanifolds in sphere; we obtained some vanishing and finiteness theorems for L?
harmonic forms.

For p-harmonic 1-forms, Zhang [24] obtained vanishing results for p-harmonic
1-form. Chang [6] obtained the compactness for any bounded set of p-harmonic 1-
forms. In [11], the author and Pan investigated L? p-harmonic 1-forms on complete
noncompact submanifolds in Hadamard manifolds, and obtained some vanishing and
finiteness theorems under finite total curvature and the first eigenvalues of Laplace-
Beltrami operator. In [12], the author, Zhang and Liang obtained some vanishing and
finiteness theorems under the conditions of the scalar curvature and Ricci curvature.
In [10], the author obtained some vanishing and finiteness theorems for p-harmonic
forms on complete submanifolds in spheres. In [18], Dung and Seo obtained some
vanishing results for p-harmonic forms. In [19] Dung obtained some vanishing results
for p-harmonic /-forms, for 2 <! < n — 2 on Riemannian manifolds with a weighted
Poincaré inequality.

Let (M™, g) be a Riemannian manifold and let u be a real C* function on M™.
Fix p € R, p > 2 and consider a compact domain 2 C M™. The p-energy of u on 2
is defined to be

1
E,(Q,u) = —/ |VulP.
pPJo

The function u is said to be p-harmonic on M™ if u is a critical point of E,(£2, %)
for every compact domain 2 C M™. Equivalently, u satisfies the Euler—Lagrange
equation.

div(|Vu|?>Vu) = 0.

Thus, the concept of p-harmonic function is a natural generalization of that of harmonic
function, that is, of a critical point of the 2-energy functional.

Definition 1.1 A p-harmonic 1-form is a differentiable 1-form on M™ satisfying the
following properties:

dw =0,
§(lwlP~2w) =0,
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where § is the codifferential operator. It is easy to see that the differential of a p-
harmonic function is a p-harmonic 1-form.

In this paper, we investigate the properties of p-harmonic 1-forms on noncompact
submanifolds with finite total curvature. We assume that M™ is a complete noncompact
manifold and define the space of the L” p-harmonic 1-forms on M by

H"P(L*P (M) = {wl/ lw|?Pdv < 00, dw =0 and §(jw|’2w) = 0}
M

where p > 2 and 8 > 0.
In this paper, we obtain the following results.

Theorem 1.2 Let x : M™ — S™t m > 3 be an isometric immersion of a complete
noncompact manifold M™ in unit sphere S". There exists a positive constant A

. . m—2
depending only on m, such that if ||®||pmm) < 2 SImn DD’ then there

admit no nontrivial L*# p-harmonic 1-forms on M, i.e. H"P(L* (M) = {0}, where
p > 2 and B satisfies the following inequality:

m| 2= |—2—[(p = 12+ @m — Dm — 1]
m(m — 1)

2 2 1)2 2 1 1
<B<m|2+ m[(P—)-I-(M— Ym — D] |.

In particular, from 8 = g and HVP(LP(M)) = {0}, we know that M has only one
p-nonparabolic end.

Remark 1.3 When f = 1 and p = 2, our result becomes the Theorem 1.2 in [25], so
our result is a generalization of the result of Zhu and Fang [25].

2 Preliminaries

Let M™ be a complete submanifold immersed in a sphere $” . Fix a point x € M and
alocal orthonormmal frame {ey, . .., €;,4;} of §™m+ guch that {e1, ..., ey} are tangent
fields of M. Foreach o, m +1 <« <m + [, define alinemap Ay : M — T M
by (AgX,Y) = (VxY, e,), where X, Y are tangent fields and V is the Riemannian
connection of ™" Denote by hj?‘j = (Aqe;, ej). The squared norm | A |2 of the second
fundamental form and the mean curvature vector H are defined by

1
AP =) "(h$)* H=) H%, = —~ > e
ijo o i

The traceless second fundamental form & is defined by

(X, Y)=AX,Y)—-(X,Y)H,
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for all vector fields X, Y on M. A simple computation shows that
|©7 = [A]> —m|H[?,

which measures how much the immersion deviates from being totally umbilical.
To prove our main result, we also need the following results. In [11], the author and
H. Pan obtained the following Kato type inequality for p-harmonic 1-form.

Lemma 2.1 ([11]) Let w be a p-harmonic I-form on Riemannian manifold M™. Then,
we have the following inequality:

IV(lo|”2w)* > (1 + ) IV]w|P~ 12,

(m —1)(p—1)?

where p > 2.

In the following, we will refine the above inequality and obtain the following Kato
type inequality for p-harmonic 1-form.

Lemma 2.2 Let w be a p-harmonic I-form on Riemannian manifold M™. Then, we
have the following inequality:

1
IV(j0l??w)|* = (1 + ﬁ) V]wl”~ 2, (0

where p > 2.

Proof When p = 2, wis a2-harmonic 1-form, i.e. harmonic 1-form, (1) is true. So we
only need to the case for p > 2. We can choose a local orthonormal basis ey, .. ., e,
with the dual basis 01, . . ., 6,, of M"™ near a fixed pointqg € M suchthatV,.e;(q) =0,
w1(q) = w(e1)(q) = |w|(q) and w(e;) = w; = 0fori > 2. Writing

m
w = Z w,ﬁ,-.
i=1
We have

m
do = Z a),'jej N
i,j=1

and

8(jwlP2w) = —|w|’* Y [(p — 2)Viin |o)w; + wii]

i=1
Since w is a p-harmonic 1-form, that is, dw = 0 and 8(|a)|p_2w) = 0, therefore
wij = Wji
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fori,j=1,---,mand

> p =2 Vi(n |whw; + wi] =0
i=1

and

Veilo] = Vilo| = V; LO _
o
At the point g, we compute
V(0P o) = |V]w|P~?
m
=Y |oP 2 [(p = 2)Vi(hn [whw; + ;]
i,j=1
m
=Y 1P 2(p = 2)Vi(In lohor + w1l
i=1
> Y olPP P (p — 2)Villn [o)or + o]
i#l
+ > P2 (p = 2)Vin w)w; + ;i)
i#l
=Y PP P (p — Dol + ) lol*P?[(p — 2)Viln ooy + o]
i#l i#1
> (p— 1) 0P o)
i#1
1 _
+——[ol*?7 I (p — ) Vi(In|w))oi + wi)]*
m—1 .
i#1
=(p -1 0P 0wyl
i#1

1
PP = (p = DVi(n [oher — on T

1
2 2(p—2 2 2 2(p—2),2
= (p = DY 0P Do + (p = 1o P Dot

i#1
(p—1)? _ (p—1)? N
> 3 PP lonl + S —— 0P Vo,
m P71 m
(p—1)? e 1 -
> S |ofPY 0, = ———|V]w|"
m—1 (m-—1)

i=1
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This proves the Lemma. O

Using Bochner’s formula [2], we have the following results.

Lemma 2.3 Let w be a p-harmonic 1-form on Riemannian manifold M'™. Then, we
have

1 _ _ _ _
§A|w|2<f’ D= V(0" D wl* - ($d(joP ), ||’ o)
+ PP RicM (0, ). 2)

From (1) and (2), we have

" AlwP~! > IV]o|P~' P — (8d(jo|"?w), 0|’ o),

“(m-1
+ |w*P 2P RicM (0, w), A3)

where w is a p-harmonic 1-form on Riemannian manifold M™.

Lemma 2.4 ([23]) Let M™ be an m-dimensional complete immersed submanifold in
a Hadamard manifold N with the sectional curvature satisfying 0 < 6 < Ky for some
constant 6. Then, the Ricci curvature of M satisfies

_ (m —2)s/m(@m — 1)
m

. m—1
RicM > (m — D)(|H|? + 8) — 7|<1>|2 |H||®|. (4

Lemma 2.5 [13,25] Let M"™ be a complete noncompact oriented manifold isometri-
cally immersed in a sphere S™". Then, we have

m—2
(/ |f|r3”’2) ! §C0</ IVfI2+m2/(l+|H|2)f2) )
M M M

forall f € Cé (M), where H is the mean curvature vector of M in 8™+ and Cy is a
constant given by the following

8(m — 1)?
Co = C(m)* ——=-,
0 (m) n—2)
where C(m) is Sobolev constant only depending on m.

In [11], the author and Pan proved the following result.

Lemma 2.6 ([11]) Let f : M™ — R be a smooth function on Riemannian manifold
M, and w be a closed 1-form on M. Then, we have |d(fw)| < |df]|w|.

In the following, we recall the definition of the ends of Riemannian manifolds
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Definition 2.7 Let D C M be a compact subset of M. An end E of M with respect
to D is a connected unbounded component of M\ D. When we say E is an end, it is
implicitly assumed that E is an end with respect to some compact subset D C M.

As in usual harmonic function theory, we define the p-parabolicity and p-
nonparabolicity of an end E as follows ([1,3,20]):

Definition 2.8 An end E of the Riemannian manifold M is called p-parabolic if for
every compact subset K C E

cap,(K, E) = inf/ |Vul? =0,
E
where the infimum is taken among all u € C2° (F) such that u > 1 on K. Otherwise,

the end E is called p-nonparabolic.

Lemma 2.9 ([7,20]) Let M be a Riemannian manifold with at least two p-
nonparabolic ends. Then, there exists a nonconstant, bounded p-harmonic function
u € CY*(M) for some a such that |Vu| € LP(M).

3 Proof of the Main Results

In this section, we give the proof of our main result.

Proof of Theorem 1.2 Assume that w is a p-harmonic 1-form on M™. From (3) and
(4), we have

lw|” AlwP~! > IV]w|P~1? — (8d(jo]P ), ||’ o)

m— 1

_ m—1 _
+ (m — D(H? + D]w*P~D — 7|<1>|2|w|2<” D

_ (m —2)s/m(@m — 1)
m

|H||®||w|*P~D

>

> . IV]w|?~ ' = (8d(jo]P ), ||’ o)
p—

_ m—1 _
+ (m — D(H* + D]w*P~D - 7|c1>|2|w|2<P D

m—2 _ (m—1)(m—2) _
— 5 [ HP 77D — oo
2 2m

1
= —1|V|w|f’—1|2 — (8d(jo|"w), |w|P % w)
P

m - _ m—1 _
+ SIHPPP™ 4 n = DI = Z= 0P,
(6)

where we have used the Cauchy—Schwarz inequality in the second inequality.
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For any o > 0, we compute

ol Alol* = oA [jo|?~"T]

o
= |w|® [—1|w|"'—“’—“A|w|l’—l
=

- N M P e
p—1\p—1

p—

“1( = —1) 02DVl R ()
pr

From (6) and (7), we have
1
ol Alol* > —— |20~ | ——|V|w|P~1 ]2 = (5d(jo] " 2w), |o]P~2w)
p—1 m—1
+ §|H|2|w|2<f'—”+(m Dew?P=D — > UL IPNLIINETS “]

(T 1) P2 V)
p—1\p—1

-1 1
=L + 2 1) V]
o m—1 p-—1

— 0 (el P0) 0P o)

a m o a m-—1
_H2 20 -1 200 q)Z 2
b PP~ m = Dl T (ol ol
(8)

Let ¢ € C3°(M). Multiplying both sides of (8) by |p|?|w|?%, g > 0, and integrating
over M, we have

p—1 1 o
- (m—l+ ‘ —l)f<¢>2|w|24“‘|V|w|“‘|2
P / 621 H o]
+ﬁ<m—1) / O / ¢* || PV A ]
- M M
o |6 (jel ) gl e ra)
- M

‘ m—_lf |01 ||| |2
p—1 2 Ju
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— / $10C % (Ve VIwl) — 2 + 1) / F 104 Vo2
M M
a m-—1
—— / |21 [0
p—1 2 Jy

| (6 (jol" ) @D )
p—1Jm

< 2/ Plo| 21TV ||V |w|¥] — (2 + 1)/ P* X1 | V]w|* *
M M
a m-—1
o P
p—1 2 Jy

+—— | 6d(jol" o), ¢ 1), ©)
p=1Ju

From Lemma 2.6, we have

' / (8d (ol ~20) ,¢2|w|2(q+1)0‘_”a))‘
M
- | (o) o)
M
< [ JoPvior?| [v@opeen)
M
S[ |a)|2|V|a)|P—2||2¢|w|2(q+1)a—pv¢+¢2V|w|2(q+1)a_p|
M
S/ |:2¢|a)|2(l]+l)ol—p+2|V|w|l7—2||V¢| +¢2|w|2|v|w|P—2||V|w|2(q+1)a—p|]
M

2(p —2
= fM [%wwﬁ”“)ﬂwwwnvm

(p—2)2(qg + Da — p)
+ 22

¢2|w|2q“|V|w|“|2} : (10)
From (9) and (10),

o m
C]/ ¢2|w|2qa|v|w|a|2+__/ ¢2|H|2|w|2((1+1)a
M p—12Jy
(= 1) / @7l
p—1 M

a m-—1
< I [ opigPlop e
rp—1 2 Ju

22p —3)
+—/ Plo| 21TV 0"V, (11)
p—1 Ju
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where C| is a positive constant defined as follows.

p—22(q+Da—p
p—1 o

p—1 1 o
C = + —1)4+2g+1-
o m—1 p—1

For any &1 > 0, by applying the Cauchy—Schwarz inequality, we have

C2/ ¢ ||V o] + / 2 H |2 || a+De
—m — 1)/ ¢ |w|2<f1+1>a
—1 M

o m_—l/ |D 2| |2 |cw| 2@ D
p—1 2 Ju

2p—3) 1
+M_/ |w|(2q+2)0!|v¢|2’ (12)
M

p—1 g

where C3 is a positive constant defined as follows.

—1 1 o
=" ( + —1>+2q+1

o m—1 p-—1
_19—22(q+1)06—p_(2p—3)8
p—1 o p—1 :

On the other hand, since m > 3, we use Holder inequality, Sobolev inequality (5) and
Cauchy—Schwarz inequality to obtain

2 2m %
[rerioriorae < ([ o) ([ (g )
M supp($) M
2
SC()(/ |d>|’") /(|V(¢|w|<‘f“>°‘>|2+m2(|H|2+1>¢>2|w|2<‘f“>“)
supp(¢) M

1
< Co||d>||%,n(M)/ [(1 + —)|w|2@the v e
M [20)
+(1 + £2)(q + D?0*%|V]o|**¢?

+m* (| H|” + 1>¢>2|w|2<4+”°‘] : (13)
where g, > 0 is a positive constant. From (12) and (13), we have

Cs / ¢* w21 V]w|*|* + C4 [ @*H | |w|> D
M M

+Cs f #2240 < ¢ / ]G4 v g 2, (14)
M M
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where C3, C4, C5 and Cg are positive constants defined as follows.

a m—1 5 5
C3 = C2 = =3 == Coll @l (1 +e2)(g + 17,
c a m a m—1 2C||CI>||2
- - — —m m 5
4 p—12 p—1 2 0 Lm(M)
o o m—1
Cs= ——qm—D——— 15— Coll @I,
Co=2P2 L @ molo e 1+ 1) >0
= — m — 1 >0.
T p—T1e p—1 2 OFHmen £
Since || ®[|pmm) < 2C(m)\/2n";(:n2_1)(m_l),it is easy to know that C4 > 0 and Cs > O.

Now taking 8 = (1 4+ g¢)a > 0, we consider the following constant:

~ -1 1 o —22(g + Do —
& =" + 1) 42g 1222t Dy
o m—1 p-1 p—1 o

a m-—1 5 5
- -1 2 C0||®||Lm(M)(q+1)
-1 1 -22 Da —
>p + 2 +2q+1—p (g+De=p
o m—1 p—1 p—1 o
a m-—1 1 G +1)?
p—1 2 mm-n"1
1 1 2-2p-m+2
- | —prop- TR (15)
(p—Da [ 2m m—1

By the assumption on j, we can obtain Cz > 0. Choosing ¢; and &, small enough,
we have C3 > 0 and

C C
/¢2|w|2q“|V|w|“|2+—“f ¢2|H|2|w|2f‘+—5/ ¢l
M Cs Ju Cs Ju

Cs
= 22 [ oPtiver (16)
C3 Jm
Fix a point xo € M. Let us choose a nonnegative smooth ¢ € C3°(M) satisfying

(1 xeBy®),
¢= {0 x € M\By, (2R) an
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and |V¢| < %. From the definition of ¢ and (16), we have

C C
/ |w|2q“|V|w|“|2+—“f |H|2|w|2ﬂ+—5f |2
By (R) C3 JBy(R) C3 JBy(R)

< G / o
C3R2 M

Since |w| € L (M), letting R — oo, we have w = 0. By Lemma 2.9, M"™ has only
one p-parabolic end. This completes the proof of Theorem 1.2.
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