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Abstract

A brief introduction of doubly minimal submanifolds of statistical manifolds is given.
A complex submanifold of a holomorphic statistical manifold is doubly minimal.
Similar properties are obtained in the case where the ambient space is a Sasakian
statistical manifold.
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1 Introduction

A differential geometric study of submanifolds of statistical manifolds is developing
as an interesting research field. Although many research papers have been published, it
still has room for improvement on the basic part. The elementary differential geometry
of surfaces in the Euclidean 3-space is a hometown of the submanifold theory. In this
theory, we first see a totally geodesic surface (a plane, a part of a plane) and a totally
umbilical surface (a sphere, a part of a sphere, in addition) as fundamental objects,
which are characterized in terms of the second fundamental forms and should be
studied deeply. Moreover, a minimal surface has appealed to many mathematicians,
which is a surface with zero mean curvature vector field. In fact, beautiful and exciting
examples of such surfaces have been explicitly founded. In the statistical submanifold
theory, what are the counterparts of such submanifolds?

The author hopes that this small article will be useful in attracting interest in these
issues, though it does not have enough results. We here introduce doubly minimal
submanifolds of statistical manifolds, and will indicate that such submanifolds arise
from a special class of minimal submanifolds of Riemannian manifolds with other
additional structures like Kihler structures. We have that a complex submanifold of

Communicated by Atsumi Ohara.

B Hitoshi Furuhata
furuhata@math.sci.hokudai.ac.jp

1 Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s41884-022-00075-9&domain=pdf
https://orcid.org/0000-0002-3457-1552

S100 H. Furuhata

a holomorphic statistical manifold is doubly minimal (Theorem 3.1). We also study
doubly minimal submanifolds of a Sasakian statistical manifold (Theorem 3.3 and
Proposition 3.4).

2 Doubly totally-umbilical submanifolds

Throughout this paper, M denotes a smooth manifold of dimension m > 2, and all the
objects are assumed to be smooth. I'(E) denotes the set of sections of a vector bundle
E — M. For example, I'(T M (P-9)) means the set of all the tensor fields on M of type
(p,q), and T(T M) = T'(T M) means the set of all the vector fields on M.

Let V be an affine connection on M, and g € I'(TM (0’2)) a Riemannian metric.
We denote by V& the Levi-Civita connection of g. A pair (V, g) is called a statistical
structure on M if V is of torsion free, and the Codazzi equation

(Vx)(Y, Z) = (Vyg)(X, Z)

holds for any X, Y, Z € I'(T M). A manifold equipped with a statistical structure is
called a statistical manifold.

For an affine connection V on a Riemannian manifold (M, g), define V* by the
formula

Xg(Y,Z)=g(VxY,Z)+g(Y,VxZ)
forany X, Y, Z € I'(T M). Then V* is an affine connection on M which is called the

dual connection of V with respect to g.
For a statistical structure (V, g), we set

KOy = vyy — viy
forany X,Y € I'(TM). Then K = K8 e I (T M) satisfies
KxY = KyX, g(KxY,Z)=g(,KxZ). (2.1)
Remark 2.1 (1) For a Riemannian metric g and a (1, 2)-tensor field K satisfying (2.1),
apair (V = V8 4 K, g) is a statistical structure.
(2) For a statistical structure (V, g) and a real number o € R, set

V@ =V gk V),

Then (V@ g) is a statistical structure with VI =V, VO = v¢ and v-D = v*,
Moreover, (V(@)* = V(=9 holds.

We will now fix the notation in the statistical submanifold theory. Let (1\7 , %, 2) be
a statistical manifold of dimension n = m + p, and M a manifold of dimension m as
before.
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Let:: M — M be an immersion of M into M. The readers not ~familiar with the
submanifolNd theory can consider ¢ as the inclusion map of M C M, thatis, M is a
subset of M and ¢ : M > x — x € M, and may omit ¢, ¢, and ¢* in the following.

We then define g and V on M by

g=10F, g(VxY,2) = §(VxuY, 1.2)

for X,Y,Z € I'(T M). We show that (V, &) is a statistical structure on M, and call it
the statistical structure induced by « from (V, ). Then (M, V, g) is called a statistical
submanifold of (M, ¥, ).

In another setting, for two statistical manifolds (M, V, g), (1\71 , %, 2) and an immer-
siont: M — M ,  1s called a statistical immersion if the statistical structure induced
by ¢ from v, 2) coincides with (V, g). In both settings, M, V, 2) is often called the
ambient space.

We denote the orthogonal decomposition of the induced bundle ¢* TM — M with
respect to g by

STM=TM & TM™* (2.2)
and the orthogonal projection by
O :TWTM) - T(TM), (O :T@*TM) — I(TM™Y).

For the simplicity, the induced connection (*V is written as V. By using the decom-
position (2.2), we define B, A, vi by

VxiY = ,VxY + B(X,Y), X,Y e I(TM),
Vx€ = —1,A: X + Vié, £eT(TMY), X e T(TM).

Then we call B € I'(T+M @ T M©-2)) the second fundamental form for ¢ with respect
to V. Wecall A € r(rMbHH* @ TMU-D) the shape operator, vl ramth) x
[(TM) — (T ML) the normal connection.

Taking V@ in Remark 2.1 as the connection of the ambient space, we define
B@, A@ vL1® iy the same fashion:

VLY = LVEY + BOX, ), V8 = —.APX + vE{ e

Moreover, we write B* = BCD_ B = BO_ A* = ACD A = A0 yl* = VAR
and V+ = VL(O).

For a statistical submanifold (M, V, g) of (1\7 , %, 2), the following hold for each
o eR:

FBOX,Y),6) = g(ATVX, V),

X3E ) =3VEe n + 76 vE ),
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F= L@y pew) io @ acw)
2 ’ 2 ’

1 .
V= v v

for X,Y e (TM)and &, € T(TM™1). N
Moreover, we define the mean curvature vector field with respect to V@ ag

H® = ltrgB(“),
m

andset H = HO, H = HO® and H* = H—Y . We remark that

1+aH+ l—ozH*.

~ 1
H=—-(HY 1+ gt-o ; H® —
2( + ) 2 >

Definition 2.2 Let (M, V, g) be a statistical submanifold of (M, V, 2). (1) M is said
to be doubly totally-geodesic if B = B* = 0. (2) M is said to be doubly totally-
umbilical if B = ¢ ® H and B* = g ® H*. (3) M is said to be doubly minimal if
H=H*"=0.

Remark 2.3 The following conditions are equivalent: (1) A statistical submanifold
(M, V, g) is doubly totally-umbilical. (2) B® = ¢ ® H® forall « € R. (3)
B@) = ¢ ® H@) for some o) # ax € R. (4) B =g ® H and Ag = g(H*, §)id.

The reader will be able to list the similar properties for the other notions in Definition
2.2.

In our setting, the term auto-parallel and the term totally-geodesic coincide with
each other. See [8] for example, in which related Information Geometric objects are
studied. The second fundamental form is sometimes called the embedding curvature.

We now denote by RY € I'(TM (1.3)) the curvature tensor field for a connection
V:

RY(X,Y)Z =VxVyZ — VyVxZ — Vix.y1Z

for X, Y, Z e T(TM).

Example 2.4 The triplet (R*)™, gg, V) defined below is a statistical manifold with
RV = RY =0.

®RHY" ={peR"|y'(p)>0,...,y"(p) > 0},

m
g0 = Z(dyj )2, that is, the restriction of the Euclidean metric,
j=1

Vi, dj = —8ii{y’ (p)} ' (0))p, where d; = 3/dy/.

Theorem 2.5 A round hypersphere of center the origin is the only doubly totally-
umbilical hypersurface of (RY)", go, V) which is not doubly totally-geodesic.
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See [5] for example.

Example 2.6 The triplet (1\7[ ,V=VE+K, 9) defined below is a statistical manifold
with RY = 0.

n

=H'={y=0",....y" L,y eR"| y" >0},
n
g=0"7) @y,

5!

A=1
K@,9) =6;0" 0 i,j=1,...,n—1,
K@, 3,) = K@, ) = ™ "%,
K@y, 8) = 2(") "1y,

WheregA = 3/8yA,A =1,...,n
(1) For (al,...,ap) € R?, m + p = n, the inclusion map
aiHT s L M e @ al x L xT ) e HT (2.3)

’

is doubly totally-geodesic; B = B* = 0.
(2) For (a!,...,aP~!, aP) e RP~! x R, the inclusion map

iR s L ) e L ™ al el al) e I (2.4)

is doubly totally-umbilical. In fact, we have

m
. a il
— 72§ : 2 _ —v8 —
g = (") (dx’), va/?)xjﬁ = Va/axjﬁ =0
j=1

0
B =2al’g®ﬁzg®H, B*=0.

A hypersurface of the form in (2) is studied in [4].

3 Doubly minimal submanifolds

In this section, we introduce typical examples of doubly minimal statistical immer-
sions.

Let (M v, g, T ) be a holomorphic statistical manifold. By definition, (M V=
VE+K, 2)is astatistical manifold with an almost complex structure Je 1"(TM(1 D)
such that (g, J ) is a Kéhler structure on M and

KxJY +JKxY =0
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holds for X, Y e I"(TA7I). It is easy to show that
Vx(JY) = JVLY

for X,Y € F(T]VI). See [4] for example. N
Let (M, g, J) be a Kéhler manifold of dimension m = 2[. Lett : M — M be a
holomorphic isometric immersion, that is, :*g = g and

WX = JiX

holds for X € I'(T M). We often call such an M a complex submanifold of M. 1t is
known that M is a minimal submanifold of M as well.

Let (V, g) be the statistical structure on M induced by ¢ from (%, 2).Then(V, g, J)
is a holomorphic statistical structure on M. Besides, we have the following:

Theorem 3.1 Let (M v, g, J) be a holomorphic statistical manifold and
M,g,J) — (M g, J) a holomorphic isometric immersion. Then ¢ is doubly mini-
mal. In fact,

B(X,JY) = JB*(X,Y) (3.1)

holds for X, Y € I'(TM).

Proof We have for X, Y € I'(T M),

Vx(J1Y) = TViY = J{t.ViY + B*(X, Y))
=1, JVLY + TB* (X, Y),
VxtuJY = 1,Vx(JY) + B(X, JY),

which imply that Vx (JY) = J V}"(Y and Equation (3.1). In the same way, we have
B*(X,JY) = JB(X,Y).

Using them and the symmetricity of the second fundamental forms we have
B(X,X)+B(JX,JX)=BX,X)+ fB*(JX, X)=BX,X)+J B(X X)=0.
Since (g, J) is a Hermitian structure, taking orthonormal frame fields of the form
{e2j—1,Jezj—1}j=1,...1» we calculate the mean curvature vector field by

!
2lH = Z{B(Ezj'—l, exj—1) + B(ezj, e2j)}
j=1
!
= Z{B(€2j—la exj—1)+B(Jexj_1,Jerj_1)} =0.
j=1

We have H* = 0 in the similar fashion. Therefore, ¢ is doubly minimal. O

@ Springer



Toward differential geometry of statistical submanifolds S105

Remark 3.2 Although Theorem 3.1 itself seems trivial, it is an interesting problem to
determine when a doubly minimal submanifold is holomorphic conversely.

Let (M v, g, ¢> E) be a Sasakian statistical manifold. By definition, (M vV =
V8 + K 2) is a statistical manifold with a Sasakian structure (g, d) S) such that

Kx$Y +pKxY =0 (3.2)

holds for X, Y € F(TM) We briefly review the notion of Sasaklan structures; (M g)
is a Rlemannlan manifold, ¢ € F(TM(l Dy, ’;‘ € F(TM) and the trlplet (g, q) E)
satisfies (1) & = 0, (2)g($ £)=1,03)¢°X = X +3(X,6)E, (4)g(¢X Y) +
g(X, ¢Y) =0, (5 (V ¢)Y = g(Y, $)X - g, X)é‘g for X, Y € F(TM) We also
remark that the dimension of such a manifold is odd._ ~

Let (M, g, 5, 5) be a Sasakian manifold. We set K € T(TM1-2) as

KxY =3(X,5)3(Y,5)E (3.3)

for X,Y € F(TM). Then, the quadruplet (g, V = V8 + K, 5, E) is a Sasakian
statistical structure, because K satisfies (2.1) and (3.2). -

Let (M, g, ¢, &) be a Sasakian manifold, and ¢ : M — M an invariant immersion,
that is,

L*?:g, L*o(ﬁ:aol*, and gOLZS

hold. Let (V, g) be the statistical structure on M induced by ¢ from (%, 2). Then
(V, g, ¢, &) is a Sasakian statistical structure on M.

Theorem 3 3 Let (M V g, ¢> é) be a Sasakian statistical manifoldand. : (M, g, ¢, &) —
(M g, ¢ é ) an invariant immersion. Then v is doubly minimal. In fact,

B(X,$Y) = $B*(X,Y)
holds for X, Y € I'(TM).

See [6] for example.

An immersion ¢ of M into a Sasakian manifold (M , g, 5, E) is said to be C-totally
real if g(1, X, E) = 0 forall X € I'(TM). In particular, a C-totally real submanifold
M is said to be Legendrian if dim M = 2dim M + 1.

Proposition 3.4 Let (M v, g, qb 5) be a Sasakian statistical mamfold with K in (3.3).
Ift : M — (M g, q’) S)lsaC totally real immersion, then B = B* = B. Inparticular,
if v is a minimal C-totally real immersion, then it is doubly minimal.

Proof Since K(L*X 1Y) = Oforany X, Y € I'(T M), we have that Vxl*Y = VXL*Y
and that B = B. O
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Example 3.5 (1) Let S?*~! be a unit hypersphere in the Euclidean space R**. Let J
be a standard almost complex structure on R?" considered as C”. Set & =—JN,
where N is a unit normal vector filed of $?"~!. Define ¢ € I'(T(S*"~1)1-D) by
¢X = JX — g(JX, N)N. Denote by g the standard metric of the hypersphere.
Then such a (g, ¢, £) is known as a standard Sasakian structure of $2*~!. We set
K e T(T($~1(1.2)) a5 in (3.3). Then, the quadruplet (g, V = V& + K, ¢, &) is a
Sasakian statistical structure on $2*~ 1.

(2) The natural inclusion of $3 into $° is an invariant immersion between two
Sasakian manifolds defined above. By Theorem 3.3, it is a doubly minimal immer-
sion, in fact, a doubly totally-geodesic immersion between two Sasakian statistical
manifolds.

(3) The immersion from a torus into the above Sasakian manifold (S, g, ¢, &)
defined by

1
st x st (u, v) — —=(cosu, sinu, cos v, sin v, cos(u + v), —sin(u + v)) € s3

V3

is a minimal C-totally real immersion. By Proposition 3.4, this torus is a doubly
minimal submanifold of the above statistical manifold (S 5.V, 2).

In the end, we will state a non-existence theorem of doubly minimal immersions.
For a statistical manifold (M, V, g), we define

1 .
U =2RY — S(RY + RY).

Then U = UV®) e (T M) has similar properties to those of the Riemannian
curvature tensor field RY® € T'(TMU-Y) for g, from which we can define pU =
troRicY like the scalar curvature. The tensor field U vanishes for a Hessian manifold
of constant Hessian curvature zero, for example. See [7] for details.

Theorem 3.6 Let (1\7 .V, 9) be a Hessian manifold of constant Hessian curvature zero.
Suppose that a statistical manifold (M, V, g) has a point x such that pY (x) > 0. Then

there exists no doubly minimal statistical immersion of (M, V, g) into (A71, %, 2).

Proof We prove in [7] the following inequality at each point in M:

1 2 (2 ! U
2(||H|| +IH"I7) = m(m_l)p (3.4

The theorem is a direct consequence. O

It is a classical result that a 2-dimensional Riemannian manifold with a positive
Gaussian curvature point admits no minimal isometric immersion into the Euclidean
space. In the case where the ambient space is the Euclidean space, Theorem 3.6 reduces
to this fact. See [7] again for details and a generalization of Theorem 3.6.
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4 Appendix

We will present several related problems in this section, which is added by following
the suggestion of the editorial committee.

1. Characterize doubly minimal statistical immersions from a variation problem. In
the Riemannian submanifold theory, minimal immersions are characterized as critical
points of the volume functional determined by the induced metric. What is the coun-
terpart of this fact in the statistical submanifold theory? Is it related to the stability in
the Riemannian minimal submanifold theory?

2. Characterize statistical structures which admit doubly minimal statistical immer-
sions into standard statistical manifolds. In other words, construct the statistical
submanifold version of the following theorem (See [3]).

Theorem 4.1 Let (M, g) be a simply connected Riemannian manifold of dimension 2.
Denote by K, the Gaussian curvature of g. Let M (c) be the 3-dimensional space form
of section curvature ¢ € R. Suppose that K, < ¢ everywhere, and set a Riemannian
metric on M by g = (c — K,)g. The Riemannian manifold (M , g) admits an isometric
minimal immegsion into M(c) if and only if the Gaussian curvature of g satisfies
c=1+ K, —c

This theme also includes an important problem which is to determine the counterpart
for M (c). Is our tensor field U useful for this problem? Is the property to admit many
doubly totally-geodesic submanifolds useful for this problem as well?

The elementary contents of this article should have been written much earlier than
many detailed works on inequalities for statistical submanifolds got published. We
refer the readers to the surveys [1, 2] due to B.-Y. Chen.
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