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Abstract

In this paper we study the stochastic homogenization of reaction—diffusion problems
whose the diffusion terms are gradients of random nonlocal convex and Fréchet-
differentiable functionals and the reaction terms are random CP-structured reaction
functionals as introduced in Anza Hafsa et al. (Asymptot Anal 115(3—4):169-221,
2019). We provide an application to spatial population dynamics.
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1 Introduction

Let (,.Z,P) be a complete probability space, let 7 > 0 and let O C R? be a
bounded open domain with Lipschitz boundary. In this paper we study the stochastic
homogenization of reaction—diffusion problems of the form:

w
ddL:(,) + V& (0, u?(t)) = Fe(w, t,u?(t)) forL'-aa.tel0,T]
(Ze.0)
u?(0) = ug, € L*(0),
(1.1)
where, for each ¢ > 0, the diffusion term is the gradient of a random nonlocal func-
tional &, : Q x L?(0) — [0, oo[ of type:

P 1 // ( Xy x—y)(u(x)—u(y)>2
8(a)a M) —_ 7 7 J w, —, —, d-Xdy + 98((1), I/l)
4¢d Jo Jo e e ¢ €
(1.2)

with J : R? x R? x R? — [0, 00[ and Z; : Q x L%(0) — R a nonlocal func-
tional characterizing the fact that (4% ) is of Neumann—Cauchy nonhomogenous
or Dirichlet—-Cauchy type, and the reaction term is a random CP-structured reaction
functional F, : Q x [0, T] x L2(0) — L%(0), see Definition 2.9.

Roughly, our main result (see Theorem 3.19) is to prove that as ¢ — 0, (Z;)
converges almost surely, in a variational sense, to

d w
) + Véhom(@, u®(1)) = GO, u®(t)) for L -aa.t e [0, T]
dt
(@hom,w)
uw(o) - ME)U [S dom(ghom(a% '))7
(1.3)
where ufy ,—ug in L*(0), Fe(w, -, u?)=~G®(-,u®) in L*([0, T]; L*(0)) with G* €
F(R1)-(R,) (see the definition in Sect. 2.1). The functional o : QxL2(0) — [0, co]

@ Springer



Stochastic homogenization of nonlocal reaction... 417

is the almost sure Mosco-limit of &; (see Theorem 4.8) and is given in its domain by
Shom (@, u) = / Jhom (@, Vu(x))dx
0

with fhom @ 2 X RY — [0, 00 a quadratic function defined as the limit of a suitable
subadditive process (see Propositions 3.14 and 3.17).

To our knowledge, in a deterministic framework, the convergence of problems of
type (1.1) without reaction term and with J depending only on the third variable
has been firstly addressed by Andreu, Mazdn, Rossi and Toledo in [6, 7] (see also
[8]) using semi-group theory and the convergence of their resolvents. They prove
the convergence to a local Cauchy problem. In the scope of homogenization, the
convergence of nonlocal energies of type (1.2) has been recently studied by Braides
and Piatnitski in [13] in the periodic case (see also [22]), and in [12] in a stochastic
case (see also [23]). For a general I"-convergence approach to non-local to local limits,
we refer to the book [1] (see, in particular, [1, Chapter 9] which is devoted to non-local
to local parabolic problems).

In our work, under a stationarity hypothesis on J but without ergodicity assumption,
we establish the almost sure Mosco convergence of such nonlocal functionals (see
Theorem 4.8) yielding, as a consequence, the almost sure convergence of (P )
to (Phom.w) With Neumann—Cauchy homogeneous or Dirichlet—-Cauchy boundary
conditions (see Theorem 3.19).

Nonlocal problems of type (1.1) are well adapted for spatial population dynamics
where the density J in (1.2) accounts for the number of individuals at time ¢ in O
which jump from y to x. The nonlocal diffusion term can be explained for example by
the dispersion of population of species (seeds, larvae) by wind or water, the population
can be transported over long distances which increases their survival and reproduction
(see [20, 21, 24]). In Sect.5 we consider such a population dynamics model with a
reaction term of the form:

u(x)

X
Fuo(w., 1, u)(x) =r (a), ‘. g) u(x) <1 - m) — hu(x),

LRI

withhsi > 0andr, K € L®°(Q2 x [0, T] x IRd) suchthat7 > Oand K > y > 0, where
r is the growth rate, K is the carrying capacity and & the percentage of harversting.
By applying our convergence result, we show (see Corollary 5.8) that as ¢ — O,
the nonlocal reaction—diffusion problems (% ,) almost surely converge to a local
reaction—diffusion problem of type (1.3) with G = Fyom(w, -, -) Where

u(x)

" Khom(o, t)) o,

Fhom (@, 1, u)(x) := rpom (@, H)u(x) (1

@ Springer
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where rhom (@, -) : [0, T] — [0, oo[ and Khom (@, ) : [0, T] — [0, oo[ are given by
hom (@, 1) =B ( fjg 1 7. 1, 1)) (@)

]Ef ('/i()’l[d r('v t, y)dy) (a))

S ¢.1,y)
E (f]o,l[d RCrndY ) (@)

Khom(w, 1) =

with E being the conditional mathematical expectation with respect to o-algebra
# of invariant sets with respect to the dynamical system (€2, F,P, {T;},cza) (see
Sect. 3.1 for more details). The distinguishing feature here is that in the formula of the
homogenized reaction functional, the homogenized carrying capacity Knom iS given
by a mixture between carrying capacity and growth rate.

1.1 Plan of the paper

Section 2 is devoted to existence, uniqueness for nonlocal reaction diffusion prob-
lems of gradient flow type, and boundedness of the solutions when the reaction term
is a CP-structured reaction functional (see Definition 2.9 and Corollary 2.11). For
this, we develop the nonlocal framework for dealing with Neumann—Cauchy homo-
geneous (see Sect. 2.1.1), nonhomogeneous (see Sect. 2.1.2) and Dirichlet—Cauchy
(see 2.1.3) nonlocal reaction—diffusion problems. In addition, in Sect. 2.2 we treat the
invasion property for for nonlocal problems with CP-structured autonomous reaction
functionals.

Section 3 is devoted to the statement of the main result. In Sect. 3.1 we precise the
probability setting and recall some tools from ergodic theory (see Definitions 3.1-3.2
and 3.5-3.6 and Theorem 3.7). By applying Corollary 2.11 we obtain existence and
uniqueness of bounded solutions for random Neumann—Cauchy homogeneous and
Dirichlet—-Cauchy nonlocal reaction—diffusion problems: this is discribed in Sect. 3.2.
The main result of the paper is stated in Sect. 3.3 (see Theorem 3.19). To identify the
homogenized diffusion term we need a suitable subadditive theorem that we state and
prove in Sect. 3.3 (see Proposition 3.17). Note that we do not deal with the conver-
gence of Neumann—Cauchy nonhomogeneous nonlocal reaction—diffusion problems.
Indeed, the mathematical analysis seems technically more tricky but we hope to cover
this case in the future.

Section 4 is devoted to the proof of Theorem 3.19. Its proof, which is given in
Sect. 4.4, follows from two theorems. The first one (see Theorem 4.1) is an abstract
convergence result for passing from nonlocal to local: itis stated and proved in Sect. 4.1.
The second one (see Theorem 4.8) establishes the almost sure Mosco-convergence of
the energies corresponding to the diffusion term: it is stated and proved in Sect. 4.3.
The proof of Theorem 4.8 uses Proposition 3.17 together with some lemmas. These
lemmas are stated and proved in Sect. 4.2.

Section 5 is devoted to the application of the results to spatial population dynamics.
In Sect. 5.1 we begin by giving a heuristic derivation of the model. Then, in Sect. 5.1,
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we precise the mathematical description of the model in showing that it can studied
in the general framework developed in Sects. 2-3. Finally, by applying Theorem 3.19,
in Sect. 5.3 we obtain the homogenized model (see Corollary 5.8). Besides popula-
tion dynamics, another example of field of application (not adressed in our paper) is
peridynamics, for which we refer to [11, 18].

For convenience of the reader, in the appendix we recall some classical definitions

and results that we use in the paper.

Notation. Throughout the paper we will use the following notation.

Given xo € R? we denote the open (resp. closed) ball of radius r > 0 centered at
x0 by By (x0) (resp. B, (xo)).

e The closure (resp. interior) of a set A C R¥ is denoted by A (resp. int(A)).
e The Lebesgue measure on R? with d € IN* is denoted by .#? and for each Borel

set A C R, the measure of A with respect to .#¢ is denoted by .27 (A).

e The class of bounded Borel subsets of R is denoted by Ay (RY).
e The space of continuous piecewise affine functions from O to R is denoted by

Aff(0).

Given (a, b) € R? with a < b, the space of u € L>(O) such thata < u < b is
denoted by L?(0; [a, b)).

The space of continuous functions from [0, T] to LZ(O) is denoted by
C([0, T]; L*(0)).

The space of absolutely continuous functions from [0, 7'] to L2(0) is denoted by
AC([0, T]; L*(0)).

The class of reaction functionals F : [0, T] x L%(0) — L%*(0) satisfying Rj—R
is denoted by Z (g )-(r,)-

The class of CP-structured reaction functionals F : [0, T] x L2(0) — L%(0) is
denoted by .Zcp.

Given {u,}, C C([0,T1; L*(0)), by u, — u in C([0, T]; L*(0)) we mean
that nll)rrgo sup;efo.7) lun(t) — u®)ll 20y = 0. By d;t” —\‘j—’; in L2([0, T1; L%(0))

we mean that for every v € L%([0, T1; L%(0)), fOT(d;t” ), v())dt —
fOT(%(t), v(t))dt as n — oo, where (-, -) denotes the scalar product in L?(0).

2 Nonlocal reaction-diffusion problems of gradient flow type

2.1 Existence and uniqueness of bounded solutions for nonlocal problems with

CP-structured reaction functionals

GivenT > 0and & : L2(0) — [0, oo[ a convex and Fréchet-differentiable function,
we consider the following reaction—diffusion problem of gradient flow type:

du
(@;O,F) dt
u(0) = ug € L*(0),

(1) + VEW®)) = F(t,ut)) forLl-aa.rel0,T]
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420 0. Anza Hafsa et al.

where the reaction term F : [0, 7] x L2(0) — L2(0) is a Borel measurable map
satisfying the following two conditions:

(Ry) there exists L € L%([0, T]) such that for every (1, v) € L?>(0) x L*(0) and
every t € [0, T],

IF @, u) = F, 0200y = LONu = vll12(0);

R2) IF (-, 0)ll20) € L*([0, T]).

From now on, the class of Borel measurable maps F : [0, T] x L%(0) — L*(0)
verifying (R1)—(Ry2) is denoted by .#(g,)-(r,)- The following result is a straightforward
consequence of [4, Theorem 2.2, p. 16].

Theorem 2.1 If ug € L*(0) and F € F(R)-(R) then (@EP’F) admits a unique
solution u € AC([0, T1; L%(0)). Moreover, if F(-,u(-)) € AC([0,T]; L>(0))
then u admits a right derivative d;—t”(t) at every t €]0, T[ which satisfies d;—t“(t) +
V& u(t)) = F(t, u(t)).

In this paper we consider reaction—diffusion problems with nonlocal diffusion
terms, i.e. when & : L2(0) — [0, oo is a nonlocal functional.

2.1.1 Neumann-Cauchy homogeneous nonlocal problems

Let J : R? x R x RY — [0, oo[ be a Borel measurable function satisfying the
following conditions:

(NLy) J is symmetric, i.e. for every (x, y) € R4 x R,
Jx,y,x =y)=J(y,x,y —x);
(NL,) there exists a (Z(R?), Z(R))-measurable function J : RY — [0, oo[ with

supp(J) = ERJ (0) for some R; > 0 and f]Rd J(&)d& = 1 such that for every
(x,y,6) e R x R x RY,

0<J(x,y,& < JE).

Remark 2.2 The function J is assumed to be compactly supported for simplifying
certain calculations. Without major difficulties, by using a truncation argument, we

could take J growing as HE\% with « > 0.

Let O Cc R? be a bounded open set and let ¢ : L%(0) — [0, oo be defined by

1
@) :Z/ / (6 v, x — V() — u(y)’dxdy.
0JO
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It is easy to see that ¢ is convex and Fréchet-differentiable, and by the Riesz repre-
sentation theorem, for each u € L2(0), the gradient of ¢ at u, denoted by V_# (u),
is such that

Fw)w) =(V _7(u),v) = / V_7 u)(x)v(x)dx forall v e L%(0),
0]
where V _¢ (u) € L?(0) and is given by
V 7 (u)(x) = —/0 J(x,y,x — y)(u(y) —u(x))dy.

The problem (ﬁ”jg’F), which corresponds to (ﬂgao’F) with & = _#, is a nonlo-
cal reaction—diffusion problem of gradient flow type that is called “Neumann—Cauchy
homogeneous nonlocal reaction—diffusion problem”. Note that (9’:2«’ F) can be rewrit-
ten as follows:

a—u(t, x) — / J(x,y, x —y)(u(t,y) —u(t,x))dy = F(t,u(t,x)) in[0,T]x O
u(?,F) dt o

(7

u(0, ) = ug € L2(0).

Remark 2.3 The term “Neumann—Cauchy homogeneous nonlocal problem” refers to
homogeneous Neumann—Cauchy boundary conditions for local reaction—diffusion
problems. Indeed, by suitably rescaling J and K, it can be established that the solutions
of the rescaled corresponding problems converges to the solution of a “standard” local
reaction—diffusion problem with the homogeneous Neumann boundary condition (see
[8, Chapter 3, Sect. 3.1, p. 41] for J = Jand F = 0).

2.1.2 Neumann-Cauchy nonhomogeneous nonlocal problems

Leth € L'(R\0),let K € L>®(0 x R?) and let .4} x : L>(O) — R be defined

by
Nk W) == / (/ K(x,x — y)h(y)dy> u(x)dx.
o \JVRY\0

It is easy to see that .45 x is a continuous linear form and for every u € L%(0),
VM k() € L>(0) and is given by

Vot g W) (x) = / K (x, x — y)h(y)dy.
R4\O

The problem (@“}f 4 )» Which corresponds to (e@zao’F) with & = 7 —

.k, is a nonlocal reaction—diffusion problem of gradient flow type that is called
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422 0. Anza Hafsa et al.

“Neumann—Cauchy nonhomogeneous nonlocal reaction—diffusion problem’. Note that
ugp, F
(& Ay ) can be rewritten as follows:

0
8—”(r,x> —/ J(x.y. x — ), y) — ut, x))dy
t 0

((@”fg F%K) - R0 K(x,x —y)h(y)dy = F(t,u(t, x)) in[0,T] x O

u(0, ) =ug € L*(0).

Remark 2.4 The term “Neumann—Cauchy nonhomogeneous nonlocal problem” refers
to nonhomogeneous Neumann—Cauchy boundary conditions for local reaction—
diffusion problems. Indeed, by suitably rescaling J and K, it can be established that
the solutions of the rescaled corresponding problems converges to the solution of
a “standard” local reaction—diffusion problem with the nonhomogeneous Neumann
boundary condition 37“1 = h where n denotes the unit outward normal to 92 (see [8,
Chapter 3, Sect. 3.2, p. 45] for J = J and F = 0).

2.1.3 Dirichlet-Cauchy nonlocal problems

Set 07 := O+supp(J) = O+Bg,(0),letg € L>(0’\O)andletZ, : L*(0) - R
be defined by

1
Dy(u) = —/ / CJx, Yy, x —y)gy) — u(x))zdxdy.
2JoJo\o

It is easy to see that &, is convex and Fréchet-differentiable, and for every u €
L?(0), V%,(u) € L*(0) and is given by

Y T ) (x) = —/ Ty, x = () — u()dy.
0\0

The problem (3”"0 9, ), which corresponds to (2 Fy with & = I+ Dy, isa
nonlocal reactlon—dlffuswn problem of gradient flow type that is called “Dirichlet—
Cauchy nonlocal reaction—diffusion problem”. Note that (,@igf ) can be rewritten

as follows:
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a
a—”(r,x)—/ JCey.x =yt y) — u(t, x)dy
t 10)

(9’?2{%) “Joras Sy, x = y)(@(y) —ult, x))dy = F(t,u(t,x)) in[0,T]x O

u(0,) = ug € L%(0).

Remark 2.5 In the spirit of Remarks 2.3-2.4, the term “Dirichlet-Cauchy nonlocal
problem” refers to Dirichlet-Cauchy boundary conditions for local reaction—diffusion
problems (see [8, Chapter 2, Sect. 2.1, p. 31] for J = J and F = 0).

From the above itis clear that ¢, 7 —.4}, x and ¢ + P, are convex and Fréchet-
differentiable. Hence, as a direct consequence of Theorem 2.1 we have the folowing
result.

Corollary 2.6 Under the hypotheses of Theorem 2.1, the same conclusions hold for
el f, J — Mk, J +Ds}

We are going to establish that the solutions are bounded, then possibly signed
according to the initial conditions. We begin by establishing comparison principles.
For each ug € L?*(0) and each F € F(R1)-(Ry)» We consider the following two
problems:

(P F) %(’) + V&) < F(t,u(t)) for Ll-aa.tel0,T]
h u(0) = ug € L*(0);

(0F) %(’) + VEW) = Ft,ut)) for L'-aa tel0,T]
- u(0) = ug € L*(0).

Definition 2.7 A solutionu € C([0, T]; L*(0)) of (221 (resp. (24%.1)) is called
a sub-solution (resp. super-solution) of (@ZP’F). (If u is both a sub-solution and a
super-solution of (Q;O’F) then u is solution of (BZ;P’F).)

Proposition 2.8 Let uq 1,102 € L*(0) and let Fy, F> € F(r,)-(r,) be such

{ Fi(t,u)(x) = fi(t, x, u(x))
F(t,u)(x) = fo(t, x, u(x))

forall (t,u,x) € [0, T] x L2(0) x O, where fi, fr : [0, T] x RY x R — R are
two Borel measurable functions with f> Lipschitz continuous uniformly with respect
to (t, x), i.e. there exists L > 0 such that for every (§,&') € R x R,

/(o 8) = Lol ENI < LIE £, 2D
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424 0. Anza Hafsa et al.

Let K € L®(0 x R%; [0, 00]), let hy, ho € LY(RY\O) and let g1, g» € L*(07\0).

Ifuy is a sub-solution of(gzuo a Fl ) (resp. (5””}:_;1 )) and if us is a super-solution
of (Y1 ) tresp. (@}13 )) then

up,1 < ug,2
hi < ha(resp.g1 < g2) ¢ = u1(t) < ux(t) forallt € [0,T].
Fi <Pk

Proof of Proposition 2.8 We only give the proof in the Neumann—Cauchy case. (In the
Dirichlet-Cauchy case, the proof follows by similar arguments.) Set u := u» — uy,
ut := max(u,0) and u~ := max(—u, 0). To prove that u>(t) < uy(¢) forall t €
[0, T, it suffices to show that

u (t) =0forallr € [0, T]. 2.2)
First of all, it is clear that for Z! ® Z4-ae. (r,x) € [0,T] x O,

d
—8”<t,x)—/ T,y x — ), y) — u(t, x))dy
t 0

_/ K(x,x — y)(ha(y) — i (»)dy
R\ O

2 f2(tyx,u2(t7x)) - fl(t’xaul(tsx))°

Then, by taking u~ € L?(0) as a test function and by integrating over O,

/ a—Ilt(t,)c)u_(t,)c)dx — / (/ J(x,y,x —y)(u(t,y) —ul(t, x))dy) u (t,x)dx
o 0t o \Jo

—/ (/ K(x, x — y)(ha(y) —hl(y))dy> u— (t, x)dx
0 \JUR\ 0

Z /;(fz([»xs uz(t!x)) - fl(t7x7 ul(l,x)))u_(t,x)dx.

But, taking (NL;) into account, by an easy computation we see that

—/ </ Jx,y, x —y)(u(t,y) —ul(t, x))dy) u (t,x)dx
o \Jo

1
= 5/ / Jx,y, x —y)ut,y) —u,x)u (¢t,y) —u (t,x))dxdy,
oJo
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Stochastic homogenization of nonlocal reaction... 425

and consequently, since f> > fi,

/ a—u(t,)c)bf(t,x)d)c + l/ / J(x,y,x —y)(u(t,y) —ul(t, x))
1o) at 2 0JO
X (t,y) —u (t,x))dxdy

—f (/ K(x,x —y)(ha(y) — hl()’))d)’> u— (t,x)dx
0 \JR4\0

z/O(fz(t,x,uz(t,x))—fz(t,x,u1(t,X)))u_(t,x)dx.

Noticing that:
e u=ut— u
o utu" = %Lu_ =0;

o —uT(,x)u"(-,y) <Oforall (x,y) e O x O,
and using (2.1) we deduce that

0 1
—/ —u(t,x)u_(t, x)dx — —/ / Jx,y,x —y)u (t,y) — u_(t,x))zdxdy
0 ot 2 oJo
—/ (/ K(x,x = y)(ha(y) — hl(y))dy) u—(t,x)dx
0 \JR4\0
> —L/ |u7(t,x)|2dx
o
with L > 0 given by (2.1). As hy > h it follows that for Plaete[0,T],
1d d
55/0|u_(t,x)‘2dx:/Oa—b;(t,x)u_(t,x)dx < L/O ’u_(t,x)|2dx,

and so, by integrating over s € [0, T'],

t
/|u_(s,x)|2dx§/ |u_(0,x)|2dx+2L/ (/ |u_(t,x)|2dx)dtf0rallse[0, T1.
0} [0} 0 o0

Noticing that, since u~ € C([0,T]; L2(0)), the function [0,T] > s
f o lu= (s, x)|2dx is continuous, from Gronwall’s lemma (see Lemma C.1 that we

apply with ¢ (s) = [, [u™ (s, x) 2dx, a = Jo lu (0, x)|2dx and m(¢) = 2L) we see
that

/ (s, x)| dx < eZLX/ ™ (0, x)|*dx forall s € [0, T1, 2.3)
0 o0

and (2.2) follows since u~ (0) = 0. O

The following class of reaction functionals, called the class of CP-structured
reaction functionals and denoted by .%cp, was introduced in [3] (see also [4,
Sect. 2.2.2, p. 27]).
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426 0. Anza Hafsa et al.

Definition 2.9 Amap F : [0, T] x L?(0) — L?(0) is called a CP-structured reaction
functional if

F(t,u)(x) = f(t, x, u(x))

for all (r,u,x) € [0, T] x L?>(0) x O, where f : [0, T] x R x R — R is a Borel
measurable function satisfying the following three properties:

(CPy) f(t,x,¢)islocally Lipschitz continuous in { uniformly with respectto (¢, x) €
[0, T] x RY;

(CP2) f(--0) € L*([0,T]; L*(0));

(CP3) there exist f, f:00,T] x R — R with f=0=< f and (p,p) € R? with
p =< p such | that each of the two following ordinary differential equations

Y = f(t, (@) for £'-aa.1 €0, T]
(ODE) { ¥0) = p
—— [ Y1) = F, y(0)) for L'-aa.t €0, T]
(ODD{ﬂ®=ﬁ

admits at least a solution, y for (ODE) and y for (O DE), satisfying

{L(t,z(t)) < ft,x, y(1) 2.4)
f@&,y®) = ft, x,5(1) '

for ' @ L'-aa. (r,x) €[0,T] x R.

Remark 2.10 Note that Fcp C % (r,)-(r,). From (CP3) we see that y and y are decreas-

ing and increasing respectively, and so X(T) < X(t) < X(O) =p =
y(t) <y(T)forallt € [0, T].

p=y0) =

For each (a, b) € R? with @ < b, we consider the following problem:

o ‘;_Lt‘(,) FVEWM)) = Ft,u(r) for. 2 -aa.te[0,T]
T

u(0) = ug € L%(0; [a, b]).

From Corollary 2.6 and Proposition 2.8 we can establish the existence and
uniqueness of bounded solutions for nonlocal problems with CP-structured reaction
functionals.
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Corollary 2.11 Let F € Fcp with f. 1), (p. p) and (y,y) given by (CP3), let ug €
L*(0: [p. p)) and let g € L*(07\O) be such that:

_Jong @y x —yg(ndy
I, := essinf
x€0/\0 f01\5 J(x,y, x —y)dy
Jong Iy, x = y)g(y)dy

S, 1= esssup < 00;
! veono  Jong @y, x = y)dy
p < Igandp > S,. (2.5)

Then(@u0 o, p])(resp (3”"0 T+ T 0. p]))admttsaumquesolutlonu € AC([0, T1; L%>(0))

such that
1) =y@®) =u@) =y@) <y(T) forallt € [0, T].

Moreover, if F(-,u(-)) € AC([0, T, LZ(O)) then u admits a right derivative d;t” (1)
at every t € [0, T[ which satisfies d”(t) +VEW®) = F(t,u(t)) with& = ¢
(resp. & = 7 + D).

Proof of Corollary 2.11 We only give the proof in the Neumann—Cauchy case. (In the
Dirichlet—-Cauchy case, the proof follows by similar arguments, where in addition
the inequalities in (2.5) are used for dealing with the concept of sub-solution and
super-solution.) The proof is adapted from [3, Theorem 3.1] (see also [4, Corol-
lary 2.1, p. 39)).

Firstly, let £ : [0, T] x R x R — R be given by Definition 2.9. Taking (CP;)
into account, from McShane extension’s theorem we can assert that there exists f:
[0, T] x R? x R — R such that:

o flt.x.0)=f(t.x,0)forall (t,x,¢) € [0, T] x RY x [y(T), ¥(T)]:
° f(t, X, ¢) is Lipschitz continuous in ¢ uniformly with respect to
(t,x) €0, T] x RY. (2.6)

Let F : [0, T] x L2(0) — L*(O) be given by F(t, u)(x) := f(t,x, u(x)). Then,

it is clear that F € F(R1)-(Ry)- Hence, by Theorem 2.1, (9:2 r 5)) admits a unique

solution # € AC([0, T1; L*(0)).
Secondly, by (CP3) we see that y and y are decreasing and increasing respectively,
so that, since y(0) = p < = ¥(0),

[y@®),y®)] C [y(T), y(T)] forallz € [0, T]. 2.7

As y does not depend on the space variable we have V_¢ (X(t)) =0forallt € [0, T].
Then, by using (2.4) and (0cx) in (CP3), F(t, y(1)) = F(t, y(1) = f(t,- y(1) =
[, y@) = X’(t) + V/(X(t)) for #'-aa. t € [0, T], and consequently, since

F —~. . .
X(O) =p,y is sub-solution of (92/ ). But, u is a solution (and so a super-solution)
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of (329 F) and p < ug, hence from Proposition 2.8 (that we apply with ug,1 = p,
uo2 =up,h1 =hy =0and F| = F» = F) it follows that

y(t) <u() forallz € [0, T]. (2.8)
In the same manner we can see that
Y(r) > u(t) forall 7 € [0, T]. (2.9)
From (2.7), (2.8) and (2.9) we deduce that
u(t) € [y, y®»)1 C [y(T),y(T)]forallt € [0, T]. (2.10)

Finally, from (2.6) and (2.10) we see that F(t u@)) = F(t,u()) forallt € [0, T] so

that i is the unique solution of (321‘} fp 3] ), and the proof is complete. O

Remark 2.12 Under additional assumptions on the structure of F, we automatically
have F(-,u) € AC([0, T]; L*(0)) (see [3] or [4, Sect. 2.2.2, p- 27] and the example
treated in Sect. 5).

Remark 2.13 Roughly, the inequalities in (2.5) mean that p and p bound the proportion
of g with respect to the density J in a neighborhood of the boundary 9<2. Physically,
this implies that there is no dissipation of the energy along the trajectories y and y.

Indeed, we can show that VS(y(t)) < 0 (resp. VEH(¢)) > 0) so that “;t E(y(t)) =

Vé’(y(t))m > 0 (resp. 7; E(y(t)) = Vé’(y(t))— > 0) because y is decreasing (resp.
Y is increasing).

2.2 Invasion property for nonlocal problems with CP-structured autonomous
reaction functionals

Let F : L*(0) — L*(0) be such that F' € .Zcp with (£, f), (p. p) and (y,y) given
by (CP3), let ug € L?(O: [p. p]) and let g € L?(0/\0) be such that (2.5) holds.
From Corollary 2.11 we can assert that (@Zg j) (resp. (@}f 7, j)) admits a

unique solutionu € AC([0, T']; L2(0)) such that
YT) = y@) <u@) <y@) <y(T)forallz € [0, T].

Moreover, if F(u(-)) € AC([0, T]; L*>(0)) then:

d+
e u admits a right derivative d—tu(t) ateveryr € [0, T[; (2.11)
dtu
° 70) + VE&w(t)) = F(u(t)) forall t € [0, T[ (2.12)
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with & = ¢ (resp. & = _# + %,). The following theorem shows that under some

conditions on F, the solution u of (3”32 Fp 27 (resp. (9”/2_{@ o 21)) satisfies the

invasion property, i.e. # grows over time.
Theorem 2.14 If there exists f : R — R with f € Cl([X(T), y(T)]) such that
F)(x) = f(v(x))
forall (v, x) € L>(0) x O and if
V 7 (uo) = F(uo) (resp. V(J + Dg)(uo) = F(uo)),

then u is differentiable at every t €]0, T[ and
A > 0 foratit € [0.T[ with™ (0) du 0) (2.13)
— or a s with— = — . .
dt ~ — dt dt

Proof of Theorem 2.14 We only give the proof in the Neumann—Cauchy case (in the
Dirichlet—Cauchy case, the proof follows by similar arguments). By assumption, we
seethat F (u(-)) € AC([0, T1; L*(0)) andso (2.11)and (2.12) hold. Let G,, : [0, T]x
L%(0) — L?(0) be given by

Gu(t,v(1) == f'(u(®)v(t)

for all (z,v) € [0, T] x L2(O) and consider the following problem:

Z—v(t) +V_7Z () = Gyu(t,v()) for Flaatel0,T]
@' q Y

v(0) = L(0).

Itis easy to show that G € .#(g,)-(r,)- By Theorem 2.1 it follows that (gz ») admits a

unique solution v € AC ([0, T1; L*(0)). But, by taking time derivative in (2 12) with
&= 7 we see that % 1sas01ut10nof(3”i¢) hencev = +t“ € AC([0, T1; L*(0)),
and consequently u is dlfferentlable atevery t €]0, T[ by [14, Proposition 3.3, p. 68],
i.e.

o) = 1) forall 1 < [0 T[(with au o) d+”(0)) (2.14)
= ’ a 0= )

Set v := max(v, 0) and v~ := max(—v, 0). Taking (2.14) into account, to prove
(2.13) it suffices to show that

v (t) =0forallt € [0, T|. (2.15)
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By taking v~ as a test function in (7" /) and by integrating over O, we see that

/ %(I,x)v_(t,x)dx — / </ J(x,y,x —y)(v(t, y) — v, x))dy) v (1, x)dx
o dt 0 0
= / fut, ), x)v™ (¢, x)dx in [0, T].
0

But, taking (NL) into account, by an easy computation we have

—/ (/ J(x,y,x —y)(v(t, y) — vz, x))dy) v (t,x)dx
o \Jo

1
= 5,/ / Jx,y,x —y)w(,y) —v(t,x)(v (¢t,y) — v (t,x))dxdy,
oJo

hence
ov _ 1
/ —(t,x)v (t,x)dx + —/ / J(x,y,x —y)(v(t,y)
0 ot 2 oJo
—v(t, x)) (v (1, y) — v~ (1, x))dxdy
=f fut, ), x)v™ (¢, x)dx in [0, T]. (2.16)
10)
Noticing that:
e v=0"— v
e vy = %v_ =0;
o —vT(,x)v7(,y) <O0forall (x,y) € O x O,
we see that
0 v~
/ 2t v (1, x)dx = —/ —(t v, x)dx————/ v~ (x, 1)[2dx:
o 01 0

1
5/ / J()C, Yy, X — y)(U(t’ )’) - v(t’x))(vf(t’ y) - vi(th))d-Xdy S Os
0JOo
/ fu(t, ), x)v™ (1, x)dx = —/ flu(t, x)v™ (¢, x)Pdx,
o o

and, recalling that f € c! ([X(T)’ y(T)]), from (2.16) we deduce that

1d

2ai ), [v™(x, )|?dx < C/O [v™(t, x)|?dx in [0, T]

with C := sup{|f'(&§)| : & € [y(T),y(T)]}. Consequently, by integrating over s €
[0, 71, -

t
/|v*(s,x)|2dx5/ |u*(0,x)|2dx+2c/ (/ |v*(t,x)|2dx)drfora11se[o, T].
o o 0 o
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From Gronwall’s lemma we obtain

f v (s, )| dx < em/ [v™(0, x)|*dx for all s € [0, T]. 2.17)
0] ]

But v(0) = %(0) hence, by using (2.12) with & = _¢# and the fact that V_# (ug) <
F(up), we see that v=(0) > —V _#Z(ug) + F(ug) > 0. Thus (2.15) follows from
(2.17). O

3 Main result
3.1 Probability setting and ergodic theory

Let (22, .#,P) be a complete probability space and let {7.} .7« be satisfying the
following three properties:

e (mesurability) 7, : @ — € is .#-measurable for all z € Z<;
e (group property) 7, 0 Ty = T,y and T_, = T, ! forall z, 7' € Z¢;
e (mass invariance) P(T,A) = P(A) forall A € % and all 7 € 7.

Definition 3.1 Such a{T;},czq is said to be a (discrete) group of P-preserving trans-
formation on (2, .#, P) and the quadruplet (2, .7, P, {T.},cza) is called a (discrete)
dynamical system.

Let ¥ :={Ae.F: IP’(T AAA) = 0 forall z € Z?} be the o-algebra of invariant
sets with respect to (2, .7, P, {T.},czq).

Deﬁnition 3.2 When P(A) € {0, 1} for all A € .7, the measurable dynamical system
(2, F, P, {T;},cz4) is said to be ergodic.

Remark 3.3 A sufficient condition to ensure the ergodicity of (Q TP AT}, cza) is
the so-called mixing condition, i.e. for every (E, F) € % x %

lim P(T;ENF)=P(E)P(F).

|z[—00

For each X € L%P(Q), let EZ (X) be the conditional mathematical expectation of
X with respect to ., i.e. the unique (., Z(RR))-measurable function in L%)(Q) such
that for every E € .7,

/ EY (X)(w)dP(w) = f X (0)dP(w).
E E

Remark 3.4 1f (2, F, P, {T;}, cza) is ergodic then E/ (X) is constant and equal to
the mathematical expectation E(X) of X, i.e. E/ X)) =EX) = fQ X(w)dP(w).

Let %y (R?) be the class of bounded Borel subsets of R? and let .# (Z¢) be the
class of half-open intervals [a, b[ with (a, b) € 74 x 74.
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Definition 3.5 We say that S : %,(R%) — LIIP,(Q) is a subadditive process covariant
(or stationary) with respect to {7}, .z« if the following four conditions hold:

e (subadditivity) for every (A, B) € Bo(RY) x B,(RY), if ANB = @ and
Z10A) = £?OB) = 0 then

Saup = Sa + Ss;
e (covariance or stationarity) for every A € %y, (R%) and every z € 74,
Stz =Sao0Ty;
e (domination) there exists ® € L]%D(Q; [0, oo]) such that for every A € %(]Rd),

Sa < 0.2%A);
e (spatial constant property) ¥ (S) := inf / Ld[? S J(Zd) > —00
p property) y = o 24 .

In order to study the pointwise convergence of subadditive processes introduced in
the paper, we need the following notion of regularity for sequences of sets in %, (R?).

Definition 3.6 We say that {A;}.~o C Bo(RY) is regular if there exists {/;}s~0 C
S (Z% with I, C I ife > ¢ and C > 0 such that:

e A, C I  foralle > 0;
L)

For each A € %, (RY), we set
p(A) ;= sup {r >0:B,0) C A}.

The following theorem can be found in [2, Theorem 12.4.3, p. 514] (see also [5, 17]).

Theorem 3.7 Let S : B, (RY) — Lﬁ)(Q) be a subadditive process covariant with
respect to {1}, cya and let {Ag)es0 C By (RY) be such that

{Ac}eso is regular
Ag is convex for all ¢ > 0

lim p(A;) = oo.
e—0

Then, for P-a.e. w € 2,

Sa (@) . 7 Sk
im i,y = o B ( K )@
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If moreover (2, F, P, {T;},cza) is ergodic then, for P-a.e. w € €,

Sy, (@) . Sjo.xp
2ALD) _ p B (22
eo0 PA(AL) | keN kd

)=y(5)-

3.2 Random nonlocal reaction-diffusion problems of gradient flow type

Let J : QxR xRI xR — [0, co[ be a (¥ @ Z(RY) @ B(RY) @ Z(RY), B(R))-
measurable satisfying the following conditions:

(PNL;) J is symmetric, i.e. for every (w, x, y, §),

J(w,x,y,8) =J(@,y,x,§),

and J is bi-stationary with respect to (1) .4, 1.e. forevery z € 74 and every
(w,x,y,8) € 2 x R4 x R x RY,

Jw,x+z2,y+2,8) =J(T,w,x,y,8);
(PNL,) there exist J, T :RY — [0, oo[ with

J#O
for every (£,¢) € R x RY, if || < |¢| then J(§) > J(¢) (3.1
supp(J) = Bg, (0) is compact with R; > 0,

such that for every (w, x, y, &) € Q x RY x R4 x RY,

JE) < J(@,x,,8) < J().

Remark 3.8 The monotony condition (3.1) (firstly introduced in [9, Theorem 4 and
Remark 4]) allows to obtain the strong compactness in L>(0) for sequences of solu-
tions of nonlocal reaction—diffusion problems (see Lemma 4.2). This condition is also
essential to show that I'-convergence implies Mosco-convergence of the correspond-
ing nonlocal energies.

Remark 3.9 From (3.1) we see that inf J(§) > l(%) # 0.

R:
J
1=

Fixany e > 0.Let O C R4 be an opensetandlet 7, : Q x L2(0) — [0, oo[ be
defined by

] Xy x—y\ (u) —u())\’
/8(6()1 u) = @/Ow/oj(a),g,g, e >< e > dxdy (32)

GivenT > 0,let F, : Qx[0, T]1x L?>(0) — L?*(0) besuchthat F,(w, -, -) € Fcp
for all w € Q. Given T > 0, for each w € , let (3:’, pY) and (Xf,yg)) be given
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by (CP3) with F = F;(w, -, -), where, taking Remark 2.10 into account, we further

assume that
—00 < 1nf Y, (T) < supy(T) < o0, 3.3)

e>0

and consider the Neumann—Cauchy homogeneous nonlocal problem (ﬁgg) =

Z

”0 Fe(w,-,

) ), i.e
S, lpe. 521 1

. dts.(t) +V Ze(w,uy (1) = Fe(w, t,ul (1)) for #1-aa.t e [0, T]
(Zew)
ug (0) =ug, € L*(0; (02, PED).

Let g € H'(07\0) with 07 := O + supp(J) = O + Bg, (0) be such that:

e ) foJ\BJ( L2 2 g(ndy
I,% := essinf T > —00;

00 Jong (@ 5 5 5F) dy

J (o, %, 5, 55) 8()dy
J ) )

Sg® := esssup Jo 0"\0 (@7 xg 5 ex_)y < 00;

xe0/\O 01\5]( ,g,g,T)dy
py = Ig¥ and Y = g, (3.4)

forall x € O and and all w € 2, let @é‘f 1 Q% LZ(O) — [0, oo[ be defined by

Xy x—y\ (g0 —u))>
@(a) u) = st/AJ\O ( e e )( . )dxdy 3.5)

and consider the Dirichlet-Cauchy nonlocal problem (W‘Ew) =
”0 Fe(w,-,-)
@ Jewrt Tt @2 520

5 %(t) +V 78w, ul () = Fe(w, 1, uf (1)) for Zlaa. r €[0,T]
('@g’a))
ug (0) =ug, € L*(0; VoY)

with 78 := 7, + 9, The following result is a straightforward consequence of
Corollary 2.11.

Corollary 3.10 For each w € Q and each ¢ > 0, (,@gg) (resp. (9&))) admits a
unique solution uy € AC([0, T; L2(0)) such that

YAUT) < y2(n) =ug(t) =20 = y(T)
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for all t € [0,T). Moreover, if Fe(w, - u?(-)) € AC([0,T]; L*(0)) then u?

+ tug

dd;‘s (t) at every t € [0, T[ which satisfies ddl;g (1) +
d u?

V Je(@,u (1)) = Fe(w, t,uf (1)) (resp. = (O+V _FE (@, u (1)) = Fe(w, 1, ug(1))).

admits a right derivative

Our purpose is to look for the almost sure limit of (@Eﬁ) and (z@g ) ase — 0.
This is the object of the next section.

3.3 Stochastic homogenization theorem

For each 6 € R, each R > 0 and each A € B (]Rd), set
L3 5 g a(RY) = {u e L2 (RY) :u =ty in 8R(A)], (3.6)

where £y : RY — R is the linear map defined by £y (x) = 6x and dgr(A) denotes the
R-neighborhood of the boundary dA of A, i.e.

IR(A) = [x e RY - dist(x, 0A) < R}. (.7)
In what follows, we also set
Ag = {x € A dist(x, 94) > R}. (3.8)
LetS, 6, % : Bp(RY) x Q@ x R4 — [0, oo be defined by:

Sa(w,6) = inf [/(a), W RYA) ue LIZOC’G!RJ,A(R")};
Ga(,0) = inf [j(w, WA A) ue L%OC,G,RI,A(R")};

(@, 0) = inf [/(w, W, AR, AR,) + Du, (. u, Ag,, A\AR,) : 1 € L%OC,Q,RJ,A(Rd)],

where R; > Ois givenby PNLyand ¢, %, : @ x L (RY) x Bp(RY) x Z(RY) —

loc
[0, oo[ are defined by:

F(@.u, A, B) = 411/ / J(@, %, v, X — () — uy))dxdy;
AJB

1
Dy (@, u, A, B) := E/A/Bj(w,x, v, x — y)(Lo(y) — u(x))>dxdy.

Remark 3.11 The random variational nonlocal functional (v, A)—~ # (-, u,Ag,,Ag,)+
Dy (- u, Ag,, A\ZRJ) arising in the definition of the process A +— JZ4(-,0) is
the energy of the Dirichlet—Cauchy nonlocal problem introduced in Sect. 2.1.3 with
g = 4y, 0/ = Aand O = Ag,. Consequently, the process A +— (-, 0) is
the natural nonlocal version of the standard local process whose almost sure limit
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gives the homogenized density in standard stochastic homogenization. The processes
A+> Sa(-,0)and A — S4(-, 6) are introduced for technical reasons.
The following lemma makes clear the link between S, & and 7.

Lemma 3.12 For every A € By(RY), every w € Q and every 6 € RY, we have:

101?
4
101
4

0 < Sa@,0) — Sa(w, 0) < Z2%(3r,(A)) /Rd EPT(E)dE; (3.9)

0 < Ga(w,0) — Hp(w,0) < Ldr,(A) /}R ) 12T (5)dE.  (3.10)

Proofof Lemma 3.12 Fix A € %,(RY), w € Q and 0 € R¥.
Proof of (3.9). Fix any & > 0. Letus € Ly p, 4(RY) be such that S4(w, A) >
(0, ug, A, A) — ¢. Then, by using PNL,,

Ga(w,0) — Hr(w, 0) Sj(a),ug,]Rd,A)—/(a),ug,A, A) +e¢
= F(w,u:, RN\A, A) +¢

< l/ / T(x — ) (s (x) — us())2dxdy + e.
4 Jrava Ja

But supp(J) = Bg, (0) and u, = £y in dg, (A), hence

02 _
S A, 0) — Ha(w.0) < l/ / TG — ylx — yldxdy + ¢
4 Jog, ) Jog, 4
1612

szd(aR,(A))T / E12T (§)dE + e,
]Rd

and (3.9) follows by letting ¢ — 0.
Proof of (3.10). Fix any & > 0. Letug € L, o 4 (R?) be such that 4 (w, 6) >

I (w,ug, AR, , AR,;) + Dy (0, ug, Ag,, A\ZRJ) — ¢. Then, by using PNL;,

Galw,0) — Hu(,0) = _F(w,ue, A, A) — J (@, us, Ag,, Ag,)
_geg(waué‘aARjaA\ARj)-i_g
j(w’usaA\ARJ’A\ARJ)+8

< ! / _ f T = ) (e (x) — ue(y))2dxdy + e.
4 Ja\Ag, Ja\Ag,

IA

But A\ZRJ C dg,(A) and u, = £g in g, (A), hence...

0)? _
S1@.0) - A0 = O [ [ Tyl - yidny +e
4 Jog, ) Jog, 4

10>

s.z"(aR,(A))T / E2T (£)dE + &,
]Rd
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and (3.10) follows by letting ¢ — 0. O
Remark 3.13 When A is a cube of size L it is easy to see that zd(aR, (A) ~
2R; 41 (DA) for large L.

Proposition 3.14 Let {A}e-0 C By(RY) be such that:

{Ac}eso is regular

Ag is convex for all ¢ > 0 (3.11)
lir%,o(Ag) = 00;

E—>

LR, (A) _

en0  Z4(A,) (3-12)

Then, for every 0 € R there exists Qo € F with P(Qy) = 1 such that for every
w € Qg,

fim @0 _ o G4 @0) o Sa@0) e s (Stosd (4 0) ()
e—0 LA(A)  e=0 LIUA,) =0 LUA,) kel k4 '

Remark 3.15 Let Q,(xp) be the cube of size p > 0 centered at xp € R?. Then, it is
easily seen that {é 0, (x0)}e>0 satisfies (3.11)—(3.12).

Proof of Proposition 3.14 Let 6 € RY. As A — Su(-,0) is clearly a subadditive

process covariant with respect to {77}, .4, taking (3.11) into account, from Theorem
3.7 we can assert that there exists Q¢ € .% with P(Qy) = 1 such that

Sa, (0, 0) . 7 S[o,k[d (-, 0)
EE)I%) m = kler]llg* E k—d (a)) forall w € Q@. (313)

On the other hand, by Lemma 3.12, for every ¢ > 0 and every w € €2, we have:

_Sa@.0)  6a,@.0) L0k, (40) |0
T2 LA T 24 4

_Ga(@.0)  Ha(.0) L0k (A) 0P
T 24y ZUA) T LA 4

0

/ EPTE)dE: (3.14)
]Rd

0

/ 12T (§)dE. (3.15)
]Rd

Consequently, from (3.12) and (3.13) we deduce that

(S[O,k[d (', 9)

Ha (@,0) . Gp(@,0) inf B e

Ha(@.0) . 64 (@.0) for all @ € .
e0 LUA a0 2A(Ay)  ken )(w) oratlwe s

and the proof is complete. O

Now, we can define the homogenized density. First of all, it is not difficult to
establish that for every A € %, (RY), every w € Q and every (0,60") € RY x R4,

Ga(w, ) _ Galw, 8"

Ziay i | = ¢ |6 —6'| (161 +16']) (3.16)
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with C = § [pa 16177 (§)dE. Set

Q=N Q (3.17)
HeQd

with Qg given by Proposition 3.14. Then Q" € % and P(Q2") = 1. By using Proposition
3.14, from (3.16) we deduce that for every w € Q' and every (0, 0") € Q¢ x Q¢,

Sio 51d (-, 60) - ( Sio.x1d (-, 0"
Y e o (Ol
kler]ll:fl* E ( k4 ) (@) klel}lg* E ( k4 ) @)

<C|o—0'|(01+16')),

which allows to define fhom : 2’ x R¢ — [0, co[ by

S -, 0
inf B ( [O’k,fd( AT ifo e Q
foom (@, 0) = { " 7 (S0 5 ) d
li inf E AL if 6 .
Qd;n—w kel> < k4 ) (@ 110¢Q

Remark 3.16 1t is easy to see that for every w € @', fhom(w, -) is quadratic, i.e. for

every € ', there exists a symmetric d x d matrix Af>  such that for every 6 € RY,

1
Shom(@, 0) = §<A§;1,m9, 0), (3.18)

where (-, -) denotes the scalar product in R¥.

Proposition 3.17 Let {A.}e~0 C Do (RY) be such that (3.11) and (3.12) hold. Then,
for every w € Q, where Q' is given by (3.17), and every 6 € RY,

limM— imM_ imM—f (. 0)
e>0 L4(Ap) T &0 Z4(A,) T 50 Z4(A,) = Jfhom(®w, 0).

Proof of Proposition 3.17 Let w € ' and let & € RY. By density, there exists
{6n}n>1 C Q such that
lim |60 —6,]| =0. (3.19)
n—o0

(In particular sup,.; |6,] < 00.) Setting C' = C(0] + sup,> |6x1), by (3.16) we
have

6Ag (wv 9}’1)

64, (@,0) _ &4, (. 60)
ZU(A0)

LA T LA

—C'0 -6, < +C'10 =6, (3.20)

foralle > Oand alln > 1. Asw € Q" and {6,},>1 C Qd we have w € Q, for all
n > 1, and so, by using Proposition 3.14,

Ga@.60) _ . o ps (Slo,k[d

('7971)
- QM) () foralln > 1.
eo0  LUAL) . kens i >(w) orafin =
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Letting ¢ — 0 in (3.20) we deduce that:

. (-, 0n) . Ba.(w,0)

f [[4}7 L —C'1o -0 MA YT
Jnf B (@) = €10 — 6] < lim =25 o
o GAg(wse) . 7 S[O’k[d(vgn) ’

M 2iay S T )@=l

and consequently, by letting n — oo and using (3.19),

lim G4, (w,0)
e—0 L4(A,)  n—>ookeN*

(S[o k[d( On)

d ) (@) = fhom(w, ).

On the other hand, by Lemma 3.12, (3.14) and (3.15) hold for all ¢ > 0, and so, taking
(3.12) into account, we have:

. Sa.(@,0) 0 G4, (o, 9)
=0 LUA) a0 L4(Ap)

. Ha(0,0) . Gy (w,0)
lim ———— = _

o0 LA(A) om0 ZA(AL)
which completes the proof. O

Let _Zhom: Zio @ @ x L*(0) — [0, oc] be defined by:

/ from (@, Vu(x)dx ifu € H'(0)

Hhom(w, u) :=
00 ifu e L>(0O)\H'(0);

(3.21)

/ Jhom(w, Vu(x))dx ifu e H (0)

/hé;m(w’ u) = 2
00 if L (0)\H (0)

(3.22)

with Hy (0) = {u € H'(0) : y(u) = y;(g)}, where y (resp. y;) is the trace oper-
atory : H'(0) — L*(d0) (resp. y; : H'(0/\0) — L*(30)).
Remark 3.18 By Remark 3.16 we see that for P-a.e. w € Q, Zhom(w, ) (resp.

jhgom(a), -)) is proper, convex and lower semicontinuous, and Fréchet-differentiable
on dom(d hom (@, -)) (resp. dom(ajhé;m(a), ).

ForP-ae.w € Q,let G® : [0, T1x L*(0) — L*(0)be suchthat G® € F(g,)-(r,)

and consider the following Neumann—Cauchy homogeneous local problem:

%0) + V _Zhom(@, u®(#)) = G*(t,u®(t)) forL'-aa.tel0,T]
( hom w)
uw(o) == uE)U S dom(/hom(w, ))
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and the following Dirichlet—Cauchy local problem:

%(z) +V 78 (0,u® @) = G, u®t)) forL'-aa.tel0,T]
P | ¥
u®(0) = u? € dom(_ 75 (o, ).

hom
Here is the main result of the paper.

Theorem 3.19 For P-a.e. € Q and every ¢ > 0, let u? be the unique solution of
(@gg) (resp. (9&)) ), see Corollary 3.10, and assume that:

(HY) sup Ze(w, uf ) < 0o (resp. sup I8 (w, uf ) < 00);
e>0 e>0

(HY) uf ,—uf in L*(0);

(H3) Y |Fe@. - u) 120, 71.1200y) < -

Then, there exists Q@ € F with P(ﬁ) = 1 such that for every w € Q there exists
u® e C([0, T1; L*(0)) such that up to a subsequence:

u® — u® in C([0, T1; L*(0)); (3.23)
dug _ du® . .2 12
o= in L0, T1; L2(0)). (3.24)

Moreover, we have

ing yZ’(T) <u®(t) <supy.(T) forallt € [0, T].
e>U—

>0
Assume furthermore that
(HY) for every v € C([0, T1; L*(0)),
u? — vin C([0, T]; L*(0)) = Fe(w. -, u?)—G*(-,v) in L*([0, T]; L*(0)).
Then, (3.23)—(3.24) hold for the whole sequence € and

u® is the unique solution of(;@ﬁg‘w)( resp. ((@}%m’w)).

Moreover, u§ € H'(0)NL*(0; [p®, p°]) (resp. uf € H;(O)NL*(O0; [p®, p1))
where p© := inf5>0£2° and p® = sup,_o Py -

Remark 3.20 1f (CPy) is satisfied uniformly with respect to ¢ then a sufficient con-
dition to ensure (HY) is that sup,_ ¢ [ Fe (@, -, )l 1210, 7). £2(0)) < 0. It is indeed a
straightforward consequence of the uniform boundedness of 4% together with the local
Lipschitz hypothesis on F;.
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Remark 3.21 Taking (3.18) into account, for P-a.e. w € 2, we have:

hom hom

V _Zhom (@, ) (v) = —div(Ap Vo) for all v € dom(d _Zhom (@, -));

hom

dom(d 78 (") = {u € H;(O) s div(A®. V) € L2(0)}

hom

V 78 (@, ) () = —div(AL V) forall v € dom(d 7% (., ")),

hom

dom(d Fhom (@, ) = {v € H'(0) : div(AL,,, Vo) € L2(0) and Af, Vv n=00n 90}

where n denotes the unit outward normal to dO. So, (ZNH  y and (f@l?om’w) can be

) hom,w
rewritten as follows:

w

dst(t) — div(A® _Vu®(t)) = G(t) for £ -aa.t € [0, T]

hom

u®(0) = ug € H'(0) N L*(0: [p®, 5]

(Zhom.o)
u®(t) € H'(0) and div(A?, Vu® (1)) € L*(0) for £'-a.a.t € [0, T]
AP W Vu®(t) -m=00nd0O for PLlaatel0, Tl
d w
%(t) — div(AZ, Vu® (1)) = G(1) for £'-a.a.1 € [0, T]
D u®(0) = uf € Hy(0) N L*(0:[p®. p°1)
(‘@hom,w) -

hom

y@®(t)) = y;(g) on 30 for L'-aa.t €0, T].

u®(t) € H'(0) and div(A®, Vu®(t)) € L*(0) for £ -aa.t € [0, T]

Remark 3.22 By imposing additional structural conditions on F¢(w, -, -), the hypoth-
esis (HY) is automatically fulfilled with a complete description of the limit G (see
Sect. 5 for an example in spatial population dynamics and also [3, Theorem 5.1], [4,

Theorem 7.1, p. 205] for other general examples).

4 Proof of the main result

In this section we prove Theorem 3.19.
4.1 Convergence of reaction-diffusion problems of gradient flow type
Let T > 0, let {(a,,a¢)}e=0 C R x R witha, <a, foralle > 0and

—oo < inf a, < supa, < o0,
&> e>0
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let {(z,,Ze)}e=0 C C([0, TT: R) x C([0, T]; R) be such that z (T) < z, <z, <
Ze(T) for all ¢ > 0 and

— oo < inf z (T) < supze(T) < oo. 4.1)
e>0 >0

For each ¢ > 0, let & : L2(O) — [0, oo[ be a convex and Fréchet-differentiable
functional, let F, : [0, T] x L?(0) — L?*(0) and consider the following reaction—
diffusion problem of gradient flow type:

dus (t) + VE (e (1) = Fo(t, us(t)) forLl-aa.tel0,T]
AR

ug(0) = ug . € L*(0; [a,, @:)).

Let &) : L2(0) — [0, oo] be a proper, convex and lower semicontinuous func-
tional, let G : [0, T] x L>(0) — L*(0) be such that G € .F(g,)-(r,) and consider
the following problem of gradient flow type:

d—u(t) + 08(u(t)) > G(t, u(t)) for #laa.t e [0, T]
COR

u(0) = ug € dom(&p).

To establish the following result, which gives sufficient conditions for the convergence
of (&) to (P) as ¢ — 0, we do not need the existence but only the uniqueness of
the solution of (), which is straightforward because G € F(g,)-(r,)-

Theorem 4.1 Assume that:

(C1) sup &z (ug,e) < 00;
e>0

(C2) uo.e—ug in L*(0);

(C3) foreache > 0, (P,) admits a solution u, € AC([0, T, L2(0)) with z,(T) <
2 <us <Ze <72:(T)and SUpg-o | Fe (-, us)”LZ([O,T];LZ(O)) < 005

(Cy4) forevery {ve}e=o C L?*(0), if sup & (ve) < 00 then {vg}e=0 is relatively com-

e>0

pact in L*>(0).

Then, there exists u € C([0, T1; L2(0)) such that up to a subsequence:

us, — uin C([0,T]; L2(0)); “4.2)
dug _ du . o .72
TR in L“([0, T]; L“(0)). 4.3)

Moreover, we have

in%gg(T) <u(t) <supzg(T) forallt € [0, T].
£>

e>0

@ Springer



Stochastic homogenization of nonlocal reaction... 443

Assume furthermore that:

(Cs) foreveryv e C([0, T1]; L*(0)),

ue — vin C([0, T]; L*(0)) = Fe(-, us)—G(-, v) in L*([0, T]; L*(0));

(Co) & -5 &'

Then, (4.2)—(4.3) hold for the whole sequence & and
u® is the unique solution of ().

Moreover, uy € dom(&y) N L2(O; [a, a]) where a := inf.~¢a, and a := sup,_ ( ds.

Proof of Theorem 4.1 In what follows the scalar product in L>(0) is denoted by (-, -).
The proof is divided into three steps.
Step 1: Bounds. First of all, from (C3) and (4.1) we see that

—00 < 1nfz (T) <ug <supze(T) < oo. “4.4)
£>0 e>0
Hence
sup ””‘SHC([O,T];LZ(O)) < Q. (45)
e>0

Fix any ¢ > 0. From (C3) and () we deduce that for Z'-a.e.t € [0, T,

2
(1)

L%(0)

dug
dt

<V@’”‘ (ue (1)), (t)> <Fa(t ug(1)), (t)>

and so, by integrating over [0, T'],

T 2 T T
/ dt +/ <V£ (ue (1)), (t)>dt / <F£(t ug (1)), (I)>
0 12(0) 0 0

But (%é;(us(t)) = <Vé;(ug(t)) dug (t)> for #'-a.a.t € [0, T] and u:(0) = ug by
(), hence

J e

M .
1 By & — &y we mean that {&;}.~ o Mosco-converges to &, see B. for more details.

du,
dt

(0

T
>dt / igg(ug(r))dtzrfg(us(T))—éi(uo,e)»
0 dt
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and consequently

dug ||? T du
‘d—g = f (&(z,us(m, d—sa)>dz+@%<uo,g> = Ee(ue(T))
tlL2qo.rL20)  Jo !
du
< || Fe(-, ug)\|L2([O,TJ;L2(0)) ‘ 7: LA0T1L2(0)) + Ee(up,¢) — Ee(ue(T))

dug

< IIFeC, Mg)HLz([O,T];LZ(O)) ‘ —

dr +£5(’40,s)~ (46)

L2([0,T1;L2(0))

Noticing that by (C;) and (C3) we have:

1 1= sup & (up,e) < 00;
>0

¢z = sup || Fe (-, Ms)||L2([o,T];L2(0)) < 00, 4.7
e>0
it follows that for every ¢ > 0,
2
<C
L2([0.T]:L?(0))

with C := max(c1, ¢3), which implies that

dt

dug
dt

‘du‘E

+1
L2([0,T1;L2(0))

dug

sup di

e>0

< oo. (4.8)
L2(10,T1:L2(0))

Step 2: Compactness. By (4.5), {u;}¢~0 is bounded in C ([0, T']; L2(0)). Moreover,
For every (s1, s2) € [0, T] x [0, T] with s1 < s,

52

dug ;
dt

dt
L2(0)
du,

dt

lute (51) — w52l 20 < /

S1

1
< (52 —s1)2 sup
e>0

L2([0,T];L%(0))

which, by (4.8), implies the equi-continuity of {u.}.~0. On the other hand, from (C)

and (Cy) it is clear {us(0)}c>0 = {u0.¢}e>o0 is relatively compact in L2(0). Morever,
if s €]0, T'] then, by replacing T by s in (4.6), we have

dug

dt

dug

Se(ug(s)) =< T

) + é%(uo.s)-
L2([0,T1;L2(0))

(”Fa(':ua)” 2 72 —‘
L2([0,T1;L2(0)) L0 TEEZOD

From (Cy), (4.8) and (4.7), it follows that sup,. o & (us(s)) < oo. Hence, by (Cy),
{ue(s)}e=0 is relatively compact in L>(0). Consequently, by Arzela-Ascoli’s com-
pactness theorem there exists u € C([0, T]; L2(0)) such that, up to a subsequence,

u, — uin C([0, T1; L*(0)). 4.9)
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From (4.8) we deduce that

dus  du 12300, 7] L2(0)) (4.10)
_ ln s 7 .
dt dt

and from (C3) and (4.9) it follows that infe~0z,(T) < u(f) < sup,.(z.(T) for all
tel0,T].
Step 3: Convergence to the solution of (Z7)). We are going to prove that u is a

solution of (Z).

Step 3-1: Legendre-Fenchel transform of (£;). Fix any ¢ > 0 and denote the
Legendre—Fenchel conjugates of &, and &y by &;" and & respectively. From Fenchel’s
extremality relation (see Proposition A.4(b)) we see that (Z2,) is equivalent to

d d
Eue (1) + EX(Ge (1) — %(r)) + <%(t) —G.(0), ug(t)> —0 forLaarel0,T]

ug(0) = ug o € L2(0; [a,. @)

with G, := F¢(-, u.). Using Legendre—Fenchel’s inequality (see Theorem A.2(b)) it
follows that

r " dug dug
f [éas(us(l)) + &, (Ge(t) — T(t)) + <7(1) —Ge(1), Ma(f)>] dt =0
(Ze) = 170 ! !

ue(0) = ug , € L2(0; [ag. @c)).

On the other hand, we have

T ldu, _le 2
A<mawcmmmﬂm—ﬁ[EgWﬂMW4@mMmﬂw

1 T
=§wmnw—wwﬁ—ﬁ<@mMm»m
Hence, for every ¢ > 0,

rr. ok dug 1 2 2
/ Lgs(us(l)) + &5 (Ge(t) — ar (f))] dt + Z(lug (M7 = lluo,e17)
0 t 2

(Pe) = 7/ (Ge(t), ug(t))dt =0 4.11)
0

ue(0) = ug , € L*(0; [a,. @c)).

Step 3-2: Passing to the limit. First of all, by (4.9) we have
ue(0) — u(0) in L*(0).
From (C{)—(C3) and (C4) we see that
ue(0) = ug.e — ug in L2(0). (4.12)
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Hence:

u(0) = uop; (4.13)

: 2 _ 2
sh—l;% ”MO,S”LZ(O) = HMOHLZ(O)' (4.14)

Since up ¢ € L2(0; la,,a.]) forall e > 0, ug € LZ(O; [a, a]) by (4.12). Moreover,
from (Cy), (4.12) and (Cg) we have &p(ug) < lim,_ (& (1o,e) < sup,.q e (uo,e) <
00, hence ug € dom(&p) and consequently

uy € dom(&) N L*(0; [a, al). (4.15)

Since us(T) = us(0) + [ e (r)dr and u(T) = u(0) + f; % (1)dt, from (4.10),

(4.12) and (4.13) we deduce that
li_n})”’/ls(T)”iz(O) > ||u(T)||iz(0)- (4.16)
E—>
Let Eo, Ef : L*([0, T1; L*(0)) — [0, oo] be defined by
T
Eo(u) := /0 Eo(u(t))dt
T
Ef(u) = /O EF (u(t))dt

and, for each & > 0, let Let E, : L2([0, T]; L?>(0)) — [0, o] be defined by

T
E.(u) :=/ & (u(t))dt
0

T
E*(u) = / EXu(t))dt.
0

From (C¢) and Theorem B.4 we have & M, &y - Hence E; M, Epand E} M, Ej
by Theorem B.5. From (4.9), (Cs) and (4.10) it follows that:

lim E,(u.) > Ep(u), ie.

e—0
T T
lim [ & ue()dr > f So(u())dr: @.17)
e—0J0 0
du du
lim E¥(G, — —2) > EX(Gy — —), i.e.
;jnf) - (G dt)_ 0(Go dt) ie

. r * dl/lg T * du
lim [ &7(Ge(r) — 7 (1)dr = / 65 (Go(t) — —())dr  (4.18)
e—>0J0 t 0 dt
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with G := G (-, u). Taking (4.12), (4.13), (4.14), (4.15), (4.16), (4.17) and (4.18) into
account, letting ¢ — 0 in (4.11) we obtain

! * du ! 2 2
/0 [%(u(t)) + &5 (Go(t) — E(t))} dt + S (" = lluoll®)

T
—/ (Go(t), u(t)) di <0
0

u(0) = ug € dom(&p) N L*(0; [a, al),
ie.
T " du du
/ [o@o(u(r)) + &5 (Go() — (1) + <—(r> - Go(1), u(r)ﬂ dt <0
0 t dt
u(0) = up € dom(&p) N L*(0; [a, al)

But, by using again Legendre—Fenchel’s inequality (see Theorem A.2(b)), we have

" du du 1
Go(u(t)) + &5 (Got) — —— (1) +{ (1) — Go(1), u(t) | = O for £"-a.a.1 € [0, T],
hence

T d d
/ [5’0(u(t)) + & (Golt) — d—”(t)) + <d—”<t) — Go(), u(r)ﬂ dr =0
0 4 ! (4.19)

u(0) = ug € dom(&y) N L2(0; [a, a)).

Using again Fenchel’s extremality relation (see Proposition A.4(b)) we see that (4.19)
is equivalent to

Z—I:(t) +0& (1)) > Go(r) for L' -aa.te0,T]

u(0) = ug € dom(&) N L2(0; [a, a),

which shows that u is a solution of (%), and the proof is complete because of the
uniqueness of the solution of (Z). O

4.2 Auxiliary lemmas

To prove almost sure Mosco-convergence of the energies (see Sect. 4.3), we will need
the following lemmas. We begin with two compactness results.
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Lemma4.2 Let A : RY — [0, oo be such that
A£0

forevery (§,0) € RT x RY, if |§] < |¢| then A(§) = A({)
supp(A) is compact

and, for each ¢ > 0, let A, : R? — [0, oo[ be defined by

1
he(§) = (%) .

Let U C R? be a bounded open domain with Lipschitz boundary and let {u¢}e~0 C
L2(U) be such that

SUP—/ / he(y = X) |ue (x) — ue ()* dxdy < oc.

e>0 g2

Then, there exists u € HY(U) such thar, up to a subsequence, ug; — u in L%(U).

For a proof of Lemma 4.2 we refer to [8, Theorem 6.11, p. 128] (see also [9,

Theorem 4 and Remark 4]). Foreach e > 0,let _Z; : QXL%OC(IRd)x%(IRd)X%’(Rd)
be given by
Xy Eoy) (ne) = uw) :
A, B) := - = .
Fe(w, u, )= 48d// ( P )( . dxdy
(4.20)

Let g € H'(07\0) with 07 := O + supp(J) = O + Bg, (0). For each v € L?(0)
we consider v¢ € L2(0") defined by

v(x) ifxe O

Vi) = {g(x) ifx € 07\0.

As a consequence of Lemma 4.2 we obtain the second compactness lemma.
Lemmad4.3 Letw € Q and let {ug}e~o C L%(0) be such that

sup Ze(w, uf, 0’,0") < .

e>0

Then, there exists u € H; (0) such that u®¢ € H'(0’) and, up to a subsequence,

ug — uin L*(0)
ué — uin L2(07).

The following two lemmas are Poincaré type inequalities.

@ Springer



Stochastic homogenization of nonlocal reaction... 449

Lemma4.4 Let R > 0 and let Q be a cube of RY of size n > 0. Then, there exists
C > 0 such that

Cn 2
lu(x)Pdx < // lu(x + &) — u(x)|*dxdé
/Q R Jo Jiei=%]

forallu € L? (Rd) such thatu = 0in ogr(Q) and u = 0 in IRd\Q, where 0g(Q) is

loc

defined in (3.7).

For a proof of Lemma 4.4 we refer to [12, Lemma 4.3] (see also [8, Proposi-
tion 6.25, p. 144]).

Lemma4.5 Let w € Q and let A C O7 be an open subset with Lipschitz boundary
and letu € H'(A).

(a) There exists C > 0, which only depends on A, such that for every u € H'(A),

sup Ze(w, u, A, 0'\O) < Cllull 34, /w &1 T (5)dE.

e>0

(b) Assume furthermore that A € 07 and let § > 0 be such that A + Bs(0) C O0”.
Then, for every ¢ > QO witheRj < § and every u € HY(A + B;s(0)),

sup _Ze(w,u, A, 07\0) < 1/ |Vu(x)|2dx/ IEPT(E)dE.  (4.21)
4 J A+Bs5(0) R4

e>0

Proofof Lemma4.5 (a) Let P : H'(A) — H'(RY) be a continuous extension oper-
ator. Then, there exists C4 > 0 such that ||Pullgigey < Callullgicay for all

u € H'(A). Hence, if we establish

— 1 —
sup 7 (@, u, A, 0'\0) = 2| Pully ) /Rd 7T s (422)

e>0

forall u € H'(A) then (a) will follow with C = }‘CA. Letu € H'(A) and let e > 0.
By changing of scale (§ = % with x fixed) and by using PNL, and Fubini’s theorem,

we see that
_ 1 _ 2
Supj&(wﬂl’t?A’ 0]\0) S _/ J(S) / d.x dg
£>0 4 Br; (0) R
(4.23)

On the other hand, for every & € R? and #%-a.e. x € RY, we have

_ elé
Put) - Pubr +25) _ |g|7[ v Pu (x + ti> L
€ 0 151/ 181

Pu(x) — Pu(x + €&)
&
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450 0. Anza Hafsa et al.

hence, by using Jensen’s inequality,

’Pu(x) — Pu(x+8§)‘ - |€|2][s$ ’VPu (x+ti)
3 N 0 &1

2
dt,

and consequently, by using Fubini’s theorem and by changing of variable (y = x —H%

with ¢ fixed),
L.

From (4.23) and (4.24) we deduce that

Pu(x) — Pu(x + ¢€&)
e

dx < |$|2/ IV Pu(y)*dy
]Rd

< IEPIPull i ay - 4.24)

— 1 —
sup _Ze(w, u, A, 0'\0) < ZnPuni,l(Rd)f €17 (5)d8,
Br; (0)

e>0

and (4.22) follows because supp(J) = B, (0) by PNL,.
(b) In the same way, for every u € H 1(A + Bs(0)), we have

sup _Zs(w,u, A, 07\0) < lf J() (/
£>0 4 Bg; (0) A

where, for every £ € R? and Z?-ae. x € A,

J

which implies (4.22). O

u(x) —u(x + &)
&

2
dx) dt,

u(x) —u(x + €§€)
uo) —ube+ed)| e Vu(y)Pdy.
& A+B;(0)

For each xo € O and each u € H'(0), we consider the affine function u xo - O —
R given by
Uxy(x) == u(xo) + Vu(xo)(x — x0).

By [25, Theorem 3.4.2, p. 129] there exists N; C O with ,Zd(Nl) = 0 such that for
every xo € O\Nj,

][Q o |u(x) — uxo(x)|2dx = 0(,02) as p — 0. (4.25)
p X0

By using (4.25) we can establish the following lemma.

Lemma4.6 Letu € H'(0) and let {us}s~0 C L*(O) be such that ug — u in L*>(0)
and, for each xo € O\Ny, each p > 0 with Q,(x9) C O, each ¢ > 0 and each
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8 €10, 1[, let ut- XO € LZ(Qp(xo)) be defined by

uf?d (x) 1= {“8 ifx €[Qp(0)]y, (4.26)

xy () ifx € Qp(x0)\[Qp(x0)],,4

with [Qp(xo)]zpa = {x € Qp(xo) : dist(x,dQ,(x0)) > 2p8} = Q2p5(x0) (see
(3.8)). Then:

ul® s uin Lz(Qp(xo)) ase — 0;

£,X0
lim Tim Fe@, ug, xO’ Qp(x0), Qp(x0)) = Fe(w, ue, Qp(x0), Qp(x0))
p—>0e—0 i”d(Qp(X()))

<o(l)ass— 0.

Proof of Lemma 4.6 Arguing as in the proof of [13, Proposition 2.2] we can assert that

lim

[ T, ul7d, 0,(x0), 0)(x0) — Fe(, e, Q,(x0), Qp(xo))}

e—0 ZL4(Q,(x0))
CN?
< —2][ |u—uxo|2dx
6p)*J 0,0
C
K
+RCC + N

where C > 0, N is the number of slides of Q,(xp)\ [Qp(x())]zpa

5 ¢ /
RE° = i
(0&)" J 0, xo\[Qp @015 ¥ 20 G0N[Qp (k0] 5
2
J <w, =2 u) Vi (xo) 2 x—y‘ dxdy.
e e ¢ e
But, by changing of scale (§ = =2 with x fixed) and by using PNL,,

RES = €= (1= 20 Vutso [ 16PT(€)dE = o(1) ass — 0
R

and, by using (4.25),

CN? N2
— lu — uxO|2dx = —20(1) as p — 0,
6p)*J 0,0 s
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hence
fim Tim /S(a)v “g’)fo’ Qp(x())» Qp(XO)) - /8(0)’ Ug, Qp(XO)a Qp(XO))
p—>0e—0 gd(Qp(x()))

C
<o(l —asd — 0,
_0()+N

and the conclusion follows by letting N — oo. O
Finally, the proof of the following lemma can be found in [13, Proposition 2.2].

Lemma4.7 Letw € Q, let U C R? be a bounded open set with Lipschitz boundary,
letu € H'(U) and let {ug}e=0 C L*(U) be such that uy — u in L*>(U). Then, for
every § > 0 there exists {ui}wo C L*(U) such that:

. ug =u in U\Us
ug = ug in Ups
° ug —uin LZ(U);

o lim(fe u,U.U) = Je(w,us, U, U)) < o(1) as § — 0.
e—

4.3 Almost sure Mosco-convergence of the energies

Here, we establish the almost sure Mosco-convergence of {_Z.}.~0 and { /gg =
Je + Diles0, where 7, 1 Q x L2(0) — [0, oo[ and P8 Q x L%2(0) — [0, oof
are defined by (3.2) and (3.5) respectively.

Theorem 4.8 Let Q' € .F be such that P(2') = 1 given by Proposition 3.17.
Then, for every w € 2/, { Ze(w, )}es0 (resp. {jgg(a), }e=0) Mosco-convergence
10 _Fhom(@, ) (resp. Ji (@, ).

Proof of Theorem 4.8 Let w € . According to Lemma 4.2 (resp. Lemma 4.3) and
Proposition B.3, it is equivalent to prove that {_Z:(w, -)}¢=0 (resp. {/gg (w, *)}e>0)
I'-convergen-ce with respect to the strong convergence in L2(0) to Hhom(w, -) (resp.
/hgom(a), -)). To do this, the proof is divided into three steps.

Step 1: I'-limit inf. We have to prove that:

Shom(w, -) < T-lim 7 (w, -); 4.27)
e—0

S (@,) <T-1lim 78 (. ). (4.28)
e—>0

Proof of (4.27). According to Definition B.1 it is equivalent to prove that for every
u € L>(0) and every {us}e=0 C L*(0), if ug — u in L?(O) then

Fhom(w, u) < lim 7 (w, ug) (4.29)

e—0

@ Springer



Stochastic homogenization of nonlocal reaction... 453

Letu € L*>(0) and let {u,}s~0 C L*(O) be such that
us — uin L*(0). (4.30)

Withoutloss of generality we canassume thatlim, ,, Z.(w, u;) = lime—o _Z; (0, ug)
< 00, and so

sup _Ze(w, ug) < 0o. 4.31)

e>0

Taking PNL; into account, from (4.31) and Lemma 4.2 there exists u € H 1(0) such
that, up to a subsequence, u, — u in L2(0). By (4.30) it follows that u € H'(0).
Hence, to prove (4.29) it is sufficient to establish that

Jhom (@, Vu(x))dx < lim Ze (o, ue). (4.32)
0

e—0
For each ¢ > 0, we define the (positive) Radon measure . on O by

2
He(A) = // ( * Z,x—y) (us<x>—us(y>> ixdy
e & & £

= /S(a), ug, A, A)

for all A € #(0). From (4.31) we see that sup,. o s (O) < 0o and so there exists a
(positive) Radon measure p« on O such that, up to a subsequence, u,—u weakly in
the sense of measures. By Lebesgue’s decomposition theorem, we have u = pu + p*
where pu® and u® are (positive) Radon measures on O such that pu¢ « 24 and
w' L 24 Thus, to prove (4.32) it suffices to show that

fhom (@, Vu(-) 2% < . (4.33)

From Radon-Nikodym’s theorem and Alexandrov’s theorem, there exists No C O
with 2% (Ng) = 0 such that

¢ = g2 with g € L'(0; [0, oo[)

me(Qp(x))

_)Om forall x € O\N()

g(x) = lim lim
—)

Let Ny C O (with Z4(N;) = 0) be given by (4.25) (and used in Lemma 4.6).
From the above we see that to prove (4.33) it is sufficient to establish that for every
xo € O\(No U Ny),
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fhom(a)y VM(.XO)) S g(x0)7
i.e., by using (4.20),

fs(w’ ue, Qp(x0), Qp(x0)) .

Jfhom (@, Vu(xg)) < hrn ;;IEB) 2300, (x0)) (4.34)
Let xg € O\(Ng U Np). From Lemma 4.6 we deduce as § — 0,
0,8
lim 1im /g(w,us,de(XO), Q) (x0)) > lim lim e(w, “s,x?la 0, (x0), Qp(XO))+0(1)
p=0e—0 ZL4(Qp(x0)) =050 ZL4(Qp(x0))
(4.35)

with uf’fo € Lz(Qp(xo)) given by (4.26). As _Z.(,v+c,, ) = _Ze(-, v, -, ) forall

v E leoc (R9) and all ¢ € R, in (4.35) we can replace ug,’fo by iig’,fo given by
u if x € | Q,(x0)
”g)fo(X) =1 [ ’ ]2"8

CVuty (0) i x € Qp(x0)\[Qp(x0)], 5
with £y (xg) : R — TR the linear map defined by £v;(x) (x) = Vu(xp)x, i.e.

S, il 0,(x0), 0p(0) I (@, 0. L0, (x0). 10, (x0))

= 4.36

L4(Q,(x0)) L4(3 Q,(x0)) (430

On the other hand, by change of scale and function, i.e. (x',y") = (£ . 8) and

T xO(x/) = -ﬁﬁ;fo (ex’), we have:
(@, %, 0p(x0), Qp30)) _ F @, iy, £Qp(x0). § Qp(x0)).
ﬂ(Qp(xo» 2410, (x0)) ’
1
uy xO = €Vu(xp) In — Qp(xO)\ [8 Q,o(XO)i| e (4.37)

€

For each p > 0 there exists £, > 0 such that @ > Ry foralle €]0, ¢,] (With Ry > 0
given by PNL,). Hence

1
74 xo = Lyu(xy) 1N — Qp(xo)\ |:g Qp(xo)i| forall p > O and all ¢ €]0, ,1,
Ry

and so, by extending ftf,fo by vy (x,) outside %Q 0(x0),

1
ué’fo = {Vu(xy) in IR; <E Qp(xo)) forall p > Oandall ¢ €]0, &,].
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.8
Thus ﬁﬁxc € LIZOC,ZVM(XO),Rj,éQp(XO)(]Rd) for all p > 0 and all ¢ €]0,¢,], where

Ly o g AR?) is defined by (3.6) with 0 = Evu(xy), R = Rj and A = {0, (x0).
From (4.35), (4.36) and (4.37) it follows that

i 1in 2@ e p(0). Qp(x0)) O 10,0 (@ Evutin)

p—>0e—0 .,?d(Qp()CO)) p—0e—0 gd(%Q,o(xO))

+o(l)as§ — 0.

Hence, by Proposition 3.17 (and Remark 3.15),

. GéQp(xo)(w’ Lvuxo))
e=0 2410, (x0))

= fhom(®, Vu(xop)),

and consequently

lim lim js(a% e, Qp(x0), Qp(x0))
p—0e—0 gd(Qp(xO))

> fhom (@, Vu(xo)) + o(1) as § — 0,

which gives (4.34) by letting § — 0.
Proof of (4.28). As in the proof of (4.27) it is equivalent to prove that for every
u € L*(0) and every {ug}e=0 C L2(0),if uy — u in L2(0O) then

S (@) < lim 78 (, ue). (4.38)

e—0

Letu € L2(0) and let {u,},~0 C L*(O) be such that u, — u in L>(0). Without loss
of generality we can assume that lim,_, /Eg(a}, ug) = limg_,q jgg(a), Ug) < 00,
hence

sup Z5(w, ug) < 00,

e>0

and consequently
sup _Ze(w, ug) < 00; (4.39)
e>0
sup @; (w, ug) < 00, (4.40)
e>0

where 7. (w, -) and @g (w, -) are defined in (3.2) and (3.5) respectively. Fix any ¢ > 0
and consider ué € L?(0”) defined by

8 (x) 1= us(x) ifx € O
Y= g ifx € 07\O,
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By using PNL and Fubini’s theorem, it is easy to see that

Je(0,u8,07,07) = fi @1, 0,0) + 7 (0.2,0'\0, 0°\0)

2
35 (550
4de o 0./\5 8
2
+Ld/ /J(w, )(g(x) u(y)) dxdy
4e 0/\5 o)

= Je(@.u)+ Je (a),g, 0\0, 0 \0)

2
2d// <,x y x=y )(u(X)—g(y)> dxdy
& 0!\0 e € & &

= Je(w,us) + Ze (a), g, 0\0, OJ\5> + .@; (w, ug) .

m\k

\ <

and so, by using Lemma 4.5(a) (with A = 07\ 0),
e(w,uf, 07,07) < _ge(,ue) + Cliglly1000) /R EPT(E)dE + T (w, ue),

where C > 0, which only depends on 07\ 0, is given by Lemma 4.5(a). Recalling
that g € H'(07\0) and using PNL5, (4.39) and (4.40) we deduce that

sup _Ze(w, uf, 0’,07) < 0,

>0

hence, by using Lemma 4.3, there exists u € Hg1 (O) such that, up to a subsequence,
ue — win L?(0), and consequently 7 = u because u, — u in L>(0). Thus

ue Hg‘(O). (4.41)

On the other hand, from (4.27) we have

/hom(wa u) < lim /8((’()1 Ug). (4.42)
e—>0
Moreover, it is clear that
lim 7 (w, us) < hm IS (w,ug), (4.43)
e—0

and, since H;(O) C H'(0), from (4.41) and the definitions of hom (@, ) and
(w, -) in (3.21) and (3.22) respectively, we see that

8
hom

Jhom(@,u) = 75 (o, u) Z/;thom(w7 Vu(x))dx. (4.44)
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Consequently, (4.38) follows from (4.42), (4.43) and (4.42).
Step 2: I'-limit sup. We have to prove that:

jhom(w, ) >T- @) /8(w7 ); (4.45)

Proof of (4.45). According to Definition B.1 it is equivalent to prove that for every
u € L*(0) there exists {u;}e~0 C L?(0O) such that

ue, — uin L2(0)
L 4.47)
jhom(w» u) > limg ¢ /8(60, Ug).

Letu € L%(0). By definition of _#hom(w, -) in (3.21), without loss of generality we
can assume that u € H'(0), and to prove (4.47) it suffices to show that there exists
{ug}e=0 C L%(0) such that

u, — uin L2(0)

(4.48)
/ Jhom (@, Vu(x))dx > lir% e, ug).
o0 E—>

As Aff(0) is dense in H'(0) and, since fhom(w, -) is quadratic, u > f o Jhom
(w, Vu(x))dx is continuous with respect to the norm of H L(0), it is sufficient to
prove (4.48) for u affine, i.e. for u = £y with & € R? there exists {us}e=0 C L2(0)
such that
ug, — Lo in L2(0)
_ (4.49)
from(@,0)24(0) = lim _7¢ (@, ue).

As O is regular, for every n > 0 there exist two finite sets /,, and J,, with I;, C J,, and
a family {Q;}iey, of cubes of size n with disjoint interiors such that:

e UQ COC U Q0 (4.50)

iely ieJy
o 20\ U Q) =0; (4.51)

i€l
o lim.2% U Q) =0. (4.52)
n—0 iedy\I,
: . n 2 d
Fix any n > 0, any ¢ > Oand any i € J;. Letu; , € Lloc,@,R‘/,%Q,- (IR%) be such
that 1 1

J(,u], 2000 = SIPRCNOR (4.53)
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By change of scale and function, i.e. (x/, y") = (E, 8) and 777 u; (x ) = gu; 5(8)/) we
have " u; . € L]Oc 0.6R; .0 (R%) and, by (4.53),
g 0; (@ 0)
/E(a)vulstlﬂQ)_g (Qi )W (4.54)
Letuy € L} (R?) be defined by
T(x) = ii?’s(x) ifx € Q; withi € J,
e = Lo otherwise.
From (4.54) we see that
i Slg (@0
Sewul) <Y LU0 —— 4 Rey (4.55)
iel g (ng)
n
with
Aq
- e (¥) — (x)
Re,n: / / < f’X X y)( ]8 ) dxdy
Jysi#Ejeldy /0 € ¢ € €
On the other hand, by using PNL, we have
e\ (A -7, )]
Rg,r, < / 7 <x y) < ie j.€ dxdy,
Jysirjed,? (QixQj)Nlkx—yl<eR,] € €
and noticing thatif i # j and |x — y| < eRj; then:
o x.y€dr, (Q):
o 2 eBx 0
ﬁ?,e(x) _ﬁ?,s(x) _ O(x —y)
€ B e
we deduce that
Ra= Y0 [ ar Y f 627 (6)de
ies, JOR;(QD isjey
< Z%(der, (10, n[*)) (Ocard(J;))* /R EPT @)t (4.56)
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Since .24 (9. r,; (10, n[*)) = o(1) as & — 0, from (4.54) it follows that

lin%) Rg,, =0foralln > 0. 4.57)
£e—
From (4.55), (4.57), Remark 3.15 and Proposition 3.17 we deduce that for every n > 0,

lim 7e(.ul) < 2900 from(@. 0) = from(w. ) L( Y 00,

ieJy
hence, by using (4.50) and (4.51),
Tim n [ d . d 0. .
elg% /s(w’ ul) < -f (ieuln 0)+2 (iGUJ,] Ql\igl,] Ql):| Shom (@, 0)
=|2%uU Q)+ 29U 30N+ 2% U E)} Jrom(@, 0)
L iely iely ieJy\Iy

[ _ d 4
= _«iﬂ (igln onN+%<¢ (ieJL,]J\I,] Qz)] Jhom (@, 0)

= | 2%0) + gd(ie}k, Qi)] From (@, 6).

Consequently, letting » — 0 and using (4.52), we obtain

fim Tim L Je(w, ul) < Z4(0) from (@, 0). (4.58)

n—0e—0

We are going to establish that

lim m/ lu”l — €p|>dx = 0. (4.59)

n—0e—0 /o
Applying Lemma 4.4 with R = ¢R;, Q0 = Q; (whose sizeis n > 0) and u =

(! — o) 1o, (verifyingu € LY (RY), u = 0in d:¢,(Q;) and u = 0 in R4\ Q),
there exists C > 0 such that for each n > 0, each ¢ > O and eachi € I,

[u! — Lo|"dx

2
T_¢ —(ul —¢
y 2y < d+2 / / 9) (x) — (ud — £4) () dxdy
Qi R; ed Jo, Ix N ﬁQ‘ €
2C — WM\
d+2’7 // (“s(x) us(y)) dxdy
R ed [le—yi<EL ]no; €

20362 xX—y 2
Rd+2£d/ /‘x =] in( - dxdy. (4.60)
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Taking Remark 3.9, PNL, and (4.54) into account, we see that

/ / (uz(x)—u;’!(y))zdxdy
i J[lr—y1=L N0 €

e ()7
( >/g (.77, 01, 0:)

I\

2

48d d *Q, (w, 0)
= 20— (4.61)

7 (%) 27 (10:)

Moreover, we have
o (52 = [y
i |x y|< mQt € i \S\ TJ le
d+

< 2400/ £ RJ (4.62)

From (4.60), (4.61) and (4.62) we deduce that for every n > 0, every ¢ > 0 and every

i €1,
/ 2 ’ d 6lQ(w79)
lu! — l|*dx < C'n.L Q) | —7—— +1
0; 2Ly

with C’ := C max {% v } From (4.51) it follows that

Rd+ZJ(RJ

N _ fy|?dx < C'n E:Dsfd Sio/@ 9)+1
— < &=
/Iu ol°dx Qi) ,,Sfd(g 3

iely

forall n > O and ¢ > 0. Letting ¢ — 0 and using Proposition 4.56 [(and again (4.51)]
we see that

Tim f ul —to*dx < C'n Yy 2 Q1) (from (@, 0)+1) = C'n2! (0)(faom(, 0)+1)

i€l
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for all n > 0, and (4.59) follows. According to (4.58) and (4.59), by diagonalization
there exists a mapping ¢ — 7(¢), with n(e) — 0 as ¢ — 0, such that

i (@, ul®) = 24(0) foom(@, 6)
£—
ul® = g4 in L2(0),

which gives (4.49) with u, := u;’(‘”.
Proof of (4.46). As in the proof of (4.45) it is equivalent to prove that for every
u € L%(0) there exists {ugle=o C L2(0) such that

uy — uin L2(0)
fhim(wv u) > limg /Sg(a), Ue).

Letu € L2(0). By definitionof _#hom (w, -) in (3.22), without loss of generality we can
assume that u € Hgl (0), and so we have to prove that there exists {us}c~0 C L?(0)

such that
ue, — uin L2(0)

L (4.63)
/ Shom (@, Vu(x))dx > lin% IE(w, ug).
0] E—>
By (4.45) there exists {ug}e~0 C L2(0) such that
uy — uin L2(0)
(4.64)

f Jhom (@, Vu(x))dx > @)fe(w’ Ue).
0 E—>

Fix any § > 0. From Lemma 4.7 (that we apply with U = O) there exists {uﬁ}wo -
L?(0) such that:

6 .
uy = uin O\ Os
° { Mg = Ug in 023 (4'65)
o ub— uin L*(0); (4.66)
. @)(/8(@, ul) — Fe(w,u:)) <o(l)ass — 0. (4.67)
E—>
By (4.67) and the inequality in (4.64) we see that
@) (o, ui) < / Jhom(w, Vu(x))dx + o(1) as § — 0. (4.68)
E—> 0
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3
’Rj
that J (w, £, 2, 2=2) = 0if |x — y| > &R}, we see that

ver e &

Fix any ¢ € ]0, 5-[. Then, taking (4.65) into account, u} = u in 0\ O, ®; and, noticing

D (. ud) =2 _Fe(w, uf, 0\Ogg,. 0'\0), (4.69)
where ué € H'(07\ 02s) is defined by

w8 (x) = ulx) ifx € 0\02

T lgkx) ifx e 0’/\O.
(Note that u$ € H! (OJ\523) because u € H;(O).) On the other hand, as § > ¢R;
we have 0\ Ogg, C O\Os, hence

(@, u8, O\Ocg,, 0'\0) < _7(w.u®, 0\O5, 0'\0).
Moreover, it is easy to see that 0\55 + Bs(0) c 07 \525 sothatu € H 1(0\55 +

Bs(0)). Conseﬁuently, taking PNL, into account, by Lemma 4.5(b) (that we apply
with A = O\ Oj) it follows that for every ¢ €]0, Rij[,

e, 4%, O\Osr,. 0°\0) < / IVt () dx /}R EPT @

0\ O5+B;5(0)
=o0(l)ass — 0.
Hence, by using (4.69),
@)95(60, ul) < o(1)as s — 0. (4.70)
E—>

From (4.66) and (4.68) together with (4.70) we deduce that

. . S
ity ity luee = el 20y = 0
@.71)
Tim T 78 (0, u®) < / Fhom (@, Vu(x)dx.
o

§—>0e—0

From (4.71), by diagonalization, there a mapping ¢ > §(¢), with§(e) — Oase — 0,
such that...

X 5 yin L2(0)

T 7.l < / from(@, Vu(@))dx,
£— 1)

which gives (4.63) with u, = u2®.
Step 3: End of the proof. From (4.27) and (4.45) (resp. (4.28) and (4.46)) we deduce

that the I"-convergence of {_Z,(w, -)}¢>0 (resp. {jgg(w, )}e>0) t0 _Zhom(w, -) (resp.
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hgom(a), -)) with respect to the strong convergence in L2(0), which finishes the
proof. O

4.4 Proof of Theorem 3.19

Let Q" € .Z be such that P(Q") = 1 and (H})—~(HY) (in Theorem 3.19) hold. Set
Q=N where Q' e F, with IP’(Q ) = 1, is given by Proposition 3.17 and
Theorem 4.8. Then Q € .% and P(Q) = 1. Fix » € . We are going to apply
Theorem 4.1.

Firstly, it is easy to see that (C1)—(Cs) hold with ug = u(‘iy up = ug, ug = ug,
z, = XZ),Z;; =yl a, = Bg‘” and a = p“,a. = py anda = p”, Fe = Fe(o,-, ),
G =Gand & = Zi(w,-) (tesp. & = /Eg(w, -)). Note that (Cy4) is verified
with & = Ze(w, ) (resp. & = jgg (w, -)) by using Lemma 4.2 (resp. Lemma 4.3).
Secondly, by Theorem 4.8, (Ce) is satisfied with &; = Z:(w, ) and &y = Fhom (@, *)
(resp. &; = J&(w,) and & = _#% (o, ), and the conclusion of Theorem 3.19
follows by applying Theorem 4.1 and noticing that 0 _Zhom(®, -) = {V _Zhom (@, -)}
(resp. 8 78 (w,) ={V_#5 (@, ). o

5 Application to spatial population dynamics

Here we apply Theorem 3.19 to a model coming from spatial population dynamics.

5.1 Heuristic derivation of the model

Let T > 0 andlet O c R? (with d = 1,2 or3) be a bounded open domain with
Lipschitz boundary. The state of the population is represented by its density u (¢, x) at
time ¢ € [0, T] and located at x € O. Although, foreach x € O, u(-, x) is intrinsically
discrete, as the population is assumed to be very large u(-, x) is considered as a real
function, i.e.

u:[0,T] x O — R.

To precise the model we need to specify what the population flux is and how the
population growth is regulated.

We assume that the environment in which the population evolves is randomly
heterogeneous and we denote the density of population by u% where ¢ > 0 represents
the (small) size of the heterogeneities of the environment and w € 2 its randomness
with (2, .7, P) a suitable complete probability space.

The population flux at (¢, x) is given by

P

0’>|\<

1
S;w(u (¢, x)) 4d+2/0J<a),§, ) u? (t, y)—u (¢, x))

1
—_— J
+28d+2 /0,\0 (“’

X —

: )(g (y) — u (t,x)) dx5.1)

» < ™

X
&

)
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where J : QxR xR xR¢ — [0, oo satisfies PNL|—PNL; and 07 := O+supp(J)
with J given by PNL,. Roughly, the first (resp. second) term in (5.1) accounts for the
number of individuals at time 7 in O (resp. outside O, i.e. in 07\ O) which jump
from y to x. Note that the scaling # together with the scaling % with respect to
third variable of J is introduced to provide a local limit model of divergence form as
e — 0.

The regulation of the population growth at (¢, x) is governed by

RO, u® (1, x)) = f (a) L ue, x)),
&

where f : Q x [0, T] x RY x R — R is the density of a CP-structured reaction
functional (see Definition 2.9).

Let D C O be an arbitrary domain. The time rate of change of the number of
individuals in D is equal to the rate that the population is grown in D plus the rate that
the population flows in D, i.e. the balance law for 1 is given by

i/ u;”(t,x)dx:/ %g’(t,u‘;(t,x))dx—f—/ Sy (t, x))dx.
dr Jp D D

Hence, assuming that u{ is sufficiently regular,

/ au?(t,x)dx—f 3§(u;“(t,x))dx=/ RO(1, u® (t, x))dx.
p 0t D D

Then, the arbitrariness of D implies the differential form of the balance law:

w
ag; (1, x) — FOW(t, x)) = R(r, u® (1, x)) for L' @ L%-aa. (1, x) € [0,T] x O.
(5.2)
Noticing that V_Z& (w, u® (1)) (x) = —F2@®(t, x)) with 75 = 7. + ¢, where
He 1 2 x L?(0) — [0, oo[ and @; : Q x L2(0) — [0, oo[ are defined by
(3.2) and (3.5) respectively, and setting Fg(w, t, u®(1))(x) = Ry (¢, u?(z, x)) with
F, :Q x[0,T] x L%(0) — L%*(0), we see that (5.2) can be rewritten as follows:

d w
%(r) +V I8 (0. u”(1) = Fe(w, . u® (1)) for £'-aa.t € [0, T],
which gives (9&)) in Sect. 3.2 by adding a suitable initial condition.

5.2 Mathematical description of the model

In what follows we consider the logistic model with a growth rate whose environmen-
tal carrying capacity depending on time and in which a percentage of the population
density is subtracted (reflecting a reduction of the population due to hunting or captur-
ing individuals). More precisely, for each ¢ > 0, F, : @ x [0, T] x L>(0) — L?*(0)
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is given by
Fe(w,t,u)(x) = f(o,t, g u(x)), (5.3)

where f : Q x [0, T] x R x R — R is defined by

P— — —g —_—
flo, t,x,&) =r(w,t,x)§ (1 K(a),t,x)) hé, (5.4)

withh > Oand r, K € L®(Q x [0,T] x R?) such that » > O and K > y >
0, where r is the growth rate, K is the carrying capacity and & the percentage of
harversting. (In practice, the challenge is to evaluate reasonable values, or at least to
have a good statistical knowledge, for the growth rate r and the carrying capacity K
in heterogeneous environments.)

Remark 5.1 1t is easy to see that f : Q x [0, T] x R? x R — IR defined in (5.4) can
be rewritten as follows:

flo. 1, x,8) = (a(w, 1, x), b)),

where (-, -) denotes the scalar product, witha : Q x [0, T'] x RY > R3andb: R —
R given by

a(w’ t’ x) = (r(a)’ t’ x)’ _Ir(((a[j)y’[tyf\,)) ) _h)

(5.5)
b(£) = (£,£2,8).

Thus, for every w € 2 and every ¢ > 0, F:(w, -, -) satisfies the special structure
of CP-structured reaction functionals as introduced in [4, Definition 2.1, p. 27]. This
special structure? allows to pass to the weak limit in the reaction term (see Lemma
5.6).

In what follows, we consider r, 7, K, K € [0, oo[ given by:

I~

= essinf r(w, t, x);
(w,t,x)

:=esssupr(w,t, x);
(w,t,x)

e K :=essinf K(w, 1, x);

- (w,1,x)

|

e K :=esssup K (w,1,x),
(w,1,x)

2 By the class of special CP-structured reaction functionals we mean the subclass of .Zcp (see Definition
2.9) for which f : [0, T]xIE{dx]R — R givenby (CP3)isof the form: f (¢, x, &) = (a(t, x), b(§))+c(t, x)
witha € L2([0, T]x R R™),c € L2([0, T); L} (RY)) andb : R — R™ locally Lipschitz continuous,
where m € IN*.
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and we assume that

g>0
. o Lx—=y)g()dy
ess inf Jor La=vs)dy >
x€0\Og, f01\5 J(x—y)dy
Jora T G—=y)g(y)dy (5.6)
eSSSUP T wdy
x€0\0g, 0N\O%
¥ > h.
Lemma 5.2 Every Fe(w, -, -) satisfies (CP1)—(CP3) with f(w, -, %, ), where f : Q x

[0, T] x RY x R — R is given by (5.4), and so Fi(w, -, -) € Fcp forall w € Q and
all ¢ > 0. More precisely, (p f“’ ‘”) = (0,0,0) and (p8,7f,7§’) =@ f.y)
does not depend on (w, ¢€). Moreover (,0 ,02) = (0,p) verifies (3.4) and, since
(y ,¥e) = (0,) does not depend on ¢, lt is clear that (3.3) holds.

Proof of Lemma 5.2 Fix w € Q and ¢ > 0. Itis clear that we can take (p?, f‘” ‘”) =
0,0, O) Moreover, from (5.6) we see that (3.4) is satisfied. To find a sultable triple
(o2, fs ,¥¢) we need to consider 1 € R given by

Jono I = y)g(ydy
M =V — essSsup
x€0\0g, fof\Bl(x —y)dy

withv (= (¥ — h)g. If 1 < 0 then we can take

N Jx = y)g(y)dy
Y > esssup Joro ; ;
weonor, Jono L& —ydy

7Y =0and 3 = p®. Indeed, 5 satisfies (3.4) by (5.6) and, since 52 > v,
fl.1, i;"(z)) = flo,1, —,58 =< ——(p‘”) + =g < 0= f7 .5 0).
If u > 0 then we consider p2 such that

—w

=P =V

ess sup
x€0\Ox, fol\o J(x = y)dy

and we set ?Z)(t, &)= —%52 + (r — h)&. Then, p? satisfies (3.4) by (5.6), and by a
standard calculation we see that

1

—w
;)C 1r=h) 4 v

(55 —

Pe
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solves (O DE) in Definition 2.9 with p = P2 and f= f s Moreover, y2' (1) > 0 for
allz € [0, T]because py’ < v,and f(w,t, 5,V (1)) < f€ (t,y2(r)) forallt € [0, T]
and all x € R¢, which completes the proof. O

Given {ug }e=0 C L%(0) we consider the Dirichlet—Cauchy nonlocal reaction—
diffusion problem of gradient flow type:

w
L d—;(t) +V 78w, ul () = Fo(w,t,uf(t)) for ZLlaatel0,T]
(Z6e)
u(0) = ug, € L*(0;10, 7).
This problem, which corresponds to the problem (9}3‘0) in Sect. 3.2 with F;

Q x [0, T] x L2(0) — L?(0) defined by (5.3)—(5.4), is called “Dirichlet—Cauchy
nonlocal reaction—diffusion Logistic growth problem’ and can be rewritten as follows:

ouy Xy x— © 4@
o (x,1) — Tedi2 <w,; > )(u (t,y) —ug (t, x))dy
1 Xy x—y o
T2 [ 0o <60 POl )(8()’) —ug (t, x))dy
L \
(Few) w(r £ .
( ‘“(t of1- XD — hu®(t,x)in O x [0, T]
u? (0, ) = ug, € L*(0:10, 7).

Taking (5.6) into account, as a consequence of Lemma 5.2 and corollary 2.11 we
obtain the following result.

Corollary 5.3 For every w € Q2 and every ¢ > 0, (,@E};) admits a unique solution
u® € AC([0, T1; L*(0)) such that

0<uf @) <y(@) <y(T)forallt €[0,T].
Moreover, if Fe(w,-,u?) € AC([0,T]; L2(0)) then u? admits a right deriva-

+,0 +u®
tive dd’tlg (t) at every t € [0, T[ which satisfies dd';f ) + V/sg(a), u?(t)) =
Fé‘(wa t’ ug)(t))

Remark 5.4 When r(w, -) and ) are sufficiently regular, i.e, H! is replaced by
Whlin (A — 2) below, we automatlcally have F¢(w, -, u?) € AC([0, T]; L%(0)).

Remark 5.5 From (5.3)—(5.4) itis easy to see that sup,_ || F(w, -, u?) || 12

. . SPe> ([0.T1:L2(0))
< 00, i.e. the hypothesis (HY) of Theorem 3.19 is verified.
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5.3 The homogenized model

Here, by using Theorem 3.19, we study the almost sure limit of (QEL';) ase — 0 (see
Corollary 5.8). To do this we need the following additional assumptions:

(Ay) r(w,t,x+7) =r(T,o,t,x)and K (w, t,x+z) = K(T;w, t, x) forall z € Zd,
allt € [0, 00[,all x e R? and all w € Q;

(A2) (@, ) € H'([0, T]; L2 (RY)) and % e H'([0, T; L2 (RY)) for
allw € Q; o

(A3) for every B € Bp(RY) and every t € [0,T], the functions v +—
r(w,t,") T
LZ(B),w — fo

K(w,t,)
: ds belong to LL(Q).

2
||r(a)7 z, ')”LZ(B)’O) >

T ||d(g%)
a)l—)fo H_df (a),s,-)‘

|95 @, 5, )] 12, ds and

L2(B

The following Lemma, allows to establish the assumption (HY') of Theorem 3.19
and gives a formula for the homogenized reaction functional.

Lemma 5.6 If (A|)—(A3) hold then there exists Q' € .F with P(Q') = 1 such that for
each w € ', (H}) is satisfied with G® = Fyhom (@, -, ) : [0, T] x L*(0) — L*(0)
defined by

Fhom (@, t,u)(x) := fhom (@, 1, u(x)), (5.7

where fhom(w, -, ) 1 [0, T] x R — R is given by
from(@, 1,&) = <E=’ ( / a(.t, y)dy) (@), b(s)>
10,1[4

witha : Q x [0, T] x R — R3 and b : R — R3 given by (5.5). More precisely, we
have .

Jhom(@, 1, 8) = rhom(w, 1)§(1 — m) — hé, (5-8)

where rhom(®, ) : [0, T] — [0, oo[ and Knom(w, -) : [0, T] — [0, oo[ are defined
by

Thom (w, 1) := E] (./iO,l[d r(,t, y)dy) (w)
E (fipapa (o1, 9)dy) (@) (5.9)
g (flo,l[d %dy) (w)

Moreover Fhom(®, -, *) € F(R))-(Ry) forall w € Q'.

Khom(w, t) :=

Proof of Lemma 5.6 By [4, Lemma 7.2, p. 208] there exists Q' € .% with P(Q') = 1
such that for every w € 7/,

a(w, t, —)—~E7 (/ a(-t, y)dy) (w)in L>(0; R?) forall 7 € [0, T,
& ]O,l[d
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hence, arguing as in the proof of [4, Theorem 7.1, pp. 209-210],
a(, -, -)—~E7 (/ at:,-, y)dy) (@) in L*([0, T1; L*(0; RY)).
& ]0’1[51

Let v € C([0, T]; L*(0)) be such that u? — v. By using similar arguments as in the
proof of [4, Lemma 7.2, p. 60] from the above we deduce that

(@@, -, ), b)) —~ <E“’ (/]0 LR y)dy) (@), b<v>> in L2((0, T1; L*(0)),

and the proof is complete. O

Remark 5.7 In the formula of the homogenized reaction functional, the homogenized
carrying capacity Kponm is given by a mixture between carrying capacity and growth
rate.

Taking Corollary 5.3, Remark 5.5 and Lemma 5.6 into account, from Theorem 3.19

we deduce the following stochastic homogenization result.
Corollary 5.8 Let assumptions (A1)—(A3) hold and for P-a.e. w € Q, assume that:

o sup 7 (w,uf,) < oo;

e>0 '

o there exists ug € L?(0) such that uag—\uf)” in L2(0).
Then, for P-a.e. w € Q, there exists u® € AC([0, T]; L2(0)) such that:

o u? — u®in C([0, T1; L*(0));

du? du®
e~ in L2(0. T L*(0));

dt
o 0 <u®@) <y(T)forallt €[0,T];
e u® is the unique solution of the following Dirichlet—Cauchy local reaction—
diffusion problem of gradient flow type:

[0

dst(t) +V 78 (@0, u” () = From(w, t,u®(t)) for £'-aa.tel0,T]

u®(0) = uf € dom( 7% (w,)).
u € H;(O) NL%(0; [0, p)).
with Fhom(®, -, -) given by (5.7)—(5.9).
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A. Elements of Legendre-Fenchel calculus

Let X be a normed space and let X* be its topological dual. In what follows, for any
u € X and any u* € X*, we write u*(u) = (u*, u). We begin with the following
definition.

Definition A.1 Let ® : X —]— 00, 00] be a proper’ function. The Legendre—Fenchel
conjugate (or the conjugate) of @ is the function ®* : X* —] — oo, oo] defined by

O (u*) :=sup {(u*, u) — P(u) :u € X}.

(As @ is proper and ® > —oo we have ®* > —o0.) The Legendre—Fenchel biconju-
gate (or the biconjugate) of @ is the function ®** : X — [—o0, oo] defined by

O™ (u) == sup {(u*, u) — *(u*) : u* € X*}.

(Since ®* > —oo, u* € dom(®*) if and only if there exists @ € R such that
O*(u*) < a,ie ®u) > (u™, u) — «a for all u € X. Hence, if & admits a continuous
affine minorant function* then ®* is proper and ®** > —o00.) The following theorem
gives the main properties of the Legendre—Fenchel conjugate and biconjugate (see [2,
Sect. 9.3, p. 343] for more details).

Theorem A.2 Let @ : X —] — 00, o] be a proper function.

(@) If @ is convex and lower semicontinuous then ®* is proper, convex and lower
semicontinuous.
(b) (Legendre—Fenchel’s inequality.) For every u € X and every u* € X*,

@ (u) + *(u*) — (u*, u) = 0.

(¢) (Fenchel-Moreau—Rockafellar’s theorem.) If ® is convex and lower semicontinu-

ous then
P = P.

(d) If @ is convex and admits a continuous affine minorant function then
CI)** — 5

where ® denotes the lower semicontinuous envelope of ®.

Here is the definition of the subdifferential of a function.

Definition A.3 Let ® : X —] — 00, 0o] be a proper function. The subdifferential of
® is the multivalued operator 9 : X — X* defined by

AP w) == {u* € X*: ®(v) = ®(u) + (u*, v —u) forall v € X}.

3 We say that @ : X —]—o00, oo]is proper if (its effective domain) dom(®) := {u € X : (u) < oo} # ?.
4 This is true if ® : X —] — 00, 00] is a proper, convex and lower semicontinuous function, because ® is
then equal to the supremum of all its continuous affine minorant functions.
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(Note that dom(®) D dom(d®P) := {u € X : 0d(u) # ¥}.)

For the subdifferentials of convex functions we have the following result (see [2,
Sect. 9.5, p. 355 and Lemma 17.4.1, p. 737] for more details).

Proposition A4 Let ® : X —] — 00, o0] be a proper and convex function.

(a) If © is Fréchet-differentiable at u € X then
3P w) = {Vow)}.
(b) (Fenchel’s extremality relation.) If ® is lower semicontinuous then
u* € d®u) = )+ ¢* W) — W, u)=0.

(¢) (Brgnsted—Rockafellar’s lemma) If ® is lower semicontinuous then

dom(0®) = dom(P).

B. Mosco-convergence

Let X be a Banach space and let X* be its topological dual. In what follows, “—” (resp.
“—"") denotes the strong (resp. the weak) convergence. We begin with the definition
of De Giorgi I'-convergence (see [10, 15, 16] for more details).

Definition B.1 Let ® : X —]— 00, oo] and, foreache > 0,let &, : X —]— o0, o<].
We say that {®,}.-¢ strongly I'-converges (resp. weakly I'-converges) to ®, and we
write

O =TI's- lim &, or P, i) ® (resp. & = I'y- lim &, or O, i D),
e—0 e—>0

if the following two assertions hold:
e forevery u € X, I's- lim @, (1) > ®(u)(resp. I'y- lim &, (1) > ®(u)) with

e—0 e—0

[s- lim @, (1) := inf {h_m O, (ug) :ug — u}

e—0 e—0

(resp. I'y- lim &, («) := inf {h_m D, (ug) - ug—\u})

e—0 e—0

or equivalently, for every u € X and every {us}e~0 C X, if uy — u (resp. ug—u)
then

lim @, (ue) > P(u);

e—0
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e forevery u € X, I's- @)cbg(u) < ®(u)(resp. I'y- @)cbg(u) < ®(u)) with
E—> E—>

[- lim @, (u) := inf {m D, (ug) : up — u}
£—0 £—0
(resp. I'y- lim &, (u) := inf {m D, (ug) : ug—\u})
£—0 e—0

or equivalently, for every u € X there exists {us}s~0 C X such that u, — u (resp.
ug—u) and

lim D (ue) < D(u).
e—0

From I'-convergence we can define Mosco-convergence (which was introduced by
Mosco, see [19]).

DefinitionB.2 Let ® : X —]— 00, oo] and, foreach e > 0,let , : X —]— 00, 00].
We say that {®,}.~0 Mosco-converges to @, and we write

® = M- lim @, or @, - @,
e—0

if ® =TIs- lim &, = I'y- lim &, or equivalently I's- lim &, < ® < I'y- lim ..
e—0 e—0 e—0 e—0

From Definition B.2, it is easy to see that under a suitable compactness condition
strong I"-convergence is equivalent to Mosco-convergence.

PropositionB.3 Let ® : X —]—o00, oo]and, foreache > 0, let &, : X —]—00, o0].
Assume that the following compactness condition hold.:

o for every {ugle=0 C X, if sup @ (u;) < 00 then {ugle~q is strongly relatively
e>0
compact in X.

Then, ®, — @ if and only if D, - ®.

As stated in the following theorem due to Mosco (see [19, Theorem 1]), in
the reflexive case and for lower semicontinuous, convex and proper functions, the
Legendre—Fenchel transform is continuous with respect to Mosco-convergence.

TheoremB.4 Let @ : X —] — 00, 00] be a proper, convex and lower semicontinuous
function and, for each ¢ > 0, let ., : X —] — 00, 00] be a proper, convex and lower

. . . . . M . . M
semicontinuous function. If X is reflexive then &, —> @ if and only if ®} — d*.

The following result allows to pass from Mosco-convergence in X to Mosco-
convergence in L%([0, T1; X) (see [4, Lemma 2.6, p. 50] for a proof).
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Theorem B.5 Fix T > 0 and assume that X is a Hilbert space. Let ® : X — [0, oo] be
a proper, convex and lower semicontinuous function, let © : L2([0,T1; X) = [0, o0]
be defined by

T
O(u) :=/ D (u(r))dt
0

and, for each ¢ > 0, let &, : X — [0, o0] be a lower semicontinuous, proper and
convex function and let ®, : Lz([O, T]; X) — [0, o] be defined by

T
O (u) = f D, (u(1))dr.
0
. 25 @ then 0, 2 ©.

C. Gronwall’s lemma

In the paper we use the following version of the so-called Gronwall’s lemma (for a
proof we refer to [4, Lemma A.1, p. 277]).

LemmaC.1 Let T > 0, leta € [0, oof, let m € L? ([0, T)) be such that m(s) > O for
PLlaa s €[0,T]and let p € C([0, T]; R) be such that ¢(s) < a + f(; ¢ (t)m(t)dt
foralls € [0, T). Then ¢(s) < aelo mwdt foralls €10, T).
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