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Abstract

We study the behavior of solutions of the Cauchy problem for a semilinear heat equa-
tion with supercritical and critical nonlinearity in the sense of Joseph and Lundgren.
It is known that if two solutions are initially close enough near the spatial infinity,
then these solutions approach each other in the above cases. In this paper, for the
supercritical case, we give a lower bound of a convergence rate that leads to the exact
convergence rate together with our previous result. Also for the critical case, we give
the exact convergence rate of solutions depending on two approaching initial data
near spatial infinity again by using a different function than the previous results. For
the critical case, this rate contains a logarithmic factor which is not contained in the
supercritical nonlinearity case. Proofs are given by a comparison method based on
matched asymptotic expansion.
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Convergence - Critical exponent

Mathematics Subject Classification 35K15 - 35B35 - 35B40 - 35B33

1 Introduction and results

In this paper, we investigate the behavior of solutions of the Cauchy problem

— p—1 N
{u, Au + |ul u, xeRY, >0, (1.1

u(x,0) = up(x), x € RV,
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where u = u(x,t), A is the Laplace operator with respect to x, p > 1, and ug # 0
is a given continuous function on RY that decays to zero as |x| — o0o. The problem
(1.1) has been studied in many papers, since Fujita studied the blow-up problem [10].
Among them, the stability problem of stationary solutions is one of the most important
problems and we study the problem (1.1) along this line.

Itis known that there exist critical exponents p that govern the structure of solutions.
The exponent

N+2
s = N N>2,
00 N <2,

is well known as the Sobolev exponent that is critical for the existence of positive
stationary solution of (1.1). Namely, there exists a classical positive radial solution ¢
of

Ap+¢P =0, xeRV,

if and only if p > pg [1, 2, 12]. We denote the solution by ¢ = ¢, (1), r = |x|,a > 0,
where ¢, (0) = «. Then ¢, (r) satisfies the initial value problem

{ wa,rr + NTilfpoz,r + (05 = 07 (12)
$a(0) =, @a,r(0) =0.

For each o > 0, the solution ¢y is strictly decreasing in |x| and satisfies
9o — 0 as |x| — oo.

We extend the solution by setting ¢y = —¢_4 for @ < 0 and g9 = 0. Then the set
{¢q; o € R} forms a one-parameter family of radial stationary solutions.
The exponent

(N=2)2—4N+8/N—1
(N—2)(N—10) N > 10,

00 N < 10,

Pc =

is another important exponent which appeared first in [15]. It is known that for pg <
P < pe, any pair of positive stationary solutions intersects each other. For p > p,,
Wang [20] showed that the family of stationary solutions for (1.2) forms a simply
ordered set, that is, ¢, is strictly increasing in « for each x. We call it the ordering
property of {¢y}. Moreover, ¢, satisfies

lim ¢o (lx]) =0, lim @ (lx]) = oo (lx]),
a—0 o—> 00
for each x, where ¢ (|x|) is a singular stationary solution given by
Poo(x) = LIx|™", x e RV \ {0},
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with
2
m=—— L={mN—2—m}/PD, (1.3)
p—

It was also shown in [13] that each positive stationary solution has the expansion

Lix|™ — ag|x|™™ * +h.o.t. P > De,

L e B (1.4)
L|x| ag|x| log|x| +h.ot. p = p,

Pa(|x]) =

as |x| — oo, where for p > p., A1, A is a positive constant. 1] is given by

N—2-2m—\/(N—2-2m)>2—8(N —2—m)

At =M(N, p) = 5

A is given later and a, = a(«) is a positive number that is monotone decreasing in c.
Note that A is a smaller root of the quadratic equation

R :=A2 — (N =2 —=2m)A+2(N =2 —m) = 0. (1.5)

We define for p > p. by

N—2-2m+/(N-2—2m)2—8(N —2—m)
2 9

M =X (N, p) =

a larger root of the quadratic equation (1.5).

For the stability problem, Gui et al. [13, 14] proved that any regular positive radial
stationary solution is unstable in any reasonable sense if ps < p < p. and “weakly
asymptotically stable" in a weighted L* norm if p > p.. For p > p., Pola¢ik and
Yanagida [17, 18] improved the above results and proved that the solutions approach
a set of stationary solutions for a wide class of the initial data. As a by-product, they
also showed the existence of global unbounded solutions. We note that the study of
global unbounded solutions of (1.1) [3, 4] is closely related to our problem on bounded
solutions mentioned later.

Later, Fila et al. [5] studied the convergence of solutions of (1.1). They considered
the following more general problem: Let u and & denote solutions of (1.1) with initial
data ug, g respectively. Where, ug and g are continuous functions and we always
assume this assumption In the following. They studied how fast these two solutions
approach each other as r — oo. In particular, in the case of g = @4 (|x]), then the
rate of approach corresponds to the convergence rate to the stationary solution. More
precisely, they showed that if p > p., m + A1 <[ < m 4 A and initial functions
are under some stationary solution and approaches the decay rate of ! near spatial
infinity then the difference between the values of the two solutions decays in time the
exact rate ¢~ (=" =41)/2,

The above resultis no longer valid for large / and in fact they found a universal lower
bound for the rate of approach which applies to any initial data. More precisely, they
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showed that if p > p. and 0 < up(x) < uog(x) < pso(|x|) then difference between
the values of the two solutions decays more slowly in time than the rate ¢ =N ==*1)/2,
We note that there exists a gap of the convergence rate between the rate ¢~ *2=%1)/2
which is obtained for the case /| = m + A, and a universal lower bound of the rate
t—(N—m—)Ll)/Z.

On the other hand, for the grow-up problem which can be regarded as a stability
problem of singular stationary solution, a sharp universal upper bound of the grow-up
rate was found by Mizoguchi [16], and optimal lower bound of the grow-up rate was
found by Fila et al. [4]. The results on the grow-up problem strongly suggest that the
above result of the convergence rate is not optimal.

For p > p., We obtain a sharp bound of the convergence rate in the case of
m+ A <1l < m—+ Ay + 2 which leads to its optimal convergence rate in [7]. In
fact, we improve the results in [5]. More precisely, we had already proved following
Theorems in [7].

Theorem A Let p > p.. Suppose that |ugl, |iig] < @u(|x|) with some o. If m + A <
I <m+ Ay + 2, and satisfy

luo(x) — dig(x)| < my(1+ |x|)~!
with some my > 0. Then there exists constant M| > O such that
. t) = @ )l < Myt + 3402

forallt > 0.

After, Stinner studied a similar problem in [19] with the critical exponent p = p,
in the case of m + A < < m + A + 2 and shows the exact convergence rate of the
solution that approaches a stationary solution ¢, (|x|). In this case, the equation (1.5)
has the double root

_N—2—2m
= 5 .

A

Actually, the sharp convergence rate t ~~=%/2 (log 1) ~! is obtained in [ 19]. The char-
acteristic point is that the convergence rate contains a logarithmic factor. We remark
that our result in [7] Theorem 1.4 and [9] Theorem 1.1 shows that the convergence
rate can not be extended in the case of l > m + Ay +2forp > p.and! > m+A+2
for p = p..

Our purpose of this paper is to show there exists the exact estimate of the conver-
gence rate with the approaching solutions which applies an approaching two initial
data for p > p. and p = p. by using partially different function in [19] mentioned
later. In fact, with the supercritical exponent p > p., we prove a lower estimate of the
convergence rate of the solutions and with the critical exponent p = p., we can prove
again the same results in [19] as follows. Our results also show that a logarithmic
factor appears for the critical case.
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Theorem 1.1 Let p > p.. Suppose that lug|, |ig| < @q(|x]) with some o. If m + A <
I <m+ Ay + 2, and satisfy

luo(x) — dig(x)] = 1 (1 + x|~
with some ¢1 > 0. Then there exists constant C1 > 0 such that
(1) =G, 1)l = Ci(t +3)" =0/

forallt > 0.

Theorem 1.2 Let p = p.. Suppose that |ug|, |ig] < @q(|x]) with some a. If m + A <
| <m+ A+ 2, and satisfy

luo(x) — iig(x)| < e2(1 + |x])~
with some ¢y > 0. Then there exists constant Co > 0 such that
lu.6) = (.0l < Colt +3)" "M (log(t +3)1/%) 7!

forallt > 0.

Theorem 1.3 Let p = p.. Suppose that |ug|, |itg] < @u(|x]) with some a If m + 1 <
I <m+ A+ 2, and satisfy

luo(x) — dig(x)] = e3(1 + |x)~"
with some c¢3 > 0. Then there exists constant C3 > 0 such that
(1) = @, Ol = Ca(t +3)~ P2 (log(r +3)1/%) 7!

forallt > 0.

Proofs of the above theorems are obtained by a comparison technique that is based
on matched asymptotic expansion. For the critical case, the inner expansion is the
same as in [19] and the difference of our proof is the careful description of the outer
expansion by differential equation. More precisely with the critical exponent, for the
upper bound Stiner uses Kummer’s function as in [6] and for the lower bound, the same
technical function as used in [5], Although we do not use these methods. In fact, we
will use the solutions of a differential equations which behaves in a self-similar way
near the spatial infinity and make super and sub-solutions by using these solutions in
the outer region. Then we construct super and sub-solutions by matching these inner
and outer solutions.

This paper is organized as follows. In Sect. 2, we recall preliminary results in [4]
and [5]. We note that the result of this section imply the reason why logarithmic factor
appear for the critical case. The formal analysis in this section will give the idea of
constructing super and sub-solutions, and a matching condition of these expansion
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implies the convergence rate. In Sect. 3, we prove Theorem 1.1 and note that the result
together with our result Theorem A shows that the exact convergence rate are obtained.
In Sect. 4, we prove Theorem 1.2, and in Sect. 5, we prove Theorem 1.3.

2 Preliminary results on the linearized equation

In this section, we summarize previous results on the linear equation that are needed
in subsequent sections. For proofs of the results, see [4, 5, 8].

We consider radial solutions u = U(r, t), r = |x|, of the linearized equation of
(1.1) at ¢ . Namely, let P, be the linearized operator defined by

N -1
PuU :=U,r + TUr + p‘/)ap71U
and let U (r, t) be a solution of
U =P,U, r>0, t>0,
Ur0,t) =0, >0, 2.1
U(r,0) =Uo(r), r=0,
where U is a continuous function that decays to zero as r — 0o. From the maximum

principle, we see that U (-, t) > Oforallr > 0if Uy > 0 and Uy # 0. We will describe
some fundamental properties for the solution of (2.1).

2.1 Comparison principle
Let u and & be solutions of (1.1) with initial data ug and g respectively. We recall

some comparison results for u — &z and the solution U of (2.1), which comes from the
ordering property and the convexity of nonlinearity.

Lemma 2.1 ([5] Lemma 2.1) Let p > p.. Suppose that uy and ug satisfy (H1). If
luo(x) — ito(x)| < Up(Ix]), x € RY,
then
lu(x, 1) —i(x,0)] < U(|x|, 1), xeRY

forallt > 0.
Lemma 2.2 ([5] Lemma 2.2) Let p > p.. Suppose that ug and ug satisfy

Yo (|x]) < iig(x) < up(x) < gos(lx), x € RV \ {0}
with some o > 0. If

0 < Up(Jx]) < uo(x) — iip(x), x e RV,
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then
0<U(lx|,1) <u(x,t) —ii(x,1), xeRY

forallt > 0.

2.2 Formal matched asymptotics

By the above comparison results, we may only consider the convergence of radial
solution of the linearized equation (2.1). In the following, we recall the asymptotic
analysis, which is only formal but will be useful in the rigorous analysis in subsequent
sections.

First, following Fila et al. [5], the formal expansion of a solution of (2.1) near the
origin is given by

U(r,t) = oV () + o)W (r) +hot., 2.2)

where, o (t) = U(0, t), ¢ and W satisfy

Poy =0, r>0,
{ YvO0) =1, ¥.0)=0 (2.3)
and
PV =, r>0,
{ w(0)=0, ¥, (0) =0, 2.4)

respectively (see also [5] and [11] for details). We recall some results in [5] on the
above linear differential equations (2.3) and (2.4) in the following.

Lemma 2.3 ([5] Lemma 2.3, [8] Lemma 2.3) Foralloa > OQandr > 0, o > @y (1)
is differentiable and

. a
V() = o da

satisfies (2.3). Moreover, if p = p, then y(r) is positive and satisfies
Y (r) = cer ™ *logr + o™ *logr) as r — oo,
and if if p > pc, then Y (r) is positive and satisfies
V() =cor ™" 40" as r — oo,

. . _mth . .
where cq is a constant given by ¢y = %—Aa mand a; = a(l) is a constant inde-

pendent of o.
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Remark 2.1 The function ¢ defined in Lemma 2.3 satisfies ¥, < 0 for all » > 0.
Indeed, we see from (2.3) that ¢ does not attain a positive local minimum by the
positivity of ¢, and V.

Lemma 2.4 ([5] Lemma 2.4, [8] Lemma 2.5) If p > p,, then the solution V of (2.4)
has the following properties:

(1) Y/ is strictly increasing in v > 0. In particular, V is positive for all r > 0.
(i) If p = pc, then \V satisfies

W(r) = Cor " 2logr + o " 2logr) as r — oo,
and if p > pe, then V satisfies
W(r) = Cor ™2 o™ ) as r — oo,

where

C

Cy = T2 >0, g(w):=h(u—m).

Next, let us consider the expansion of a solution of (2.1) near r = oo. By the
expansion of ¢, (r) near r = oo, U(r, t) satisfies approximately

N -1 pLP~!
Ul = Urr + Ur + B
r r

U, r=>~o0. 2.5

Following [3, 4], we assume that U is of a self-similar form for » > 1
Utr,t)y=1""2F@), n=1""%r. (2.6)

so that the specific scaling for » > 1 corresponding to the outer region is in fact
r=0(¢"?) ast - oo. Substituting this in (2.5), we see that F satisfies

N -1 n [ pLP~!
F,,,,+TF,,+§F,7~|—§F+ 7

F=0. 2.7)

In order that the outer expansion matches with the inner solution (2.2), F(n) must
satisfy

lirr}) " TrEMm) =ag > 0 (2.8)
1’)*)

in view of the spatial order of Lemma 2.3, where ay is a constant depending on initial
data.
We will know in the next section that (2.7) has a positive solution satisfying (2.8).
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For p = p., we show a formal analysis in [8] here again for the reader’s conve-
nience. By matching the inner expansion (2.2) by using Lemmas 2.3, 2.4,

U(r,t)=o®)¥(r)+ o)V (r) + h.o.t.
~o(t)r " logr + oy (H)yr—mH+2 logr + h.o.t.
:O_(t)t—(m—i-k)/Zn—m—k(lOg nt1/2)

+ o, (1)t~ IR 2=m =242 (160 1 1/2) 4 hoont.
and the outer expansion (2.6),
Utr,t) =1"'"?F (),
we obtain

o ()M 2 jog it/? ~ =),

This implies the convergence rate
o (1) = 1= I=m=P/2(1og /%)~

which is the same convergence rate given in Theorems 1.2 and 1.3. We use theses
results, and also obtain

[—m—A
2

o7 ~ §—A=m=2)/2=1 (1og £1/2=1 _ %t—(l—m—k)ﬂ—l(logt1/2)—2_

We substitute above results in (2.2), then we obtain a formal expansion near the origin
as follows.

Ur,t)y=0c@)y(r)+o:(t)¥(r) + h.o.t.
~ = (logt"/*) "y (r) — (gt~ (log /%) ™!

1
— Et_q_l(logtl/z)_z)\ll(r). (2.9)
For p > pc, we also obtain

U(r,t)=o®)¥(r)+ o)V (r) + h.o.t.
=17y (r) — gt T,

by a similar argument where g = (I — m — X)/2 (See [7]).
The above expansions suggest the constructions of inner super and sub-solutions.
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2.3 Properties of self-similar solutions
In this subsection, we recall the behavior of solutions of (2.7) satisfying

lim ™ F(n) = ag > 0,
n—0

where ap > 0 1is a constant and u = A or A. To this end, we set

f) =n""F@).

Substituting this in (2.7), we see that f(n) satisfies

fnn"‘%ﬁ;"‘%fn"‘l_ﬂé_uf:o’ n>0,
f(0)=ag >0, f,(0) =0.

(2.10)

The following lemma characterizes the behavior of f as n — oo, and explains why
| = m 4+ u + 2 is critical.

Lemma 2.5 ([4] Lemma 3.1) For p > p,, let f be the solution of (2.10).

W) Ifl € m+Xri,m~+ Ay +2), then f > 0and f,, <0 foralln > 0. Moreover,
for each ng > 0, there exist d— (n9) > 0 such that

f) =d oy for = o,
and dt > 0 such that
f) <d =m0 forall n > 0.

(i) Ifl =m + Ay + 2, then f(n) is given explicitly by f(n) = agexp(—n>/4).
(i) Ifl > m 4+ Ay + 2, then f(n) vanishes at some finite .

Lemma 2.6 For p = p,, let f be the solution of (2.10).

W) Ifle m+A,m+Ar+2),then f > 0and f, <0 forall n > 0. Moreover, for
each ng > 0, there exist d— (ng) > 0 such that

fa =d oy "M for n =,
and dt > 0 such that
fay <d =" forall n > 0.

(i) Ifl =m + A+ 2, then f(n) is given explicitly by f(n) = agexp(—n>/4).
(i) Ifl > m + A + 2, then f(n) vanishes at some finite 1.

The proof of Lemma 2.6 is the same as the proof of Lemma 3.1 in [4]. So, we omit
the proof here.
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3 Lower bound for the supercritical exponent

In this section, we prove that a lower bound of the convergence rate exists, which
applies to initial data close at most of the negative polynomial order from above or
below to a stationary solution in the case i1 = ¢y.

3.1 Outer sub-solution

In this subsection, we construct a suitable outer sub-solution of (2.1).
First, we recall that f satisfies

n—1 n B
frm"'_n fn+§fn+§f=0, 3.1)

wheren = N —2(m-+A1), f =1l —m—Aj andsatisfies0 < 8 < 2+4+Ay —Aj. Although
this solution was already used for the construction of super-solution to (2.1) used in
the previous result in [7], we need to modify this solution to construct a sub-solution
of (2.1) in an outer region as follows.

We take § satisfies 0 < 8 < min{2 + A, —A; — S8, 1}, put 8 = 8 + 8 and define f
that satisfies

{fjﬂ?"“%fn‘i‘%ﬁz‘kéf:ov n >0,
f@©)=ao >0, [0 =0.

Lemma3.1 For p > p, define F~(n; by) := M T (s by) = M f () —
by f(m) and

_ 0 for0 <n <mn,
Uou (7, 1) = L L e—
G+ 2F (b)) =@ +1)" 27 f~ (b)) forn =mn,

where n = (t + t)_l/2r, b1, T, n1 > 0 are sufficient large constant determined later.
Then U, is a sub-solution of (2.1).

ou

Proof 1t is trivial that U = 0 is a sub-solution. Then we only check the case where

nznt.
First, we fix any no > 1. We can take positive constant a,, satisfies

Qo = Lr ™ — a;r*m*AI for r >3, (3.2)

from (1.4) and d*, d~(19) > O satisfy
f) <dtn~Pforally > 0, (3.3)
f) = d=(noyn~* forn > no (3.4)
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from Lemma 2.5 respectively. We take any ¢ > 0 and sufficiently large T > 0 satisfies

— p—1
mp(N — 2 — m) (1 — <1 _ afa(nor)‘/%) ) <& for n>n0  (3.5)

and
nofl/z > 3.
We take b satisfies

b1é -
Ld (moyna ™% —ed™ > 0and f(19) — b1 f(no) < 0. (3.6)

We define

m =inf{n > 11 f~(p;b1) = f(0) —b1f(p) >0, for p>n}. (3.7

Then we find 17 > n¢ is well defined from Lemma 2.5 and the definition. We note
that F~ is positive for n > n1 from (3.7) and 1 > ng from (3.6).
Next, in general setting of our problem, the following differential inequality is
computed the same as in [8].
U-

out,t PO( 0ul
! —1
:—(H—r)’Tl(zF + = F + Fy, + Fy 4+ pt+0el~ lF)

VR _ N-1 —Z(m-l-?»]) M mm=
=—(+r) 2y M<frm+ 7 I +5fﬂ +f

1

+pt+ D) T2 (A 4 D+ A1) — (N — D (m + 1) f‘)

_ N—-1-2m+X ) _ n _
l —A
=—@+71)2 " I<frm 7 Iy + Efn
l—m—Xx _ —m — —mea\ Pl
+ff —l—p(t—l—‘c)(Lr —agr ) f

+07 2 ((m 4+ Dm+ 1) — (N = D(m + 11)) f7>

. N 1-2m+Ar) .

=—(+1) 1"y 1<frm+ 7 e +gfr/

[—m—2 - p-1
SR+ pa+ LD <1 - afar—kl> I

+ 072 (m + 2+ Dm+21) — (N = D(m + A1) f_>
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iy e on b o B
=—(t+T) 2 177 )\<frm+Tfn +§fn +§f

72 (0n 2+ DOn 4 20) = (N = D +20)

+ pLP~! (1 — “w-M)ﬁl )f—>
L

Ly e _ n—1__ n__ B _
=—(t+1)71 "y M<frm+7f'7 +§f'7 +§f

+ n‘2<(m + A2 +20m+211) — N+ A1)

— p—1
+(m+2)(N —2—m) (1—1+(1—"Zr*1> ))f)

gy e o= o B
:_(t+f) 2 lr/ A<frm+Tfn +§f7] +§f

+n—2<x%—(1v—2—m)x1+m2+2m—Nm

— p—1
Fm+2)(N—2—m) (1—1+<1—c;i‘r)"> ))f)

gy e o= o B
=_([+T) 2 177 )L<frm+Tf7] +§fr] +§f

+n*2<x%—(1v—2—2m)/\1 +2(N =2 —m)

_ -1
—(m+2)(N-2-m) (1 - (1 - ?r‘*')p ))f_>.

Here we use (1.3), (3.2).

Finally, we substitute £~ (1; b1) = f (1) — b1 f(n) with r = (¢ + 7)"/?1. Then,
we use (1.5), (3.1), (3.2), (3.3), (3.4), (3.5) and there by we can simplify the above
inequality as follows.

Uo_ut,t _Pan_ut
D
n—1 n B ~ n—1. n. B bi§ »
(fm? + Tfn + Efn + Ef — b (fnn + Tfn + Ef" + §f> + Tf

— p—1 _
— 072 m +2)(N =2 —m) (1 - (1 - afa(nof)_'\) ) (f = blf))

<ot (1 o)
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<+ Iy (?5 oy * — 8n‘2d+n_’5>
=—(+ 1)7%7 —m=h <¥ (noyn>~? — 8d+> n~>h
= —(+ )y (%‘3 (o) = ed+) =
< —(t+1)" 7_1 —m—A (? 7]0)772 s 8d+) —2-p
<0 for n=>n
from (3.5) and (3.6).We complete the proof. O

3.2 Inner sub-solution and matching

We use the same inner sub-solution as in [5] Lemma 4.1.

Lemma 3.2 Forany q > 0, we define
Uy, (r,t) =@ +0) 99 ).

If T is sufficiently large, then there exists a constant B; > 0 satisfies Bit'/> > 3
and ¢ > 0 such that the following inequalities hold :
(i) Uy, < PuUy, forallr >0 andt > 0.

n,t

(ii) Uy, (r,t) > Oforallt > 0andr € [0, B](t~|—t)2]
(i) cUy (r,t) < Uy (r,t)atr = Bl(t—i—r)z forallt > 0.

Proof We compute the same as in [5, 7] and see

Up, = PaUp = —q(t + )7 Y (r) — (t + 1) I Pat (r)

= —q(t+ 07y
<0, for r>0,t>0,

from Lemma 2.3. Hence U, is a sub-solution of (2.1) which proves(i). Next, let us
shows (ii), (iii). We set

[—m— )

q = ) )

then by Lemma 2.3, we can choose positive constants ¢, such that
Y(r) <cir "M for r>3. (3.8)

First, we fix 1o in Lemma 3.1 and take 7, b; > 0 as sufficiently large such that the
condition in Lemma 3.1 holds. We found there exists the maximum point of ™ (1)

@ Springer



Exact convergence rate of solutions for a semilinear heat... 343

denote 1y, from the construction of f~ and Lemma 2.5 then we fix n; < By < ny.
finally, we take ¢ > O satisfies

f7(B1) —ccy > 0. 3.9)
It is clear that
U (r,t)>0, t>0,rel0,B(+1)".
Indeed, we recall
U, (r,t):=@+1) (@) >0fort >0,r >0,
which prove (ii) by using positivity of ¥ (r).

Next, let us show Ug  (r1,1) — cU; (r1,t) > O atri(t) == Bi(t + 7)1/2 and
m = (t +©)"%r((¢), namely at n; = B;. We obtain

Ut (11 (D), 1) = Uy (ri (1), 1)
— (4D () — e+ 1) Y ()
> (4+0)7 B " By
—c(t + t)flimTiAc;Lrl_(mH“)
—(t+71)2 (Bl‘('”“)f—(Bl) . cc;B]“’"“))
> (t+7)7 (f(BY) —cct) By
>0, forall t >0,

by (3.8), (3.9) and B1tY/2 > 3, thus (iii) is proved. Then we complete the proof. O

Proposition 3.3 Suppose thatm + A; <l <m + Ay + 2 and
Uo(r) = eci(1+n)~" r=0

with some c; > 0. Then there exists a constant C ;, Tt > 0 such that the solution of
(2.1) satisfies

UG, D = Ci(t + )" =m0 o all ¢ > 0.

Proof Recall ¢ > 0 satisfies f~(B1) — ccf > 0. Let U, (r, 1) and U, (r,t) be asin
Lemmas 3.1 and 3.2 respectively, and define

cU (r,t) forr <r*(1),
Uly(r,t) forr >r*(),

U (r,t) = {
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where r*(t) is defined

r*(t) := sup{r > 0|cU, (p,1) > Uy (p, 1) for p € [0, r)}.

From Lemma 3.2 (iii), we obtain
0<r*(t)<ri(t) <oo forallt > 0.

We note that r*(¢) € (0, oo] is well defined since 0 < r*(¢) < oo.

From the construction of U, it attains the exact decay rate at the origin. Thus it is

shown that U~ (r, t) is a sub-solution of (2.1) which satisfies

U™(0,1) =cU (0,1)
=c(t + )" 02y0)
— C(t +_L,)—(l—m—)»1)/2

forall ¢+ > O.

We will show that the C~ U~ (r, 0) lies below the initial data Uy(r) if we take a
constant C~ > 0 sufficiently small. In fact, we can take a constant C~ > 0 small

enough to hold that
C U (r,0) <Up(r), r=>0.
Indeed, if we take C~ > 0 so small that
Cer=U=m=m0/2 < ¢
and
ci—C7dt >0
Then we find

C~cU (r,0) < C~cU, (0,0)
< Cer I=m=20/2y,(0)
— Ccp~U=m=11)/2

<c1 = Up(r) for0<r <r*0)
from (3.10) and

Up(r) — C Uy (r, 0)
>c1(14+r)7" = C UL (r,0)
=c(1+r~'- C_r_%F_(n)
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!

=c1( 4+ = CTe i () — b ()
>ci(14r)~ —C ™1™ M F(p)
>c(1+r)71 = C_r_%n—m—kldﬂ?—(l—m—kl)
=c(l+n " —cdtr 1)
=c(l+r)"—Ccdtr!

> (1 —C~dhyr™!

> 0 forr > r*(0)

by using (3.3) and (3.11). Then the initial condition is satisfied by the above argument,
and by the comparison principle, we obtain

CU (r,t)y<U(r,t) for r>0,1t>0.
We obtain
WU Dllee = ICTUTC Dl = CTelU™(0,0) = Ce(t + 1)~ (7072
Then, we replace C~c with C7, we finish the proof. O
Proof of Theorem 1.1 We take

Uo(r) := H}ljl (uo(x) —uo(x)), r=0.

|x|=
Then by Lemma 2.2, Proposition 3.3, we have
lu(, 1) —d(-, 0)||pe = Ci(t 4 3)~U=m=20/2

for all + > 0 with some constant C; > 0. O

4 Upper bound for the critical nonlinearity
In the following sections, we always assume the critical case p = p,.
In this section, we prove that there exists a upper bound of the convergence rate

which applies to an initial data close from above or below to a stationary solution in
the case i = ¢, . First, we recall the initial value problem (2.10):

fnn‘i_%fn—}_%fn—l—gfzov 77>07
fO)=ao >0, f;(0) =0,

wheren =N —2(m+A),B=l—-m—A,m+r<l<m+Xr+2.
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4.1 Outer super-solution

In this subsection, we will construct a suitable super-solution of (2.1) in the same way
as that in [7, 8].

Lemma 4.1 We define

Ub(rit) =+ 1) 2F () = (t + 1)~ 20" £ (1),

where T is a positive constant determined later. Then U}

out 18 a super-solution of (2.1).

Proof Although the proof proceeds the same as in [7, 8] Lemma 3.1, we show it here
for the reader’s convenience. We note that F () satisfies

N -1 n l pLP~!
Fr4 — Fr4 Fr4_fFt4 22 Ft—.
nn + n n + 2 n + 2 + ,72

Then we have
+ +
Uout,t - PO‘ Uout

! l N -1
=—(+1) 27! (EF + an+ + Fh + TFn+ +pt+ r)goglF+>

p—1
=—(t+ t)_%‘1 (—pLTFJF(n) + p(t + t)%’,’_lFJr(n))

=+ (P + DL ) = el ) Fr)
=@+ (pe+ Dk ) — el D) T r .
Then the ordering property of {¢,} and the positivity of f (1), we have
Ugntt = PaUgy > 0
forallr,r > 0. O
4.2 Inner super-solution and matching

We use the same inner super-solution in [19] Lemma 3.2 which is appeared in the
formal analysis from (2.9).

Lemma4.2 For g > 0. We define

Ub(r, 1) := (t + 1) 7 (log(B3(t + )/*) 'y (r)

— (o)} (q(log(B3(t + o))~ 4 %aog(Bg(r + 1)1/2»—2) W(r),
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where g = (I —m — A)/2. If T > 0 is sufficiently large, then there exist constants
B3 > 0 satisfies B3t'/> > 3 and ¢ > 0 such that the following inequalities hold.

G Ul > Panjl'for allr >0 andt > 0.

in;t =

(i) Ui+(r,t) > Oforallt > 0andr € [0, B3(t + 1:)%].

n
(i) UF(r, 1) > cUL (r ) atr = B3(t + 1) forall t > 0.

Proof Although proof is similar manner in [19] Lemma 3.2, we prove the Lemma here
for the reader’s convenience. First, we prove (i) for any Bz > 0 determined later.

Ut = PaUf = —q(t + 1) "(og B3(t + 1)'/*) "'y (r)
+@+D@e+1)7? (q(log(33(t +0'P) + %(log(33(l - r)1/2>)*2) w(r)
— (407 ((og(Ba(r + D) 2B 4+ 07 2By 26+ 17 2) )
F (49! (q(log(B3(t + 0 2) 72BN + 1) 2 Byj20 + r)—1/2) )
+ (47! ((10g(B3(t + V) BB+ 1) B2 + T)_1/2> W(r)
— (t + 1) (log(B3(t + )" /*) T Pavr (r)
+(t+1)! (q(log(Bg(r +0)2) 7+ %(logwg(r + r>1/2)>—2> Po W (r)
=—q(+1) " log B3t + 1))y (r)
+@+D@e+1)7? (61(10%(330 +0'P) + %(log(Ba(l - 1)1/2»—2) w(r)
- %(r +1) 77 ((log(Bs(t +)'*)72) ¥ (r)
+ %(z +1)777% (q(log(B3(t + 1) /%)) w(r)
+ %(r +1)7472 ((log(B3(t + 1)) ) w(r)
+@+n)! (Q(log(33(t +0)'P )7+ %<1og<83<r + r)“z))*z) ¥ (r)
=@+Dt+0)12 (61(10%(330 +0'P) + %(log(Ba(t - 1)1/2»—2) w(r)
+ %(r +17)772 (q(log(B3(r + 1)'/%) 7 + (log(B3(r + 1)) ) w(r)

>0, forall r >0,7 >0,

by Lemma 2.3 and B37!/? > 3. Hence U;: is a super-solution of (2.1).
Next, let us show (ii) and (iii). By Lemmas 2.3 and 2.4, we can choose positive
constant ¢, and C," such that

() > c,r "™ *logr for r>3, 4.1)
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and
W(r) < CHr™**2logr for r=>3, 4.2)
respectively. Then we fix B3z > 0 such that
1
c, —CF <q + 5) B3 > 0. (4.3)

Next, we take t > 1 so large that

Byr? >3 (4.4)
and satisfies

1\ v(3)
T — q+—>—>0. 4.5)

( 2/ v@3)

Finally ¢ > 0 so small such that
_ 1

c, —CF (q + 5) B} > cf(Bs). (4.6)

Letus now verify (ii) and (iii). For € [0, 3], it follows from due to the monotonicity
of W/, positivity of ¥ (r) (see Lemma 2.4 and Remark 2.1), (4.4) and (4.5) that

Ui 1) = (t + 1) 7 (log(B3(t + 1)'*) 'y (r)
—(t+n)! (q(log(Bsa +0)! )+ %(log(Bs(t + 1)1/2»—2) W(r)
= (t+1)7 1 log(Bs(t +1)'*) 'y (r)
((r +1) - (q + %(log(fh(t + r)”z))—l) w)

Y(r)
> 0+ 1) log(Bs (1 + 1)) () (’ B <q " %> jg;)
> (1 4+ 1) log(Bs(t + 1)) 'y (r) (r - <q + %) %)

> (0 forall r> 0.

Forr € [3, B3(r + )2, (4.1, (4.2), (4.3) and (4.4) yield

Ul 1) = (t + )9 (log(Bs(t + 1))y (r)

1
—(t+1)74! (61(10g(33(t + o))yt 4 5 (log(Bs (1 + r)‘/2>>2> W(r)
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— (1 + 1) (log(B3(r + 7))~
1
(wr) - (q + 5 (log(Bs (1 + 1)1/2»—1) (t + T)—lw))
> (t + 1)~ (log(Bs(t + 7)"/?)~!

1
(c; — C;[ <q + E(log Bgrl/z)_l) r2(t + 7:)_1) pmth) logr

1
> (t + 1) 9(log(B3(t + 1’)1/2))_1 (c; — C; (q + 5) B32> pmth) logr
>0 forall >0,

which proves (ii). This also shows in view of (4.1), (4.2), (4.6) and the definition of ¢
that

Ulr,t) = (t + 1) 9(og(B3(t + 1)) 'y (r)

— @+t (61(10g(33(t +0)/2)~ 4 %(log(l%(t + r)”%)*z) W(r)

1
> (t+ 1) " ?(log(B3(t + )12~ <c; — C;’ (q + 5) B32) p 0D logr

1
=(t+1)9(ogr)”! (c; -Cf (q + 5) B32) F M) Jog 1

1 _
=(r+ r)—(l—m—/\)/Z <c; _ CJ (q + E) 332> B; (m+2) (t + T)—(m+k)/2

1 -
=@+0)"? <c; —-cF (q + 5) B32> By "V

> c(t +1)72B; "™ £ (Bs)

atr = B3(t + r)%. On the other hand, we have at r = B3(t + r)% that is to say at
n = Bz,

cUT

out

(r.0)y=ct+7)""2Ft ()
=c(t + )78y "V £(Bs).

Hence we obtain by (46)
cUL(r,t) <Ut(r,t) at r=Bs(t+1 3
out\’ > in \"» 3(t ) , > 0.

Thus (iii) is proved. O

Since the super-solution Ui“; (r, t) decays too slowly as r — 0o, we shall only use

it in the inner region r < r*(¢) with suitable positive function r*(¢) noted in the above.
In the outer region, we shall work with a different class of super-solutions defined in
Lemma 4.1 is already mentioned.
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Proposition 4.3 Suppose thatm + X <l <m + A + 2 and
0<Upr)<c(l4+r7', r=0

with some ¢y > 0. Then there exist constant Cé, T > 0 such that the solution of (2.1)
satisfies

|UG, D)l < CoUT0,1) = Ch(t + )P 2(og(t + 1)V forall 1> 0.

Proof Let U;l']t and Uijl' be as given in Lemmas 4.1 and 4.2 respectively, and define

Ulb@r, 1) for r <r¥(t),

Ut@r, 1) =
(r.1) cU;rn(r, t) for r > r*(),

where ¢ > 0 is given in Lemma 4.2. Put

ri(t) == sup{r > 0| U} (p, 1) < cUS(p, 1) for p € [0, r1}.

u

We note that r*(¢) € (0, oo] is well defined for each ¢ > 0, in view of Lemma 4.2
(iii). It is clear that

Uuro,n=uUl 0,t)=0, t>0.

in,r

We will show that the initial data Uy (r) lies below CTU ™ (r, 0) if we take a constant
C* > 0 sufficiently large. In fact, we see from Lemma 2.6 that for r > r*(0),

Ut(r,0) =cU} . (r,0)
A
=ct 2F"(n)
= et~ £

_ CT—%T—(m+x)/2r—(m+x)f(T—l/zr)

Then, we show there exists C™ > 0 so large that
Up=ci(l+r~" <CTUT(r,0) for r>r*0).
Indeed, we can take CT > 0 satisfies
C+d_(772)cao1:mTH —c1 >0,
where 17, = 7~1/2r*(0) then we obtain
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Ctu™(r,0) — Uy(r)
= Cteagr™ 3" £y ey (14 1)
> Cteagr™ E P A )y~ — ey (1 1)
— Crd(p)ecapr™ 2 (2 — e (1 + 1)
> Cd= () "capt™ (1 +r) " —e1(1+7)~!
> (C+d_(n2)caor% - cl) 1+r)"!
>0 for r>r*0),

On the other hand, for 0 < r < r*(0), we have

UT(r,00 = U (r,0) =177 log Bst"/*) "'y (r)
(r — (q + l(logB t)l/z)l) m)
2 e v

This shows that U (r, 0) is monotone decreasing in r € [0, 7*(0)], and Ui: attains
its minimum at » = r*(0) (see Lemma 2.4 and Remark 2.1). Hence it is sufficient to
choose C™ so large that

CtUL(r*(0),0) > c;.
By taking larger C that satisfies the above conditions, we see that U satisfies
0 <Up(r) <CTUT(r,0), r=>0.
Then by the comparison principle, we obtain
0<U(r,t)y<CTU*(r,1), r=0, t>0.

Since U™ attains the exact decay rate at the origin we retake C™ with C5. we finish
the proof. O

Proof of Theorem 1.2 We take

Up(r) := |mlax lug(x) —ip(x)| >0, r>0.
x|=r

Then by Lemma 2.1, Proposition 4.3, then U satisfies

IUG, Dl < CTUT0,1) < Ct +3)" 2" (log(t +3)/>)~! forallr > 0,

with some constant C > 0. The proof is now complete. O
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5 Lower bound for the critical exponent
In this section, we prove that there exists a lower bound of the convergence rate for

the critical case. To this end, we proceed to construct a sub-solution as proven in the
preceding section.

5.1 Outer sub-solution

In this subsection, we construct a suitable outer sub-solution of (2.1). First, we recall
that f satisfies

fnn"‘%fn‘*‘%fn‘i‘gf:(), n >0, 5.0)
f)=ap>0, f,0)=0. ‘

where n = N — 2(m + 1), B =1 —m — X and satisfies 0 < 8 < 2. Although this
solution is used to make a super-solution of (2.1) used in the previous section. Then
we need to modify this solution to construct a sub-solution of (2.1) in an outer region
as follows.

We take § > 0 satisfies § < 2 — 8 and put E = B + 4 define f satisfies

{fnﬁ%ﬁﬁ%fﬁgf:& n >0, 5.2)
f0)=ap >0, f,0) =0.

Lemma 5.1 We define
F)=n""""f"(). f~):=f)—baf(n)

and

_ 0 for0 <n < n,
Ugu(r, 1) = Lo L e
C+) 2F (=0C+1)"2n f=m) forn=mn,

withn = (t + r)_l/zr, where constants T, by, 12 > 0 are determined later. Then U
is a sub-solution of (2.1).

Proof 1t is trivial that O is a sub-solution. Then we only check the case where n > ;.
We fix any 19 > 1 and take any ¢ > 0 and sufficiently large t > O satisfies

— p—1
(m+2)(N —2 —m) (1 - <1 - “T“(nor)—l/” log(nor)) ) <& (53)

and
norl/z > 3.
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We define
Fo(=n"""f~). ()= f() = baf ().
where b» is a constant determined later. There exist constants d_ (179) > 0 such that
f@) = d-(moyn~ """ for = no. (5.4)
and dy > 0 such that
Fp <d™n "N forall >0 (5.5)
from Lemma 2.6. We take b, > 0 satisfies
F(mo) —baf(no) <0 (5.6)
and
%d—mmgﬂs —edt > 0. (5.7)
Then we can define 1, > g as
m = inf{pl £ (1) = b2.f () > Oforn > p > no} (5.8)
and find 7, is well defined from Lemma 2.6, (5.2) and (5.6).

First, for our problem’s general setting, the following results are obtained in the
same way as in the computation of Lemma 3.1.

U(;n,t_?aUc;n
_L_l l _ 77 _ _ N_l _ p—l _
=—(+1)2 EF +§F,7 +F,7,7+TF,7 +pt+0)F
iy e o N=1=2m+1r) _ n__ I—m—»Ar _
<-@t+ov 2" (f,m'i' ; Iy A5ty ¥ —%—f

+pt+7)(Lr™ - a,r"*log r)p71 f-
+ 072 ((m 42+ Dm+2) — (N —1D(m+21) f—)

[ _ n—1 _ n ._ ﬂ _
=—(t+1) 27"y A<f,7,7+7f,, +§fr, +§f

+n2()»2—(N—2—2m))\+2(N—2—m)

— p—1
—m+2)(N—2—m) (1 - (1 - afar_’\logr) ))f—).
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Here we use (1.3) and (3.2). Next, we substitute f~(n) = f(n) — b2 f(n) with
r=(+ 1)1/217, weusem + i = (N —2)/2,(1.5), and find we only need to consider
the range > 7 from (5.8). Then we can use (5.1), (5.2), (5.3), (5.4), (5.5) and deduce
the above inequality as follows.

out t PO! out

. p——— n—1 n B
<-@+1) 271 <fnn+Tfn+§fn+§f

< -1 - B\ b
by (fm, t e ht g ht 2f> 57
_2 a, Y p-1 ~
— 0+ 2 (N =2 —m) 1—(1—f(nof) 10g(770f)> (f—bzf)>

<@+ Iy A(%‘V—en"“f)

<@+ Iy "(?d (mo)n~ ~—877’201’+77’ﬁ)
= -G+ Iy *(% (nomz‘s—scﬁ) P
< —(+0) iy *(%‘3 “(o)ms” B—ed+> =
< -+l A(bz‘g “(omg” 5—sd+> nF
<0 for n>m
by (5.7). We complete the proof. O

5.2 Inner sub-solution and matching

We use a similar inner sub-solution as in [19] Lemma 4.1.
Lemma5.2 Forany g > 0, we define
U, (r, 1) :=(t + 1) 9(og(t + )y (r).
If T is sufficiently large, then there exist constants By > 0 satisfies Byt'/? > 3 and

¢ > 0 such that the following inequalities hold :

6) Uit < PuU,, forallr >0 andt > 0.
(ii) U, (r,t) >0 forallt > 0andr € [0, Bz(t—i—t)z]

(i) cU, (r,t) < Ugy(r,t)atr = Bg(t+r)2forallt > 0.
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Proof The proof of (i) is computed in the same way as in [19] Lemma 4.1, Although
for the reader’s convenience, we will show it here.

Up, = PoaUpy = —q(t + 1) og(t + 1)) 'y (r)
~ %(r + )2 (1 + )Y ogt + ) VH 2y (r)

— (t+ 1) (log(t + )/ Py (r)
= —q@+1) " og(t + )y (r)

- %(f + ) 2+ VA log(r + )2 2y (r)

<0, for r>0,t>0,

by Lemma 2.3. Hence U, is a sub-solution of (2.1) which proves(i).
Next, let us shows (ii), (iii). We set

. [—m— A\
q = 2
in Lemma 5.2. By Lemma 2.3, We can choose positive constants c;f such that

() < cfr™*logr for r >3, (5.9)

We found there exists the maximum point of F~ () denote 1, from the construction
of F~ and Lemma 2.6. First, we fix ny < By < ny. Next, we take ¢ > 0 satisfies

f(By) —ccl(logBy+1) >0 (5.10)

Finally, we take v > 0 is sufficient large such that the condition in Lemma 5.1 holds
and

/253 (5.11)
It is clear that
U (r,t)>0, t>0,rel0,Br+1).
Indeed, we recall
U (r 1) == (t + 1) “(logt + 0)"/*) 7'y (r) > 0fort > 0,7 > 0,
which prove (ii) by using positivity of ¥ (r) and (5.11).
Next, let us show Uy (r2,1) — cU; (r2,1) > 0 at ra(t) = Ba(t + )1/2 and

m3 = (t + ©)"'2ry(t), namely at n3 = B,. Noting B, > 1 > 1, we obtain

@ Springer



356 M. Hoshino

Ut (r2(1), 1) — Uy (ra2(1), 1)
= (t+ 1) TF () — et + ) log(t + 1)) (r)
>+ r)‘éB“’"“)f‘(Bz)
—c(t + r) (log(t + o)ty (m“) log >

— (4 log Ba(t + f)l/z)
log(t + 1)1/2

F(By) log B, +log(t + 1)!/? B, —(m—+1)
log(t + t)1/2

=(@+71)2 (f (By) — (log—BZ + 1)) B, "t

log(r + 7)1/
log B -
>+ (f‘(Bz) —ccf (k)ggrlfz + 1)) B, "

1 _
> (t+ 1) 2(f(Ba) — cc(log By + 1)) By "
>0, forall t >0,

=(+ r)ié (Bz_(mﬂ)f*(Bz) cc*B

=({t+71)2

by (5.9), (5.10) and (5.11), thus (iii) is proved. Then we complete the proof. O
Proposition 5.3 Suppose thatm + X < <m + A + 2 and

Uo(r) = c3(14+r7" r=0

with some c3 > 0. Then there exist constant Cé, T > 0 such that the solution of (2.1)
satisfies

’ _l=m=2x 1/2y—1
|UC, )|l > Cht +1)" 2 (log(t + )5~ forall t > 0.

Proof LetU, (r,t)and U (r,t)beasinLemmas 5.1 and 5.2 respectively, and define

cU, (r,t) forr <r*(1),

vt n)= Uly(r,t) forr >r*(),
where r*(t) is defined
r*(t) ;== sup{r > 0|cU, (p,1) > Uy, (p, ) for p € [0, r)}.
From Lemma 5.2 (iii), we obtain
0<r*(t) <r(t) <oo forallt > 0.
We note that 7*(¢) € (0, oo] is well defined since 0 < r*(#) < oo. From the construc-

tion of U ™, it attains the exact decay rate at the origin. Thus it is shown that U~ (r, ¢)
is a sub-solution of (2.1) which satisfies
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U™(0,1) = cU, (0, 1)
=c(t + 1) P 2 (og(r + )Py (0)
=c(t + 1) 2 (log(r 4 1)1/%) 7!
forallz > 0.
We will show that the C~ U™ (r, 0) lies below the initial data Up(r) if we take a

constant C~ > 0 sufficiently small. In fact, we can take a constant C~ > 0 small
enough to hold that

C U (r,0) <Up@), r=0.
Indeed, if we take C~ > 0 so small that
C*crfl(log 11/2)71 <c3
and
C=dtr! <31 +r) forr > r(0).
Then we see that

C~U(r,0) = C~cU, (r,0)
= C et P2 (1og 112~y (0)
= C_ct_l(log N
<c¢3 < Up(r) for0<r <r*(0)

and

Uo(r) — C~U™(r,0)
>c3(1+r) 7 = C UL, 0)
=a(l+n™ —CTT @)
= (L0 = CT IR () — b2 ()
>c3(1+r)7' = C‘r‘%n""_kf(n)
> 31+ 1)~ = C =ity A==
— 31+~ = Ccmate 2!

=c3(1+r "t —c atr!
> 0 forr > r*(0)
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by using (5.4). Then the initial condition is satisfied by the above argument, and by
the comparison principle, we obtain

CU (r,t)y<U(r,t) for r>0,1t>0.

We replace C~ ¢ with C}. Since U™ attains the exact decay rate at the origin, we finish
the proof. O

Proof of Theorem 1.3 We take

Uy(r) = |n}in lug(x) — wp(x)| >0, r>0.
x|=r

Then by Lemma 2.2, Proposition 5.3, we have
lu, 1) = @G, Dl = CUT0,1) = C3(1 +3)" 7" P (log(r +3)/%) 7!

for all + > 0 with some constant C3 > 0. O

Acknowledgements The author would like to express his deep gratitude to Professor Eiji Yanagida for his
valuable comments and constant encouragement.

Data availibility All data generated or analyzed during this study are included in this published article

Declarations

Conflict of interest The author declares that he has no conflict of interest.

References

1. Berestycki, H., Lions, PL., Peletier, L.A.: An ODE approach to existence of positive solutions for
semilinear problems in RV . Indiana Univ. Math. J. 30, 141-157 (1981)
2. Chen, W., Li, C.: Qualitative properties of solutions to some nonlinear elliptic equations in R2. Duke
Math. J. 71, 427-439 (1993)
3. Fila, M., Winkler, M., Yanagida, E.: Grow-up rate of solutions for a supercritical semilinear diffusion
equation. J. Differ. Equ. 205, 365-389 (2004)
4. Fila, M., King, J.R., Winkler, M., Yanagida, E.: Optimal lower bound of the grow-up rate for a super-
critical parabolic equation. J. Differ. Equ. 228, 339-356 (2006)
5. Fila, M., Winkler, M., Yanagida, E.: Convergence rate for a parabolic equation with supercritical
nonlinearity. J. Dyn. Differ. Equ. 17, 249-269 (2005)
6. Fila, M., Winkler, M., Yanagida, E.: Slow convergence to zero for a parabolic equation with a super-
critical nonlinearity. Math. Ann. 340, 477-496 (2008)
7. Hoshino, M., Yanagida, E.: Sharp estimates of the convergence rate of solutions for a semilinear
parabolic equation with supercritical nonlinearity. Nonlinear Anal. TMA 69, 3136-3152 (2008)
8. Hoshino, M.: Optimal and sharp convergence rate of solutions for a semilinear heat equation with a
critical exponent and exponentially approaching initial data. J. Dyn. Differ. Equ. (to appear)
9. Hoshino, M.: Universal lower bound of the convergence rate of solutions for a semi-linear heat equation
with a critical exponent. Analysis 43, 241-253 (2023)
10. Fujita, H.: On the blowing up of solutions of the Cauchy problem for u; = Au + w2 3. Fac. Sci.
Univ. Tokyo Sect. I, 109-124 (1966)
11. Galaktionov, V.A., King, J.R.: Composite structure of global unbounded solutions of nonlinear heat
equations with critical Sobolev exponents. J. Differ. Equ. 189, 199-233 (2003)

@ Springer



Exact convergence rate of solutions for a semilinear heat... 359

12.

15.

16.

17.

18.

19.

20.

Gidas, B., Spruck, J.: Global and local behavior of positive solutions of nonlinear elliptic equations.
Commun. Pure Appl. Math. 34, 525-598 (1981)

. Gui, C., Ni, W.-M., Wang, X.: On the stability and instability of positive steady state of a semilinear

heat equation in R”. Commun. Pure Appl. Math. 45, 1153-1181 (1992)

. Gui, C., Ni, W.-M., Wang, X.: Further study on a nonlinear heat equation. J. Differ. Equ. 169, 588-613

(2001)

Joseph, D.D., Lundgren, T.S.: Quasilinear Dirichlet problems driven by positive sources. Arch. Ration.
Mech. Anal. 49, 241-269 (1972/73)

Mizoguchi, N.: Growup of solutions for a semilinear heat equation with supercritical nonlinearity. J.
Differ. Equ. 227, 652-669 (2006)

Polacik, P., Yanagida, E.: On bounded and unbounded global solutions of a supercritical semilinear
heat equation. Math. Ann. 327, 745-771 (2003)

Polacik, P., Yanagida, E.: A Liouville property and quasi convergence for a semilinear heat equation.
J. Differ. Equ. 208, 194-214 (2005)

Stinner, C.: The convergence rate for a semilinear parabolic equation with a critical exponent. Appl.
Math. Lett. 24, 454459 (2011)

Wang, X.: On the Cauchy problem for reaction-diffusion equations. Trans. Am. Math. Soc. 337, 549—
590 (1993)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer



	Exact convergence rate of solutions for a semilinear heat equation with a critical and a supercritical exponent revisited
	Abstract
	1 Introduction and results
	2 Preliminary results on the linearized equation
	2.1 Comparison principle
	2.2 Formal matched asymptotics
	2.3 Properties of self-similar solutions

	3 Lower bound for the supercritical exponent
	3.1 Outer sub-solution
	3.2 Inner sub-solution and matching

	4 Upper bound for the critical nonlinearity
	4.1 Outer super-solution
	4.2 Inner super-solution and matching

	5 Lower bound for the critical exponent
	5.1 Outer sub-solution
	5.2 Inner sub-solution and matching

	Acknowledgements
	References




