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Abstract

We study two inverse initial-boundary value problems for a linear parabolic equa-
tion. These equations arise in mathematical modeling of the viscous heat-conducting
fluid motion with two or one free boundaries. The unknown function of time enters
the right-hand side of the equation additively and is found from the additional condi-
tion of integral overdetermination. For both problems, a priori estimates of solutions
in the uniform metric are obtained. Stationary solutions are found. Sufficient condi-
tions for the input data, under which the solutions with increasing time tend to the
stationary regime according to the exponential law, are established.

Keywords Parabolic equation - Inverse problem - A priori estimates - Asymptotic
behavior
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1 Introduction

We consider the initial-boundary value problem

u, =vu, +f@)+gkx 1, xe€(@,0), tel0,T], (1.1

u(x,0) = uy(x), x € (0,0, (12)

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry of
Science and Higher Education of the Russian Federation in the framework of the establishment and
development of regional Centers for Mathematics Research and Education (Agreement No. 075-02-
2020-1631).

< Elena Lemeshkova
elena_cher@icm.krasn.ru

! ICM SB RAS, Krasnoyarsk, Russia

@ Springer


http://orcid.org/0000-0002-9059-2876
http://crossmark.crossref.org/dialog/?doi=10.1007/s41808-021-00127-8&domain=pdf

906 E. Lemeshkova, V. Andreev

au(0,1) — fiu0,1) = q,(t),  au(l,t) + frul, 1) = g,(1),
i

/u(x, ndx = q5(t), te][0,T]

0

(1.3)

In (1.1 — 1.3) the functions g(x, ), uy(x), q;(t), (i =1,2,3) and constants v > 0,
T>0,a0,20,a,2>0,p, 20, f, >0 are given and u(x, ?), f(¢) are unknown. Thus,
the problem (1.1 — 1.3) is inverse. For its smooth solutions, it is necessary that the
conditions of the agreement have been met

[

a,uy(0) — B1ug,(0) = q,(0),  ayug(D) + Phu, (1) = g5(0), / up(x)dx = q3(0).
0

1.4)
For f, = p, = 0, the mathematical modeling of two-dimensional creeping motions
of a special type of viscous fluid in a flat channel [1] and microconvection mod-
els [2] leads to the problem (1.1 — 1.3). The qualitative properties of this problem,
including the asymptotic behavior of the solution as r — oo in the uniform metric,
were studied in [3]. Earlier, a similar result in the integral metric was obtained in [4].

It should be noted that inverse problems for parabolic equations with an integral
overdetermination condition of a more general form than (1.3) have been considered
in a fairly large number of papers, for example, [5—7] and others. A more complete
overview is given in [8]. As a rule, in these works the existence and uniqueness of
the solution is proved, the methods of constructing approximate solutions for the
case when the unknown function f{¢) enters multiplicatively in the right-hand side of
the equation (system) are considered and justified.

In this paper, two subproblems are considered:a; = a, =0, ;, #0, f, # 0 and
a, #0,a, =0, f; =0, p, # 0. The first problem simulates the unidirectional motion
of a flat layer with two free boundaries and a known temperature distribution. The
second task simulates a similar motion in a layer with a moving bottom solid wall
and an upper free boundary. In this case, the unknown function f{(¢) is the longitudi-
nal pressure gradient along the layer, and v is the kinematic viscosity. Integral condi-
tion (1.3) is a given liquid flow rate through the cross section of the layer.

Using the specifics of these two subproblems (one-dimensionality), it is possible
to obtain sufficient conditions on the input data under which the solutions converge
ast — oo to stationary ones in the uniform metric.

For a; >0, a, >0, 5, >0, f, >0, f(#) =0 and integral condition (1.3) is
absent (direct initial-boundary value problem), the sufficient conditions in the case
of multidimensional linear parabolic equations of general form were established
in [9]. As simple examples show, there is no such convergence for boundary con-
ditions of the second kind (—ﬁl u,(0,1) = q,(@), pou,(l,t) = qz(t)) or mixed ones
(u(0, 1) = g, (1), fru, (L, 1) = g>(1)).

Moreover, the stationary regime for boundary conditions of the second kind is
not the only one. However, for the inverse problems formulated above, under certain
conditions, such convergence takes place.
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2 Inverse problem in the case of boundary conditions of the second
kind

Herea; = a, =0, f; > 0, §, > 0, so that

w, 0,0 = =p'q, (1), ul.0) = py ' g5 (1) (2.1

Integrating equation (1.1) over x from O to / and using the integral condition (1.3)
and (2.1), we find

l

fo = % a5 = v(B7 a1 + By g, (1)) — /g(x, f)dx |. 2.2)

0

Thus, the unknown function f{(¢) is immediately determined from the input data of
the problem. Substitution of (2.2) in equation (1.1) leads to a direct problem for the
function u(x, ¢) with initial condition (1.2) and boundary conditions (2.1).

Remark 1 If in (1.1) on the right-hand side f(¢) is given by equality (2.2), then the
redefinition condition (1.3) is satisfied automatically.

According to Remark 1 and formula (2.2), the function u(x, t) is a solution of the
classical second initial-boundary value problem with a known right-hand side. Its
solution is given by the formula (see [10], p. 58)

[

t 1
ulx,t) = / uo(y)dy + / / F(y,7)G(x,y,t — t)dydr
0 0

0
t t

+vp;! / q,(0)G(x,0,1 = T)dr + v / q,(t)G(x, 1, t — 7)dr,

0 0

where G is the Green’s function

had 2.2
+ % ZCOS(@>COS <n—7l[y)exp <_vnlzﬂ t>,

n=1

F(C,n) =f() + glx, 1).

The estimate |u(x,t)|,x € [0,1],t € [0,T] from this representation is a rather
laborious problem with long calculations [11, 12]. Therefore, using the specifics
of the problem, let us reduce it to an auxiliary classical first initial-boundary value
problem.

Differentiating equation (1.1) with respect to the variable x, we obtain the first
initial-boundary value problem for w(x, t) = u,(x, t):

G(x,y,1) =

~| =

@ Springer



908 E. Lemeshkova, V. Andreev

w,=vw, +g.(0, x&€(0,0), te]0,T],
w(x, 0) =wy(x) = up,(x), x€[0,1], (2.3)
w(0,0 = =B lq,0), w(l,0)=py'q,(1), t€I0,TI.
The resulting direct problem has a stationary solution

1
wS(X)=—ﬁflq‘i+% pr'q) + B, g %/g (»)dy x——/g 0y, (2.4)
0

0

where g}, g3, g°(x) are given constants and function, respectively.
Suppose, that g;(7) are defined for all 7 > 0 and
lgOI <N,(1+7)7% j=12, [gl,nl <N;(L+2)™% [g(x, D) SNy +7)™"
(2.5)
with some positive constants N,, ..., N, a for any x € [0,[],7 = vi~2t is dimension-
less time. Then [9]
[w(x, f] < Ns(1+7)™* (2.6)

with new constant N5 > 0,x € [0, [].
The stationary solution #*(x) is found by integrating (2.4):

W) = —p; gx— — f‘x / (- g Wy |+C. @7
Here
1
= —% B'q + By 'q %/g 0y |, 2.8)
0

and the constant C is determined from the stationary integral condition (1.3)

1
—1 s ‘Bl_ll s ‘BZII 2 s
CcC=1 G+ 0~ ¢ q+—//(x y)g(y)dydx—l/g(y)dy-
0
(2.9)

Remark 2 Ifqg(t) - 0, qj(t) - q;, glx, 1) = g°(x)att — oo, x € [0,1], then f(¢) — %,
t = oo (f(t) and f* are determined from (2.2), (2.8), respectively).

Let us proceed to obtaining an a priori estimate for lu(x, #)I. From the integral

mean value theorem there is a point x; € (0,/) such that u(x,,t) = l‘1q3(t) (see
(1.3)). Therefore, for any x € [0,/], t > 0 we have
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P X
u(x, 1) = u(x,,t) + / u,(y, dy = 1" q5(1) + / w(y, t)dy.
X X
Hence, using (2.6), we obtain

l

lu(x, )] sl_1|q3(t)|+/Iw(y,tIdysl_l|q3(t)|+N51(1+T)_”. (2.10)
0

Let inequalities are satisfied
g0l <D+ j=1.23,
750 = 0,1 = o0, |gx,0) =g ()| < D1 +7)7% (2.11)
|8.(x, 1) = g,(0)| < Ds(1 +7)™*

with constants D; > 0(i = 1,...,5), @« > 0 for any x € [0, ]. Then

[uCx, 1) — ' (x)] < Dg(1 +7)77%,
lu,(x,) —u;| <D;(1+7)7% (2.12)
lf() —f°| < Dg(1 +7)77,

where Dy, D,, Dy are positive constants. Estimates (2.12) follow sequentially from
(2.10), (2.6), formulas (2.2), (2.8), and assumptions (2.11). To obtain estimates
(2.12), it is sufficient in the original problem to make the replacement
iw(x, 1) = ulx, t) — u*(x), wx, 1) = wix, t) — w'(x), f‘(t) = f — f°. In this case, the input
data is replaced by g,(r) = q;(t) — qu’, j=1,2,38x,1) = glx,t) — gx).

Remark 3 1f the right-hand sides of inequalities (2.11) are bounded by the exponent
(exp(—ar), a > 0), then the solution of the inverse initial-boundary value problem
exponentially with increasing time tends to the stationary regime u’(x), f*, deter-
mined by the formulas (2.7 — 2.9).

Remark 4 The obtained results can be interpreted as the stability of the stationary
solution (2.7 — 2.9) if, for example, conditions (2.11) are satisfied.

3 Mixed inverse initial-boundary value problem

Here a; #0, @, =0, f, =0, p, #0, i. e. u(0,1) =q,(), u,(, 1) = ﬁz_lqz(t). The
replacement
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910 E. Lemeshkova, V. Andreev

3(1 p 1
u(x, 1) =v(x,t) + 2_l<7 q,@) + % () — 7 q3(t)> X2

» 3.1

3 3 b

260~z a0 |x+aq,0)
leads to a problem with homogeneous boundary conditions
vz = VVXX +f(t) + g](-x’ t)7 X € (07 1)7 re [0’ T]’ (32)
v(x, 0) = vy(x), x€[0,1], (3.3)
!

v(0,0)=0, v.(,1)=0, / v(y,t)dy =0, t€][0,T], 34

0

where

ﬂ_l
81(x, 1) =g, 1)+ 37v<% q:(0 + % (1) — 112430)) —q,()—
g7 gy
- %(% GO+ 2 a0 - 5 qg(r)>x2 - <l% b0 -3 d0- % q;(o)x,

3(1 ;! 1
Yo = up() = 3 <7 q,(0) + % 4,(0) — a q3(0)>x2—

ﬁ_l
- <l% 00 - 50,0 - = q2<0>>x — 4,(0).

(3.5)

Let us proceed to obtaining a priori estimates for the Iv(x, )l and |f(#)| for all x € [0, ]
and ¢ € [0, T]. Multiplication of equation (3.2) by v(x, #) and integration, using
boundary conditions (3.4), leads to the equality

l 1 l

% %/v2(x,t)dx +v/v)26(x, t)dx:/gl(x, Hv(x, )dx. (3.6)
0 0 0
Since in our case the Poincare inequality holds

I I

2
/ VA(x, Hdx < % / v2(x, D)dx,

0 0

from (3.6) we find the estimate for ¢ € [0, T']
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/ ; 12, 2
/ VA(x, dx < / vodx |+ / 2 k(rydr | e/ 3.7)
0 0 0
with function
! 1/2
k(1) = / g, ndx| . (3.8)

0

Along with (3.6), there is another integral identity

! !
v o
/ r2 EE/de /g]vdx.
0 0

Using this inequality and taking into account the notation (3.8), we obtain

l I t
/ Vidx < / Vo dx + = / K(r)dr, t€]0,TI. 3.9)
0 0
Using the first boundary condition (3.4), inequalities (3.7), (3.9), we have
. . 12, 1/2 . 1/2
V2(x, 1) =2 / wdx <2 / V2dx / vidx < / v(z)dx +
0 0 0 0
' ! 1/2 ' 1/2
/ 2P k(r)dr / véxdx +v! / Brydr | e 2" = B(n)e21/".
0 0 0
(3.10)
Therefore, for all x € [0,1], t € [0, T] we get
v(x, )] < k(t)e™/". (3.11)

We multiply equation (3.2) by 2/x — x? and integrate over x. Using conditions (3.4),
we find

f == / Qlx — x*)(v, — g))dx |. (3.12)

2B
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Remark 5 From (3.7) and (3.12) implies the uniqueness of solution of the inverse
problem.

To estimate If(#)l, it is necessary, according to (3.12), to estimate |v,(x, ¢)|. Dif-
ferentiation of problem (3.2), (3.4) with respect to ¢ leads to a similar problem for
v,(x, ), where f(r) must be replaced by f,(¢), g,(x,?) by g,,(x, ), and the initial data
(3.3) by

v,(x,0) = vy, +f(0) + g,(x,0) =v,(x), xe€][0,1], (3.13)

where
1
70 = w0 - [ 5,00y
0
To obtain the last equality, it is sufficient to integrate equation (3.2) over x and set

t = 0. Therefore, for v,(x, t), estimates (3.7), (3.11) hold, where instead of k() there
will be another function

/ 172
k(1) = / g ndy| . (3.14)
0
So,
lv,(x, 0)| <k, (D)e™" (3.15)
with a bounded function for ¢ € [0, T']
1 1/2 t ! t 1/2 1/2
k() =142 / vigdy|  + / 2P k(r)de / vidy + v / ki (t)dr ,
0 0 0 0

(3.16)

where v,(x) is defined in (3.13). Turning to representation (3.12), we arrive at the
estimate for all r € [0, T']

lF@)| < [l_cl(t)e_”/lz + max g (x, t)l], (3.17)

where k,(?) is given by equality (3.16).
We have proven

Theorem 1 Let vy(x) € c?[o, 1, g1(x, 0, g,(x, 1) € C([0,1] X [0,T]) and a smooth

solution to problem (3.2 — 3.4) exists, then it is unique and estimates (3.9), (3.15),
(3.17) hold, which are uniform for all x € [0,[]and t € [0, T].
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Remark 6 From equation (3.2) and inequalities (3.15), (3.17) follows the estimate of
the second derivative

5|3 —vt/ 2
< =
[V ()] < > ky(t)e + max lg(x, Dl |, (3.18)

and from the mean value theorem follows a similar estimate for v, (x, ?)|.

Remark 7 The conditions of Theorem 1 will be satisfied, if g;(t) € C?[0, 7],
G =1,2,3), g(x, 1), g,(x, 1) € C([0,1] X [0, T]), uy(x) € C*[0,1].
The stationary solution v*(x), f* of the inverse problem (3.2), (3.4) has the form

l

2 X
() =% <1x - %)ff + / £y | — / (x— g My |
0 0

. ) (3.19)
3 sondvdr— & [ @
f =5 (x = y)g)(dy k- g1y |,
0 0 0
where
v N S U S
¢<,"1()c)=(g"()c)+7V<7q‘l +%q‘2— 1_2‘15>’ (3.20)

and g*(x), q; (j=1,2,3) are the given function and constants of the original prob-
lem. According to (3.1)

-1 -1
s S 3 1 K ﬂ2 s 1 s 2 3 s 3 s ‘62 s
“(x)="(x)+2_l<76h+7%_l‘g‘]3>x +l_2‘I3_l_2‘]1_TCI2'

(3.21)

If Vix,0)=v(x,n)=v(x), F@O=f0-f, Gxn=gxn-gx, xel0,l],
t € [0, T1], then for V(x, £), F(¢) the estimates (3.11), (3.15), (3.17), (3.18). Suppose,
that the functions qj(t) (G =1,2,3), g(x, ) are defined for all > 0, x € [0, []. Then

Theorem 2 Under the condition of the integral convergences

(&) (s

/ K(t)e® /" dr, / K ()" /" dr, (3.22)

0 0

where
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914 E. Lemeshkova, V. Andreev

; 1/2 ; 1/2

K1) = / Gi(x,ndx| . K@) = / G: (x,0dx| (3.23)

0 0

the solution of the inverse problem (3.2 — 3.4) tends to the stationary regime (3.19),
(3.20) exponentially.

Proof Note that from convergence of the first integral (3.22) and formula (3.23) for
K(z) follows, that G, (x, ) ~ e~/ for large 7. And then (3.17) implies the exponen-
tial convergence of f{f) to f*. A similar convergence of v(x, ) to v¥(x) (or u(x, t) to
1’ (x) from (3.21)) follows from estimate (3.11) for V(x, 1). O

Remark 8 Under the conditions of Theorem 2, there is an exponential stability of the
stationary solution (3.21). In terms of the initial data, for the integrals (3.22) to be
bounded, it is sufficient to require the convergence of the integrals.

(s

1
/ / (g(x, 7) — &' ())%dx [e>7/" dr;
0

1
/ 8. (x, T)dxezw/l2 dr;
0 0

(q(n)(‘r))zezw/lzdf, n=0,1,2.

0\8 0\8

/ () — @)™/ Fdr, j=1,2,3
0

Remark 9 For a more detailed description of the behavior of the solution to the prob-
lem considered here, it is convenient to use the Laplace transform method. In this
case, the conditions on the input data can be weakened (they can have discontinui-
ties of the first kind in time [12]). In addition, under fairly general assumptions, one
can prove the convergence for t+ — oo of solution u(x, 7), f(f) to stationary regime

W), f*

Let us prove the existence of a solution to the inverse problem by constructing
it in the form of a series on a special basis. Integrating (3.2) over x from O to /, we
find

1

f@® =% w,(0,1) — / g1(y,dy|. (3.24)

0
Put w(x, 1) = v, (x, 1), then

Wt =wax + glx(-x3 t)5 X e (09 1)5 te [O, T]? (325)

w(x, 0) =v,,(x) = wy(x). (3.26)

Since
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v(x, 1) = / w(z, Ndz, (3.27)
0

then, taking into account the redefinition (1.3), we have the boundary conditions
!

w(l, 1) =0, / (L = y)w(y, H)dy = 0. (3.28)

0

The problem (3.25), (3.26), (3.28) is direct initial-boundary value problem with
nonlocal integral condition.
We will consider the spectral problem

W+ AW =0, xe(0,10);

l (3.29)
W(l) =0, / (I — Y)W(y)dy = 0.
0

It has a countable number of orthonormal eigenfunctions

W, (x) = ﬂin\/%(l +42) sin [0, (1 11“)] n=12.,  (330)

at that A, =2l and p, are positive roots of the equation tgu, = u,,
py=E—E1=283/34+0(85) at &> 1, &= n(n+1/2) [13]. It is clear that the
system of functions W, (x) is complete in L, (0, [).

The solution to problem (3.25), (3.26), (3.28) has the form

wix 1) = Y w,(OW, (), (3.31)
n=1
w,(t) = wone_’lnv’+/e"1nv(’_1)g1n(r)dr , (3.32)
0
! !
Wo, = / WoW, (0dx,  g1,(1) = / 1.6 W, (x)dx. (3.33)
0 0

It is easy to prove (see, for example, [13]), that series (3.31) is a classical solu-
tion of the problem (3.25), (3.26), (3.28) at t>¢& >0 and wy(x) € C[0,[],
g, 1) € C'((0,) x [0, T)).

From (3.24) and (3.31) we find
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916 E. Lemeshkova, V. Andreev

!
1 2 «
f@= 7 V\/;};wn(t)—/gl(y,t)dy , (3.34)
- 0

because sin p, = p, (1 + ,ui)_l/z. From (3.27), (3.31) the function v will have the
form

v(x, 1) = \/2_12 IM—Z-M% wn(t){cos [yn(l - i;)] — Cos yn}. (3.35)
n=l 2

The required function u(x, 7) is determined from the replacement (3.1). Formulas
(3.34), (3.35) give the unique classical solution of the inverse problem.

4 Properties of the solution of the initial-boundary value problem
for the loaded equation

We seek the solution of the initial-boundary value problem for the loaded equation
(3.2) in the form of the Fourier series (f(¢) is defined by the formula (3.24))

(o)

v, 0 =Y v,@sin@,x), &, =

n=0

z2n+ 1)
2
“.1)

t
Vn(t) =V0ne—\/§3t +/ I:%f(,[) +gln(T)] e—vfs(t—‘r)df’
s n

wherein v(0, ) = 0, v,(/,#) = 0 and the integral redefinition condition (3.4) was used
to derive equality (3.24). The quantities v, g,;,(¢) are the coefficients of the Fourier
series of the functions vy(x) and g, (x, t):

l 1

Vo = % / Vo) sin(é, x)dx, g,,(t) = % / g1 (x, 1) sin(&, x)dx.

0 0

Using (4.1), we rewrite equality (3.24) as

1

s =3lv Zemo = [ si0i|
0
- , 4.2)
1
fO =3 ¥ 2 & - / 210,00y |
| 0

Substitution of v, () from (4.1) into (4.2) leads to an integral equation of the second
kind (Volterra equation) on f{?):
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f@) = % / f@) Y, e dr +m), 4.3)
0 n=0

where

t !

m(t) = % D& | von + / gun(D)e"ndr | eVt — % / g1, 0dy,  m(0) = f(0).
n=0

0 0
4.4)
The kernel of the integral equation is the sum of the Dirichlet series
— 2v S —véz —
K(z)—l—zze e, z=1—1T. 4.5)

n=0

We have two representations of the function f(#) are (3.34) and (4.2).

Lemma The function f(t), defined by equality (3.34), is a solution of the integral
equation (4.4).

Proof By  virtue of linearity, we carry out the proof for
wo(x) = AV2l="sin [, (1 — x/1)], where A = const, k is fixed and g, (x,7) = 0. In the
general case, the proof is carried out by similar calculations taking into account the
equality

l

— t
/gl(y, ndy = % Z g'g"—()-

0 n=0

Because wy;, = A sin 4, then from (3.34) f(r) = vV/2I3A exp (—vl‘zyit) sin y;,, and
from (3.35) we get

v(x,t) = A 213;4,:1 exp (—vl_zyit){cos [Mk(l - 1;)] — cos ,uk}.

Hence, the coefficients of the Fourier series of the initial function
Vo(x) = A\/213/41:1{cos [uk<1 - )—;)]— —cos y; } with respect to system sin (&,x),
&, = n(2n + 1)/21, are as follows

2A4/2lsin “6)
Yo = T 2 oy .
& (wi = &)

The function m(t) from (4.4) with the help of formula (4.6) can be rewritten as

2 \/_sm ki e

m(t) = e 2

“.7)
n=0 k
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918 E. Lemeshkova, V. Andreev

Let us calculate the first term on the right-hand side of equation (4.3)

t
2 2,2 -
21_‘;\/%4 sin y / e vTmT Z Va1 =
0 n=0
=2 \/EA sin p | e Ht i ! + i e
A X v .
LV STl =Nl e

n=0 n=0

4.8)

Since &, = #(2n + 1)/2, then the sum of the first row in square brackets is ([14], p.

688)
1 <7rﬁk> )
—tgl — |, A==
7 iy, 2 T

This sum is equal to 1/2, because tgu, = p,. Hence, the right-hand side of (4.8), tak-
ing into account (4.7), is f(¢) — m(t), which proves the lemma.

Thus, the function f{f) from (3.34) is an exact solution to the Volterra equation
(4.3). According to the reasoning in item 3, it is the only solution. O

5 The solution of the inverse problem in Laplace images

To obtain quantitative information about the behavior of solving linear problems,
the Laplace transform method is often used. If z(¢) is original, r € [0, o), then its
Laplace transform Z(p) (image) is the integral

(s

2(p)=/z(t)e"”dt. (5.1

0

Identification and properties of the Laplace transformation set out in many text-
books, for example in [15]. It is applicable for a wide class of functions z(¢), in par-
ticular, having a finite number of discontinuity points of the 1st kind. In specific
tasks, the original may depend on other variables and parameters.

Application of the Laplace transform to problem (3.2 — 3.4) leads to a boundary
value problem for ¥(x, p), Fp):

N p
Ve = T
Vv

f;:—%[f(p)+§l(x,p)+v0(x)], 0<x<l,

1

%0.p) = 0.(L.p) = 0, / 2y.p)dy = 0,
0
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The last problem has a solution in quadratures:

d(x, p) = L{\/Yf(p) lth\/zlsh\/gx+l—ch\/gx]
Y P Vv Vv Vv
/ GOy, p)chl\[ (l—y>] dysh\f
\/7 (5.2)

- / G(y,p)sh l\/%(x - y)] dy e, G(x,p)=gxp)+vyx);

0

1 X
f(s):%p \/%/ /G(y,p)shl\/%(x—y)]dy dx
\/Yth\/jl o \o
P %

5.3)
1- Ch\/El [
v p
+— / G(y, p)ch l\/j (l—y)] dy
p \%
Ch\/tl 0
v

Let tlim g (x, 1) = gi (x) uniformly for all x € (0, /) and there exist §,(x, p), &;,(x, p).
Then ([15]) lim0 p & (x,p) = g|(x). Using asymptotic formulas for hyperbolic func-
p—)

tions (here it is enough to take into account that for y — 0: shy =y + 0(?),
chy=1+3)?/2400%), thy =y—y3/3 4+ 0(")), it is easy to derive from (5.2),
(5.3) the equalities

limp d(x,p) =v'(x), limpf(p) =f",
p—0 p—0

where v¥(x), f* is defined by formulas (3.19). In other words, as ¢t — oo the non-
stationary solution tends to the stationary one under less restrictive conditions on
the original functions g(x, 1), qj(t), Jj=1,2,3, uy(x). More precise information on
the behavior of v(x, f), f(f) for finite values of ¢ can be obtained only by numerically
inverting the Laplace transform (5.1), where 2 = 9, (Z = f).

Equation (4.3) can also be solved by the Laplace transform method, extending the
function g, (x, t) by zero outside the segment [0, 7] and assuming that for = T it has a
discontinuity of the first kind. Namely [16],

) = i) + KO0 (5.4)
-k
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where k(p) is a kernel image (4.5). So,

t

f(@) =m@) + / K(t — t)m(r)dr, (5.5)

0

and function K(¢) is original of k(p)[l —k@)]_l. In our case, from (4.5), as

eX@St) =(p+ véj)_l, we find

-1

Kp) v 1 w1 .
T p L el TR L e =K ().
I_K(p) ! n=0p+V€n ! n=0p+v§n
Since [14]
R 1\/7 p
2y =2 Y4/,
P &p+vez 1\p %
we get

o)

kp) = : (5.6)
Vermn(y)
\% 1%

Formula (5.6) can be useful for numerically finding the original f(#) from (5.4). In
addition, using (4.4), (5.6), it is easy to show the coincidence of expressions (3.34)
and (5.5) for f(z).
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