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Abstract

We study the existence of solutions for some nonlinear elliptic problems of the
type —div(b(x, u, Vu) + F(x,u)) = v in Q, in the setting of Musielak—Orlicz spaces.
The lower order term F verifies the natural growth condition, no A,-condition is
assumed on the Musielak function, and the datum v is assumed to belong to
LY(Q) + W‘IEW(Q).
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648 A. Benkirane et al.

1 Introduction and basic assumptions

In this note we will prove an existence of a renormalized solutions for the follow-
ing nonlinear boundary value problem :

{B(u)—div(F(x,u)) —v inQ W

u=0 on 0Q,

where Q is a bounded domain of RY,N > 2, B(u) = —div(b(x, u, Vu)) is a Leray-
Lions operator defined from the space Wé L,(€) into its dual W‘ILE(Q), with ¢ and
@ are two complementary Musielak-Orlicz functions and where b is a function satis-
fying the following conditions:

b: QxRxRY— RMis a Carath éodory function. (1.2)

There exist two Musielak-Orlicz functions ¢ and P such that P << ¢, a positive
function d(x) € E;(2), a > O0and k; > O fori =1, ---, 4, such that for a.e. x € Q and
alls € Randall &, & € RN, & # &

1be, 5,1 <k, (4 +3, (P(xkolsl)) + 3, (0 k121) ) (13)

(b(x,s,f)—b(x,s,f’))(é—f’) >07 (14)

b(x,s,&).& Zap(x, |&]). (1.5)

The lower order term F'is a Carathéodory function satisfying, for a.e. x € Q and for
all s € R, the following condition:

IF(x,9)| < ), o(x, apls]), (1.6)

where ¢(.) € L* () such that

a a
a+172(ay + 1)

[leOl e < min( > and 0 < a < 1. 1.7

The right hand side of (1.1) is assumed to satisfy

ve L' Q)+ WEZQ) 1 v=f—div(¢) withf € L'(Q) and ¢ € (EE(Q))N .
(1.8)
In the usual Sobolev spaces, the concept of renormalized solutions was introduced
by Diperna and Lions in [22] for the study of the Boltzmann equations, this notion
of solutions was then adapted to the study of the problem (1.1) by Boccardo et al. in
[21] when the right hand side is in W~'#'(Q) and in the case where the nonlinearity
g depends only on x and u, this work was then studied by Rakotoson in [31] when
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the right hand side is in L'(€), and finally by DalMaso et al. in [23] for the case in
which the right hand side is general measure data.

On Orlicz-Sobolev spaces and in variational case, Benkirane and Bennouna have
studied in [8] the problem (1.1) where ®(x, u) = ®(u), and the nonlinearity g depends
only on x and u under the restriction that the N-function satisfies the A,-condition, this
work was then extended in [4] by Aharouch, Bennouna and Touzani for N-function
not satisfying necessarily the A,-condition and ®(x, u) = ®(u). If g depends also on
Vu, the problem (1.1) has been solved by Aissaoui Fqayeh, Benkirane, El Moumni and
Youssfi in [5] where ®(x, u) = ®(u), and without assuming the A,-condition on the
N-function.

In the framework of variable exponent Sobolev spaces, Bendahmane
and Wittbold have treated in [7] the nonlinear elliptic equation (1.1) where
a(x,u, Vu) = |[Vu[P®O2Vy, ®=0, g=0 and where f € L'(Q), they proved the
existence and uniqueness of a renormalized solution in Sobolev space with variable
exponents Wé 70(Q).

In the variational case of Musielak-Orlicz spaces and in the case where g = 0 and
@ = 0, an existence result for (1.1) has been proved by Benkirane and Sidi El Vally in
[10] a when the non-linearity g depends only on x and u. If g depends also on Vu, the
problem (1.1) has recently been solved by N. El Amarty, B. El Haji and M. El Moumni
in [18] where ®(x, u) = ®(u).

and several researches deals with the existence solutions of elliptic and parabolic
problems under various assumptions and in different contexts (see [6, 11-16, 18-20]
for more details).

The paper is organized as follows: In Sect. 2, we give some preliminaries and back-
ground. Section 3 is devoted to some technical lemmas which can be used to our result.
In Sect. 4, we state our main result and in Sect. 5 we give the proof of an existence
solution .

2 Some preliminaries and background

Here we give some definitions and properties that concern Musielak-Orlicz spaces (see
[17]). Let © be an open subset of RY, a Musielak-Orlicz function ¢ is a real-valued
function defined in Q X R* such that

a) @(x,.) is an N-function for all x € Q (i.e. convex, nondecreasing, continuous,

)1 .. Lt
0(x,0) =0, @(x, 1) > Oforall ¢ > 0 and lim sup 222 = 0 and lim inf Z50 = o)
=0 40 t t—o00 x€Q t
b) (., 1) is a measurable function for all # > 0.
For a Musielak—Orlicz function ¢, let ¢,(t) = @(x, t) and let (p;1 be the nonnegative

reciprocal function with respect to 7, i.e. the function that satisfies

¢; (e, 1) = o(x, ¢ (1) = 1.

The Musielak—Orlicz function ¢ is said to satisfy the A, -condition if for some k > 0,
and a nonnegative function /4, integrable in Q, we have
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650 A. Benkirane et al.

o(x,2t) < ko(x, 1) + h(x) for allx € Qand r > 0. 2.1

When (2.1) holds only for # > ¢, > 0, then ¢ is said to satisfy the A,-condition near
infinity. Let @ and y be two Musielak—Orlicz functions, we say that ¢ dominate y and
we write y < @, near infinity (resp. globally) if there exist two positive constants ¢
and ¢, such that fora.e. x € Q :

y(x, 1) < @(x,ct) forall £ > ¢,, (resp. forall >0 ie. 7, =0).

We say that y grows essentially less rapidly than ¢ at O (resp. near infinity) and we
write y << @ if for every positive constant ¢ we have

lim <sup 7, Ct)) =0, (resp. lim (sup 7, Ct)) =0).

=0 \ req @, 1) t~o \ ye @, 1)

Remark 1 (see [33]) If y << ¢ near infinity, then Ve > 0 there exists a nonnegative
integrable function 4, such that

y(x, 1) < p(x,et) + h(x) for allt > 0 and for a.e. x € Q. 2.2)

For a Musielak-Orlicz function ¢ and a measurable function u : Q — R, we
define the functional

P i) = /Q o(x, [u(x)]) dx.

The set K ,(€2) = {u : Q — R measurable/ p, (1) < o0 } is called the Musielak-

Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space (the general-
ized Orlicz spaces) L, (€2) is the vector space generated by K ,(€2), that is, L, (€2) is
the smallest linear space containing the set K,,(€2). Equivalently

L,(Q)= {u : Q —> R measurable/ p(p’g(%) < o0, for some A > 0}

For a Musielak-Orlicz function ¢ we put:

@(x,s) = sup{st — @(x,1)},

>0

Note that ¢ is the Musielak-Orlicz function complementary to ¢ (or conjugate of @)
in the sense of Young with respect to the variable s. In the space L, (€2) we define the
following two norms:

lully = inf{i > 0//Q<p<x, I”(;)l > dx < 1}

which is called the Luxemburg norm and the so-called Orlicz norm by:
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ulll,o = sup /IM(X)V(X)Idx
Q

Ivll;<1

where @ is the Musielak-Orlicz function complementary to ¢. These two norms
are equivalent (see [17]). The closure in L,(€2) of the bounded measurable func-
tions with compact support in Q is denoted by E,(€2), It is a separable space (see
[17], Theorem 7.10).

We say that sequence of functions u, € L,(2) is modular convergent to u €
L,(Q) if there exists a constant 4 > 0 such that

) u, —u
lim p(p’Q( ) =0.

n—oo A

For any fixed nonnegative integer m we define

WL (Q) = {u € L,(Q)/ Vla| <m, D e Lq,(sz)}
and

WE,(Q) = {u € E,(Q)/ Vla| <m,D"u e E(p(Q)}

where a = (ay, ..., a,) with nonnegative integers a;, |a| = || + ... + |a,| and D*u
denote the distributional derivatives. The space W™L,(€2) is called the Musielak-
Orlicz Sobolev space. Let foru € W"L,(Q) :

- o m - u

Ppal) = l;mp(oyg(z) w and [l = inf { 4> 0/ 5,0() <1}
these functionals are a convex modular and a norm on W'”L(p(Q), respectively, and
the pair (W’”Lw(ﬂ), ||.||’;’ Q) is a Banach space if ¢ satisfies the following condition

(see [17]):

There exist a constant ¢, > 0 such that ;&f) o, 1) > c. (2.3)

The space W™L,(Q) will always be identified to a subspace of the product
H L, (&) =TIL,, this subspace is o (I1L,, TIE) closed.
la]<m

The space W!'L,(Q) is defined as the o(IIL,,I1E;) closure of D(Q) in
W™L,, (), and the space W'E (Q) as the closure of the Schwartz space D(Q) in
WL ,(Q).

Let WL () be the o (I1L,, TIE;) closure of D(Q) in W"L,,(Q). The following
spaces of distributions will also be used:

WL = {f € D@/ f = X, (~DID, withf, € L@ |

|a|<m

and
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652 A. Benkirane et al.

WES(Q) = {f eDQ)/f = Z (=D"Df, withf, € E(p(Q)}.

la|<m

We say that a sequence of functions u, € W"L,(Q) is modular convergent to
u € WL, (Q) if there exists a constant k > 0 such that

. u, —u
lim p(p,Q( > =0.

n—oo k

We recall that
o, 1) <@ (@, 1) <20(x,1) for allt > 0. (2.4)

For ¢ and her complementary function ¢, the following inequality is called the
Young inequality (see [17]):

ts < o, 1)+ @lx,s), Vi,s>0, ae x € Q. 2.5)
This inequality implies that
lullpo < Pyl +1 (2.6)
In L ,(L2) we have the relation between the norm and the modular
lull,o < Py if flull,q >1 .7
and
lullpo = Py if flull,q <1 (2.8)

For two complementary Musielak-Orlicz functions ¢ and ¢, let u € L,(€2) and
v € L;(Q), then we have the Holder inequality (see [17]):

/ uC () d| < llul, ol 29
Q

3 Some technical lemmas
This section concern some technical lemmas that will be used in our main result.

Definition 3.1 We say that a Musielak function ¢ verifies the log-Holder continuity
hypothesis on Q if there exists A > 0 such that

&0 A
(.0 log( ! )

[x=yl
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V> land Vx,y € Qwith [x — y| < 3

Lemma 3.1 [2] Let Q be a bounded Lipschitz domain in R¥(N > 2) and let ¢ be a
Musielak function verifying the log-Holder continuity such that

@, 1) <c; aeinQ for somec; > 0 3.1

Then D(Q) is dense in L,(€2) and in WéL(p(Q) for the modular convergence.

inf o 20 = oo, then (3.1) holds (see [2]).

t

Remark 2 Note that if lim

1—00

Example 3.1 Let p € P(Q) a bounded variable exponent on €, such that there exists
a constant A > 0 such that for all points x,y € Q with |x —y| < %, we have the
inequality

lp(x) —p)| <

A
1
oz (1257)

We can show that the Musielak function defined by @(x, £) = #® log(1 + ¢) satisfies
the hypothesis of Lemma 3.1.

Proof (see [2]). O

Lemma 3.2 [2] (Poincare’s inequality: Integral form) Let Q be a bounded Lipschitz
domain of RN(N > 2) and let @ be a Musielak function satisfying the hypothesis of
Lemma 3.1. Then there exists f,n1 > 0 and A > 0 depending only on Q and ¢ such
that

/(p(x, [v])dx < B+ n/ @(x, A|Vv|)dx for all v € W, L, (Q). (3.2)
Q Q

O

Corollary 3.3 [2] (Poincare’s inequality) Let Q be a bounded Lipchitz domain
of RN(N > 2) and let ¢ be a Musielak function satisfying the same hypothesis of
Lemma 3.2. Then there exists C > 0 such that

1
VI, < CIIVVIL, ¥ € WL, @).

Lemma 3.4 ([30]) Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let ¢
be a Musielak-Orlicz function and let u € WAL(/,(Q). Then F(u) € W& L,(Q).

Hawever, if the set D of discontinuity points of F' is finite, we obtain

OF(u) _ F’(u)% ae. in {xeQ : ux) € D}
ox, |0 " ae in (xeQ:uX) ¢ D).

L
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Lemma 3.5 [1] (Poincare’s inequality). Let @ a Musielak-Orlicz function which sat-
isfies the hypothesis of Lemma 3.1, let p(x, t) decreases with respect of one of coor-
dinate of x, then, that exists ¢ > 0 depends only of Q such that

/(p(x,lvl)dx S/qo(x,clel)dx Yu € WéLw(Q).
Q Q

Lemma 3.6 [9] Ler Q satisfies the segment property and suppose that u € W(%Lw(Q).
Then, there exists a sequence (un) C D(Q) such that

u,, = u for modular convergence in WSL(/](Q).
In addition to this, ifu € WL ,(Q) N L®(Q) then ||u,|| , < (N + Djul|
Lemma 3.7 Suppose that (gn), g € LY(Q) such that
(1) g, 20a.einQ,

(i) g, — ga.einQ,

(iii)/gn(x)dx—>/g(x)dx.
Q o)

Then g, — g strongly in L'(Q).

Lemma 3.8 [10] If a sequence h, € L ,(Q) converges in measure to a measurable
JSunction h and if h, remains bounded in L,(Q), then h € L,(Q) and h, — h for
o (ML, TE;).

Lemma 3.9 [10] Let v,, v € L,(Q). If v, = v with respect to the modular conver-
gence, then v, — v for U(L(ﬂ(Q), L—(Q)).

Lemma 3.10 [25] If y < @ and u, — u for the modular convergence in L(p(Q) then
u, — u strongly in E,(Q).

Lemma 3.11 (The Nemytskii Operator). Suppose that Q be an open subset of RY
with finite measure and let ¢ and y be two Musielak Orlicz functions. Suppose that
g : QXRP — R? be a Carathéodory function such that for a.e. x € Q and all
seRP:

g, )| < e +kyy o (x kyls] )

where ky and k, are real positives constants and c(.) € E,,(Q). Then the Nemytskii
Operator N, defined by N,(u)(x) = g(x, u(x)) is continuous from

P
P(EM(Q), ki> =11 {u € Ly(Q) : d(u, Ey(Q) < kl}
2

2
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into (LW(Q))qfor the modular convergence. How;)ever if c(:) € Ey(Q) and y <<y
then N, is strongly continuous from P(EM(Q), k]—2> to (EY(Q))q.

4 Main result

We now give the definition of a renormalized solution of (1.1).

Definition 4.1 A measurable function u# : Q — R is called a renormalized solution
of (1.1) if:

Ti(u) € WoL,(Q) and b(x,u, Vu) € (LE(Q))N , @.1)
lim / b(x,u, Vu)Vudx =0, 4.2)
m=10 JieQ: m<lu)|<m+1}

and for every function 2 € Ci(IR) such that

—div(b(x, ", Vu)h(u)) - div<F(x, u)h(u)) + K (W)F(x, 1)V 43)

= fh(u) — div(ph(uw)) + K w)dVu  in D'(Q).
Remark 3 Every term in equation (4.3) is meaningful in the distributional sense.
Indeed, for & € C!(R) and u € W, L,,(Q), then h(u) € W'L () and for V in D(Q)
the function VA(u) € W)L, (Q). Since div(b(x, ", W)) € WL(Q), we have for
every V € D(Q):

<div<b(x, i, Vu))h(u) : V> - <div<b(x, %, W)) : Vh(u)>

D'(Q).D(Q) WL (Q), W)L, ()

F i n a I 1 y ,
Fwh(o) € L2(@), Fox, il () € 2@, div(Fox,wh@)) € W L@
and F(x, u)h'(u)Vu € L ,(Q).

Our main result is the following

Theorem 4.1 Under assumptions (1.2)-(1.8) there exists at least a renormalized
solution of Problem (1.1).

Remark 4 Actually the original equation (1.1) will be recovered whenever h(u) = 1
but unfortunately this cannot happen in general strong additional requirements on .

Therefore, (4.3) is to be viewed as a weaker form of (1.1).

Remark 5 Generalized Orlicz spaces (Musielak-Orlicz-sobolev spaces), Orlicz spaces
and LP(')—spaces have different nature, and neither of them is a subset of the other.

@ Springer



656 A. Benkirane et al.

Let us list some techniques from the classical case which do not work in IP¢)_
spaces and some additional ones that do not work in the generalized Orlicz case.
Orlicz spaces are similar to LP-spaces in many regards, but some differences exist.

— Exponents cannot be moved outside the ®-function, i.e. p(#') # @(#)" in general.

— The formula ¢! ( fg (p([fl)dx) does not define a norm. Techniques which do not
work in LPO-spaces (from [24], pp. 9-10]):

— The space L) is not rearrangement invariant; the translation operator T} :
Y — PO, T,f(x) :=f(x+h) is not bounded; Young’s convolution inequality
lf = gll,c.) < cllf Il llgll ., does not hold [24], Section 3.6].

— The formula

0

/ FPdx =p/°° P eQ  [f)] > 1)]di
Q

has no variable exponent analogue.
— Maximal, Poincaré, Sobolev, etc., inequalities do not hold in a modular form. For
instance, A. Lerner showed that the inequality

|Mf|p(x)dx <c [flp(x)dx
Rn er

holds if and only if p € (1, o) is constant [29], Theorem 1.1]. For the Poincaré
inequality see [24], Example 8.2.7] and the discussion after it.

— Interpolation is not so useful, since variable exponent spaces never result as an
interpolant of constant exponent spaces (see Sect. 5.5).

— Solutions of the p(-)-Laplace equation are not scalable, i.e. Au need not be a solution
even if u is [24], Example 13.1.9]. New obstructions in generalized Orlicz spaces:

—  We cannot estimate @(x, 1) S @(y,1)!'*¢ + 1 even when |x — y| is small, because of
lack of polynomial growth. This complicates e.g. the use of higher integrability in
PDE proofs.

— Itis not always the case that y; € L?(€2) when |E| < oo.

5 Proof of Theorem 4.1

Throughout the paper, T}, denotes the truncation function at height k > 0 :
T,(s) = max(—k, min(k, 5))

5.1 Approximate problem

For n € N*, let define the following approximations of f and ®. Let f, be a
sequence of L*() functions that converge strongly to f in L'(Q), and ||f, ||, <

Iflli. Let F,(x,s) = F(x,T,(s)). Then we consider the approximate Eq. (1.1) for

n>1:u,€ W(%Lq,(Q)
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—div<b(x, u,, Vun)) + div<Fn (x, un)) =f —div(¢) InD'(Q). (5.1
there exists at last one solution u,, € WéLw(Q) of (5.1) (see [26]).
5.2 A priori estimates
Choosing T (u,,) as a test function in (5.1), we get

/bn(x,un,Vun)VTk(un)dx+/Fn(x,un)VTk(un)dx
Q Q

5.2)
< k”fn”Ll(Q) + / ¢VT, (u,)dx.
Q

By (1.6), Lemma 3.5 and Young inequality, we obtain:

/Fn(x, un)VTk(un)dx
Q
<10 [ [ ottt as+ [ o lul)iln)a]- 63
< NleOlle (ag + 1) / (p(x, |VTk(un) >dxdt.
0,

Recall that
/ VT (u,) dx < % / @(x, |VT(w,)|) dx + (@, N, a, ). (5.4)
Q Q
return to (5.2) and using (5.3) and (5.4) we get

/an(x, iy Vit ) VT (0, ) dxdt < K|fy ]| ey + [Ilc(-)llm(ao +1) + %] 5.5
oo 730t |

by using (1.5) we get

(1Ol (o + 1) + 4]

a

/ b, (x, u,, Vun) VTk(un)dxdt +k||f; ||L1(Q),
Q

/ b, (x, u,, Vun)VTk(un)dxdt <
Q

thus

l%_ [||C(~)||L°°Of“o+1)]] /Qb(x,un,Vun)V(Tk(un))dx < key,
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M e 1
wetake L = [ 1 [Nz (a0 + 1)]
cy 2 a

By (1.7) we have ¢, > 0 where C = ¢,c,. And by (1.5) we have

/Q(P(X, |VTk(“n)

So it follows that (T} (u,)), is bounded in W)L, (), then there exists some
Vi € WL, () such that

{ T, (u,) = v, weakly in W)L () for o (1L, [1E;)

. Then we deduce that

)dx <kC. (5.6)

5.7
Tk(un) — Vv strongly in E;(Q). 7
On the other hand, using (5.6), we have
Tk(un)
inf (p(x E)measﬂu | >k} < o| x, | dx
r€Q g {Ju,| >k} o
/(p |VTk )dekC.
Q
Then
meas{ |u,| > k} < __ ke
inf cq (p< k)
for all n > 1 and for all £ > 1. Assuming that there exists a positive function @ such
t —
that tlim ? = 4ooand ¢(t) < essinf g @(x,1), Vt > 0. Thus, we get
lim meas{ |u,| > k} = 0. (5.8)

Letn > 0 and ¢ > O then
meas{ |u, — u, | > n} < meas{|u,| >k} + meas{|u,,| > k} +meas{‘Tk(un) - Tk(um)‘ > n}

then, by using (5.7) one suppose that (7, (u,)), is a Cauchy sequence in measure in
Q, Let € > 0, then by (5.8) there exists some k = k(g) > 0 such that

meas{|un —u,| > 11} <e, for alln, m > hy(k(e), n),
which means that (”n),, is a Cauchy sequence in measure in €2, thus converge almost

every where to u. Consequently

{ u, — u weakly in WéL(p(Q) for G(HL(I), HEE)
(5.9)

u, — u strongly in E(€2).
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5.3 Boundedness of (b(x, u,, Vu,) )n in <L$(9)>N

Let 9 € (E,(©))" such that
1911, = 1, we have

/Q [b(x, To(u,). VT, (u,)) - b<x, Ty (u,), g)] [VTk(un) - ki;] dx> 0.

3

This implies that

/Qkib(x,Tk(u,,),vrk(un))sdx

3

S/Qb(x,Tk(un),VTk(un))VTk(un)a’x—/Qb<x,Tk(un),£><VTk(un)—%)dx
SkCl+C2—/£2b<x,Tk(un),k%>VTk(u,1)dx+%/Qb(x,Tk(un),k%>8dx.

3
(5.10)

By using Young’s inequality in the last two terms of the last side and (5.6) we get

Ab(x, Tk(un), VTk(un))ﬁdx
b(x, Tk(un),%)|

3k,

§k3(kC1+C2)+3k1(1+k3)/5 X, dx
Q

)dx+3k1/(p(x, 19]) dx
Q

+ 3k k; /gz (p(X, )VTk(un)
b(x’ Tk(un)’/%>|

< ky(kCy + Cy) + 3k k3 (kCy + Cy) + 3k; + 3k, (1 +k3)/a x, T dx
Q 1
(5.11)
Now, by using (1.3) and the convexity of @ we get
‘b(x, Tk(un), 2)
ks 1/—
x, < 2 (P dee) + P (x| T (,)|) + . 19D )
3k, 3
(5.12)

Thanks to Remark 1 there exists # € L' (Q) such that
P<x, k2|Tk(un)l> < P(x,kok) < (x, 1) + h(x)

then by integrating over Q we deduce that
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b(x, Tk(un), é)
/q_o X, - dx
Q

3%,
Sl(/anm»m+/mmm+/¢@nm+/@@wpm>g%
3\Jea Q Q Q
(5.13)
where ¢, is a constant depending on k, then V9 € (E(p(Q))N with [|9]],q = 1 we

have /b(x, Tk(un), VTk(un))19dx < c,’(, and thus ”b(x, Tk(un), VTk(un))”_Q < cl’(,
Q .

which implies that

((x.T(,). VT (1,)) ) is bounded in L), (5.14)

5.4 Renormalization identity for the approximate solutions

Consider the function Z,,(u,) = T, (u, — T, (u,) ) and by taking Z, (u,) as test func-
tion in (5.1) we obtain

/bn(x,un,Vun)VZm(u”)dx+/Fn(x,u,,)VZm(un) dx
Q Q

=/fan(un)dx+/¢VZm(un) dx.
Q Q

By the same argument used in a priori estimates, we get

/(p(x,‘VZm(un) /fan(un)dx+/5<x,m)Zm(un)dx]
Q Q Q €
+ C/ 5<x, m) dx
{m<u,<m+1} €

1 [1 <||C(')”L°°(Q)+€1

where — =
C

(5.15)

)wsc

(5.16)

2 a
n — +oo, we use the pointwise convergence of u, and strongly convergence in L' (Q)

of f,, we get
fewwar [ )z
fZ,wdx+ | @|x,— )Z,(wdx
n—+oo Q Q €1

C/ 5()@ @> dx
{m<u<m+1} €]
5.17)

Thanks to Lebesgue’s theorem and passing to the limit as m — +o0, in every term of
the right-hand side of the previous inequalities, we obtain

>] In order to pass to the limit in (5.16) as

lim 1) (x, | vz, (un )
Q

)wsc
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lim lim / o (%.]VZ, (1)
Q

m—+00 n—+0oo

)dxzo. (5.18)

Using (1.6) and Young inequality, for n > m + 1 we have

/ de/ @(x’aO‘TmH(Mn)
a {m=<u,<m+1}
+/Q(p<x,|VZm(un) )dx.

Thanks to Lebesgue’s theorem, and by the pointwise convergence of u, we can have

F, (x, un)VZm(un)

)dx

(5.19)

lim F,(x,u,)VZ,(u,)|dx < / @ (x, ag| Ty )| ) dx
=t fo {m<u<m+1}
(5.20)
+ lim [ ¢(x,|VZ,w)|) dx.
n—>+oo Q
Passing to the limit in (5.20) as m — 400, we obtain
m1—1>Too nll}&noo F, (x, un) VZm(un) dx =0.
Finally passing to the limit in (5.16), we get
lim lim b, (x, U,, Vun) Vu, dx = 0. (5.21)

m—+00 n—>+00 {WLSLtnSm+] }

5.5 Almost everywhere convergence of the gradients

Let v; € D(Q) be a sequence such that v, > u in W(;Lq,(Q) for the modular conver-
gence. For m > k, we define the function ¢,, by

1 if |s|<m
o) =a4m+1—|s| if m<|[s|]<m+1
0 if |s|>m+1

We denote by e(n, 1, j, m) all quantities (possibly different) such that
lim lim lim lim e(n,n,j,m) =0.

m—+00 j—+00 N—>+00 n—>+0co

For fixed k > 0,let Wy’ = T, (T} (u,) — T (v;)) and W} = T, (T, (u) — T (v;) ). Multi-
plying the approximating equation by W:,’ Y0 (un), we obtain

/bn(x,un,Vun)VW;”jom(un)dx—/Fn(x,un>VW"11‘70m(un) dx
Q

Q

(5.22)
S/an;‘*jom(un)dx+/¢VW:;"pm(un)dx.
Q Q

Remark that if we take n > m + 1, we obtain
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Fn(x’un)gm(un) F( ’Tm+1( ))Om(TmH(un))’

then F, (x, un) is bounded in L;(€2), thus, by using the pointwise convergence of u,
and Lebesgue’s theorem we obtain F, (x, un) converges to F(x, u) with the modular
convergence as n — +oo, then

F, (x, un)om(un) — F(x,u)o,,(u) for o-(HLqJ, HLq,).

In the other hand for 0 < T (,) — T;(v;) < nthen VW,” = (Tk(un) - Tk(vj)> con-
verges to V (Tk(u) - Tk(vj)> weakly in (L(p(Q)) as n tends to 4co, then

lim [ F,(x,u,)0,(u,) VW, dx = / F(x,1)0,,) VW) dx.

n—+oo Q Q

By using the modular convergence of Wé as j — +oo and letting y tends to infinity,
we get

/Fn (x, un)om(un)VW";J dx = e(n,j) for anym > 1. (5.23)
Q

In the other hand for n > m + 1 > k, we have Vuno ( ) VTm+l( )ae in Q. By
the almost every where convergence of u, we have W”” - WJ in L*(€) weak- * and
since the sequence (F (x, T, ( )))n converge strongly 1nE—(Q) then

Fy (2, Ty (1) )W = F (2, T,y ) W/
converge strongly in E(Q) as n — +oco. By virtue of VT, (u,) > VT, )

weakly in (L, (Q))N as n — +oo we have

n—+oo

lim / Fn(x’ Tm+1(un))vun0;n (u") W:I” dx
m<|u, | <m+1}

(5.24)
= / F(x, u)Vuo;n(u)Wg dx
{m<|u|<m+1}
with the modular convergence of WZ as j — +oo, we get
/ F,(x, un)Vunp;n(un)Wl’;J dx = e(n,j) for anym > 1 (5.25)
Q

Concerning the first term of (5.22) we have

/Qb(xu Vi, )6, n)w;;%:/ by (35,14, V1) 0, (1, Vit W di

{mslun|§m+l}

< nC/ b, (x, u,, Vun)Vun dx,
{m<|u |<m+l}

(5.26)
thus
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/ b, (%, u,, Vi, )0, (u, ) Wiidx < e(n, m). (5.27)
Q

The weakly convergence of T} (u,) to T;(v;) in WL, (Q) as n tends to +oo, the
bounded character of W,”, we obtain

/Q 10 (1, )W) dx = e, m), (5.28)
and
/Q dVW,i0, (1,) dx = en, n). (5.29)
Appealing now (1.5), we get
I /quVuno;n(un)WZ‘i dx| <e€

/6(}6, i) W™ dx + eln/ b, (x, u,, Vu,) Vu,dx < e(n, m,j, ).
Q ! {m<|u, | <m+1}

€
(5.30)
In the other hand we have

/bn(x,un,vun)(’m(”n)vadx
Q

b, (x, T, (un), VT, (un))pm(un)
/{|un|sk}n{osn(u»—n(v,.))sn} ¢ ‘ 5.31)

X (VT (u,) = VT, (v;)) dx

- bn(x, u,, Vun)om(un)VT (v) dx.
/{Iun|>’<}ﬂ{0STk("n)—Tk(V,-))S'7} o

Since b, (x, T, +,ﬁ\ﬁu,,), VTi,,(u,)) is bounded in (L—(Q))N, there exist some
Wiy, € ](,LE(Q)) such that b, (x, Tk+,1(u,,),VTk+,7 Zjun)) - @, weakly in
(L))" . Thus:

b, (x, u,, Vun)gm (u,,) VT, (v) dx
/{ Ju, [>4)0{0<T0,)- T3 (1)) o (5.32)

= pm(u)wkMVTk(vj) dx + e(n),
{lul>k}n{ 0T, w)-T,(v;))<n }
By letting j - +o0, we get
OmOVT (v,) s i = / OOV T )Ty + €)= €(n.)).

A|u\>k)n{0§Tk(u)—Tk(v,-))gr,} {lul>k}}
(5.33)

Thanks to (5.23)—(5.33), one has
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b, (x, T (un), VT, (un))pm (un)
/{ [ | <k }O{O<T, ()~ Ti(v;)) <} ¢ ‘ (5.34)

X (VT (u,) = VT (v;)) dx < Cn + e(n, j, m).

Since exp (G(u,)) > land o,,(u,) = 1for |u,| < k then

/ by (. T (1) VT (1)) (VT (1) = VT (vy)) e
{lu, | <k}N{0<T; (u, )~ T} (v))<n}

< Cn +e(n,j,m).
(5.35)

Finally we show that,

/ (bl Tu 1), 9T, (1)) = b(x. Ty (w,). VT,00) ) (VT4 (1) = VT, ) e 0.

? (5.36)
For s> 0, denoting by @ ={xeQ: |VIw)|<s} and
Q= {x €Q: ‘VT,( (vj)' < s} then by y* and y} the characteristic functions of Q°
and QJS respectively, letting 0 < 6 < 1, define

0, = (b Ti(w,), VT (1,)) = b5 T (1,), VT,@) ) (VT (1,) = VT, @0).

For s > 0, we have

) — ) )
0< / O dx = /Q O X {013 (1)) n} X F /Q O {1y(u,)T, ()} 4

The first term of the right-side hand, with the Holder inequality we obtain

3 1-6
/Qs O (o< (1) -1.(s )<} 4 S ( /Q @mkz{ogk(un)_n(‘,)g}dx) < / : d’“)

s
<C </Q G)n,k)-/{OSTk(u,,)—Tk(vj)Sn} dx> )
(5.37)
For the second term of the right-side hand by the Holder inequality we have

5 1-6
@ X T (V=T (v dxg(/@n dx> / e |,
/sz kA {Ti) T )>n) e (T(,)=T(v)>n)

(5.38)
since a(x, Ty (u,), VT, (u,)) is bounded in (LE(Q))N, while VT, (u,) is bounded in
(L, ()" then

/QS O 4 (11,1, (s o) A6 < Comeas{x € Q ¢ Ty(u,) = T (v;) >}
(5.39)
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We obtain

5
®5dsc</®n V=T (v d>
/Qx nk = o KX{O<T (u,) =T (v))<n} HX (5.40)
+ Cymeas{x € Q : T, (u,) — T, (v;) > ;7}

On the other hand

_/Q.; ®"’k}({ 0<T, (u,)-Ti (v;)<n } dx
(0T (1), VT (1)) = (2 Te(1,), VT 1) )

<

/{-OSTk(“)‘Tk(Vj)SW}
X (VTk(un) - VTk(u))(s) dx.
(5.41)
For each s, r € R* with s > r one has
0< b(x, Ty (u,). VT, (u,)) = b(x, T, (u,), VT,
gy B T b0 570
X (VTk(un) - VTk(u)) dx
< b(x T, (), VT, (,)) = b(x, T, (w,), VT,
h /SE‘H{OSTk(u,,)—T/((t’,)S*I)}( (e Tilin). VI3 (1)) =l Tels) A(u»)
X (VTk(un) - VTk(u)) dx
= b Te(1,), VT (1,)) = b(x. Te(w,), VT z,) )
X (VTk(un) - VTk(u))(S) dx
< b(x, T, (u,), VT (u,)) — b(x, Ty (u,), VT, (w) x*
[N (S AUAR TR RS ATAREATR)
X (VTk(u") - VT () y*) dx
= b(x. T (u,). VT, (1)) = b(x. T, (). VT, (v,) 1*
/(osrk(u”)—rk(v,)sn)< (. T (), VT () <x (1) k(Vj)Zl))
x (VT (,) = VTi(v) 27 ) dx

b(x. T (u,), VTk(un))<VTk( )z —VTk(u);(>

/Q‘n{OsTk (=T (v)<n }
Q

+

+

/0<Tk(1¢) Ti(v)<n}

T (), VT (vi) X)) = b(x, Ty (u,), VT, NV\VT (u,) d
(0T (u,)~Te(v,) <1} (x (1) k(vj))(_/) (. Ty (), VT () )) (1) dx

T, n ’VT VT, )d
/{0 <T; ()~ (v;)<n } (x k(M) k( ) ) k( )}( X

/ b(x Tk( ) VTk(u);(S)VTk(u);f) dx
{0<Ti(u,)~Tic(v;)<n}

=L 4L+ +1,+]1s
(5.42)

In the sequel we pass to the limit in /; when n, j, p,and s — +o0. We have
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I = b(x, T, (u,), VTi(u,)) (VT (u,) — VT, (v;) )dx

/{OSTk(”n)—Tk(Vj)SU}

B b ’T n ’VT n VT, i 7 — VT ; d
/{OSTk(un)—Tk(vj)sn} (x (), VT (u )>< k(vj))(, k(Vj)) x

- b(x, T (), VT, (v.) 2 (VT (u,) = VT, (v)) 1 )d
s M) () )

Thanks to (5.35), the first term of the right hand side in 7, we get

/ b(x, T, (u,), VTi(u,)) (VT (,) = VT, (v;))dx
{0<T, (u,)-Tu(v)<n }

<Cn+en,m,j,s)— _/ b(x’ T (u), O)VTk (VJ') dx
{1ul>kn0<T, () ~T, (v;)<n }

< Cn + e(n, m,j).
Since b(x, T;(u,), VT;(u,)) is bounded in (La(Q))N, there exist some w, €
(LE(Q)) such that (for a subsequence still denoted by u,,):
b(x, Tk(un), VTk(un))
—w, in (L,@)" for o(IIL,,TIE,)

By using in the fact (VTk(vj);(js - VTk("j))1{05Tk(un)—Tk(vj)sn} strongly converges

. N
to (VTk(Vj)Zf = VT(v) )Z{osTkm)—Tk(v,-)Sn} in (E,(Q))" as n — +oo.
The second term of the right hand side of /; tends to

b(x, T (u,), VT, (u,) ) (VT (v;) x* = VT,(v,) ) d
/{OSTk(Mn)—Tk(\{,-)Sn} (x k(u) k(u ))< k(vj)xj k(vj>> x

VT, (v:)y’ = VT, (v;) ) dx+ .
/{OSTk(u)—Tk(v/)SW}Wk< k("j))(, k(v])> x + e(n)

The third term of the right-hand side tends to

b\ x, T (u,), VT, (v; S VT, L) = VT (v; S)d
I A G

/{ogk(m—n(»’j)Sn} b(x’ L), VT"(V/)XJZY) (VT"(M) B VT"(V/)I;) dx + e(m),

Letting j - +oo0 and 4 — +o0 of [}, it possible to conclude that
I, < Cn+en,j,s).

Concerning /,, by letting n — 400, we obtain
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L, - / wk<VTk(vj);(js - VTk(u))(s> dx.
0<T; (w)-Ti(v;)<n}
Since b(x, T (i), VT; (1)) = @ in (Lx()", for o (ML, TIE,, ) while

(VTk(V/)){jS — VTk(u)/YS)X{OSTk(u)—Tk(v,)SW} d (VT]((V])XJS — VTk(u)),/S)){{Ong(u)—T‘(Vj)ﬁn}

strongly in (E(p(Q))N. Now, letting j — 400, and thanks to Lebesgue’s theorem, we
obtain

12 = e(n,j),
I; = e(n, j),

I, = / b(x, To(w), VT () VT (w)dx + €(n, j, s, m),
{0<Tk(u) Tk(v )<;7}
and
Is = / b(x, To(w), VT (w)) VT (w)dx + €(n, j, 5, m).
{0<Tw)-T, (v;)<n}
Consequently, we obtain
/ ©,dx < C\(Cn + e(n,n,m))’ + Cy(e(n, ))' .
Which leads to

/ [(b(x, T, (w,), VT, (u,)) — b(x, T, (,,), VTk(u)))
{T,(Te(,)-Ti(v;))20} nQ

)
X (VT () — VTk(u))] dx = e(n).
(5.43)
By taking W,” = T, ( (vi))” a d W) =T, (Ty(u) — T(v;)) . then testing

n J
the approx1mat1ng equatlon by exp (/ un pm ) we obtain

[(b(x, Te(1,), VT(1,) = b5 Ty (1,), VT, 0) )

x (VT (u,) — VTk(u))](S dx = e(n).

/{ T, (Tie(n)=Tie(v;)) <0}

(5.44)
Thanks to (5.43) and (5.44) we have

/ (e 7). VT () = b T VT300) (V) = VT )| = )

As a consequence, since r is arbitrary:
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Vu, - Vu ae. inQ, (5.45)

and for all £ > 0, we have

b(x, Ty (1,), VT; (1)) = b(x, Ty(w), VT, () weakly in (L, ()", (5.46)

(p(x, |VTk(un) > - go(x, |VTk(u)|) strongly in L!(Q). (5.47)

5.6 Renormalization identity for the solutions

We show that The limit u of the approximate solution u,, of (5.1) satisfies:

lim b(x,u, Vu)Vudx = 0. (5.48)

M= J{m<|ul<m+1}

To this end, remark that for any m > 0 one has

/ b(x,un,Vun)Vundx= /b(x,un,Vu”)(VTmH(un) —VTm(u,,))dx
{m<|u,|<m+1} Q

= / b(x’ Tm+l (un)’ VTm+l (un) >VTm+l (un) dx
Q

—/Qb<x,Tm(un),VTm(un)>VTm(un)dx.
(5.49)

According to (5.46), (5.47) one is at liberty to pass to the limit as n tends to infinity
for fixed m and to obtain

lim b(x, un,Vun)Vun dx = /

n—oo {mglun|§m+l} Q

b(x, T, . ), VTm+1(u)> VT, () dx

- / b(x, T, (), VTm(u)>VTm(u) dx. = b(x, u, Vi)V dx
Q {m<|u|<m+1}

(5.50)

Taking the limit as m tends to +co and using the estimate (5.21) show that u satisfies
(5.48).

5.7 Passing to the limit

Let h € C)(R) and V € D(Q). Using the admissible test function h(u,)V in (5.1)
leads to
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/b(x,un,Vun)Vunh/(un)de+/b(x,un,Vun)VVh(un)dx
o

+ / Fy ()Y () V)= | fo () Velx + / Y ((1,)V)dx.
Q Q Q

(5.51)
We shall pass to the limit in each term in the previous equality, to this end, remark
that since & and A’ have a compact support in A, there exists K > 0 such that
supp(h) C [-K, K]. For n large enough, we have:

F,(x, Dh(t) = F,(x, T,,(1)) h(t) = F (x, T (1) ) h(2)
F, (6, 01 (1) = F, (x, T,(0)) (1) = F (x, Te () ()

Let us start by the third integral of the left-hand side and the right hand-side of
(5.51). Since h € CCI(R) and V € D(Q), then there exists two positive constants ¢,
and ¢} such that | (T (w,))VV||_ < ey and 1) (T (,) V¥ T (u,) o < ¢} Now
since Ty (un) is bounded in WIL(p(Q), then there exists two positive constant A, and 4
|75 ()| | | .
such that / R re— dx < Ay. Using the convexity and monotonicity of ¢,
Q

llo

for n large enough, we can write

/J”(x’ V(h(T:(un))V)>dx

/ W(T (1)) VY + 10T (10, V| T (w,)
= [ B2
Q h

dx

[ VT (w,)]

o+ dA——=
S/(px,— dx
Q n

o ci 4 ‘VTK(un)
5/(p<x,—>dx+—/(px,— dx
Q n n Ja A

/

cAA -
<C .+ 1770 where C, . = @ x,c—1 dx < oo.
¢y n ¢y 0 n

Then the sequence {V (h(T(u,))V)} is bounded in (Lq,(Q))N, as a consequence,
we deduce

h(u,)V — h(u)V weakly in W, L, (Q) for o (TIL,, I1E,, ). (5.52)
Moreover, since F' (x, Tk (un)) is bounded in LW(Q), we have from Lemma 3.10
F(x, TK(un)) - F(x, TK(u)) strongly in E,, (€2).

By (5.52), we get
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lim / F,(x,u,)V (h(u,)V)dx = / F(x, T (u)) V(h(u)V)dx.
Q

n—oo Q

Moreover we have

lim /fnh(un)dez/fh(u)de,
Q Q

n—0o0

lim / dVh(u,)Vdx = / dVh(u)Vdx.
Q Q

n—oo
Concerning the first integral of (5.51), while supp 4’ C [—K, K], we obtain
n (un) Vb(x, u,, Vun)Vun =n (un) Vb(x, TK(un), VTK(un))VTK(un) a.e. in Q.

The pointwise convergence of u, to u, the bounded character of #'V, (5.46) and
(5.47) imply that

W (u,) Vb(x, u,, Vi, ) Vi, = B @)V (x, Tye(u), VT (1)) VT (1) weakly in L'(Q).

The term k' (u)Vb(x, Ty (u), VT (1)) VT () is identified with i’ (u)Vb(x, u, Vu)Vu.

Now since h(u,)Vb(x,u,, Vu,) = h(u,)Vb(x, Ty (u,), VT (u, ),a.e. in Q, and
using the strongly convergence of /(u,)VV to h)VV in (E,(Q))", and using the
weakly convergence of b(x, Ty (u,), VTx (u,)) to b(x, Tx(u), VT (w)) in (LW(Q))N
for o (HLW, HEw), then

lim / b(x, u,, Vun)VVh(un)dx = / b(x, u, Vu)VVh(u) dx.
n—oo Q Q

As a consequence of the above convergence results, we are in a position to pass to
the limit as » tends to +o0 in (5.51) and to conclude that u satisfies (4.3). As a con-
clusion of Step 5.1 to Step 5.7, the proof of Theorem 4.1 is complete.

Remark 6

(1) TItis possible to extend this result to the following parabolic equation

% —div(a(x, t,u, Vu)) + F(x,t,u) = u in Q x (0, T),
u=0 on 0Q x (0, T),
u(x,0) = uy(x) in Q.

where Q is a bounded open subset of RYN.N>1,T >0 and Qy is the cylinder
Q x (0,7). The operator A(u) = —div(a(x,t,u, Vu)) is a Leray-Lions operator
lefined in W(;’XL(F (QT). The lower order term F verifies the natural growth con-
dition, no A,-condition is assumed on the Musielak function, and the datum u
is assumed to belong to L'(Q7) + W'E(Qy).

(2) Inthe case of F = 0, the problem (1.1) admits a unique solution.
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