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Abstract

We prove the existence and regularity of solutions to a degenerate nonlinear elliptic
problem with boundary conditions of the Dirichlet type — div b(x,v,Vv) =g in Q,
where Q) is a bounded open set with smooth boundary in R¥, (N > 2) and b(-, v, Vv)
is a Carathéodory function and the second member g belongs to L'(€2). The main
tools used are a priori estimates in Marcinkiewicz space with variable exponent.
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1 Introduction

We consider the degenerate nonlinear elliptic problem

—div b(x,v,Vv) =g in Q,
(P){ v=20 on 0€,

where b : QX R x RY — RY is a Carathéodory function such that for & # &, a > 0
and 0 < 0(-) < p(-) — 1, (8 € C(L)), the function b satisfies

s

b(x,s,0)& 2 a(l + |S|)0(x)’

and  (b(x,5,8) — b(x,5,ENE-EN >0, (1)

and the natural growth

|b(x, 5,6) < BIEPD, @)

where > 0.
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Our goal in this paper is first to prove the existence of entropy solutions when the
second member g belongs to L!(£2), moreover we prove that such solutions are also
weak solutions under the hypothesis p(-) > 6% +2 — 11\/ In a second step, we will
deal with the regularity of entropy solutions when g belongs to LI0)(Q), with

qgx) > 1,¥x € Q,and g~ < %. Noting that the last condition is equivalent
tog < (p,) if @ = 0 and p(-) = p in the problem (P).

We recall that in the classical case, i.e., when p(-) = p and 6(-) = 6 the problem
(P), was studied for example in [23], where the authors established the regularity of
entropy solutions when the second member g belongs to the Marcinkiewicz spaces
M"™(Q) using the generalized Stampacchia Lemma. We also refer to [12], where the
authors proved the existence of a distributive or entropic solution for a degener-
ate problem according to the growth assumptions on a lower order term. For more
results in this topic, see for example [12, 13, 24].

For & = 0in (1), i.e., when the principal part of problem (P) is coercive, we have

y=@),my(-) = (’;)_()), and m,(-) = mm(‘];il p(-) which are the same quantities
obtained in [27, 29], where the authorsoestablished the existence and uniqueness of
an entropy solution to the obstacle problem for nonlinear elliptic equations with var-
iable growth and a second member L'. For more details in the framework of Sobolev
spaces with variable exponent, see [2-5, 10, 19, 20, 31].

The difficulty presented for studying this problem is that the coercivity can
degenerate when u is too big, so we cannot apply the standard Leray—Lions surjec-
tivity theorem for the establishment of existence of solutions. To overcome this dif-
ficulty, we consider the approximate problem (P,) of which the differential operator
on Wé’p “(Q) is coercive and we can establish a priori estimates on approximating
solutions. Then the existence of entropy solutions to problem (P) can be obtained
by passing to the limit in the approximate problem. Moreover the entropy solutions
are also weak solutions under additional assumptions on exponent p(-). The method
using the approximate problem is widely studied in the literature, see for example
[1,8,9, 14-16, 22, 29].

The study of the Partial Differential Equations with non-standard (variable expo-
nent) growth received wide attention in recent years due to their applications in image
processing, elasticity theory and fluid mechanics. In fact, when b(x, v, Vv) = b(x, Vv),
the equation is studied (in a broader framework) in [28], where Lewy—Stampacchia
inequalities are used to derive regularity of solutions under coercivity and truncated
monotonicity (T-monotonicity) conditions. Moreover, in [18] also are established
estimates on the second order derivatives of solutions. A more particular case, that is,
when b(x, v, Vv) = b(Vv) is studied in [17]. The study of problems governed by these
type of operators goes as far as understanding the limit case with rapidly oscillating
coefficients (homogenization), as in [26, 33].

The paper is organized as follows. In Sect. 2, we recall some rearrangement
properties and the definitions of Sobolev and Marcinkiewicz spaces with variable
exponent. In Sect. 3, we obtain a priori estimates, the existence of entropy solutions
and then the weak solutions are proved. In the last section we prove some regularity
results of solutions.
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2 Preliminaries
2.1 Sobolev spaces with variable exponent
Letp : Q — R a real-valued continuous function and ¢ > 0. If

—lpx) —=p|log|lx -yl <c, Vx,ye€ Q such that [x—y| < %,

we say that p(-) verifies the log-Lipschitz condition.
We denote

C+(§) = {log-Lipschitzp 1 Q- Rwith 1 <p <pt< N},

where p~ = inf . p(x) anil pt =sup,cq px) Vp € C(ﬁ).
For p,(-) and py(-) in C(Q)

we means by p,(-) < p,(-) that ;ggfz(pz(x) - p(x)) > 0. 3)

Let p be the function defined by
p(v) = / v@)P® dx Wy e POQ).
Q

Forp eC +(§), we define the Lebesgue space with variable exponent by
LFOQ) = {v : Q - R measurable : p(v) < co},
the space (L/(Q), [|v|l.) is reflexive with
. A%
IV, =1nf{/1>0 : p<z) < 1},

We denote by L/')(Q) the conjugate space of L7)(Q), where $ + ,ﬁ = 1, for all
x € Q.

Proposition 2.1 (Holder inequality [21, 32])

() Forall (v,v') € LPO(Q) x L’ O(Q), we have

’ / v (x) dx
Q

(i) Forall p,,p, € C+(§) such that p,(x) < p,(x) for all x in Q, we have

1 1
g =) L LT L e
p- P PC) P'Ce)

Lpz(')(Q) 3N Lp‘(')(Q),

moreover the embedding is continuous.
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Proposition 2.2 [21, 32] The following assertions hold

(D vl < L(resp.=1,> 1) <= p(v) < 1 (resp. = 1,> 1);
(2) We have the following implication

p+

()’

.

IO

Ml > 1= V12, < p0) < [V

‘
Ml < 1= VI, < p0) < v

(3) The following equivalents hold true
”V”p(.) - 0= p(v) =0,

[Vll,) = 00 <= p(v) = .

We define Sobolev space with variable exponent by
WOQ) = {v € /(@) and |Vv| € ')},
with the norm
VIl ey = Ve + VYL Vv € WHPOQ).

We denote by Wé’p “)(Q) the closure of D(Q) in W'?(Q), and we define the Sobolev

exponent by p*(x) = %}Eﬁ) with p(x) < N.

Proposition 2.3 [21]

(i) The spaces W'P)(Q) and W(])’p (')(Q) are Banach spaces, separable and reflex-

ive.

(ii) The embedding WS’P(')(Q) S L"OQ) is continuous and compact, if
m(x) < p*(x), Vx € Q.

(iii) (Poincaré inequality). For allv € W(;’p (')(Q) there exists a constant ¢ > 0, such
that ||v|l ., < clVvll,.)-

@iv) (Sobolev-Poincaré inequality). For all v € Wé’p (')(Q) there exists a constant
¢ > 0, such that ||v|l,, ., < c[IVvll,.).

Remark 1 We conclude that the norms [|Vv||,., and |[v]|, ., are equivalents in
W, () using (iii) of Proposition 2.3.

The truncation function 7, : R — R s defined by

_Jr if |r| <k
T = {k- sien (1) if |1 > k.
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2.2 Marcinkiewicz spaces

In this section we review some properties of rearrangements and Marcinkiewicz
spaces with variable exponents, for more details, see [7, 25, 29, 30].

First we recall the definition of decreasing rearrangement of functions. Let
v : Q — R a measurable function.
Definition 2.4 We define the distribution function of v as follows

u,(t) = meas {x € Q : |v(x)| >1t}, t>0.

u, 1s right continuous and decreasing function.

Definition 2.5 We define the decreasing rearrangement of v as follows
v, (s) i=sup{t>0: pu, () >s}, s=>0.

Definition 2.6 A measurable function v : Q@ — R belongs to the Marcinkiewicz
space MP(Q)(or weak-LP) if

u(D < S V>0, or v(s) < =, Vs >0,
t si/r

for some constant c.

Let m(-) be a measurable function such that m~ > 0. We say that a measurable
function v belongs to the Marcinkiewicz space M™") if there exists a positive con-
stant C such that

/ " dx < C, for all t> 0.
{Iv|>t}

When m(-) is constant i.e. m(-) = m this definition is coincides with the classi-
cal definition of the Marcinkiewicz space M™(£2). Moreover we have

/ "9 dy < / [v|™ dx,  for all 7> 0.
{Iv|>t} Q

Thus if [v]"® € LY(Q), we have v € M"O(Q) and L"O(Q) c M"(Q), for all
m(-) > 1.

In the Marcinkiewicz space with constant exponent, if v € M"(Q), then
v|" € L'(Q), forall 0 < m < r.

This claim is extended to the nonconstant setting by the following lemma,
whose proof is given in [29].

Lemma 2.7 Let r(-) and m(-) be bounded functions such that 0 < m(-) < r(-) and
lete :=(r—m)~ > 0.Ifv € M"O(Q), then
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632 B. Aharrouch

+
/lvl’"(x) dx <2|Q| + =€,
Ie) €

where ¢ is a positive constant. In particular, M"O(Q) C L"(Q) for all
1 <m() <r().

3 Main results

3.1 A priori estimate

Definition 3.1 A measurable function v is an entropy solution of problem (P) if for
everyt > 0,7,(v) € Wé”’ Q) and

/ b(x,v, VV)VT,(v — @) dx < / 8T, (v — @) dx, 4)
Q Q

for all o € W,”(Q) N L™(<).

It is well known in [11], that for a measurable function v such that
T,(v) € Wé’p ) () there exists a unique measurable function w : Q — R" such that
WX <y = VT,(v) for a.e. x in Q and for all 7 > 0. We will define the gradient of v
as the function w, and we will denote it by w = Vv.

Theorem 3.2 Under assumptions (1) and (2). If v is an entropy solution of problem

(P), then there exists a positive constant C, depending only on p*,N, and Q, such
that for all t > 0

/ £ dv<C,  with y = <L>+
(vl>1) - pC) =0+ 1)

Proof We denote by C a constant that varies from line to line.

Since v is an entropy solution to the problem (P), for all ¢ € Wé i (')(Q) N L*®(Q)
we have

/ b(x,v, VV)VT,(v — @) dx < / gT,(v — @) dx,
Q Q

for ¢ = 0, we obtain
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/b(x, v, VWVT,(v) dx < t/ |g(x)| dx, 5)
Q Q

by using (1) it follows that

VT px)
/ IVT,(v)| dr < tllglll‘ ©)
o (1+[v[)P® a

Using the Sobolev inequality in Propositions 2.3 and 2.2, we have for ¢ > 1

/ tr dx=/ tr
{Ivl>1) {vl>1)
1 P+ (x)
5/(n |T,(v)|) dx
Q

1_
< ||t 1T,(v)||2(.)

P+ (X)
Ix

I,(v)
t

< C||V(t7_lT,(v))||;é_)

]

< c( / V(T T o) P dx)
Q

/ < /(-—1>p<x>|VT(")|p(X) + )’ dx g
eV A (T

Ll

® @
/ = p@+ M(l +1)%@ dx 2
o (1 + |v])o®

using (6) we get

IA
9!

a

.
<C / (ot VTP 20" dx )
- Q (1 + [v])@

a
<20 / A=DpCo+0G+1 |VT,(0)|P an)”
- Q (1 + v

a
< C<|Iglll>“z’
a

L _Joor i ||,¢—lm)|| ozl {p+ it it vr
1= =
(p,)~ if ||tr T(v)|| p- if ||tr VT(v)”

where

11() -

P()_ 17()_
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Fort < 1 we have

Px(X)
/ tr de <9
{IvI>t}

By combining the estimates in both cases, the result follows. O

Remark 2 Let my(-) = ’7*7('), from Theorem 3.2 we have u € M™(Q). For the con-

stant exponent case (p(-) = p) we have

Np—-1-6)

u€Mm™(Q) with m, = N
-p

which the same regularity obtained by the authors in [23].

Theorem 3.3 Assume that the assumptions (1) and (2) hold true, if v is an
entropy solution of a problem (P), then |v|"" € LY (Q) for all m(-) such that
0 < m(-) < my(-).

Proof Let m(-) and my(-) such that 0 < m(-) < my(-) and € = (my(-) —m(-))~ > 0.
By Theorem 3.2, we get

/ "W dx < ¢, for all > 0.
{Iv|>t}

From Lemma 2.7, we conclude that

+
/ |v|m(") dx <2|Q| +C<M> ,
Q €

which implies that |v|"" € L1(Q). O

Theorem 3.4 Ler a(x) = ﬁfor all x in Q, under assumptions (1) and (2), if
X)+m(x

v an entropy solution of a problem (P), then |Vv|*®) € M™(Q). Moreover

/ MW gy < ¢, for all > 0.
{IVv]a0>1)

Proof Using Theorem 3.2, for t > 1 we have
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/ 10 gy < / 109 gy + / 10 gy
{IVv]a0>r} {IVv]sO>r)n{|v|<r} {Iv|>}

@)/ax)
TGN
< ,mow(_ dr+c
/llvlszl t

my+1-22 VTP
(V<) 11+ [v])P™
oo +1- 2 |VT,(») [P

/ (1 + [v])P
/ t+1 0(x) |VT(v)|P(X) Dt

Q (1 + [v))P™

IVT,(V)IP<")

o (1 + [v]))P™

(1 + v dx + ¢

I
\,

IA

1+ dx + ¢

IA

dx+c<C,

IA
[\S)

where ¢ and C’ are positive constants, for ¢ < 1 we have

/ MW gy < |9,
{IVv[eO>r)

which gives the required result according to the casest > land ¢ < 1. O
Theorem 3.5 Let m (x) = —mOp®) for all x in Q, under assumptions stated in
my(X)+0(x)+1

Theorem 3.4, we have
|[Vv|" € L'(Q) for all m(-) such that 0 < m(-) < m,(").
Proof By Theorem 3.4, we have

()

Vv|*© e M™O(Q), ith a(-) = —————.
[V (Q),  with a(-) ()1 00) F 1

Let0 < m(-) < my(-)and r(:) = m(-)/a(-) then r(:) < my(+).
By using Lemma 2.7 we obtain

/ [V dx = / [ V]9 gy < C.
Q Q
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3.2 Existence of entropy solutions

In this section we prove the existence and regularity of entropy solutions, extend-
ing some results known in the constant exponent case.

Theorem 3.6 Under assumptions (1), (2) and g € L'(Q). There exists an entropy
solutions v of problem (P). Moreover

(1) v|"0 e LY(Q) for 0 < m(-) < my(-), with my(-) = P7“

me) o 7l ) N N mOp0)
2) |Vv|") e L'(Q) for 0 < m(-) < m(-), with m,(-) = EETEVEE

where

, - < j20) >+
p(—OC+1))

Remark 3 In the case p(-) = p and 0(-) = 6, the exponents m,(-) and m,(-) are respec-

tively of the form m, = 1%0:1» and m; = Np=®+D) \which are the same quantities

N—(6+1)
obtained by the authors in [23].

Let (g,), CL®(Q) a sequence that converge strongly to g in L'(), and
llg.ll; < llglly, for all n. Let (P,) the approximate problem defined by

—div b,(x,v,Vv) =g,, in Q,
(P"){ v=0, on 0Q,

where b, (x, s, &) = b(x, T, (s), &).
We remark that the operator b, is coercive. Indeed we have

bn(x7 S, 5) : § = b(-x9 Tn(S), 5) : é

s
a—
A+ T, D@
a ;
>0 jgpW.
> il

The problem (P,) has a weak energy solutions v, € W(;"’ (')(Q) as a result of a stand-
ard modification of the arguments in [21]. Our goal is to prove that v, tend to a
measurable function v as # tend to infinity, and we prove that v is an entropy solution
of problem (P). We will divide the proof in two steps and we employ the a priori
estimates for v, and its gradient derived in the preceding section as our main tool.
We follow the standard method used in the several paper as [6, 11, 27].

We prove in first step the almost everywhere convergence of the gradient.

First we prove that the sequence (v,), of solutions to problem (P,) converges in
measure to a measurable function v.

Define the 7, Z,, and Z; sets as follows
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Iy =A{val > 1}, Ly={lv,l >1}, and I; = {|T,(v,) = T,(v,)| > s},
for s > Oand # > 0. Since
{lv,=v,| >s} cZ,UI,U1;,
it follows that
meas {|v, —v,,| > s} < meas (Z,) + meas (Z,) + meas (Z5).

Let € > 0, by Theorem 3.2, v, is uniformly bounded sequence, thus there exists ¢,
such that for r > ¢, we have

meas (Z;) <e/3 and meas (Z,) <¢/3.

In the approximate problem (P,), we take T,(v,) as test function and following the
outlines of Theorem 3.2, we get

/ [VT,(v,) "™ 2 < Nl
Q

NG < t, for all n>0 and > O,
V,|)7*

which implies that for all n» > O and t > 0,

/ IVT,(v,)IP® dx < %t(l +0"
Q a

< ”8“1(1 +t)6++1.
a

Sobolev embedding imply that there exists a subsequence still denoted by (7,(v,)),
such that

T,(v,) = T,(v) weakly in W,”"(Q),
T,(v,) = T,(v) strongly in L"(Q), for 1 <m(-) < p,(-), @)
T,(v,) = T,(v) ae. in Q,

for all # > 0. Thus there exists n,(s, €) € N such that for all n,m > n(s, €) we have
meas (Z;) = / dx
{T,v,)=T,(v,,)|>s}

_ m(x)
< / < |7,(v,) = T,(v,)l > dx
Q A

<L / IT.(0,) = T,v, )" dx < /3.
s Q

mx

Finely for all n,m > n(s, €) we have
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meas {|v, —v,,| > s} £ meas (Z,) + meas (Z,) + meas (Z;) <€,

which implies that (v,),, is a Cauchy sequence in measure.

Following the standard argument as in [16], proving that (Vv,), is a Cauchy
sequence in measure is an easy task.

In the second step we passing to the limit.

Let v, be a solution of approximate problem (P,), for w € Wé’p (')(Q) we have

/ b(x,T,(v,), Vv, )Vwdx = / g,(xX)w dx.
o) Q
Taking w = T,(v, — @) with @ € W,”7(Q) N L¥(Q) we get
/ bx,T,v,), Vv )VT,(v, — @) dx = / 8,(0T,(v, — @) dx.
Q Q

For the term in the right hand side, since g, converge strongly to g in L'(Q) and
T,(v, — @) converge weakly-* to T,(v — @) in L*(£2), and a.e. in  we have

/ 8:.0T,(v, — @) dx — / gWT,(v — o) dx.
Q Q
For the left hand side we have

/ b(x,T,(v,),Vv,) - VT,(v, — @) dx :/ b(x,T,(v,),Vv,)- Vv, dx
Q {l

v,—@|<t}

- / bx,T,(v,), Vv,) - Ve dx
{lv,—ol<t}
=/ b(x,v,,Vv,) - Vv, dx
{lv,—ol<t}
- / b(x,v,,VT,.(v,)) - Ve dx
(v, —ol<r}

withr =1+ ||@|| -

By (2) and (7), we can prove that b(x,v,, VT,.(v,)) is uniformly bounded in
(L7 OQ)N, and converges weakly to b(x, v, VT,.(v)) in (L7 O(Q))V. Therefore we
have

/ b(x,v,,VT,(v,)) - Vo dx — b(x,v,Vv) - Vo dx. (8)
{Iv,—ol<t} {lv—pl|<t}
Since b(x,v,, Vv,)- Vv, converge almost everywhere to b(x,v,Vv)- Vv in Q, by

Fatou’s lemma we have

lim inf/ bx,T,(v,), Vv,) - Vv, dx > / b(x,v,Vv) - Vvdx. (9)
{v,—ol<t}

" {lv—ol<t}
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By (8) and (9), for all ¢ € W, " (Q) n L*(Q) we have
/ b(x,v, VW)VT,(v — @) dx < / gT,(v — @) dx.
Q Q
The results of regularity follow from Theorems 3.3 and 3.5.

3.3 Existence of weak solutions

In this section, first we find a sufficient conditions to have m,(-) > 1and m;(-) > 1,
and then we prove that the entropy solutions to the problem (P) are also weak solu-
tions under assumption m,(-) > p(-) — 1.

Lemma 3.7 Let the exponents my(-) and m(-) as defined in Theorem 3.6, if
p() >0t +2— Iiv Then

me(-)>1 and m(-)> 1.

Proof First, we prove that m(-) > 1.
For all x in Q, we have

+ + -
(o) <) <= o
px)— (O + 1) px) — 0+ +1) pm—(@*+1)

On the other hand, by a simple computations, we get

Np~ S p”
N—-p~ " p =@t +1)

which gives according to (10) that (p,(-))” > y and then mg(-) > 1.
Now we prove that m,(-) > 1.
By definition of m, (-) we have for all x € Q

Np*(x)
my(x) =
Np(x) +7(0(x) + DN — p(x))
S Np*(x)
~ Np() +y(0* + DN — p(x))’
; NP0 i ing i . . + _1
Esmg that PO+ (—p(y 18 Increasing in p), p(-)> 0" +2 N and (17) we
ave
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2
(m)> ( N () )
Np(-) + 7(6+ + DN = p(-))
_ Np~?
"~ Np~ + (0t + DN - p)
S Np~(p~ — (0% + 1))
~ Np~ =N+ 1)+ 0+ DN —p)
_Np==(©@"+1))
T OON=(@0T+1)

O

Theorem 3.8 Assume that (1)-(2) hold true and p(-)> 0T +2— 11\/’ if
m; (+) > p(-) — 1then the entropy solutions of problem (P) are also weak solutions.

Proof Let v, be a solution to the approximate problem (P,), we have
/Qb(x, T,v,), Vv, )Ve dx = /an(x)(p dx, Y @ e D). (11)
Let E be a subset of 2, by (2) we have
/F |b(x, T, (v,), Vv,)| dx < B /F [V, [P~ dx. (12)

By Theorem 3.6, Lemma 3.7 and m,(-) > p(-) — 1 the terms | Vv, |[P®~!is uniformly
bounded in L™(Q), for some m(-) > 1, so the terms in the right hand side of (12)
goes to zero when a measure of E is small enough.

Since b(x, T,(v,), Vv,) converge almost everywhere to b(x, v, Vv), by Vitali theo-
rem we conclude that b(x, T, (v,), Vv,) converge strongly to b(x, v, Vv) in LY(Q). Now
passing to the limit in (11), by using the previous results and g, converge strongly to
g in L'(Q) we obtain

/ b(x,v, V)V dx = /g(x)(p dx, Y @ € D).
Q Q

O

Remark 4 We can deal with the following degenerate elliptic problem and obtain the
same results as above

—div b(x,v, Vv) + h(x,v) =g in Q,
v=0 on 0Q,

with the lower order term A(-, v(-)) is a Carathéodory function that verifies a sign
condition and with a natural growth.
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4 Regularity results

In this section we assume that ge& LIO(Q) with g(x)>1, Vx€Q and

qg < %. We prove some regularity of entropy solutions for a problem (P).
Px() Py

Remark 5 For y>0,veM + (Q) implies that ve M7 (Q), which gives

B . ..
u,() < cyt v, with ¢, is a positive constant.

Remark 6 Since ge L"O(Q) Cc M"(Q) we have ge& M™ (Q), which gives
8.(t) < ¢yt w, with ¢, is a positive constant.

Theorem 4.1 Under assumptions (1) and (2). If v is a solution in the sense of Defi-

Px()
nition 3.1 that belongs to M+ (Q), then there exists a positive constant C, depend-
ing only on p(-), N, and Q, such that

() @)~
/ L dx < Ctl_y(q-)’ ,
|

(< (14 [v)I®

@)~

forallt>0andy > @

Proof Since v is an entropy solution to the problem (P), we have
/ a(x,v, Vv)VT,(v — @) dx < / gT,(v— @) dx
Q Q

for all ¢ € W,”"(Q) N L*(), by taking ¢ = T,(v) with s > 1, we have

/ alx,v, Vv)Vvdx < t/ lg(x)| dx. (13)
{s<|v|<t+s}

{Iv[>s}

By Young inequality and dividing in the both sides by ¢, (1) gives

a |Vv|1’(") /
a2 —  _ix< |g(x)| dx. 14
t /{s<|v|§l+s} (1 + |V|)0(X) {Iv|>s} ( )

Passing to the limit in (14), for # goes to zero we have

VP& Hy(8)
ai Lo(x) dx < / g.(v)dr.
ds Ji<sy (L4 VD) 0

Integrating between 0 and ¢, we get

|Vy|Pe / / 1,(9)
dr ds.
¢ /|v|<z} 1+ |v|)9(x) g.(v)drds (15)
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Now by using Remarks 5 and 6 the term in the right hand side of the previous ine-
quality becomes

o rp(s) torm(s) 1
/ / g*(r)drds§c2/ / T  drds
o Jo o Jo
t

1-L
< CZ/ ”v(s) o ds
0
I—L_ 4 _ o
<oy ! s @'r ds
0

1 t —
o+ l_q__ _
<27 ¢yc s @' ds
0

1

+ =
2 ¢ye s
= — 0 Xt @,
1] — &=
@)y

which implies that there exists a constant ¢ > 0 such that

IVT,(v)|P™ | ee)
- < Yy
/Q(1+|v|)9(x) de<ct @r,

O

Theorem 4.2 Assume that the assumptions (1) and (2) hold true. If v is an entropy
solution of (P), then there exists a positive constant c, depending only on p*, N,
and Q, such that

L pO-@) =D\ "
(l) All’|>t}t ' dx < C,fOVClllt> O, with }/q = (m) .

(2) Let mo’q(x)z p;—(x), for all m(:) such that 0 <K m(-) < mo,q(-), we have

q
[v|"®) € LY(Q). Moreover there exists a constant positive ¢, such that
Jo W™ dx < ¢,

P
G’
_ <q‘p(X) — ()¢ = 1)>+ S <q‘p(x) - ()¢ = 1))+

P®-00+1) ) ~\ ¢e®-0-+1) )~

Remark7 We remark that Ye > Ended by using 6~ < 0(x), Vx € Q we have

q

. — p,(p~—07)
and since g~ < ———
= o=

gpx)—@) (g -1
g (px) — (@ +1))

Moreover we have

we have

is non-increasing in p(:).
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, = (q‘p(x) - (q - 1))+ _aP =) =D P
1 g (px)— (6~ +1)) g~ -0 +1) (g
Proof

Px(X)

(1) Wefindy, suchthatv € M .
Case 1:t > 1, by using Proposition 2.2 and Sobolev embedding we have
T,(v)

/ tr dx =/ t
{lv[>1) {Iv|>1} t
1
L
=/ T,
{Iv|>t}

P.(x)

P.(x) dx

Go=D “ (-1 “ (16)
< 't T, (v) Zc||V@tr T,())
P+ (x) ()
a;/a,
SC</M VT, )I”(")dx>
Q
by using Theorem 4.1 we obtain
p*_(")
/ t dx
{Iv|>}
1 e VT.(v p(x) (P a/a,
gc</t(m e IVT,0) i )/yq(1+|v|)0(x)dx>
1= B
Q (1 + [v))@r @
(17)

1, VT (v)|[P® L) 22 n/a
< 29+C< / Ge=tew_ IVT,0) o=
Q

Ps)~

1+ |V|)9(x)t1_(q’)’h,

—1 +1+6 —“’*) a/o
<2, < / D1 dx) ’

if we choose Yq such that (— - Dpx)+1+0(x) —

( )’ -
i.e.

y > gpx)—-pPJ (@ -1
7 g (p)— (O + 1)

+
and by taking y, = <M> , (17) gives

Vx e Q,

g~ (p)—(0(x)+1))

J21C]
/ t dx <c.
{Iv|>1}

Case2:0<t< 1

@ Springer



644 B. Aharrouch

Px(X)
/ ta <9
{IvI>r}

Combining the estimates in both cases, the result follows.
2) Let0 < m(-) < mo,q(-) ande = (mo,q(-) —m(:))” > 0.By Theorem 4.1, we have

/ ™4™ dx < ¢, for all 1> 0.
{IvI>1}

From Lemma 2.7, we get

my (1) —€
O’q—)+, which gives the results .

/ lv"® dx < 2|1Q] + ¢
Q

O
Theorem 4.3 Assume that the assumptions (1) and (2) hold true. Let v be an
entropy solution of (P). If there exists a positive constant c¢ such that
f{|v|>t} MY dx <, for all t>0, then |Vv|*©O e M™«(Q), where

N ¥4(q7)'p()

o) = Ya@™) [mg (O +11-p, ()

. Moreover there exists a positive constant C' such that

/ Md® dx < ', for all 1> 0.
{1Vv]«0>1)

Proof Using Theorem 4.1, and the definition of a(-), for > 1 we have

/ l—’”(),.,(x) dx < / tmn,q(x) dx + / [mo,q(x) dx
{IVy[a0>1} {IVv[aO>ein{|v|<r) {IVv|aO>1in{|v]>1}

(x)/ ar(x)
|Vvla(x) P!
< {04 <— dx+c
/{Ivlsz} 4

)~ (x) p(x) 6(x)
_ / proar1= 28 VT WP+ v])
{lvl<t}

/

dx+c

- 1— o~
t rqa™) (1 + |v|)9(x)

0™ _pw p()

< 29+/ [og @I+ B - IVT,(v)I de+ ¢
- (L

{Ivi<r} ll_y.,ur)’ (1 + |v])o@

VT, ()P

< 29+ / % dx+c

) R
<C.

where ¢’ and C’ are positive constants.
For ¢t < 1 we have
/ ™4™ dx < 1Q).
{|Vv]«0>1}
O
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Theorem 4.4 Assume that the assumptions (1) and (2) hold true. Let my (-) be
defined in Theorem 4.2 and ml,q(-) = mo,q(-)a(-).

If v is an entropy solution of problem (P), then |Vv|" € LY(Q), for all m(-) such
that 0 < m(-) < my ,(-). Moreover there exists a constant C such that

/ [Vv|™™ dx < C.
Q

Proof By Theorem 4.3, we have

V|0 € M™ad(Q),  with a(-) = 20 @)’

my,()+0()+1— gy

Let 0 < m(-) <my,(-)and r(-) = m(-)/a() < My ().
Using the Theorem 4.2 we obtain

/ [Vv|"® dx = / [Vy[*@r® gy < C.
Q Q

O

Remark 8 1f ¢(-) = 1, i.e., g € L'(Q), we remark that m(-) coincide with my () and
m;(-) coincide with m, ,(-), which implies that the regularity results obtained in the
current section are a generalization of those obtained in Theorem 3.6 of Sect. 3.
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