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Abstract
In this paper we study existence and regularity results for solution to a nonlinear and
singular parabolic problem. The model is

ou

=, = div (@0 + |ul) Vi) =L{—y in 0,
u(x,t) =0 on [,
u(x,0) = uy(x) in £,

where Q is a bounded open subset of RN, N > 2, Qs the cylinder 2 x (0,7),T > 0,
I" the lateral surface 02 X (0,7),g > 0,y > 0, and fis non-negative function belong-
ing to some Lebesgue space L"(Q), m > 1and u, € L*(£2) such that

Vocc,3D,>0: uy>D, in w.
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1 Introduction

In this work we prove existence and regularity results for a class of nonlinear singu-
lar parabolic equations. More precisely, we are interested in the following nonlinear
problem

U _ div (ate,t) + OV = L in O,

ot u’

u(x,t) =0 on I, (H
u(x,0) = uy(x) in £,

where €2 is a bounded open subset of RN, N > 2, Qis the cylinder 2 x (0,7),T > 0,
I' the lateral surface 062 X (0,7T), g > 0,y > 0, and fis non-negative function which
belongs to some Lebesgue space L™ (Q), m > 1, the data u,, satisfies

Uy € L*(2) and Vocc 2,3D,>0: uy,>D, in o )
Moreover a(x, t) is a measurable function satisfying
O<a<alxt<p ae.Q, 3)

where a, f are fixed real numbers.

The interest in problem as (1) started in [12] in connection with the study of
thermo-conductivity (u" represented the resistivity the material), and later in the
study of signal transmission and in the theory of non-Newtonian pseudo-plastic
fluids, see [13, 20, 22].

If y = 0 many works have appeared concerning the existence and regularity of
elliptic equations. Boccardo In [5] has been studied the existence and regularity
results of quasi linear elliptic problem

—div ((a(x) + |u|)Vu) + beu|ulP~2|Vul? = f(x) in 2,

u=0 on 0£2,
where a(x), b(x) are measurable bounded functions, p,g > 0and 0 < f € L"(Q), 1
<m< %, see also [19]. In the case parabolic the authors in [18] has been studied the
existence and regularity results of nonlinear problems

B diy ((aCe, 1) + [ul) V) + bix, DululP~ |Val? =f in O,
20 on 0%,
u(t = 0) = 0 in Q,

where a(x, f), b(x, t) are measurable positive bounded functions, p,g > 0 and
f belongs to L™(Q) for some m > 1. If g = 0, then the operator A(x, 1, &) = b(x, )&
existing in [14] and [8](p = 2) is linear coercive, monotone and satisfying the growth
condition |A(x, t, £)| < C(d(x,?) + |&|) with C a positive constant and d € L*(Q), we
highlight that our case (¢ > 0) the required growth of A(x,1,s,&) = (a(x, ) + s9)& is
more general, handling growths greater then linear case (see also [3, 10, 15, 28]).
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On nonlinear parabolic equations with singular lower order... 51

In the elliptic framework and when y > 0 a rich amount of research has been
conducted to prove the existence of solution to singular problems, see [25, 26].
For example Boccardo and Orsina in [6] proved the existence and regularity
results to problem

—Au:’% in Q,
u>0 in £,
u=0 on 0%,

where y > 0 and f'is a nonnegative function belonging to L"(Q), m > 1. In the same
concept the authors in [23] proved the existence of solution to problem

—Au=‘%+ﬂ in Q,

u>0 in £,
u=0 on 0L,

with y > 0,f is a nonnegative function on £2, and y is a nonnegative bounded Radon
measures on 2. Hence Charkaoui and Alaa [7] established the existence of weak
periodic solution to singular parabolic problems

o _ Ay =T
ot Au = 1724 mn Q’
u=>0 on I,

u(.,0) =u(,T) in £,

with y > 0 and fis a nonnegative integrable function periodic in time with period 7.
Let us observe that we refer to [8, 9, 11, 17, 24] for more details on singular para-
bolic problems.

If y =0 and g = 0, the problem (1) has been studied in [14]. When g = 0 and
y > 0, the existence and regularity results of problem (1) has been obtained in [8].
The aim of this paper to prove the existence and regularity of solutions of prob-
lem (1) depending on the summability of the datum f and the parameters g,y > 0.
As we will see, our growth assumption on the function a(x, f) + |u|? has a regu-
larization effect on the solution u and its gradient Vu, allowing in some cases to
have finite energy solution (i.e u € L*(0, T; H)(£2)) even if f € L'(Q).

Notation. Hereafter, we will make use of two truncation functions 7 and G, :
for every k > 0 and s € R, let

T,(s) = min(k, max(r, —k)), Gi(s) =5 — T, ().

We will denote with p* = 15—1_\’[; the Sobolev conjugate of 1 < p < N.

For the sake of simplicity we will use when referring to the integrals the fol-
lowing notation
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52 Y. El hadfi et al.

/Qf=/OT/Qf=/Qfdxdt.

Finally, throughout this paper, C will indicate any positive constant which depends
only on the data and whose value change from line to line and, some times in the
same line.

Our aim is to prove the existence of weak solutions to problem (1). Here is the
definition of solution we will consider.

Definition 1 If y < 1, a solution of (1) is a function u € L'(0, T;W," (€2)) such that

Vocc 2 3C,>0:u>C,in wx(0,T), 4)
(a(x, t) + ML])VM S Ll(ov T,LII()L(.Q)), (5)
and
T T T
—/ uo(x)p(x, 0) —/ / ud_(p +/ /(a(x, N+ u!)VuVe = / /f_(p’
Q 0o Jo ot 0 Jo 0o Jouw
©)

Vo € CH(Q X [0, 7).
If y>1, a solution of problem (1) is a function u € L*0,T:H, (£)),
u e L\0,T; W(;l (£2)), for some r > 1 and u satisfying (4)—(6).

Now we give a consequence of the Gagliardo—Nirenberg inequality, see [21].

Lemma 1 Let v be a function in L[P(0,T; Wé-ﬂ(g)) A LS. T: L)), with
p>1,5s>1.Thenv € L°(Q) with ¢ :pl\%and

.
[0 < iy [ 1999
(9] (4]

2 The approximation scheme

Let f be a non-negative measurable function which belongs to some Lebesgue
f

space, let n €N, f, = v and let us consider the following approximation of
problem (1) '
aun . q f, .
5 div ((a(x, t) + u,)Vu,) = 7 :1)7 in Q,
u,(x,1)=0 ' on I, )
u,(x,0) = uy(x) in Q.
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Lemma2 The problem (7) has a non-negative solutionu,, € L*(0, T;Hé (£2) N L=(Q).

Proof Let k,n € N, be fixed v € L*(Q) and define w := S(v) to be the unique solu-
tion of (see [16])

(3)_1‘ = div ((a(x, 1) + | T,(M|))Vw) = (IvI+ ) e
o on I,
w(x, 0) = uy(x) "o

Using w as test function by (3) and dropping the non-negative terms, we have

a/|VW|2§ny+1/|w|+%/u(2)
0 o) Q

an application of Poincaré inequality on the left hand side and Holder inequality on
the right hand side and the fact that u, € L*(£2) yields

/ WP <Cn”+1< / |w|2> 2101 g

this by Young inequality with e, implies that

/ lw|* < M,
(¢

where M is a positive constant independent of v. So that the ball of radius M is
invariant under S.

* Now we prove that S is continuous.

Let us choose a sequence v, — v strongly in L*(Q); then by Lebesgue conver-
gence Theorem :

Jo Ja

- LX),
(vl + 27 (vl + 27

and the uniqueness of solution for linear problem yields that w, = S(v,)
— w = S(v) strongly in L*(Q). Therefore, we proved that S is continuous.
As we proved before, we have that:

/ IVSMI? < Cy. lugll 2. for every v e LA(Q).
(4]

Then, S(v) is relatively compact in L*(Q), and by Shauder’s fixed point Theorem,
there exist u,, € L*(0, T:H, 1(.Q)) such that S(u, ;) = u,; for each n, k fixed. Moreo-
ver, u, ;, € L®(Q), for all k,n e N. Indeed, for & > 1fixed, using G, (u, ;) as test func-
tion, we obtain, since u,; + >h>Tlon{u,; >h}
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54 Y. El hadfi et al.

1 1
3 [ 16t +a [ 9G,w0f < [ fGw0+ s [ @
2Ja 0 0 2 Ja

From now, we can follow the standard technique used for the non-singular case in
[1] to get u,, € L*(Q). Furthermore, the estimate of u,, € L*(Q) is independent
from k € N, then for k large enough and for # fixed, u, € L*(0, T;Hé (2)NL®(Q)is
the solution of the following approximate problem

0un . q f, .
— div ((a(x, t) + u,)Vu,) = L in Q,

ot (luy 1+3 )7
u,(x,1)=0 on T,
u,(x,0) = uy(x) in Q.
Since m ﬁl)y > 0. The maximum principle implies that #, > 0, and this concludes
the proof. ' O

Lemma 3 Let u, be a solution of (7). Then for every w CC £2 there exists C, >0
independent on n such that u, > C, in 0 X (0,T), Vn € N.

Proof Define for s > 0 the function

1 if 0<s<1,
ws(s) = §(1+5—s)if15sg5+1,
0 if s>6+1.

We choose w;(1,)¢ as test function in (7) with ¢ € L*(0, T:H)(£2)) N L*(£2), ¢ > 0
then we have

T r ou,
/ /a—u/(un)co+/(a(x, 0+ ul)Vu,V oy, (u,)
0o Jo Of 0

1 J
= —/ (alx, t)+uZ)IVunI2¢+/ ———ws(u,)e,
0 J{1<u <5+1) ( )

)
< 0 (u, + -

thus, dropping the non-negative term é f[ (aCx, 1) + ul)|Vu,|*@, and letting &

1<u, <6+1
goes to zero, we obtain

T
ou
/ / a_tn)({oﬁund}(p + /(a(x, 1+ uZ)Vun . V(/’){{OSu,,d]
0o Jo 0
>

/ o or
Z [ - PXo<u,<1}
o (u, + %)Y

Then for the last inequality we can write as follows
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T r oT,(u,)
/ / —p+ /(a(x, 1)+ T, (u,))VT(u,)Ve
0 Q ot 0
S

Z —(p u >
-/Q 2r(1 +f) X{0<u,<1)
for all 0 < @ € L*(0, T;Hé(.Q)) N L*(Q). Since #;f))({%u"d} not identically zero
anda < a(x, 1)+ T,(u,)? < f+ 1, then we have
T roT,(u,)
——@+@P+1) | VI|(u,).Ve >0. (8)
0 Q 61‘ 0

This yields that v, = T(u,) is a weak solution of the variational inequality

1 oy, .
m; Avn Z 0 mn Q,
v,(x, 1) =0 on I,

v,(x,0) =T, (up(x)) in £,
where v, = T(u,). We are going to prove that
Vocc,3C,>0: v,(x,)>C, in wx(0,T), VneN. )
Let w, be the solution of the following problem

L ow, _ .
/m 7 Awn =0 in Q,
w,(x, 1) =0 on T,

w,(x,0)=v,(x,0) in Q.

—

(10)

From (8) v, is a supersolution of (10), we have v, > w,, so that we only have to
prove that

Vocc, 3C,>0: w,(x,0)>C, in oXx(0,T), Vn e N. (11)
Since by (2)

Vocc, 3d,>0: w,(x,0)=v,x,0>d, in wx(0,T), VneN.
(12)
For the rest of the proof we can argue as Boccardo, Orsina and Porzio in [4]
(see pp 414 —416), we deduce that there exists C, > 0 such that w, > C, in
w0 X% (0,7T), Vo CC £,sincev, > w,,thenT,(u,) =v, > C,inw X (0,T), Yo CC L.
Asu, > T,(u,) = v,, then we obtain

u,>C, in @x(0,7T), Yo CC 2, Vn e N.
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56 Y. El hadfi et al.

3 A priori estimates and main results

3.1 Casey <1

Lemma 4 Let u, be a solution of (7), with y <1 and g > 1—y. Assume that
f € LY(Q), then u,, is bounded in L*(0, T;H(l)(.Q)).

Proof For n fixed, we choose €< i and using
du,) = (u, +€) —e”) x (1 = (1 +u,)! =) as test function, then we have

/ W(u,(x, 1) +y / (, + €7 (1 = (1 +u,)" " Ya(x, ) + u?)|Vu,|*
Q (4]

|Vu, |2

+@+y—-1 /((un +e) —e")alx, 1) + ul)

= Jn — L ((u, +e) — €)1 = (1 +u,)'"~ ("+y))+/‘1‘(u0),
0 (u, +-)

Truy (13)

s

where W(s) = / @(£)d¢ . Dropping the first and second non-negative terms in the

0
left hand side of (13), since u, € L*(£2) and using (3), € < % we have

(q+ —1)/((u +e) — e )alx t)+u”)M
ey " DT Ty
‘ (14)
< | —u,+ - )y €Nl — (1 +u,)' ") < /f+ C,
0 (u, + - )y 0

and passing to the limit on €, we get

.
/(W“r”q y)(1+u)q+r <C/f+c 4>

By working in {u, > 1}, we have

Vu / Vu, |
+ qgtyy__- __nt 7 q+y _
/{unzu(“ “ )(1+ w (et + 4 )<1+u>q+r

then it follows from (15) that

in(a, 1 1+ ul™
%‘”’1) |Vu, | < min(a, 1) —”|wn|25c/f+c.
20471 J sy (u,>1y (1 +u,)7*7 0

we can deduce that
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Now, we choose (T,(u,) + €)” — €’ as a test function with € < % in (7), by (3) and
dropping the nonnegative terms, we get

VT, f o
“/Q Tl + 17 = /Q ot i)y“Tk(unHe) &)

1
+m/Q(Tk(u0)+€)y+l—eyLMOS/Qf

1
+ — T, (u +€y+l—€y/u.
A [ o= [
Therefore

s [ VTP -
L ivnap = [ b, o

_ VT, (u,)|?
1=y LR S N
< (k + 5) L (Tk(un) + €)1—y

1- 1 +_
<(k+e) y[4f+_y+IA(Tk(”0)+€)y 67/(2u0].

By the fact that u, € L*(£2) and letting € goes to zero, implies that

/QIVTk(M,,)I2 < Ck'. (17)

Combining (16) and (17) we obtain

/qun|2=/ |Vun|2+/ |Vu,|* < C.
0 {u, 21} {u,<1}

Hence by last inequality we deduce that u, is bounded in L?*(0, T;Hé(.Q)) with
respect to n. Od

Lemma 5 Let u, be a solution of problem (7), with y <1 and q <1 —y. Suppose

that f belongs to L' (Q), then u,, is bounded in L' (0, T;Wol’r(.Q)); withr = %.

Proof For n fixed, we choose € < i and using y(u,) = (u,, + €)” — €’ as test function
in (7), we obtain
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58 Y. El hadfi et al.

/ Y(u,(x, 1) +vy /(a(x, 0+ ul)(u, + ey ! |Vu,,|2
Q

= I ——((u,, +€)’—€y)+/‘1’(uo),
0 (u, +-) 2

s

where W(s) = / w(£)d¢. By removing the first nonnegative terms and using (3),
0
Uy € L®(Q),sinceg <1 —y < l,e< l < 1and by the fact that

min(a, 1)(u, + €)? < min(e, 1)(x, + 1)? < min(e, 1)(1 +u?) < a +uf < alx, 1) + uld,

we have

y min(a, 1) /(un + &)\ Vu, |* <y /((x +ul)(u, + 17V, |
Y]

< Jn ——((u, +€)7’—€y)</f+C
0 (, + 2y

If g = 1 —y, then u,, is bounded in L*(0, T;H,(£2)) with respect to .
If g < 1 —y, then applying Sobolev inequality, we have

2
Paras arl o\ 2 fvas
< (u, + )5 —eTl)2> SC/lV(un+€)TII2 5C/f+C, (18)
0 (Y] (]

letting ¢ — 0, then (18) implies

2*(g+r+D)
/un . <C. (19)
0

Therefore, u, is bounded in L y=m (Q) with respect to n.
Now, if r < 2 as in the statement of Lemma 5, we have by the Holder inequality

Vu |" r
Vi, | = WV, l” (, + )=
0 o (u, + e)(l—(q+7))-
2
< (/( |Vu)]|(+)> (/(u +€)(1 (g+1) 5= >
o u +e€ q+r
1=z
< C</(u +€)(1—<q+y>>2+,> ’
- n
0

Thanks to (19), the value of r is such that (1_(q_+r”)’ =N (?VJr_y;l), so that the right hand
side of the above inequality is bounded, and then

r

/Q [Vu,|” <M, (20)
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where M is a positive constant independent of n. Then u, is bounded in L"(0, T;
1,r . . N(g+y+1) .
Q)) with r ithr = ——— ired.
W, (£2)) with respect to n, withr AT as desired O

Remark 1 As consequence of both Lemmas 4 and 5, there exists a sub-sequence (not
relabeled) and a function u such that u, converge weakly to u in L"(0, T;W(l” (L))

(withr = % ) and almost everywhere in Q as n — oo.

In the next lemma we give an estimate of u!|Vu,|in L?(Q) for any p < %

Lemma 6 Let u, be a solution of problem (7), with y < 1. Suppose that f € L'(Q),
then ul|Vu,| is bounded in L?(Q) for every p < 1%

Proof For n fixed, we choose €< 1 and we take as test function
wu,) =T, (u,)+e) —e")(1 -1+ un)"iz), with A > 1, we have

/ W(u,(x, 1) +y / (Ty () + )" (1 = (1 + u,) " Halx, ) + uD)| VT (u,)]?
o} (9]

|Vu,|?
— Y gy _
+(4 1)/Q(T1(un)+e) € )(a(x,t)+u")(1 i)
- —"1((T1(un)+€)7—€y)(1—(l+un)1_'1)+/‘I‘(u0),
o (u, + ;)7’ Q
@21)

s

where W(s) = / w(o)do.

0
In the following, we ignore the first and second non-negative terms in the left
hand side of (21), using (3) and the fact that a + u;. > c,(1 + u,) yield

(A=1)c, / (T, () + €) — €)1 + u,)?*|Vu,|*
0
£, (22)
< / — (T3 () + € — €)1 = (1 +u,)' ™) + / W(ug).
o (u, + ;)7 Q
Letting € goes to zero and using the fact that u, € L*(£2), then (22) becomes
/ (1 +u)"™|Vu,|* < /le(un)(l +u,) " Vu, |* < C/f+ C. (23)
{u, 21} [¢) 0
Combining (17) and (23) lead to

/(1+u,,)q—ﬁ|wn|2:/ (A +u)™|Vu,|?
[¢] {u,>1}

+/ (1 +u,)"*|Vu,|* < C.
{u,<1}
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NQ+q—1)

Now, let p= m

and using the previous result together with Holder inequal-

ity, we have

2-p

2lg+2) |Vu |p s+ \ 2
/uzplvun|ps/(1+un) 2 —"pu_q)sc (1+Mn) 2 ,
¢ 0 (1+u,) = 0

and by Sobolev inequality, we get

2-p

)’ e
uflq <C u,””’ s
(4] (4]

the previous choice of p implies that p*(¢ + 1) = p(q + 1)/(2 — p), and since 4 > 1,
we obtain an estimate of u!|Vu,|in L’(Q) for every p < N/(N — 1), as desired. In
order to pass to the limit in the approximate equations, the almost everywhere con-
vergence of the Vu, to Vu is required, this result will be proved following the same
techniques as in [2] (see also [19]). O

Lemma7 The sequence {Vu,} converges to Vu a.e. in Q.

Proof Let ¢ € C!(£2), ¢ > 0 independent of 7 € [0,T] ¢ =1 on w = Suppgp CC Q
and using T}, (u, — T, (1))@ as a test function in (7)

T ou T
/ / =T, (u, — T, ()@ + / / (a(x, 1) + ul)pVu,VT,(u, — T,())
0o Jo 0t 0o Ja "

T
+ / /(a(x, 0+ u)T,(u, — T,(w)Vu,Ve (24)
0o Ja

4
) /o /Q oy + Iy 1 T

Since w = Suppe CC £2 and by Lemma 3 we have u, > Cg,,,,,, then we the above
equality becomes

T
1 / T, — T(w)ep +/ /(a(x, 1)+ ud)| VT, — Tu)*@
2 Q 0 Q

T
1 1
< IVl + hllpl o =— / ret / T2ty — Ty(ug)p
C 0 Jsuppe Q

Suppe

T
- / /(a(x, D+ u)VT,w)\VT,(u, — T, ()@,
0o Ja

(25)
by removing the first non-negative term, we obtain
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T
/ /(a(x, 0+ ud)| VT, (u, — T, ()|’
0 Q
1 r 1,
< Chl|Voll s + @l e —— f+sh”meas (2)  (26)
C 0 Suppg

Suppp

T
- / /(a(x, D+ u)VT,w)\VT,(u, — T, (1)) p.
0 Jao

Since VT, (u, — T (u)) # 0 (which implies that u, < 7 + k), we can easily to pass
the limit as n tends to oo, thanks to Remark 1, in the right hand side of the above
inequality, so that

T
alim sup / / VT, (u, — T,(u))|*@ < Ch. 27)
0 Q

n—oo

Let now s be such that s < r < 2, where r is in the statement of Lemma 5

T T
[ [1vn=var< [ [ v, -vare
0 w 0 Q
= / [Vu, — Vul*p + / [Vu, — Vul’e
{lu,—u|<h,u<k} {lu,—ul<hu>k}

+ / [Vu, — Vul*¢.
{lu,—ul>h}
(28)
From (20), we have

T T
/ /qun—VulsfpS/ /|VTh(un—Tk<u)>|S¢
0 Q 0 Q

+ 1101, (ZSMS(meas{u > kD'=F + 2 M (meas{|u, — ul > h})'"F )
(29)
Thus, combining (27) and (28), we obtain for every 4 > 0 and every k > 0

T o [T : 1o
limsup/ /wun_ws(ps (—/ /) Nl meas(Q)' >
n-oo Jo Q @ Jo Q t (30)

+lol,= 2 M* (meas{u > k})' ™.

Letting /4 tends to zero and k tends to infinity, we finally that

T
limsup/ /qun—Vuls(p:O, Vs < 2.
-0 Jo Ja

Therefore, up to sub sequence, {Vu, } converges to Vu a.e., and Lemma 7 is com-
pletely proved. a

Now we are in position to prove our existence result given by
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62 Y. El hadfi et al.

Theorem 1 Lety < 1and f be nonnegative function in L' (Q), then there exists a non-
negative solution u of problem (1) in the sense of Definition 1. Moreover, u belong to
L*(0, T;H(l) (22))ifqg > 1 — y and it belongs to L'(0, T;Wé’r(_Q)) (with r as in the state-
ment of Lemma S) if g < 1 —y.

Proof As we have already said (see Remark 1 ), there exists a function
u € L'(0, T; W, (£2)), such that u, converges Weakly to uin L'(0, T3 W, (£2)).
By Lemma 3, we have 0 f Ty is bounded in L'(0, T; L 1 (Q)) and Lemma 6 gives

(a(x, b) + uq)|Vu | is bounded in L7(Q), p < Aﬁ <2 then dlv((a(x O+ ul)Vu,) is
bounded L (Q) c L2(Q) c L*(0, T; H"'(R2)), then we deduce { az“} is bounded in
LY0,T;L, (£2))+ L*0,T;H"'(£2)), using compactness argument in [27],
deduce that

u, — u strongly in L'(Q). 3D

On the other hand, Lemmas 6, 7 and Remark 1 imply that the sequence u}|Vu,|
converges weakly to u?|Vu| in L°(Q) for every p < N Hence for every
€ C(2x[0,T)

n—-oo

lim (a(x )+ ul)Vu, - Vo = /(a(x, )+ u?)Vu - V. (32)
(¢

For the limit of the right hand of (7). Let w = {@ # 0}, then by Lemma 3, one has,
for every ¢ € C!(£2 %[0, 7))

Ju®
(u, + )7

< ol
G

/> (33)

then by Remark 1, (33) and dominated convergence theorem, we get

(uj-:-—nl)r — ,{_y strongly in L, (Q). (34)

Let p € Ci(Q X [0, T)) as test function in (7), by (31), (32), (33), (34) and letting
n — +oo0, we obtain

P
—/uo(x)(p(x,O)—/ua—(f+/(a(x,t)+uq)Vu.V(p=/iy(p. (35)
Q 0 0 ol

Hence, we conclude that the solution u satisfies the conditions (4), (5) and (6) of
Definition 1, so that the proof of Theorem 1 is now completed. O
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3.2 Casey =1

Lemma 8 Let u, be a solution of problem (7), with y = 1. Suppose that f belongs to
LY(Q). Then u,, is bounded in L™ (0, T; L*(2)) 0 L2(0, T; H.(£2)) n L5 0).

Proof we use u, X 0. as test function in (7) and by (3), we obtain

/|u(xr>|2+o://|W|2 A/uﬂw /O/f /

as f, < f and u, € L*(£2), passing to supremum for ¢ € (0, T) in the above estimate,

we get
L Vu,|? 9\Vu, |
§||un||Lw(o,T;L2(Q))+“ [ Vi, |” + “nl i, |
(9] o

| (36)
2

This implies that
eyl =07, 1202 < € and |, | 207, 1112 < C- (37)

In the other hand by Sobolev embedding Theorem and from (36), we can get

(q+2)2* q+2 2
u + —||©
‘/Q n (q+2)2 / | | /f Il OHLZ(_Q)

where S the constant of Sobolev embedding, hence the above estimate implies that

+2
the boundedness of u,, in L%(Q) with respect to n. Then the proof of Lemma 8 is
completed. O

Lemma 9 Let u, be a solution of problem (7), with y = 1. Suppose that f € L'(Q),
then ull|Vu,|is bounded in L?(Q) for every p < N/(N — 1).

Proof We take ¢(u,) = T;(u,)(1 — (1 +u,)'™*), with 4 > 1, as test function in (7),
we obtain

/ wu,) +y / Ty(u,)(1 = (1 + ) = )alx, ) + ud)| VT, ()|

|Vu, |2

+ (A= 1)/T1(u Na(x, t)+1,ﬂ)(1 T

/Qun+—

Sn 1Tl(un)(l—(1+u,,)1_’1)+/q/(u0),
Q
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where y(s) = /0 (p(f)df Dropping the non-negative terms, from (3) and by the fact
that uy € L®(Q), a + u}l > ¢,(1 + u,)9, we have

/Tl(un)(l +u,)" | Vu,|* < C/f+ C.
Q Q
By working in the set {u#, > 1} and using the above estimate, we get

/ (1+un)‘1_'1|Vun|2S/Tl(un)7(1+un)‘1_'1|Vun|2SC/f+C. (38)
{u, 21} 0 o

The inequality (37) with (38), yields

/ (1 4+ 1, )7~ Vi | = / (141, Va, |
0 {u,>1}
(39)

+/ (1 +u,)?*|Vu,|* < C.
{u,<1}

NQ2+q—4)

Now let us fix p = m,

by Holder’s inequality and (39), we have

2—

qp p | Vl/ln |p pU+q) pg+A) Tp

un |Vun| = ﬁ(l + un) 2 S C (1 + un) 2-p ,
© o (1+u,) ? 0

applying Sobolev inequality and using the above estimate, we deduce

2-p

</up (q+1)> o <C</ p(q+”x)>T.
0 0

p(q+/1)

The previous choice of p implies that p*(g + 1) = , and since 4 > 1, we obtain

an estimate of ul|Vu, |in L?(Q) for every p < N/(N -1. m|

Theorem 2 Let y = 1 and f be a function in L'(Q). Then there exists a solution u in

L2(0, T; LX(€2)) 0 L*(0, T:H)(Q)) N LN (Q) of problem (1) in the sense of Defini-
tion 1.

Proof By Lemmas 3, 7, 8 and 9, the proof of Theorem 2 is identical to the one of
Theorem 1. O

3.3 The strongly singular casey > 1

In this case we do not have an estimate on u,, in ny(O T:H 1(!.2)) but we can prove
that u, is bounded in L2(0, T; H1 (Q))such thatu™ =~ € LZ(O T;Hy(2)).
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Lemma 10 Let u, be a solution of the problem (7), with y > 1. Suppose that f

q+/+1

belongs to L'(Q), then u, > is bounded in L*(0,T; Hé(.Q)), and u,, is bounded in

L*0,T;H} (£2))NL=®(0,T;L'*"(2)). Moreover if q<y—1, then ul|Vu,| is
bounded in L*(w X (0, T)) for every w CC £.

Proof Choosmg u xon» as test function in (7) with (0<z<T). Since
0< < 1, recalling that (3), the fact that 0 < f, < f and the dropping the non-

(u,+~ )
negatlve term, we have;

1 ' _
T un(x,t)y+1+y/ /MZ“’ NWVu,|?
Q 0 Jo

t W t
S// fn nl + 1 /MS-HS/ /f+_/ug+l.
0 Ja(u,+ ) r+1Ja 0 y+1

Since u, € L*(£2) and passing to supremum in ¢ € [0, 7], we obtain

1 -1 2 1 +1
_||"‘n||L°°<o,T:Lr+l<9)>"‘V/QMZH [V, | S/Qf+m”“olliy+l<m (40)

y+1
then we get
4 T r—1 2 ¢ y+1
T Ay K R

hence

g+y+l1
/qu,,2 > <cC.
o

qtr+l
The last inequality and (40), imply that u, > is bounded in L*(0, T;H(l)(.Q)) and u,, is
bounded in L®(0, T;L"+'(£2)) with respect to n. We choose now
@(u,) = u/ (1 — (1 + u,)' =) as test function, dropping the non-negative terms,
from (3), we have

(q+ 1)/ "+ uf) Ve, </ ity +/‘P( )
- wax+u u
R 0" A u) T o (u, + 2y Ja ’

S/f+/‘P(uo),
0 Q

where Y(s) = fos @()d¢. By working in the set {u, > 1} and the fact that
uy € L=(£2), we get
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|Vu, >

[V, |
/ (@ +ult)—— < /(auy +ulty——
{u,>1} O+ uy)rty o " " T(u,+Datr

S/f+C,
0

the above estimate implies

1+ ul™
|Vu 1> < min(a, 1) Ty
{21y (1 +14,)7%7

min(a, 1)
2q+y—1

L¢>
<C/f+C

|2

then we get
/ [Vu,|* < C. (41)
{u, 21}
Now we take (T, (u,)) as test function in (7), by (3), Lemma 3 and the fact that
% < m < 1,u, € L*(£2) and dropping the nonnegative terms, we obtain

acg—‘/ /|VT,<(M,,)|2 Sa/Tk(un)y_]WTk(un)lz
0 w 0
s/f+L/Tk(u0)y+1s/f+ !

y+1
gl

then we get that

T
/ / VT, (u,)]> < C VYwccC Q. (42)
0 w

Combining (41) and (42), we can deduce that

T T T
/ /|wn|2 5/ / |Vun|2+/ /lVTl(un)lz <C (43)
0 w 0 wn{u,>1} 0 w

Vw CC £, so that u,, is bounded in L*(0, T, H IIUC(Q)) is achieved. Now going back to
(40), we have

_ _ 1 1 1
u‘l+}’ 1|Vu |2 S/M(IH’ ]|Vu |2 < —/f+—||u ||}’t .
/{unzu " BV R A ) R

Then we obtain since 2g < g+y — 1
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T T
2 2 -1 2
/ /un‘f|Vun| 5/ / uz+y [Vu,|
0 w 0 wn{u,>1}

T
+/ /lVTl(un)lng, Yw CC 2,
0 w

(44)

then the last inequality implies that u!|Vu,| is bounded in L?>(w X (0, T)) for every

Remark 2 We note that by virtue of Lemma 10 we easily deduce the almost eve-
rywhere convergence of Vu, to Vu following exactly the same proofs as the one of
Lemma 7.

Theorem3 Lety > 1,q <y — 1and f be a nonnegative function in L'(Q). Then there
exists a nonnegative sol%l;cl)n u € L0, T;Hlloc(.Q)) of problem (1) in the sense of
Definition 1. Moreoveru 2 € L*(0, T;H(l)(.Q)).

Proof Thanks to Lemmas 3, 7, 10, the proof of Theorem 3 is identical to the one of
Theorem 1. O

4 Regularity results

In this section we study the regularity results of solution of problem (1) depending
on g,y > 0 and the summability of f.

Theorem 4 Let y < 1, f be a nonnegative function in L™(Q),1 <m < g + 1. Then
the solution found in Theorem 1, satisfies the following summabilities:

. 2(N+2—-q) N
— L < e < -
(1) If Nqtr+ht2(—g) m< 2 1, q 1 Y then u belongs to

L*0,T; Hé(.Q)) N L°(Q), where

_mN(q+}/+1)+2(7/+1)
B N-=2m+2 '

.. 2(N+2—¢q) _ r . 1.r
1)) Ifl<m< Narrenne—a'? > 1 — ythenubelongsto L"(0,T; W;" (£2)) N L°(Q),

where

—m Ng+y+D+2(y+1 G_mN(q+y+1)+2(y+1)
TON+2-m(l—-p)+gm—-1) N-2m+2 '

Proof Let u, be a solution of (7) given by Lemma 2, such that «, converges to a solu-
tion of (1). We choose p(u,) = ((u, + D* — Dxq.n> (4> 0)as test function in (7),
we have
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/ W(u,(x, 1) + 4 / / (1 + u,)* " (aCx, 1) + u?)|Vu,|?
Q 0 0

<c [ [+ [ wap,
0 Q Q

N

where WY(s) = / @(@)d¢. From the condition (3) and the fact that

0
uy € L2(2), co(1 +u,)? < a + ul, and applying Holder’s inequality, we obtain

t
/T(un(x,r))+/1c0/ /(1+un)“‘l—l|vb¢,,|2
Q 0 Q
1
sc(/ (- ”’")” +C.
o

By the definition of W(s) and @(s),if y < 1 — g < A, we can write

(45)

|s|/1+1

lI‘()> Vs € R.

From the above estimate and some simplification the inequality (45), we can esti-
mate as follows

Jagil 204D 4/1C0 ! At
/nu (0] 2 T //lwnz ?
A+l (/1+q+1)2

co [u) ve
(o]

Now passing to supremum for ¢ € [0, T], we get

L B s [
ﬁ”lun - 204+1) 1 T 1 |
+ Loo(0,T;L 74+ (Q)) (A +qg+ )

A’_ m
<o( [ W>
0
g+l

By Lemma | (wherev=u, > , s= jﬁfill) p = 2), (46), we have

(46)
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srgr1 M i srgr 202D 5 sy
A 1
/[|u,,| Rl s<|||un| e ) /ww |
0 L (0,T;L *+a+1 (9)) 0
241

L N
C</ uff‘”’"’)m +C
0

G+D37
ce [ ) ve
[¢]
then, we can obtain

2 i
NOGAG+D+20+1) R (N'H)W
1,52 < o [ e @7)
9] 0

Now choosing A such that

IA

L NG+g+D+26+1)

A— !, 48
N (A=y)m (48)
then implies that
P N(g+1)+2+Nym' Nig+y+1)+2(y+1)
= . o=m .
Nm' — N -2 N-2m+?2

By virtue of m < %V + 1, then (1% + 1)% < 1, and combining (47) and (48) with
Young’s inequality, we obtain

/Q u,|” < C. (49)

The condition m > —2+2-0) ensure that 4 > 1 — g > y and going back to (45),

= Ng+r+1)+22-q)’
from (48) and (49), we have

/|Vun|2 s/(1+un)“‘l—‘|vun|2
Q o
i 1 (50)

gc(/uy—”"“’>m +csc</u;>m +C<C.
0 0

The estimate (49) and (50), implies that u, is bounded in L*(0, T3H,(£2)) N L°(Q)
with respect to n, sou € L*(0, T;H}(£2)) N L°(Q). Hence the proof of (i) is desired.
Now we prove (ii)
Ify < A <1 — g, by definition ¢(s), P(s), we can get

¥(s) > Cls|**! - C,

from the last inequality and going back to (45), we have
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t \V} 2
¢ [luors v, [ [ e
Q o Jo (I +u,) =4
< C</ u;ﬁ—y)m’>m +/‘P(u0)+Cmeas(.Q),
0 Q

by the fact that u, € L*(£2) and passing to supremum for ¢ € [0, 7], then we get

Vu,|?
A+l | n
C“unl L>(0,T;LA*1(£2)) +ACO-/Q (1 +un)1_l_q
] (51)

< c< / uﬁf‘”’”')m el
0

Let 6 < 2, applying Holder’s inequality, we have

P |Vu,|® )
Vu,|” = [ ———=7 0 +u,)
Q (14w, -
72—

|Vu,|? : i
= <'/QW> </Q(1 +u,) > (52)

2-6

, ﬁ si-i—9 \ 7
sc<1+/u§f—ﬂm> <1+/un > .
0 0

Applying Lemma 1 (where v = u

|
<

s=Ai4+1, p=5)we get

n’

S(N+A+1) 6(A+1) s
/ Mn N S | Iunl |L°°N(0’T; L}‘H(.Q)) / Ivunl
0 Q

N\t siig 5 (53)
sc<1+/uy—y>m> <1+/un > _
0 0
Let choose A such that
OIN+A+1) , 6(1-21-¢q)
=——=(U- =—_- 1
o N ( y)m "% (54)

then we deduce

_ N(@+1D+2+Nym' G_mN(q+y+1)+2(y+1)

A )
Nm' —N -2 N-2m+2

Ng+y+1D+20r+1)
N+2—m(l—y)+qgim—1)

From (54), the inequality (53), becomes
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2-6

/un§C1+/un .
o o

2(N+2-¢q)
Ng+r+D+22—¢)’
Young’s inequality we can deduce that

/”Z <cC (55)
Qo

We combine (54) and (55) in (52), yields

By virtue of m < ensure that et + 9 <1, then applying

/Q [Vu,|° < C. (56)

Two last inequalities proved that the sequence u, is bounded in L0, T; W1 5(.(2))
NL?(Q), and so u € L(0, T;W,°(£2)) n L*(Q). O

Theorem 5 Let y = 1, f be a nonnegative function in L"(Q),1 <m < %[ + 1. Then
the solution found in Theorem 2, satisfy the following summability

5 - m(N(q+2)+4)
u e L0, TH () N L°(Q) witho = N—2m+2

Proof Let u, be a solution of (7) given by Lemma 2, such that u, converges to a
solution of (1). Choosing ui X 0. as test function, with 4 > 1, using (3) and applying
Holder’s inequality, we have

A+1/|” (x, t)|“1+,1/ /(a+u")u’l "V, |?
SC</ u(/l—l)m’>m_ + 1 u“',
o " A+1

thanks to u, € L*(£2) and dropping the nonnegative term, we get

i+1/|un(_x t)|i+l+ﬂ/ / A+q— llvu |2
1
w 1 _/
u= Dm’ A+1 (A=Dym’
sc(/Q > +“1||uo||y+l(g)sc</gun ) +C,

by simple simplification the above estimate becomes

g+l 204D ! Atg+l
1 |M ()C l‘)l/1 1 A+q+1 L’/ / |Vun 2 |2
A+1 A+qg+12 )y Jo

l
sc</ Y e
[¢]

Passing to supremum in ¢ € [0, T], then we obtain
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,1+q+1 20+1) /1+q+1
L g —/l I
A+1 Un Loo(OTLi-ft;;—ll Q) (/%+C]+ ])2

i (57)
sc(/ G- 1>'">’ +C.
0
Atgl
By Lemma 1 (where v=u,> , s= i(j;]l), p=2), we use the same proof as
before, we get
T T+l
/|un|Nu+q+x+zu+l) < lc</ ui,/l_l)m/>m, N C]
0 0 (58)
(D
< C(/ uff”'"’) +C
0
Choosing 4 such that
NA+qg+1D+2(4+1
_NGl+q ]3 ( )=(/1_1)m,’ (59)
then
A_N(q+1)+2+Nm’ _m(N(@+2)+4)

N —N-2  °T  N-2m+2
Thanks to (59) and (58), implies that

7D
/|un|"SC(/|un|"> ic
] Q

The condition m < % + 1 ensure that ﬁ(% + 1)< 1and A > 1 implies that m > 1,
and using Young’s inequality in the above estimate gives

/Qlunl“ <C, (60)

then we deduce that u,, is bounded in L?(Q) and so u belong to L°(Q). O

Theorem 6 Let y > 1,q > y — 1 and f be a nonnegative function in L™(Q),m > 1.
Then there exists a solution u of problem (1) such that if

(N+2)2g—r+D) -
max(1, N(q+y+l)+4(q+1)) <m< - + 1, then u belong to L°(Q) with
mN(q+y+ D+2(y+1)
N-2m+2 '
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Proof We will take ui Xo.n(4 > 1) as test function in (7), as in the case y = 1 we will
follow the proof of Theorem 5, repeating the same passage in order to arrive to the

inequality
1,2
NGg+1420+1) Gy’ FAYARY
lu| =7 < CL [ gy [T +C. (61)
Q Q

‘We now choose A such that

CNGA+q+ D) +20+ 1)

=U4- /, 62
N (A=y)m (62)
. _ N(g+D+2+Nym’ _ N(q+y+l)+2(7+l)
Led= NN T Eme e Combining (61) and (62), implies that

L+
/lunl"SC(/lunl") +C,
(4] (9]

by virtue of m < %’ + 1, then we have ﬁ(% + 1)< 1and 4 > 1 ensure that m > 1,
then by Young’s inequality, we get

/Q lu,|” < C. (63)

Hence from (63) it follows that u, is bounded in L°(Q) so that u € L°(Q). Next we
testing (7) by u? T (u,, — T;(u,)), we have

at" n — Tiu,)) +y / !~ aCx, 1) + u?)| Vi, |°T, (u, — T, (u,,))
0 0
+ / u! (a(x, 1) + u)|Vu,|* = I uVTl(u T, (u,)).
On{k<u,<k+1} o (u, + kS

(64)
Dropping the first and second nonnegative terms in the left hand side of (64) and
using the assumption (3), we obtain

/ u'|Vu, |2<i/ f+C. (65)
on{u,>k} Y& Jon{u,>k}

Thus, thanks to the estimate (65), implies that

1
2
2g-y+1 -1 2
/ ul|Vu, | < </ > T+ > </ W= | Vu,| >
on{u,>k) on{u,>k) on{u,>k)

1

1
2 1 2
< </ ufﬂ—”l) <—/ f+C> .
on{u,>k) Y& Jon{u,>k}

1=
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Since u, is bounded in L°(Q), then 2g—y+1<oc 1is equivalent to

(N+2)(2g—y+1)

2 NatriDidatD)’ hence we get

2
/ u3|wn|sc<i/ f> . (66)
on{u,>k) Y& Jon{u,>k}

Now let ¢ € Cg (L2 x[0,T)), p=1onwx(0,T), wCC £, and E be a measurable
subset of Q, from (66) and Lemma 10, we can get

/ ug|w,,|s/ug|wn|(pg/ u3|wn|(p+kq/|wn|(p
En{wx(0,7)} E onfu,>k} E

1

2 1 2

scn(pnm(/ f+C> +||¢||kaQmeas<E)z</ |w,,|2> .
onf{u,>k} wx(0,T)

Taking the limit as meas (E) tends to zero, k tend to infinity and since u;|Vu,| con-
verge to u?|Vu| almost everywhere, we easily verify thanks to Vitali’s Theorem that

ullVu,| — ul|Vul strongly in L'(0,T;L! (Q)). (67)

loc

Therefore, putting together (67), Lemma 3 and Lemma 10, we conclude the proof of
Theorem 6. |

Theorem 7 Let y>1,q<y—1 and f be a non-negative function in
L"(Q),l <m< Y 4+ 1. Then the solution found in Theorem3, satisfies the following

ili ; — 1 Ngty+ D20+
summability, u € L°(Q), withc = m N2
Proof The proof of Theorem 7 is similar to proof of item (i) of Theorem 4. O
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