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Abstract

In this work, we consider a heat equation with a nonlinear term of polynomial type
and with two different cases in the diffusion term. The first case (anomalous diffusion)
concerns to the fractional Laplacian operator with parameter 1 < « < 2, while the
second case (classical diffusion) involves the classical Laplacian operator. When o —
27, we prove the uniform convergence of strong solutions of the anomalous diffusion
case to a strong solution of the classical diffusion case. Moreover, we rigorously derive
a convergence rate (when @« — 27 ) which highlights some phenomenological effects
closely related to the structure of solutions.
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1 Introduction

In this paper, we consider the following multi-dimensional, nonlinear and anomalous
diffusion heat equation in the whole space R"” withn > 1:

Gu+(—N"?u+n.-vu®)=0, l1<a<2, beN with b>2. (1)
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Here, the function u : [0, +oo[xR" — IR is the solution, and (—A)"‘/2 u is the
anomalous diffusion term which is given by the fractional Laplacian operator (—A)%/2.
We recall that this operator is defined in the Fourier level by the expression

(=AY 2u(t, €) = cno |61, £).

Moreover, in the spatial variable, the fractional Laplacian operator is defined as the
following non-local operator:

u(t,x) —u(t,y)
oyl

)

(=N u(t, x) = Cn.a p.v./

where p.v. denotes the principal value and ¢, , > 0 is a constant depending on the
dimension n and the parameter «. Finally, n € R” is a fixed vector, and moreover, the
parameter b € N in the nonlinear term verifies b > 2.

We may observe that this highly nonlinear term essentially behaves as the derivative
of a polynomial of degree b in the variable u. Thus, this term agrees with the classical
assumption for the non-linearity in the qualitative study of the heat equation. See, for
instance, [3—6, 12] and the references therein.

Nonlinear evolution PDEs involving the fractional Laplacian, which describe the
anomalous or o —Lévy stable diffusion, have been extensively studied in the physical
and mathematical points of view. From the physical point of view, and for b = 2, the
equation (1) deals with a generalized Burgers-type equation [4] which has been largely
used to model a variety of physical phenomena such as, for example, the anomalous
homogeneous turbulence [10], applications to hydrodynamics and statistical mechan-
ics [17], and moreover, applications to molecular biology in the modeling of growth
of molecular interfaces [20]. In the latter application, the general algebraic non-linear
term u®, withb € N* and b > 2, provides a good model for multi-particle interactions.
For more references, see the book [16].

From the mathematical point of view, when the solution u(¢, -) is considered as
the density of a probability distribution for every ¢+ > 0, the equation (1) has an
important probabilistic interpretation in the theory of nonlinear Markov processes and
propagation of chaos. See, e.g., the works [11], [14] and the references therein.

Getting back to the expression (1), we observe that for each value of the parameter
1 < a < 2 in the fractional Laplacian operator (—A)*/> we get a corresponding
fractional PDE. We thus denote by u,, (¢, x) the corresponding solution of each equation
and the main objective of this paper is to understand the asymptotic behavior of
the family of functions u, (¢, x) when the parameter « goes to 2. This question was
pointed out from the experimental point of view in [10, 20] and has some interesting
applications in these physical and biological models. Our aim is then to provide a
rigorous mathematical framework to give an answer.

Formally, we may observe that if in the expression (1) we set @ = 2, then we geta
classical diffusion equation involving the Laplacian operator:

du—Au+n-vVu’) =0. )
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Consequently, if u» (¢, x) denotes a solution of the equation above, we are interested in
providing a rigorous understanding of the expected convergence u, (¢, x) — u>(t, x),
when o — 2. It is worth mentioning although this problem is easily formulated, it is
not a trivial study since for each value of the parameter o we have a different fractional
PDE depending on this parameter.

In the particular case of the following linear equation in a smooth and bounded
domain Q2 C R™:

dttg + (=N uy = fo, 0<a <2, A3)

and where the function f, (¢, x) does not depend on the solution u,, this convergence
problem was studied by U. Biccari & V. Herndndez-Santamaria in [2]. For a time
0 < T < +o0, the authors consider a family of functions f, € L*(0, T, H%()),
which is uniformly bounded with respect to the parameter «: || fo (¢, )| - (@) < C,
and such that when ¢« — 2 we have the convergence f,(t,-) — f(z,-) in the weak
topology of the space H~!(2). Then, by using a compactness argument (due to the
boundness of the domain €2) it is shown that weak solutions of equation (3) converge
in the strong topology of the space L%, T, H(} -9 (2)) (with0 < § < 1) to a weak
solution of the corresponding linear heat equation with datum f.

On the other hand, L. Ignat & J.D. Rossi studied in [12], among other things, that
weak solutions u(t, x) fo the nonlinear heat equation (2) can be obtained as the limit
(when ¢ — 07) of the weak solutions to the following nonlocal convection-diffusion
equation in the whole space R”:

1 1
8,ug+8—2(J8*u5—u5)+g(G5*ulg’—u£)=0, e > 0. 4)

This equation has the same scaling properties of the equation (2) and here, for suitable
non-negative functions J € S(R") and G € S(R"), we have J.(x) = EL,,J (x/e) and
G:(x) = gi,,G(x /¢€) respectively. Moreover, J is a radially symmetric function and
the key assumption is that its Fourier transform J (§) satisfies the following condition:

[
5agijg(mzl, i=1,...,n, 5)

which is similarly satisfied for the symbol |£|? of the classical Laplacian operator.
In this setting, by using some sharp estimates of the kernel associated to the linear
problem, and moreover, by setting the vector n = (71, ..., 1,) in the equation (2) as

n = x;iG(x)dx,foralltime 0 < T < 400 itis proven the following convergence

result in the natural framework (due to the Plancherel’s identity) of the Lebesgue space
L2(R™):

lim  sup [lue(t, ) — u(t, ) 2@ny = 0. (©6)

e—01 0<t<T
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Nevertheless, we remark that this result cannot be applied to the case of the equation
(1). Indeed, since the symbol |£|% of the operator (—A)%/? does not verify the key
condition (5) the nonlocal diffusion operator 1/ &2(J. % (-) — I;) (where I is the
identity operator) does not contain the fractional Laplacian operator (—A)%/? as a
particular case. Moreover, one the main property of the approximated equation (4) is
the same scaling of the equation (2), which is not the case of the equation (1) due to
the different scaling provided by the fractional Laplacian operator.

In this work, we will use a different approach. For any time 0 < T < 400, in the
framework the space L ([0, T'] x R") we shall study the convergence (in the strong
topology) of the strong (mild) solutions u,(t, x) for the anomalous diffusion equation
(1) (given in the expression (14)) to a strong solution u> (t, x) for the classical diffusion
equation (2) (given in the expression (15)). See our main result given in Theorem 2.2
for the details. This uniform convergence also allows us to prove a strong convergence
in the L7 LY spaces (see the Corollary 2.1).

Our method is based on two key ideas. On the one hand, we study the convergence
of the fundamental solution p,, (¢, x) associated with the fractional linear heat equation
(see the expression (16) for a definition) to the heat kernel % (¢, x). On the other hand,
we prove some uniform estimates with respect to the parameter « for the family of
functions ug (¢, x).

Finally, we think that in a further research our method could be adapted to the case
when the fractional Laplacian operator (—A)®/2 in the equation (1) is substituted by a
more general Lévy-type operator £*. For a definition and some well-known properties
of this latter operator, we refer to the book [13].

2 The main result

Let us consider the Cauchy problem for both anomalous (when 1 < o < 2) and
classical (when o = 2) nonlinear heat equation:

g + (=AY Pug +n- V) =0, 1<a<2, -

ug(0, ) = Uo,o-

Well-posedness (WP) issues for this equation have been studied in several works [3, 8,
9] and it is well-known that for an initial datum uo € L' (R") the initial value problem
(7) has a unique solution uy € C([0, +00[, L' (R")) which verifies

llue (2, Il L1 < lluoll L1 ®)

Moreover, for 1 < p < +oo0 this solution also verifies uy € C(]0, +00[, whrP(RM),
and the following estimate holds:

o (. Yp < Co 607D
a(t, )L < llueoll -
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From anomalous to classical diffusion in a nonlinear heat equation 1075

Finally, under the additional assumption on the initial datum: ug € L' N L?(R") the
corresponding solution verifies g, € C([0, +oo[, L? (R™)), and for all time ¢ > 0 we
have the estimate

lua (t, )ie < lluollze.

As mentioned, our aim is to study the convergence (when @ — 2) of mild solutions
of the equation (7). For technical reasons, principally due to the study of the limit
concerning the highly nonlinear term V (u Z) — V(ué’) (recall that b is any integer such
that b > 2), we shall need more regularity than the one given by the space W17 (R").
For this, we shall consider initial data belonging to the space LY(R™ N HS (R") with
s >n/2.

The global-well posedness in the setting of the space L!(R") N H*(R") is rather
standard but, to our knowledge, this fact has not been proven before. Consequently,
only for the completeness of this paper, we state and we will give a proof of the
following theorem. We emphasize that the only novelty is the gain of regularity given
in the expression (9) below, which follows from the additional hypothesisug € H*(R")
with s > n/2.

Theorem 2.1 Let 1 < o < 2. Fors > n/2, letug € L' N H*(R") be an initial datum.
Then there exists a unique mild solution

a € C([0, +ool, L' N H*(R")),
of the equation (7). Moreover, this solution is regular:
e € C' (10, +00[, C*(R™), ©)

and it verifies the equation (7) in the classical sense.

We study now the convergence of mild solutions for the equation (7) wheno — 27.
For each 1 < o < 2 we consider ug o € L' N H’(R") an initial datum and we shall
denote by u,(t, x) its corresponding arising solution of the equation (7), which is
given by Theorem 2.1. Moreover, for the classical case (when o = 2) we similarly
consider an initial datum and its corresponding solution ug > € L' N HS(R") and
uy(t, x) respectively.

We shall assume the following strong convergence on the initial data:

uow — ug2, o« — 27, in L'N HSRY). (10)
By the Sobolev embedding H*(R") C L°°(R") (since s > n/2) we also have uy o €
L®[@R"), upo € L*®(R") and the convergence above also holds true in the space
L°°(R™). Thus, for the corresponding family of solutions (¢4 )1 <o <2 We will study the
uniform convergence for any 0 < T < 4o00:

ug(t,x) = usr(t,x), a— 27, in L°°([0, T] x R™). (11
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1076 0. Jarrin, G. Loachamin

Moreover, we are also interested in studying the convergence rate in (11). For this, we
introduce a parameter y > 0 and we shall assume the estimate (12) below, which is
a given convergence rate of the initial data in the space L°°(R"). Our aim is then to
study when the family of solutions follows this prescribed convergence rate. In this
setting, our main result reads as follows:

Theorem 2.2 Let (uo,«)1<a<2 be a family of initial data such that for all 1 < o < 2
we have ug o € L' N HS(R"). Let (ug)1 <a<2 be corresponding family of solutions to
the equation (7) given by Theorem 2.1.

We assume the convergence given in (10), and moreover, for a parameter y > 0
we assume the estimate

luo,e —uopllLe <€2—a)”, 12)

where ¢ > 0 is a given generic constant. Then, there exists 0 < ¢ < 1, and there
exists a constant C > 0, which depends on the parameters n and b in the equation (7),
the initial data u 2, the quantity & and the constant ¢, such that the following estimate
holds:

sup llua(r, ) — ua(t, Ype < C(1+T + T?) max ((Z—a)y,Z—a), (13)

0<t<T

foralll +¢e <a <2andforall) < T < +o0.

Some remarks are in order here. First note that our approach allows us obtain
a uniform convergence (in both the temporal and the spatial variables) which is not
studied in the previous related works [2] and [ 12]. Moreover, it is interesting to observe
that the convergence rate given in the estimate (13) is determined by a competition
between the quantities (2 — «)” and (2 — «).

In order to make a deeper discussion of this fact, let us briefly explain the general

idea of the proof. As pointed out, we shall consider mild solutions of the equation (7).
Thus, for 1 < « < 2 we have

t
Ua(t,2) = Palt, ) * o +/0 Palt =5, %0 V) (s, )ds,  (14)
where the kernel p, (¢, x) is given in (16), while for « = 2 we have
t
us(t, ) =h<r,->*uo,2+/ Bt — 5, %0 - Vab)(s, )ds, (15)
0

where h(t, x) denotes the well-known heat kernel. The estimate (13) is then obtained
by the following estimates

| ac(t, ) . — e, ) %102 | oo S max ((2 —w)7,2— a),
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From anomalous to classical diffusion in a nonlinear heat equation 1077

and

1 t
”/ Pa(t—s,-)*n'V(uZ)(s,-)dS/ h(t—s,)%n - VU3)(s, )ds
0 0

LOO
< max ((2—0{)V,2—a>,

on the linear and the nonlinear terms respectively. For the sake of simplicity, we will
only explain more in detail the estimates on the linear term. Of course the estimates
for the nonlinear term are much more delicate, but they follow some similar ideas. We
split the linear term as

| pa(t, ) 500 —h(t,) xuo2| o < |(Palt, ) = h(t, ) * uoal
+ ||n(t, ) * (o, — u0,2)||Loo ,

where we have

I (pat, ) = h(t, ) w0 0 S 2 —0),

and
|h, ) * ow —u02)|| e S @ —a).

Here, the quantity (2 — «)” is the convergence rate assumed for the initial data, while
the quantity (2 — «) is the convergence rate of the kernels p, (¢, x) — h(¢, x) (when
o — 27), which is rigorously proven in Lemma 5.1 below.

Since we have 1 < o < 2 and therefore 0 < 2 — o < 1, the estimate (13) yields
the following conclusions by considering two cases of the parameter y .

e The case 0 < y < 1. Here we have max ((2 —a),2 —a) =2 —a)’, and

consequently, the solutions uy (¢, x) converge to the solution us (¢, x) with the
same convergence rate as that of the initial data.

e The case y > 1. In this case we have max ((2 —a)Y,2 — a) =2 — «. Then, itis

interesting to observe that the convergence rate of the solutions does not follow the
one of initial data. More precisely, the solutions u (¢, x) converge to the solution
uy(t, x) with a rate of order 2 — o, which is slower than the convergence rate of
the initial data (2 — «)?.

Summarizing, the increasing of the parameter parameter y makes the assumption (12)
strong but not the result given in (13). This is an interesting phenomenological effect,
which is given by the convergence rate of the kernels py (¢, -) — h(t, -).

On the other hand, as mentioned in the introduction, the convergence result given in
Theorem 2.2 also allows us to study the convergence (11) in the following Lebesgue
spaces.
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1078 0. Jarrin, G. Loachamin

Corollary 2.1 With the same hypothesis of Theorem 2.2, forall 1 < p < 400, 1 <
q < +ooandforall 1 + ¢ < a < 2 we have the estimate:

=1 1
lug — uzllro.11.00@®ny) < Cpg (1 +T+T? "0 TP

max ((2 o) o a)l‘é).

We observe that in the framework of L” L —spaces, the convergence rate is only
driven by the parameter g, which describes the decaying properties of solutions in the
spatial variable. Moreover, by setting the parameter y = 1 and with the particular
values p = g = 2, we obtain the following convergence rate: |juy, — uz|| 1212 <

(2 — @)/2, which is similar to the one experimentally obtained in [2] for the time
independent version of the equation (3): (=N 2y, = fo-

To close this section, let us make the following final comments. First note that
in this work we have restricted ourselves in the case when the parameter « verifies
1 < a < 2, however, our results are also valid for the case « > 2 with minor technical
modifications.

The lower constraint 1 + ¢ < « (with 0 < ¢ < 1) given in Theorem 2.2 is essen-
tially technical, due to estimates involving the expression ﬁ (see, for instance, the
estimate in Proposition 4.2 below). Consequently, our result left open the convergence
problem when o — 17 which is also interesting and could be a matter of further
research.

Finally, we think that our method explained above could be also adapted to study the
convergence given in (11) within the framework of other functional spaces, provided
that we assume some natural hypothesis on the initial data.

Organization of the paper. In Sect. 3 we recall some well-known facts on the linear
fractional heat equation that we will use in the next sections. Section4 is devoted to the
proof of Theorem 2.1, while in Sect.5 we give a proof of Theorem 2.2 and Corollary
2.1.

3 Some well-known facts

In this section, for the completeness of this paper, we summarize some well-known
facts on the linear and homogeneous fractional heat equation:

W pa+ (=0)*py =0, 1<a<2, t>0.

The fundamental solution of this equation, denoted by p, (¢, x), can be computed via
the Fourier transform by

Pa(t, &) = e II%,
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From anomalous to classical diffusion in a nonlinear heat equation 1079

Moreover, in the spatial variable the fundamental solution py, is given by

1 X
Pa(t,x) = — Py (—1> , (16)

1
ta ta

where the function Py is the inverse Fourier transform of e 11 See [13, Chapter 13]
for more details. It is well-known that for 1 < o < 2 the functions P, are smooth and
positive. In addition, they verify the following pointwise inequalities

C
0< P, <—, |VP, S
< Pl = e VRIS e

for a constant C > 0 and for all x € R". These inequalities allow us to derive the
following estimates.

Proposition 3.1 (L?—estimates) For 1 < p < +oo, there exists a constant C;, , > 0,
which depends on the dimension n € N* and the parameter p, such that for every
1 < o < 2 and for every t > 0, we have

_n(1=1

1 1patt Mir < Gyt #075),
1+n(1—%

2. IV palt. MLy < Copt~

—

Moreover we have:

Proposition 3.2 (L?—continuity) Let 1 < p < +o0. For every ¢ € LP(R"), we have
lim,_, o+ [ pa(t, ) x ¢ — @llLr =0.

On the other hand, by the identity py (t,£) = e’ " we have the following known
results in the setting of the Sobolev spaces:

Proposition 3.3 ( H* and H* estimates) Let s1,sy > 0. Then, there is a constant
Cns, > 0, which depends on the dimension n € N* and the parameter s, such that
forevery 1 < a < 2 and for every t > 0, we have:

_%2
Lo pa(t, ) * @l gsier < Cosy £ @l o -
Xl

2 1pat, ) 5 @llgpen, < Cogy (14675 ) Il

Proof In order to verify the first point, we just write:

1Palt, ) % @71 = f | P12 K 5&) 2 dg
Rn

EeR?

25 o & A
<@ <sup |11/ | 252200 8] ) / 16121 [9(€)| dE.
Rn

To verify the second point, let us start by writing
Pa(t, ) % @l gsits: = I Palt, ) % @llp2 + [ Palt, ) * @l gsi+s, .
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1080 0. Jarrin, G. Loachamin

Then, for the first term on the right-hand side, by the Young’s inequalities and the
point 1 in Proposition 3.1, we obtain

Pa(t, ) * @ll2 < |palt, Htlleliz = clieliz < cllellg, 7)

while for the second term on the right-hand side, by the point 1 proven above we can
write:

_2
| e (2, ) * @l gsitsr < Cnspt™ @ l@llgs: (13)
Thus, the desired estimate follows directly from (17) and (18). O

Proposition 3.4 (H*— and I-'Is—continuity) Let 51,50 > 0 and ¢ > 0. There exists a
constant Cp s, ¢ > 0, which depends on the dimension n € N*, the parameters sy and
&, such that for every 1 < o < 2 and for every t1, t» > ¢, we have

L pa(ti, ) %@ — pa(ta, ) * @l gsi+ss < Crsyeltt — 021V [l @l sy
2. Ipalti, ) % @ — palts, ) % @l gsis < Cpseltt — ]Vl st

Proof To verify the first point, without loss of generality we shall assume that #; >
t» > ¢. Then we write

1Pa(ti, ) % @ = palta. ) % 9l 5,

— /R |E|2(Sl+sz)|e*f1 1 _ e*le‘§|°’|2|¢‘(g)|2 de

= / |& 522201 o= (=TT _ 112 1291 |5 2 g

_2 ) oy o « o o
@ <sup |t21/a;§|2Aze*|12 &l ) / e 128l |e*(f1*lz)\§\ _ 1|2 |%—|25I|¢(E)|2d%‘
EecRn R"

IA

IA

25 a o 1~
e Cus, f e EEI oISy 2612058 2 d
Rn

IA

Csore / e e8I | M=IET 12 15125115 (8) | de.

We study now the expression le~(1=2)EI" _ 1|2 First, we remark that since we have
11 > ty then the expression le= (=T _ 1) g uniformly bounded and we can write

|e—(11—t2)\5\a _ 1|2 — |e—(11—12)|5|°‘ — 1] |e—(11—12)\5\a —1 < C|e—(11—t2)\$\a —1].

Now, by the mean value theorem in the temporal variable we have
e =REE 1] < C g1 I — nal.

@ Springer



From anomalous to classical diffusion in a nonlinear heat equation 1081

Thus, gathering these estimates we get
e TR 12 < C 5110 — nal.

Getting back to the last integral we finally have:

1pa(ti, ) % 9= pa(t2, ) % @515, < Crsyoe 111 — 12 f e g 1512 19(8) | di
Rn

_ 4 2
< Cusye It — ol | sup e 151 | i),
EecR”

2
< Cusy.elti — 12| ||¢||H.;1 )

hence, the first point is verified. The second point essentially follows these sames lines.
O

4 Global well-posedness and regularity: proof of Theorem 2.1

Let 1 <« < 2 fixed, and let ug € L' N H* (R") be an initial datum. The result stated
in Theorem 2.1 is well-known for the case « = 2, see for instance [3], [8] and [9].
Consequently, we just consider the range 1 < o < 2. As mentioned, the proof of
this theorem is rather standard but, for the reader’s convenience, we shall detail some
technical estimates.

Step 1: Local well-posedness. We consider the (equivalent) mild formulation given
in (14), where the nonlinear term defines a multi-linear form in the variable u (see the
expression (22) below). In order to construct a solution of the equation (14) we will
use the Picard’s contraction principle for a time 0 < T < 400 small enough. We
thus consider the Banach space

Er =C([0, T1, L"(®R™) n ([0, T, H* (R")), (19)
endowed with the norm

lulley = sup |lu(r, )llpr + sup |lu(t, )|#s- (20)

0<t<T 0=<t<T

Then, we will prove the following::

Proposition 4.1 Lets > n/2 and letuy € L' N H*(R") be an initial datum. Moreover,
let 1 < a < 2. Then, there exists a time given by:

1 1-1
T =3 “ , 21

2
2beinl(llnoll o + luoll )
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1082 0. Jarrin, G. Loachamin

where ¢ > 0 is a numerical constant, and moreover, there exists a function uy € ET
which is a solution of the equation (14).

Proof We start by estimating the linear term in the equation (14).

Lemma4.1 Let p,(t,x) be the kernel given in (16). Then we have | pqy(t,-) *
uoaller < c(luollpr + lluollas).

Proof We first observe that, due to Proposition 3.2 and the first point in Proposition 3.3,
the quantities || py (¢, -) * uo|l 1 and || pa (¢, -) * uol| g+ are continuous in the temporal
variable.

On the other hand, by the Young’s inequalities and the point 1 in Proposition 3.1
(with p = 1) we write

| pa(t, ) s uollpr < [ pa(t, gt lluolizr < clluolizr

We also write

| Pa(t, ) * uollgs < 1Pa(t, Iz lluollzs < lpa(t, Hiptluollas < clluollas.
to obtain the wished estimate. O

We study now the nonlinear term in the equation (14). For b € N with b > 2, we
denote the multi-linear form

t
My, (u) =f Palt =7, %0+ V)(x, )dr, (22)
0

where, to simplify our writing, we have written the function u instead of u,. Then, we
have the following estimate

Lemma4.2 For u € ET we have My(u) € Er. Moreover, the following estimate
holds:

T'=%
My @)y < ¢ Il —— Tull?, .
1-1
o
Proof By [3] wehave My (u) € C([0, T1, L' (R")), soitremains to prove that M (u) €
C ([O, T], H® (R”)). Indeed, let #1, #; > 0 and without loss of generality we assume
that 0 < #; < tp < T. Then we write

131 n
I /O Pty — 1, ) %0 - Vb)(z, )dr — /0 Palty —1,) % - V) (r, )dr| s

<

t t
f'pa(n — 7, )% V) (r, ~>dr—/1pa<rz—r, )% - Vub)(z, )dr
0 0

HS

11 %)
+H/O Pa(fz—T,-)*H-V(ub)(f,~)df—/0 pa(ty — 7, %0 - Vb)(z, )dr

HJ‘
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From anomalous to classical diffusion in a nonlinear heat equation 1083

4|
< /0 Ipa(ts — 7, ) qul(z, ) = palty — 7, ) % quP (x, )| gesrd

n
+/ IV pa(ty — 7, ) % quP (z, )| gsd
n

= Ry 1(t1,12) + Ry 2(11, 12). (23)

For the first term on the right-hand side, by the point 2 in Proposition 3.4 (with
s1 = s and so = 1) and as s > n/2, by the product laws in the Sobolev spaces we
obtain:

n
Rat(t1,12) < c/ it — o) 2l (o s de
0

41
1/2 b
< clnlit = 2]/ / (e, ) edr
0

1/2 b
< clnllty = 0 2 Tlully, .

Hence, we have lim Ry 1(#1, £2) = 0. On the other hand, for the second term on
11—

the right-hand side we write

n
Ru2(11,12) = f IV pa(t2—7, ) % nul (z, ) 2+ V pa(ta—7, -) % n ul(z, )| gs dT
1

IA

4]
|77|/ IV pa(ts — 7, )1 llu” (x, ) 2 dT
4]

n
+In|/ Ipalts — 7. ) % u”(z, ) gos1 dT
141

= Ry 2,1(t1, 1) + Ry 2,2(11, 12).

In order to estimate the term Ry 2.1(t1, £2), by the Holder inequalities, the second point
in Proposition 3.1, and moreover, the product laws in the Sobolev spaces, we write:

%)
Ru2.1(t1, 1) < c|nl f (ta — ) Vb (z, )l 2 dT
1

4]
—1 b
< CI’7|/ (tr — ) b (x, ) s dT
4]
-1
p =1 "«
< ol lully, ==
o
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In addition, in order to estimate Ry 22(f1, f2), by Proposition 3.3 (with s; = s and
s> = 1), and by using again the product laws in the Sobolev spaces, we can write

1
° ), b p l—nl'"a
Ropa(ti,n) <clnl | (2 —1)" "Fllu”(T, )l gsdt < cnl lullg, 1
] 1

o

By gathering the estimates made for the terms Ry 2,1(f1, t2) and Ry 22(11, 12), we
obtain tlin} Ry 2(t1, 12) = 0. We thus have M,(u) € C((0, T'], H*(R")). Now, we
g ¥)

must prove the continuity at # = 0. For this we will verify the estimate

[1 1/a

<C|77|||MI|ET1 (24)

H[ pat — T, )% - Vub)(, )dr T

HA'

Indeed, by the Young’s inequalities, the second point in Proposition 3.1, Proposition
3.3, and moreover, the product laws in the Sobolev spaces we can write:

t
Hf pat — T, )% - V@b (z, ) dr

HY

L Pt =y et )|

Hv+l

< [19p =l [t

< [(ea-n s )H ,+et =07
0

1-1/a

ub(z, ) ”HA dt

< b / f—1)wdr < o
< clllully, [ ¢=07Fdr < cnllul, {7

Once we have M, (u) € Er, we verify now the estimate stated in Lemma 4.2. First
note that by the estimate (24) we can write

t 1-1/a

pa(t — T, )% - V@) (t, ydr|| < cnl
0

P Y

sup
1€[0,T]

lull, . (25)

On the other hand, by applying the Young inequalities and the point 2 in Proposition
3.1 we have

t
5/ [Vpate =2y b | de
0 L!

1
! 1
sc|n|f<r—r> :
0

! 1
<clnl [0 (t—1) @ lu(z, ')||bL;o1 lu(z, )1 dr.

t
H / pa(t —7,) %0 Vb)(z, )dr
0 L

b
u’(t, -)HLI dt
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Since s > n/2 we have the embedding H*(R") C L*(R"), and thus we can write

t
1 _
clnl fo (t — ) flulz, I uz, i de

t
_1 _
= cln / (t = 1) lulz, 5" lu(z, g dr
0

b1 T]—l/ot
=clnl| sup lu(z, )lys sup lu(z, )l
7€[0,7] " 7€[0,T] D . 1/a

1-1/a

1 -1/

b
< cn| lullg, -
T

Then, we have

sup
1€[0,T]

t t

fpa(rfr, Y Vb)(z, ydr sf |vpat =25 nule, )| | ar

0 Ll 0 L!
I-1/a

1 —-1/a

< cInl

luell%, (26)

Finally, by (25) and (26) we obtain the desired estimate. This lemma is proven. O

Once we have Lemmas 4.1 and 4.2 at our disposal, the rest of the proof of Proposition
4.1 follows from standard arguments. O.
Step 2: Regularity. We define the space H*°(R") as H*(R") = ﬂ H*(R™).

s>0

Proposition 4.2 Let u, € ET be the unique solution of the equation (14) given by
Proposition 4.1. This solution satisfies uy € C((O, T], HOO(R”)). Moreover, we have
ug € CL((0, T1,C®(R™)); and for 0 < t < T the solution ug, verifies the differential
equation (7) in the classical sense.

Proof We will verify that each term on the right-hand side in the equation (14) belongs
to the space C([O, Tl,H OO(]R”)). For the first (linear) term, by the second point in
Proposition 3.3, and moreover, by the second point in Proposition 3.4, we directly
have pg * ug.q € C((0, T1, H®(R")).

For the second (nonlinear) term, we recall that by (24) for all time 0 <t < T we
have fol Dot —7T, ) %n- V(ug)(r, ydt € H*(R™). Then, we will prove that foro > 0
small enough we also have: fot Dot —1,-)%n- V(uZ)(r, J)dtr € H 9 (R™). Indeed,
by using the second point in Proposition 3.3, for o > 0 (which we shall set later) we
write

t
H f pat — T, )% -Vub)(z, )dr
0

t
sclnI/ ‘
0

HS+G

Dot — T, -)*uf;(t, )H dt

Hsto+l
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4 (0t
=cinl [ [1+a-07%"]
0
t
b _ (04D
< clil lually, [ [1+ =075 a

We thus set 0 < 0 < «a — 1 (recall that we have 1 < a < 2) to obtain that the last
integral above computes down as

b
ub(z, ) ”H dr

(o+1)
1—=

/t1+(z )y d P
— T 23 T = —_—
0 1_@'(+U

Then, for all time O < ¢t < T we obtain the estimate:

t 1— b
b b o
Hfo Pa(t —7,°) %1 - V(ug)(t, )dt <clnl ||Ma||ET |:t + m:| .
o

Hsto

We will show now that we have
t
/ Pa(t — T, ) %1 - V(uZ)(t, ydt € C((O, T1, H“‘"(R")).
0

Let 0 < 11,1 < T, where, always without loss of generality we shall assume that
t1 < tp. Then we write:

t 1
Hf pa(rz—r,-)*n~V<uZ)<r,-)dr—/ Pa(ti — T, ) % -Vl (z, ) dr
0 0 Hs+o

153 1
< Hfo pmz—n-)*n-vwz)(r,-)dr—f Pa(ty =T, )% Vb)(t, ) dr
0 Hs+o

n 1
+H/ paaz—n-)*quﬁ)(n-)dr—f pa(ti — T, ) %1 Vb)(t, ) dr
0 0

Hsto

= Ru1(t1, ) + Re2(t1, 1), 27

where, we must study the terms Iz’a,l (t1,t) and Iéa,z(tl, t). For the term
Ry 1(11, 12), by the second point in Proposition 3.3 we can write:

15}

b
Paliz =7, 50 W)@ )|

Re1(11,12) E/

n

1% -
sc ["[i+@-0" ] [rabieo), v
11 H

Since 0 < 0 < o — 1 the integral above computes down as

” 0+1) O
/ 1+ (tp—1) @ dTZ(Iz—I1)+1T.
f — =

o
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Hence, we have:

. 1— (a+l)
(2 —11) } (28)

D b
Ro1(t1, ) = clnlllullg, |:(t2 —-n)+ CEEY
o
For the term Iéa)z(l‘l , 1), always by the second point in Proposition 3.4, we can write:

Hsto+l

~ 1
Rea(t1, 1) =cln, fo | Ptz = 7. om Wl = pattr = 7.+ @@, dr

<cln) m—m‘/z/ uhe.] . de = etlin =l T ulf, . 29)

Therefore, for 0 < o < o — 1, by (28) and (29) we have
t
f palt — T, )% - Vb (r,) dr € C((0, T], HT (RM).
0

At this point, we have proven that u, € C((0, To], H s+8 (R™)) and by repeating this
process (in order to obtain a gain of regularity for the nonlinear term) we conclude
that u, € C((0, T, H®(R")).

With this information at our disposal, we can verify now that for all 0 < ¢t <
T and for all multi-index a € N" we have 32u,(¢,-) € C((0, T1,C N L*(R™)).
Indeed, let a = (aj,---,a,) € N" be a multi-index, where we denote by |a| =
ap + --- + ay its size. Then, for 5 < s; < 5 + 1 we set s = |a| + s51. Since we have
ug € C((0, T1, H*(R")) then we get d7uq(z, -) € H'' (R"). Moreover, since 5 < s
we have the continuous embedding H*' (R") C L (R"), hence we conclude that
02uy (t, ) € L°(R").

On the other hand, we recall that we have the identification H*! (R") = B;fz(R")
(where Bi‘z (R™) denotes a non-homogeneous Besov space [1]). Moreover, we also

have the continuous embedding B;',(R") C B3 - "/I(R”) C B, "/2(R”)

We thus have 9%u,(t, ) € B3, n/z(R"). But, since § < 51 < 4 + 1 then we
n

have 0 < sy — 5 < 1, and thereafter by definition of the homogeneous Besov

space Bql n/2 (R™) (see always [1]) we get that 02u, (¢, -) is a B—Holder continuous

functions w1th parameter 8 =51 — 5 € (0, ).

We have proven thatu, € C((0, T], C*®(R™)). and we write 8;uq = —(—A)*?uq—
n - V(ufi) to obtain that d;u, € C((0, T], C*>°(R™)). Finally, we conclude that u, €
Cl((0, T1, C**(R™)). Proposition 4.2 is proven. O

Step 4: Global in time existence. By following similar arguments of [7] (see the
proof of Theorem 2, page 9) we have the following result.

Proposition 4.3 Let ug € L' N H*(R") be an initial data and let T* > 0 be the
maximal time of existence of the unique corresponding arising solution uy € Er+
(given by Proposition 4.1) to the problem (14). Then we have T* = +00.
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1088 0. Jarrin, G. Loachamin

Proof Let us briefly explain the general idea of the proof. We assume that 7* < +o0.
Then we will extend the solution u, beyond the time T* to obtain a contradiction. We
thus conclude that T* = +o0.

We start by defining the following function 7'(-) : [0, +oo[— [0, 400 such that
for each initial datum wy € L' N H*(R") the quantity T (||w0|| Ll) is given by the
expression

o

1 1_ l a—1
T (lwoll 1) = = = — .
2| 22¢ Il (Ilwoll 1 + llwollgs )"

We recall that T (|| wol| Ll) is precisely the first time of the existence of the solution wy
to the equation (14), which is given by Proposition 4.1. Additionally, the key remark
is that this function is decreasing in the variable ||wo]| 1.

On the other hand, by [3] we known that for every initial datum wq € LN HS(R")
we have a unique solution wg € C([0, +oo[, L' (R")) of the equation (14). Moreover,
for every time ¢ > 0 we have the estimate

lwa (2, HlILr < llwoll 1. (30)

Since the function 7'(-) defined above is decreasing in the variable |[wg||;1, for the
initial datum ug € L' N H*(R") we can set a time 0 < T; < T* such that for all
wo € L'n HY(R"™) with lwoll;1 < lluoll;1 we have

T(llwollp1) = Ty 3D

Then, for 0 < ¢ < T; small enough, we consider the time 7* — ¢ > 0 and we set the
initial datum wg = u,(T* — ¢, -). We shall denote by wy, its corresponding arising
solution, which exists at least until the time 7 ( lwollz1 ). We thus observe that the
function

ug(t,), te0,T*—¢,
ﬁo{(t’ ) =
we(t,)), te€[T*"—eT*—e+T(lvl.)]

is a solution of the equation (14) associated to the initial datum uy. Moreover, we
observe that this function is defined in the interval of time [0, T —¢e+ T( lvoll 1 )]
But, by (30) we have |[woll;1 = ||ua(T* — &, -)||Ll < |lug|lz1 and consequently by
Bl weget T(llwollp1) > Th.

Finally, we can write T* —e + T} < T* — e + T( llvoll 1 ); andsince0 < ¢ < T
we obtain T* < T* — ¢ + T, which is a contradiction with the definition of the time
T*. Proposition 4.3 is proven. O

Once we have proven the Propositios 4.1, 4.2 and 4.3, we can finish with the proof
of Theorem 2.1. O
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5 From anomalous to classical diffusion

5.1 Proof of Theorem 2.2

For 1 < o < 2, let u, be the mild solution of the equation (7) given by the expression
(14). Moreover, for o = 2 let uy be the mild solution of the equation (7), which is

given by the expression (15). Then, for a time 0 < T < 400 fixed we write

sup ug(t, ) —ua(t, )|lr=

0<t<T
< sup ||palt, ) *uoa —ht,) *uoa,
0<t<T
t
+ sup /paa—s,-)*n-vwi’,)(s, ds (32)
0<t<T 0
t
—/ Bt — 5. 1 - VW) (s, ds
0 Lo
= Ioz +-Ioza

where we must estimate each term on the right-hand side. For the term I, we write

Ic{ < sup ” (Pot(t’ ) - h(t, )) * Uo,a ||Lo<: + sup ||h(t7 ) * (MO,C{ - uO,Z) ”Loo
0<i<T 0=r=<T (33)
— Iy, 1 + Ia,2-

In order to estimate the term 1, 1, we apply the Bessel potential operators (1 — A)™* /2

and (1 — A)*/2 to obtain:

= (a).

T = sup (= 872 (pute, ) = e, 0) 5 (1 = 8P|

0<t<T

Then, by applying the Young inequalities (with 1 4+ 1 /00 = 1/2 4 1/2) we have

)

@=c sup (|a1=2)P(pott.) ~hat,)

0<t<T

<c ( sup |pa(t, ) — h(z, ')||1-1x> < sup ||M0,a||H-Y) )
0<t<T l<a<?2

where we shall control each term above separately. For the first term on the right-hand
side we have the following technical result:

(1= 8Pugq

.- |
(34)

Lemma5.1 For s > n/2 there exists a constant C = C(s) > 0 such that for all
1 < a < 2we have:

sup || pa(t,-) —h(t, )llg-s <CT[2 -«

0<t<T
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Proof First, we verify that the quantity || py (¢, -) — h(z, ~)||%1H is continuous in the
temporal variable 7. Indeed, for 0 < 7y, ¢ < T we have

I pat, ) — h(t, I3 — llpalto, ) — h(to, I3

:/ ol _ gt A8 _f ol _ —leP0|?
n (14 &%) "

= / ( oI5 _ g1 ’_ ’e‘|§|ato _ o lEPn 2) L.
" (14 [&]7)*

d

As s > n/2 we have / —(1 n |S§|2)S < 4o00; and then, we can apply the dominated
Rn

convergence theorem to obtain that

_d&
1+ [E[2)S

. 2 2
tim (Ipa(t.) = ht. ) = 1patio, ) = hito. - ) = 0.

Thereafter, by the continuity of the quantity || py (¢, -) — h(z, -) II%{_S with respect to
the variable ¢, there exists a time O < #; < T such that

sup |Ipa(t, ) —h(t, )y = llpa(ti,-) = htr, ) g-s -
0<t<T

Now, we will prove the estimate || py (t1, -) — h(t1, -)||g-s < C T |2 — «/|. For this we
write:

d§

—_— 35
(1+ 81> G

el 112
Ipatis,) = hon Ol = [ (e - elefn?
Rﬂ

Here, for £ € R" \ {0} fixed, and for | < @ < 2 + § (with § > 0) we define the
function

fe(@) = e EF, (36)
where, by computing its derivative with respect to the variable o we get
felo) = =1 e " 161" In(jg)).
Thus, by the mean value theorem (in the variable «) we can write

[fe@) = fr @] < I fellLqaton 12 —al.

Moreover, we can also prove the uniform estimate with respect to the variable &:

e <ecT. 37
H”fg”L ([1,2+5])HLOO(R”)_C (37)
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The proof of this estimate is not difficult and it is given in detail at the Appendix 6.
We thus have,

[fele) = feDl = T2 —af.
Then, we get back to the identity (35) and we can write
dé§
(1+ &%)

dé& 5 5
S R 2 —af
re (141612 = CWTR2 =l

1P, ) — bt 2, = /ﬂé fe@) — fe@P
<cT?2—alf

O

On the other hand, to control the second term on the right-hand side in the expression
(34), we recall that by hypothesis (10) the family (10 )1<¢<2 is bounded in H® (R").
Thus, for the term 7, given in (33) we can write:

I,y <CT2—al (38)

We study now the term I, 2, which is also given in (33). By the Young inequalities
(with 1 + 1/oo = 1 4 1/00), the well-known properties of the heat kernel, and
moreover, by the assumption give in (12), we have:

Iyr <c(2—a)’. (39)
Consequently, with the estimates (38) and (39) above we obtain:
I, <CO+T) max((Z—a)”,Z—a). (40)

We study now the term J,, given in the expression (32). For this we write

t t
Jo < sup / Palt —s,-) %1 - V(ub)(s, )ds f/ ho(t —s,) % - VW) (s, )ds
0<t<T 0 0 L
1 1
+ sup / h(t —s,-) % n-V(ub)(s, )ds — / h(t —s,-) %0 - Vus)(s, )ds
0<t<T 0 0 L
t
< sup / <pa(l —5, ) —h(t—s, ~)) *n - V@ub)(s, )ds
0<t<T 0 L>®
t
+ sup / h(t—s,~)*n~V<uZ—u§)(s, ds =Jo1+ Ja2, 41
0<t<T 0 Lo

where we will study the terms J,,1 and J, 2 separately. For the term J,, 1, we apply
first the operators (1 — A) —5/2 and (1— A)*/2, and moreover, by the Young inequalities
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(with 1 + 1/00 = 1/2 4+ 1/2) we have

t
Ju1 =< sup (/
0<t<T 0

t
< Inl sup (/0 IVpa(t —s,-) = Vh(t =5, )l g-s

0<t<T

(Patt =59 =t =5.9) %0 - V). ds)

ug (s, ) H s ds)

< In T( sup [|Vpa(t,-) — Vh(t, -)IIH—s> < sup [lub (s, ~)||Hs>.
0<t<T 0<t<T

(42)

In order to control the first term on the right-hand side, we follow the same lines in
the proof of Lemma 5.1 with the function f; (o) = i§; el ,withj=1,2,--- ,n.
Then we have

sup IVpe(t,) = Vh(t, )y-s <CT |2 —al. (43)

0<t<T

Thereafter, to control the second term on the right-hand side we shall need the
following:

Lemma 5.2 There exists 0 < ¢ < 1, and there exists a constant
C = 6(81 Ts b9 ||u0,2||L11 ||u0,2||HJ) > 09
such that forall 1 + ¢ < a < 2 we have:

sup [lul(t, )us <C. (44)
OStST

Proof For any the initial data ug o € L'nHS (R™), with 1 < o < 2, we recall that by
Proposition 4.1 there exists a time T, (depending on «) defined by (21) as

- 2
a—1

1
1 -1

b—1
2bc|n| ( luo.e 1+ ”MO’O‘”HS)

and there exists a (unique) solution u, € E7, of the equation (14). Our staring point
is to obtain a lower bound for the time 7,, which does not depend on «.

By our hypothesis givenin (10) we canset0 < ¢ <« 1suchthatforalll4+& <a <2
we have:

—

|(o.elr + ol ) = (luo2ls + Huoallas )| = 5 (o2l + luo2ls ).
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hence we get the control

(Nwoallps + lwolls ), 1+e <o <2, (45)

[\SHNOS]

(N0l + ol ) =

and then, we can write:

A,

1 a—1
1 1—-=
5 | 9b . b—1 = To.
2 [ 2% cinl(lluo2llpr + llwo2ll &)

Moreover, since 1 + & < « < 2 then the expression on the left-hand can be estimated
from below by the following quantity:

1 2/e
T — ! -
0 =max| o op —1 |
2| 22cnl(luo2llpr + lluo2ll )

1 1+¢
1 1 - I+e
5138 = . (46)
2 (2% cInl(lluo2lipr + llwo 2|l Hs)°~

At the Appendix 7 we verify in detail this estimate. Then, forall 1 + & < o < 2 we
have Ty < Ty,.

Once we have the lower estimate Ty < T, we remark that forall 1 + ¢ < a < 2
the solution u, of the equation (14), which is constructed in the Proposition 4.1 by the
Picard’s fixed point argument, verifies u, € E7, and moreover we have the estimate
luallE7, < collluo,allpr + lluo,ellms)-

We also remark that by Proposition 4.3 the solution u,, is extended to a global in
time solution by a well-known iterative argument: for every interval [k Ty, (k + 1)Tp]
(withk € N*) we set the initial initial datum u, (k Ty, -) and we apply again the Picard’s
fixed point schema to obtain a (unique) solution uy € Ek7,,(k+1)7,] (recall that the
space Epxry,k+1)Tp) 18 defined in (19) and (20)). Moreover, there exists a constant
cx > 0 such that we have

el ey sy < €k Ulita (KTo, MLt + llua (KTo, )Nl m5).

We study now the expression ci (||uq (kTo, -)|| 1 + || (kTo, -)|| gs). For the quan-
tity ||uy (KT, <) |1, by (30) we have |luy (kTo, )|l 1 < ||u0.«llz1- Then, we can write

crlue kTo, )it + lue (kTo, )l as) < cx(luo,llipr + llua&To, )l Hs).

On the other hand, for the quantity ||uy (kTp, -) || zs, we remark that we have

||Ma(kT(), )”HS =< sup ||Ma(l, )”HS =< ”ua”E[(k—l)To.kTQJ
(k—1)To<t<kTy

<ck—1(luo,ellp1 + llue (K — DTy, Nl as.
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Thus, we can iterate these estimates and for a constant C; > 0 big enough (in particular
k

we must have Cy > l_[ cj) we obtain |lug (kTp, )l gs < Cr(lluo,ellpr + lluo,oll ms).
j=0
Consequently, for all k € N* we have

”ua”E[kTO.(k+l)To] S Ck(”uo,ot”Ll + ”uO,O[”H‘Y)' (47)

Now, we are able to prove the estimate (44) stated in this lemma. For the time T
there exists k7 € N (which depends on T') such that we have k7 Ty < T < (k7 + 1) Tp.
Then, as s > n/2 by the product laws in the Sobolev spaces we can write

0<t<T 0<t<T 0<t<T

b
sup [lul(t, )lms < sup lug(t, )l < (Sup IIMa(t,-)IIHx>

Ky b b

kr
<> sup et )ms | < D gy e,
j=0 JTo=(+DTo j=0

Then, by the control given in (47) and the control given in (45) we have

b kr b

kr
Z ||ua||E[jT0,(j+l)T0 = Z Cj(”u(),a”Ll + ”MO,O(”H’V)
i=0 =0

b

kr

b
G| Uuogllzr + luollas)
—

IA

ey b
b
<> ci| cduoaliz + luoaline
£

=Cl(e, b, lluo2ll 1, luo2llas, T).

To finish the proof of this lemma, we just remark that the constant C defined above
also depends on the parameter ¢, since the k7 depends on 7" and Tp; and the time T
given in (46) depends on ¢. O

With the estimates (43) and (44) at our disposal, we get back to the estimate (42)
to write

Jor < CInlT?12 — a| < Cn| T? max ((2 —a),2— a). (48)
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On the other hand, We study now the term J, 2 given in (41). For this, by the Young
inequalities we write:

t
Ju2 <clnl sup / IVR(E — s, )l Ul s, ) — ub(s, )llpods = (a).
OSIST 0

Here, by the well-known properties of the heat kernel A(z,-) we have the esti-
mate ||[VA(t —s, )| < cl(t — 5)" Y2, Thereafter, in order to estimate the term
||u§(s, ) — ug(s, Lo, since s > n/2 and by Lemma 5.1 we can write

b

(ug(s,-) —us(s,-))

1
b—1—j j
ub ™1 (s, us (s, )

b b
llug (s, -) —uz(s, )L
-0

J L>®
b—1
b—1—j J
< lua s, ) = uas, iz Y Nuals, e luals, 7w
j=0
b—1
b—1—j J
< lua s, ) = (s, Mz Y Nuals, Mg luals, )l
j=0

= Cllua(s, ) —uz(s, ),

where the constant C > 0 does not depend on ««. With these estimates we obtain

0<s<T

t
@< Clnl sup f(z—sr“z e (5, ) — w25, )| oodis
0<t<T JO
12
< it <sup it s, -)—uz(s,-)nLoo),

and consequently we have

Jap < Cn|T'? ( sup ||ug (s, -) — uas, ~)||Loo). (49)

0<s<T

Once we estimated the terms Iy, Jo,1 and Jy 2 in (40), (48) and (49) respectively,
we get back to (32) we can write

sup ”ua(tv ) - ”2(t7 ')”Loo =< 10{ + -]a,l + -Ia,2 =< Ioc + -,oz,l
0<t<T

+C | T'/? ( sup [|ug (s, .)—u2<s,~>||Loo).

0<s<T

(50)

@ Springer



1096 0. Jarrin, G. Loachamin

In this estimate, first we set a time 0 < 77 < T small enough such that it verifies

!
C T —
] 2

we get:

0<t<Ty 0<s<T

1
sup lua (£, ) —uz(t, )iz = fo + Jur + 5 ( sup lug(s, -) — ua(s, ')||L°°> ,

and then we can write

1
= sup |lug(t, ) —ua(t, )lre < Iy + Jo,1-
2’0§f§T1

Hence, by (40) and (48) we obtain

sup g (t,) —us(t, Yz~ < C(1L+ Ty + TP) max (2 — @), 2 — )

0<t<T

IA

CU+T+T? max (2 - ), 2—a).

Finally, we iterate this argument on the intervals [kT7, (k + 1)T1], with k € N, and
then, for the time 0 < T < +o00 we have

sup [lug (1, -) — un(t, )|z < C(1+ T + T?) max ((2 —a)Y.2— a).
0<t<T

Theorem 2.2 is now proven. O
5.2 Proof of Corollary 2.1

For 0 < T < 400 fixed, and moreover, for | < p < +ooand 1 < g < 400, by the
interpolation inequalities in the spatial variable (with & = 1/g) we write

T
</O llug(t, -) — ua(t, -)II‘ZM)

r % 1-6 Hr
< (/O lita (2, ) = ua (e, 7Y a2, ) — a2, )15 >dr) = (a).
51)

1/p

By the hypothesis (10), wecanset M > 0 (small enough) suchthatfor 1+¢ < o < 2
we have [|uy (¢, -) — ua(t, -)||;1 < M. Then we obtain

1/p
(@) < M’ (/0 it (2, )—ua (e, )P %) < M |ug (t, ) —ua(r, )| \P TP
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Thus, the wished estimate follows from the inequality (13) proven in Theorem 2.2.
Moreover, the case p = 400 follows the same lines above with the obvious modifi-
cations. O

Data Availibility Data sharing not applicable to this article as no datasets were generated or analyzed during
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Appendix
We prove here the estimate (37). We recall the expression
filw) = —ne Mg (gD, 1<a <248, 0<n <T.

Then, we write

H Il fellLoo(1,2451) H .- H Il fellLoo((1,2451) H

Lo (R" Loo(lgl=1)

—l—H o0 1,248 H
Il fe oo q1,2+87) Lo (el
=A+B, (52)

where, we shall estimate the terms A and B separately. For the term A, as we have

€] < 1,1 < @ < 24§, and moreover, as we have lim+ €] In(|€]) = 0, then we can
|&1—0

write:

A<T (sup e 577 5]
EeRn

A
A
ﬂ

For the term B, since || > 1 then we can write

B<T (supeBlig (e ) <CT.
gcRn

Appendix

Here we give a proof of the estimate
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1— L 2/e
To=max || I+e - ,
2| 2% cInl(lluo2llpr + lluo2ll ms)
1 1+e
1 -
2| 28 elnl(luo2ll g1 + lluo2ll )bt

1 a—1
-3

= ; b b1
2| 2%cInl(luo2lir + lluo2lHs)°~

First, as we have 1 + ¢ < o < 2, then we get 1 — ﬁ <1- é, and we can write

1 1 ]I? a—1 _ 1 1— é a—1
2 | 2belnl(lluo2lipr + lluo2llms)P—1 2| 22 cnl(lluo2llpr + lluo2llms)P—1 '
Thereafter, by the sake of simplicity, we denote

1— L
14¢ = (a)
2belnl(luollpr + o 2llms)o~!

and we have

1_1 a1
o

)h—l

1 o 1
~[@]&T < >
2 2| 2P elnl(luo 2l + ol s

We study now the expression _*7. Since we have 1 + & < a < 2 then we get
14+¢ < O[“Tl < % Thus, on the one hand, if the quantity (a) above verifies (a) < 1

1 1 o
then we have 5[((1)]% < 5[(a)]aj. On the other hand, if the quantity (a) verifies

1 e _ 1 o
(a) = 1 then we have 5[(0)] < 5[(61)]"*1~
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