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Abstract It is conjectured by Berge and Fulkerson that every bridgeless cubic graph
has six perfect matchings such that each edge is contained in exactly two of them.
Hiagglund constructed Blowup (K4, C) and Blowup(Prism, C4). Based on these two
graphs, Chen constructed infinite families of bridgeless cubic graphs Mo 1,2, k—2.k—1
which are obtained from cyclically 4-edge-connected and admitting Fulkerson-cover
cubic graphs Go, G1, ..., Gx—1 by recursive process. He obtained that every graph in
My 1,2.3 has a Fulkerson-cover and gave the open problem that whether every graph
in Mo.12... k—2.k—1 has a Fulkerson-cover. In this paper, we solve this problem and
prove that every graph in Mo 12, . xk—2.k—1 has a Fulkerson-cover.
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1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). A circuit of G is

a 2-regular connected subgraph. An even graph is a graph with even degree at every

vertex. A perfect matching of G is a 1-regular spanning subgraph of G. The excessive

index of G, denoted by x,(G), is the least integer &, such that G can be covered by k

perfect matchings. A cubic graph is a snark if it is bridgeless and not 3-edge-colorable.
The following is a famous open problem called Berge—Fulkerson conjecture:

Conjecture 1.1 (Berge—Fulkerson Conjecture [6], or see [11]) Every bridgeless cubic
graph has six perfect matchings such that each edge belongs to exactly two of them.

We call such six perfect matchings in the conjecture as the Fulkerson-cover. Let
G be a cubic graph. The graph 2G is obtained from G by duplicating every edge
to become a pair of parallel edges. A graph G is Berge—Fulkerson colorable if the
graph 2G is 6-edge-colorable. It means that there exists a mapping from E(2G) to
{1,2,...,6} such that every vertex of 2G is incident with edges colored with all six
colors. Clearly, the six perfect matchings in the conjecture correspond to the 6-edge-
coloring of the graph 2G. Thus Berge—Fulkerson colorable is an equivalent description
of the Fulkerson-cover.

Although there are some results related with this conjecture, as examples,
see [3,5,7,8,10,12], Berge—Fulkerson conjecture is still open for many bridgeless
cubic graphs even for some simple snarks. Fan and Raspaud [5] in 1994 made a
weaker conjecture that every bridgeless cubic graph contains three perfect matchings
with empty intersection. There are some known partial results such as the verifica-
tion [9] of Fan—Raspaud conjecture for oddness two graphs. However, this weaker
conjecture remains also unsolved.

Hiagglund [7] constructed Blowup(K4, C) and Blowup(Prism, C4). Based on
Blowup(K4, C), Esperet et al. [4] constructed infinite families of cyclically 4-edge-
connected snarks with excessive index at least five. Based on these two graphs, Chen [2]
constructed infinite families of cyclically 4-edge-connected snarks Eg 12, k-1
obtained from cyclically 4-edge-connected snarks Go, G1, ..., Gx—1,in which Eq 1 2
is Esperet et al.’s construction. If only assume that each graph in {Go, G, ..., Gx—1}
has a Fulkerson-cover, then these infinite families of bridgeless cubic graphs are
denoted by My 12,... k—2,k—1. Chen [2] obtained that every graphin Mo ; orin My 123
has a Fulkerson-cover and gave the following problem:

Problem 1.2 [2]If H = {G; Go, G1, ..., Gk—2, Gk—1} € Mo.12,... k—2.k—1, does H
have a Fulkerson-cover?

In this paper, we solve Problem 1.2. The main result is Theorem 1.3.

Theorem 1.3 Each graph in Mo 12, k—2.k—1for k > 2 has a Fulkerson-cover.

2 Preliminaries

In this section, some necessary definitions, constructions and the lemma are given.
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Fig. 1 {G; Gy, G}

LetX C V(G)and Y C E(G). Weuse G\ X to denote the subgraph of G obtained
from G by deleting all the vertices of X and all the edges incident with X. While
G\Y to denote the subgraph of G obtained from G by deleting all the edges of Y.
The edge-cut of G associated with X, denoted by dg (X), is the set of edges of G with
exactly one end in X. The edge set C = 95 (X) is called a k-edge-cut if |0 (X)| = k.
A cycle of G is a subgraph of G with each vertex of even degree. A circuit of G is a
minimal 2-regular cycle of G. A graph G is called cyclically k-edge-connected if at
least k edges must be removed to disconnect it into two components, each of which
contains a circuit.

Let G; be a cyclically 4-edge-connected snark with excessive index at least 5, for
i =0, 1. Let x; y; be an edge of G; and x?, xil (ylp, yil) be the neighbors of x; (y;). Let
H; be the graph obtained from G; by deleting the vertices x; and y;. Let {G; Go, G}
be the graph obtained from the disjoint union of Hy, H; by adding six vertices
ao, bo, co, a1, b1, c1 and 13 edges aoyg, aox?, apco, cobo, boyé, b()xll, blxé, blyll, by
c1,ciai, alxg, aly?, coc1. The graphs of this type are denoted as E ;1 (see Fig. 1).

The families of graphs Eo 1, -1y (k = 2) and My 1, k—1) (k = 2) are con-
structed by Chen as follows:

1. {G;Go, G} € Ep,y with Aj ={aj, bj,cj}for j =0, 1.

2. For3 <i <k,{G; Gy, Gy, ...,G;_1}isobtained from{G; Go, G1,...,G;_»} €
EO,l,...,(i—Z) by adding H,'_l and A,'_l = {a,-_l, b,'_l , C,‘_l} and by inserting aver-
tex v;_3 into eg, where e is the edge incident with ¢ different from agco and bycy,
such that the following conditions (i), (ii) and (iii) hold.

(i) Gji—1isacyclically 4-edge-connected snark with excessive index at least 5 (note
that x;_;y;_1 is an edge of G;_ and x?_l, xl.l_1 (resp. y?_l, yil_l) are the neigh-
bors of x;_1 (resp. yi—1));

(i) Hi—1 = Gi—1\{xi—1, yi-1};
(iii) a;— is adjacent to x8 and y?_l, b;_1 is adjacent to xé and yil_l, aj_p is adjacent
to x?_l and yio_z, b;_» is adjacent to xil_l and yil_z, ci—1is adjacentto a;_1, bj_1

and v;_3, and the other edges of {G; Go, G1, ..., Gj_»} remain the same:
3. {G;Go,Gr,...,Gi—1} € Ep,..i-1)-
For example, {G; Go, G1, G»} and {G; Go, G1, G2, G3} are shown in Fig. 2.

The class of graphs constructed by Esperet et al. is a special case for k = 3
of Eo,1,. k-1). If the excessive index and non 3-edge-colorability of G; (i =
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Fig.2 {G; Go, G|, G2} and {G; Gy, G, G2, G3}

0,1,2,...,(k — 1)) are ignored and only assume that G; has a Fulkerson-cover,
then we obtain infinite families of bridgeless cubic graphs. We denote graphs of this
type as Mo 12, k—1) fork > 2.

The following Lemma is very import in our main proofs;

Lemma 2.1 (Hao et al. [8]) A bridgeless cubic graph G has a Fulkerson-cover if and
only if there are two disjoint matchings M| and M, such that M1 U M3 is a cycle and
G\ M, is 3-edge colorable, for eachi = 1, 2, where G\ M; is the graph obtained from
G\M; by suppressing all degree-2-vertices.

3 Each Graphin My 1,3,... k—2,k—1 Has a Fulkerson Cover
We give the results according to the parity of k.

Theorem 3.1 Let k be an even integer and k > 4. If T' € Mo.12,.. k—2.k—1, then T’
has a Fulkerson-cover.

Proof Since I € My 12, k—2.k—1, assume I' = {G; Go, Gy, ..., Gk—2, G—1}.

Since G; has a Fulkerson-cover, for each i = 0,1,...,k — 1, suppose that
{Mil, Miz, Mi3 ,Mf‘, Ml.s, Ml.6} is the Fulkerson-cover of G;. Let Bi2 be the set of
edges in G; covered twice by {Mil, Miz, Ml.3} and BiO be the set of edges in G; which
are not covered by {Ml.l, Ml.z, Ml.3}. Note that Bi2 U Blo is an even cycle, and G,-\Bl.2
and Gi\Blp can be colored by three colors. Then Bi2 and BIQ are the desired disjoint
matchings of G; as in Lemma 2.1. By choosing three perfect matchings of G;, for
eachi = 0,1,...,k — 1, we can obtain two desired disjoint matchings B? and B
such that x;y; € Bi2 U BZQ or x;, y; ¢ V(Bl.2 U BZ.O).

Three perfect matchings {Mil, Ml.z, Ml.3} of G; are chosen such that x;, y; ¢ V(Bl.ZU
B?) if 7 is even; And three perfect matchings {Ml.l, Miz, Ml.3} of G; are chosen such
that x; y; € Bl‘2 U Blo if i is odd. Without loss of generality, assume that x; y; € Bi2 and
xloxi, y?yi € Blp for odd i.
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Fig.3 {G; Gy, Gy,...,Gy_1} forevenk

k—1 k—1
Let By = (Bg — xoyo) U (B? — {x?xl, y?yl}) U U (Bl2 —x,~y,~> U U a;c;
i=2 i=2

=~
|
IS

C
C

0 0
v2j_v2; U [Cka_z,qvo, y1a1,x1ao} , and

J=1
k—1
By, = (38 - {xoxg, yoyg}) U (312 —lel) U U (BlQ - {xix?a yi)’?})
i=2
2 k—1
U U [y2,+1az,-+1, x2/+1az,-] U U vi—2¢; U faoco, arcr}.
j=1 i=2
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___________

Fig. 6 G;\B? withx;, y; ¢ V(B?)

Clearly, By U B> is an even cycle C. See Fig. 3.
If i is odd, by x;y; € Biz, there exists a maximal path containing only 2-degree
vertices as inter vertices in the graph G,-\B? , say u? R VS ul.l, which corresponds

to an edge u?ull in the graph Gi\Blp (see Fig. 4). From x?xi, y?yi € Bl.o, there exist
two maximal paths containing only 2-degree vertices as inter vertices in the graph

G,-\Bl.z, say ulz . ~)cl.0x,'xl.1 u? and uls e y?yiyil -~-u?, which correspond to ulzu?

and ufu?, respectively, in the graph G; \Bl.2 (see Fig. 5).

If i is even, by x;, y; ¢ V(Bl.z), there exist four maximal paths containing only 2-
degree vertices as inter vertices in the graph G; \Bi2 , say u? e xi1 x; (maybe u? = xl.l),
ull ---x?xi (maybe ull = x?), ”12 e yilyi (maybe ”12 = yil) and u? e y?yi, which
correspond to four edges u?x,-, ul.lxi, ul.z y; and u? yi, respectively, in the graph G,-\Bl.2
(see Fig. 6).

Similarly, by x;, y; ¢ V(B?), there exist four maximal paths containing only 2-
degree vertices as inter vertices in the graph G; \Bl.0 , say u? .- ~xi1 X; (maybe u? = xl.l),

? . -x?xi (maybe uf = x?), ul.6 e yi1 y;i (maybe ul.6 = yil) and ”17 ‘e y?yi (maybe

u
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___________

Fig.7 G;\B? withx;, y; ¢ V(B?)

up = ) which correspond to four edges u4x,, usx,, u}y; and u! ; Vi, respectively, in
G,-\BI.O (see Fig. 7).
From the construction of I', we know that I"\ By (see Fig. 8) is

k=2

>~
|
IS}

2 S —
(sz\sz {x2;, YZj}> v U (G2j+l\B%j+1
j=1

C~\

(Gl\BO—ulu%)

Il
o

J

2 3 4 5 0 1 0 12 3
- {“2j+1”21+1’ "‘2j+1u2j+1]) U {uibr. uybo. bruy, by, ugho. upbo}

-2

-

)

-

3 2 2, 3 s 4 0 , .
[”2,‘”2j+1v wyibaj, sy by uz; Upjy0s Uy b2t ”2j+2b21+1’b2]b2]+1] .

~.
Il

And I'\ B; (see Fig. 8) is

k=2

(G1\32 {ulul, ufu; }) v G (sz\le {x2; )’2j})

]:

(=}

=~
|
[N}

0 0 1 4 55 4 3 7.2 6
<G21+1\B2j+1 — u2j+1”2j+1> U {ulbl, uiuy, byus, uibo, uguy, ugho, b0b1]

C
T1CH

C
CH

6 7 1 0 4 5
{MZjb2j’ ujbaj, bajuyjiys s ibajr1s bajriuz)o, b2j+1“21+2} :

~.
Il

Ifi is odd, because Bi2 and BIQ are the desired disjoint matchings of G; as in Lemma

2.1, G; \BO is 3-edge colorable. Thus there exists a 2-factor, say Cio, such that each
component is an even circuit and u u is not in the 2-factor CIQ . Similarly, because

G; \B2 is 3-edge colorable there exists a 2-factor C; 2 such that each component is an
even circuit and {u u U us} is in the 2-factor C;. 2

If i is even, because G,'\Bl. is 3-edge colorable, there exists a 2-factor Cl.2 such
that each component is an even circuit and u?xiuil and ul2 yiu? are in the 2-factor
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Fig.8 TI'\Bg and I'\ B, for even k

Cl-2. Because G,-\Blp is 3-edge colorable, there exists a 2-factor C? such that each
component is an even circuit and {u?xiu? , ui6 yiul-7} is in the 2-factor C? .
Then I'\ By has a 2-factor:

?v
N

k—
77
2 2 3 4 2
<C2j+1 - [”2,+1”2/+1v “2/+1”2/+1}> U (C2j — {x2j, )’2j})

—_

»\
8]

C
C

3 2 3 2 4 0 5 1
{sz”2j+1’ bajuy i, uziuy ;s Doy, bajriugjys, “2j+1”2j+2}

.
I

b()ug, bou%, blug, blué} .

C
/e,

And each component is an even circuit.
Similarly I"\ B, has a 2-factor:

[N]
T
(]

k—

L

Il
=}

CZJHU(C {u%u?,u‘l‘u?})u (ng —{xzj,yzj}>

CN\

J

~.
I
-
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U {boug, boui, udu?t, byut, ujus, bm%]

~

-2

U

CH

I
-

6 7 4 5
{uz,-bz./» upibaj, uz; Hb2jt, sz+zb2,/+1} :
J

And each component is an even circuit.

So I'\Bg and I"'\ B, are 3-edge colorable. Therefore, By and B, are the desired
matchingsinI" of Lemma?2.1.SoT" = {G; Gy, G1, ..., Gk—2, Gy} hasaFulkerson-
cover. O

Theorem 3.2 Let k be an odd integer. If H € Moy 12, k—2.k—1, then H has a
Fulkerson-cover.

Proof By H € Moy1.2,. k—2k—1, assume H = {G; Go,G1,...,Gr-2, Gi—1}.
Since G; has a Fulkerson-cover, for each i = 0,1,...,k — 1, suppose that
(M}, M2, M?, M}, M?, M?} is the Fulkerson-cover of G;. Let B? be the set of edges
covered twice by {Mi], Ml.z, Ml.3} and BI.O be the set of edges which are not covered
by {Ml.l, M[Z, Ml.3}. Now Bl.2 U Bl.0 is an even cycle, and G,-\Bl.2 and G,-\B? can be
colored by three colors. Then Bi2 and BlQ are the desired disjoint matchings of G; as in
Lemma 2.1. By choosing three perfect matchings of G;, foreachi =0, 1, ...,k —1,
we can obtain two desired disjoint matchings Bl.2 and B? such that x;y; € B,.2 U Bl.O or
Xi, Vi ¢ V(Bl.2 U B?). Ifi iseven and i # 0, three perfect matchings of G; are chosen
such that x;, y; ¢ V(Bl.2 U BI.O). If i is odd or i = 0, three perfect matchings of G; are
chosen such that x; y; € Bl.2 U B? . Without loss of generality, assume that x;y; € Bl.2
and x'x;, y)y; € BY if i = 0 ori is odd.
Let

k—1
By = <B§ - xoyo) U (B? - {X?m, y?m}) U U (B,»2 —xiyi)
) {ylal,x1ao,C1U0} Uazcz U U V2 +1V2j+42,

Ifiisoddori = 0, by x;y; € Biz, there exists a maximal path containing only
2-degree vertices as inter vertices in the graph Gi\Bl.O, say u? Cee X u}, which

corresponds to an edge u?ull in the graph G; \Bl.0 (see Fig.4); by xlpxi , yioyi € B?, there

exist two distinct maximal path containing only 2-degree vertices as inter vertices in

the graph G-\B2 say u2 .- ~x0xl~x1 e u3 and uS e yloy,-yl1 e u4 which correspond

to edges u and u respectlvely, in the graph G; \B2 (see Fig. 5).

B2 = (B - xim) U g( = st ot} o (88 - frosd o)
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Fig.9 {G; Gy, Gq,..., G2, Gp_1} forodd k

~

—1

k=1
0 0
Ulaici} U {a2ix2i+1a azi+1)’2i+1} U Jtwiaci).
=1 i=2

4

See Fig. 9. Clearly, By U B; is an even cycle C.

If i is even and i # 0, since x;,y; ¢ V(Biz), there exist four maximal paths

containing only 2-degree vertices as inter vertices in the graph G; \Biz, say u? .- -xl.lxi
(maybe u? = xl.l), ull ---x?x,- (maybe ull = x?), ul2 e yl.1 yi (maybe ul2 = yl.l) and
u? . y?y,- (maybe u? = y?), which correspond to edges u?xi, uilxi, ul.zyi and u?yi,
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respectively, in the graph G; \Bl.2 (See Fig. 6). Similarly, by x;, y; ¢ V(B?), there exist
four maximal paths containing only 2-degree vertices as inter vertices in the graph
G,-\Bl.o, say u? .- -xilxi (maybe u? = xl.l), uls = -x?xi (maybe M,S = xl_o), M? e yl-l)’i
(maybe u? = yl.l) and “1'7 e y?yl- which correspond to edges u?x,-, uin,-, u?y,- and
ul7 vi,respectively, in the graph Gi\Blp (see Fig. 7).

If k = 1, then H = G¢ which has a Fulkerson-cover.

If k > 2, we will prove H\ By and H\ B; are 3-edge colorable in the following.

From the construction of H, one has that H\ By (see Fig. 10) is

(Go\Bg — {u%u%, ugug}) U (Gl\B(l) — u?u%)

~

4

2, 3 23
u {M2jb2j’u2j+1b2j’u2j+1u2j}

.
[l
W=

C
CH

<~
I
—_

4 5 1 0
{“2j+1b2j+1, Ujy1Ugjy2s Ugjqab2jr1, b2jb2j+1}

U

e,

5 4 1 0 0 1
upCo, obo, boco, br—1co, uybg, uiby, usby, uzbl} U QU 0y,

e —
= 3 2 3 4 5
where Q1 = J;2(G2j41\By; — {u3j gz, u5;,u5;4)) and Qo =

k=l ——— -
U -i] (sz\Bzz- — {x25, y2j}). And H\ B, (see Fig. 10) is
J J

(G1\32 [ulu%u?u?}) (GO\BO uou(l))

U {u?ui, u?bh ugbl, u%co, u%bo, boco, ugbo, cobl}

=~

N‘

((G2]\B2J {x2]’ y2]})

~.

U

—_——

6 1 7
uyibrj uziy baj uy;baj })

0 0 1
U ((G2j+1\32j+1 - {”2j+1“2j+1})
=1

=~

N‘
w

J
0 4 5
U {”2j+1b2j+1’ Uy o1, w3 9b2jt1 }) .

If i is odd or i = 0, because G; \BO is 3-edge colorable there exists a 2-factor
C such that each component is an even circuit and u !'is not in the 2-factor C;. 0

Because G ~\B is 3-edge colorable, there exists a 2- factor C 12 such each component
is an even circuit and u2 3 4u5 are in the 2-factor C;. 2
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—— —

| Ho\ Ez2|

Fig. 10 H\By and H\B; with odd k

If i is even and i # 0, because G,-\Bl.2 is 3-edge colorable, there exists a 2-factor

C 12 such each component is an even circuit and two paths with length two u

l-x,-uil and

u%yiu? are in the 2-factor Cl.2. Similarly, because Gi\Blp is 3-edge colorable, there
exists a 2-factor C ZQ such each component is an even circuit and u?xiuf, ul.6 yiuz are in
the 2-factor C?.

Then H\ By (see Fig. 10) has a 2-factor:

=~
|
w

CH

~
I
-

2 45 23 0 2 2 3 4 5
(Co - {“0“07 ”0“0}) uciu (C2j+l - {“2,/+1”2j+1v ”2j+1“2j+1})
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»
|
T

A

I
-

3 2 3 2
(Czj {x2ij2j})U {b2j”21+1»b2j”2j’”2/”2j+1}

~.
[ C“\
I

J

~
|
o

C
CH

4 0 5 1 4 0 1 5
{b2]+11/l2]+1, b2]+]u2]+2, M2]+1u21+2} U {bouo, bluz, b]uz, bOCO, Moco} .

~.
I

and each component is an even circuit. H\ B has a 2-factor:

k—1

s
Cg U (C {u%ul u1u1}> U U ((ng —{x2j, »;jh U [ugjsz, u;jsz})

~.
—

k=3 k=3
2 2
4 5
vJedvY {”24/+2b21‘+1’ “2./+2b2j+1]
Jj=1 j=1

U {cou%, boco, bou?, u?u%, u?bl, ugbl}

And each component is an even circuit.

So H\ By and H\B; are 3-edge colorable. Therefore, By and B, are the desired
matchings of Lemma 2.1 and H = {G; Go, G1, ..., Gk—2, Gr_1} has a Fulkerson-
cover. O

From Theorems 3.1 and 3.2, we get the Theorem 1.3 that every graph in
Moy,1,2,... (k—1) has a Fulkerson-cover.

4 Remark on Treelike Snarks

The families of graphs Eg 1, 1) and Mo 1,... «—1) for k > 2, which are constructed
by Chen [2], are set of graphs having all vertices not in Hy, Hy, ..., Hix—1 and not in
a;, bi, c; on a path. Abreu et al. [1] proposed Treelike snarks which generalize this
idea by considering an arbitrary tree instead of a path, but the graphs H; are all copies
of the Petersen graph minus an edge. They proved that all such Treelike snarks have
excessive index at least five.

In this paper, we prove that every graph in Mo 12, x—2 k—1 has a Fulkerson-cover.
Since the Petersen graph has a Fulkerson cover, as a directive corollary of this result,
each graph in the subclass of treelike snarks obtained by considering a path instead of
an arbitrary tree has a Fulkerson cover. So we give a conjecture as follows:

Conjecture 4.1 (Conjecture) Every Treelike snarks proposed in [1] has a Fulkerson
cover.
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