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Abstract

The solvability in the Sobolev-Lorentz spaces W;E)(QT) with p >d+ landg > Ois
proved for a class of fully nonlinear parabolic equations with small BMO nonlinear-
ities in (x, f)-variables over a bounded parabolic domain with C!-smooth lateral
boundary. Here, we make use of the unified approach based on the Fefferman-Stein
theorem in accordance with almost all pointwise estimate of the sharp functions to
establish the estimates of D?u and D,u in the framework of Lorentz spaces.
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1 Introduction

Nonlinear Calder6n-Zygmund theory for elliptic and parabolic partial differential
equations have been extensively studied in recent decades. In particular, an interior
W2P_estimate with p > d for a class of fully nonlinear elliptic equations, was first
obtained by Caffarelli in [6] via the Aleksandrov-Bakel’man-Pucci estimate, the
covering argument and the Harnack inequality by using an improvement of Krylov-
Safonov’s technique. A similar interior estimate was extended by Wang in [26] to
fully nonlinear parabolic equations by adapting the Aleksandrov-Bakel’man-Pucci-
Krylov-Tso maximum principle and the compactness method. Later, Escauriaza in
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[11] further sharpened Caffarelli’s result in [6] to the range p > d — € with a small
€ > 0 depending on the ellipticity constants and d by considering the reverse Holder
inequality. Meanwhile, we also notice that a solvability in W[i’IIOC(QT) N C(L2;) for the
initial-boundary problem of fully nonlinear parabolic equations was obtained by
Crandall, Kocan and Swiech in [7]. Winter in [27] further made use of the Alexan-
droff maximum principle and the weak Harnack inequality on the boundary setting
to establish the boundary estimate as well as the W?-solvability for the Dirichlet
boundary problem associated nonlinear elliptic equations. Recently, an interesting
work from Krylov [14] provided a unified approach to show the L7-solvability for
nondivergence elliptic and parabolic equations under the regular assumption of
VMO, principle coefficients. This approach mainly relies on the pointwise estimates
of sharp functions for the spatial derivatives of solutions due to the Fefferman-Stein
theorem. Furthermore, such an approach was developed by Dong, Kim and Krylov
to attain the W2P-solvability for fully nonlinear elliptic and parabolic equations with
the nonlinearities being VMO in independent variables. For examples, Krylov [15]
showed the W2?-solvability with p > d to the Bellman’s equations with the VMO
nonlinearity by his unified argument. Dong-Krylov-Li [8] demonstrated an interior
W?2?-solvability for p > d and sz’l—solvability for p > d + 1, respectively, to fully
nonlinear elliptic and parabolic equations. More generally, Krylov [16] studied the
existence and uniqueness in W2” for p > d to the strong solution of fully nonlinear
elliptic equations H(u, Du, D?u,x) =0. Dong and Krylov in [9] proved the solvabil-
ity in W2! for p > d + 1to the strong solutions of fully nonlinear parabolic equations
o,u(t,x) + H(u, Du, D?u;t, x) = 0 under some relaxed convexity assumptions instead
of requiring H to be convex or concave with respect to D?u. Very recently, Dong and
Krylov [10] also derived the regularity in the mixed-norm Sobolev spaces to fully
nonlinear elliptic and parabolic equations by improving the Fefferman-Stein theo-
rem in the mixed-norm weighted Lebesgue spaces.

This paper is actually a continuation of Dong-Krylov-Li’s work in [8], which
extends it in two folds: the Fefferman-Stein theorem in the Lorentz spaces and Lor-
entz regularity of fully nonlinear parabolic equations. Here, the Fefferman-Stein
inequality in the Lorentz spaces is also inspired by Dong and Krylov’s paper [10]
involving that in the mixed-norm form. Our main aim is to attain a global estimate in
the Sobolev-Lorentz spaces by using a unified approach to fully nonlinear parabolic
equations with the nonlinearities being small BMO oscillation in independent varia-
ble in a bounded C"! parabolic domain. To state our problem under consideration
more precisely, let us recall some related notations. Let Q be a bounded domain of
RY for d > 2 with C!l-smooth boundary, and Q; :=Q x (0,T) for T > 0 with its

usual parabolic boundary 99 := <aQ x (0, T]> U <Q x {0} ) We consider the fol-

lowing zero Cauchy-Dirichlet problem of a fully nonlinear parabolic equation:

o,u(x, 1) + H(Dzu, Du,u,x,t)=0 in Q, 11
u=0 on 0Q, (1D

where D*u = <Duu> denotes the Hessian matrix of u, and Du = (Diu>
dxd

denotes its gradient.

dx1
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As usual, we use W21 ’Z(QT) to denote the set of all functions u € L*(Q;) that their
weak derivatives Du,Dzu,D,u belong to Lz—spaces, and u vanishes on the parabolic
boundary 0Q in the trace sense. Therefore, a strong solution of (1.1) which is treated
throughout this paper is a Sobolev function u € W21 ‘Z(QT) satisfying (1.1) almost eve-
rywhere in Q;, for more details to see [18, Chapter VII]. In this context, we suppose
that the nonlinearity H (D*u, Du, u, x, t) can be decomposed into following two parts:

H(Dzu, Du,u,x,t) = F(D2u,x, 1+ G(Dzu,Du, u,x,1).

Let S be the set of all symmetric d X d-matrices, and they satisfy the following
structural assumptions:

H1. We suppose that F(u", x, f) is convex and positive homogeneous of degree one
with respect to u”’ € S, and there exist two constants 0 < A < A < oo such that

AEP S F" + E€°,x,1) = F" ,x, 1) < A |E]?

for any u”” € S, ¢ € R? and each (x,7) € Q.

H2. For any fixed u”’ € S, ' € RY and (x,1) € Q, we let G, u',u,x,t) be a
monotone nonincreasing function in # € R. Moreover, there exists a positive constant
K such that

|G ' u,x,0) = GW" V', v, x,0)| <K <|u/ V| +u- v|>
and
|G i .0 <y (1)) 1"+ K (1] + ] ) + 6.0

forany u” € S,u',V' € RY, u,v € R and each (x, ) € Q;. In the above, the function
w(p) : R* - R* is bounded, monotonically decreasing and w(p) - 0 as p — O,
while g(x, £) is a given function specified later.

Before stating our main result, it is necessary to introduce some notations. For any
r> 0and (x,7) € R%! we denote

B.(x) = {y eERY: |x—y| < r} and Q,(x,1) =B.(x) X (t, t + ).

For convenience, we write B, = B,(0) and O, = Q,(0, 0) in the following context. An
average of f(x, ¢) over Q, is denoted by

fo = f S, ) dxdt = ! / f(x, 0 dxdt,
' 0, |Qr| 0,

where |Q, | is (d + 1)-dimensional Lebesgue measure of Q,. To our aim, we need to
impose the following (6, Rj))-vanishing assumption on the leading term in (1.1) for
some 6 and R, > 0.
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Assumption 1.1 For any u”" € S with |u/| = 1, we say that F(u",x,1) is (8, Ry)-van-
ishing of (x, 7). If there exists R, > 0 and a function F(«"’) (independent of z = (x, 1))
satisfying (H1), such that for any r € (0, Ry] and (s, y) € €, we have

sup f lF(u”,x, ) — F'")| dxdt < s,
0,(s.y)

u"€es, [u"|=1

where F(u”, x,t) is zero extended from Q,(s, y) N Q; to Q,(s, y) for (x, £) close to the
parabolic boundary, and the parameter 6 > 0 will be specified later.

We refer to [8] for the same assumptions as H1, H2 and Assumption 1.1, where
Dong, Krylov and Li established the L” estimate with p > d + 1 for the zero Cauchy-
Dirichlet problems (1.1) in a bounded C!!-smooth domain. In the article, our aim
is to extend it to a regularity in the scale of Lorentz space which is extremely use-
ful when dealing with borderline existence as a refined version of Lebesgue spaces.
So, it is necessary to recall the Lorentz space and Sobolev-Lorentz space since
our Sobolev-Lorentz regularity for solutions is taken into consideration. The Lor-
entz space is a two-parameter scale of spaces which make the classical Lebesgue
spaces refined in some sense, and the Sobolev-Lorentz space is similarly done from
Sobolev space. More precisely, we have

Definition 1.2

(i) Let Ube an open subset in R%*!. For p € [1, o0)and g € (0, +o0), the Lorentz
space LP?(U) is the set of all measurable functions f : U — R%!such that

g
» dx

Wl = <p/ ('l ev: ool >x)) —)q < +c0. (1.2)
0 K

For ¢ = oo, the space L»*)(U) is set to be the usual Marcinkiewicz space
with quasinorm

1

Wl ooy 1= SuIO)(K”I{(x, neuU: |f(x,n|>«} ) < +oo. (1.3)
K>
(i) The Sobolev-Lorentz space W(L’ z)(U ) is defined by
Woi W) ={f: f.of Df, D’f € LP(U)},
where the quasinorm of fis

. 2
w2y 2= Wllsaen + 10 ooy + 107 ooy + |27

The regularity in the scale of Lorentz spaces concerning partial differential equa-
tions was originated from Talenti’s work [23] based on the symmetrization argu-
ment. In 2010, Mingione [21] developed some sharp estimates in the Lorentz spaces
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for nonlinear elliptic equations in divergence form by using the duality exponent.
Using the geometric argument first introduced by Byun and Wang [4], Mengesha
and Phuc [20] recently obtained a global weighted Lorentz estimate to quasilinear
elliptic equations with small BMO coefficients in Reifenberg flat domains. In addi-
tion, Baroni [2] showed a local Lorentz estimate for parabolic systems of p-Lapla-
cian type by improving the classic Hardy inequality and the reverse Holder inequal-
ity, and a similar result was also obtained in [3] for parabolic obstacle problems of
p-Laplacian type by using the same technique. A global extension in the weighted
Lorentz spaces was established by Tian and Zheng in [24] to the zero Cauchy-Dir-
ichlet problems of nonlinear parabolic equations with small BMO nonlinearities in
Reifenberg domains. Recently, Bui and Duong [5] got a global weighted Lorentz
estimate to the weak solutions of divergence nonlinear parabolic equations with
nonstandard growth over Reifenberg domains. Very recently, Tian and Zheng [25]
also proved a global estimate of weak solutions in variable Lorentz spaces to para-
bolic obstacle problems with nonstandard growth over a quasiconvex domain based
on the large-M-inequality principle originated from Acerbi and Mingione’s work
[1]. Zhang and Zheng in [28] also showed local Lorentz estimates for a class of fully
nonlinear parabolic and elliptic equations by using the large-M-inequality principle.

We now summarize a global Sobolev-Lorentz estimate for fully nonlinear para-
bolic equation (1.1) as follows.

Theorem 1.3 Let Q be a bounded C"'-smooth domain and T > 0. For the Cauchy-
Dirichlet problems (1.1) with assumptions HI and H2, then there exists a small con-
stant § = 5(d, A, A, p, g, 0Q2) > 0 such that if the F" , x,t) is (8, Ry)-vanishing shown
as Assumption 1.1 for some R, > 0, then the following is true:

() Forue Wéfq)(QT) satisfying (1.1) with g € LP9(Q;) for p € (d + 1, +o0)

and g € (0, +0], we have
lullyz @, < N(llgllwa,) + Allw ) (1.4)

for some p>0, where N is a positive constant depending only on
d,p,q, A, \,6,Ry, K, T, |Q| and ||0Q|| -1 while g < o0, and the constant is
independent of q while g = .

(i)  For any g € LP9(Q;) with p € (d + 1, +0) and q € (0, +o0], there is a
unique solutionu € W(lp’?q)(QT) of (1.1). In particular, if y(0) = 0in (H2), then
there is a unique solution u € W(;Z)(QT) of (1.1) with the estimate

”ullw(‘p«’z)(gr) < N||g||L(P-q)(QT)~ (1.5)

4q.

It is also worth noting that a solvability theorem in the space Wli’2 Qpn C(ﬁr)

LJloc
can be found in [7] for the initial boundary value problem for a class of fully non-

linear parabolic equations. The solvability in the Sobolev spaces W;*Z(QT) for
p > d+ 1of the terminal boundary value problem is proved by Dong, Krylov and
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Li in [8] for such fully nonlinear parabolic equations (1.1), in bounded cylindrical
domains, in the case of VMO “coefficients”. Here, we further prove the solvabil-
ity theorem 1.3 in the scale of Sobolev-Lorentz spaces under the assumptions of
H1 and H2 along this line from Dong-Krylov’s argument. A key ingredient of our
main proof is that we need to improve the Fefferman-Stein type theorem of sharp
functions in the Lorentz spaces. We note that Krylov in [15] gave a modified Fef-
ferman-Stein theorem in Lebesgue spaces by a filtration of partitions, which leads
to that the L7-solvability was obtained for Bellman’s equations with VMO coeffi-
cients in the whole space. Furthermore, Dong and Krylov [10] improved the Fef-
ferman-Stein theorem in the mixed-norm weighted Lebesgue spaces, which yields
a mixed-norm regularity for fully nonlinear elliptic and parabolic equations.
Inspired by their works, we are going to establish a variant of the Fefferman-Stein
theorem in the Lorentz spaces on the basis of the Calder6n-Zygmund decomposi-
tion in the parabolic setting. Another important point is that the partitions of
unity do not work for global estimates of the solutions in the Lorentz-Sobolev
spaces, since the commuting transformation of integral does not hold in the Lor-
entz spaces. To this end, we make use of the idea of local L’-estimate for nondi-
vergence parabolic equations to handle the mean oscillation estimates of Hessian
introduced by Krylov’s paper [15], which originated from Lin’s paper [19] for
nondivergence elliptic equations.

Let us now consider the following Dirichlet problem of fully nonlinear elliptic
equations:

{ H(D?u,Du,u,x) =0 in Q, (16)

u=0 on 0Q.

As a direct consequence of main Theorem , we immediately have the following solv-
ability regarding the elliptic setting.

Corollary 1.4 Let Q be a bounded C''-smooth domain. For the Dirichlet prob-
lem (1.6) with assumptions HI and H2, then there exists a small constant
6 =26(d, A, A, p,q,0Q) > 0 such that if the F(u',x) is (8, Ry)-vanishing for some
Ry > 0, then the following is true:

(i) Forue W(Zp () satisfying (1.6) with g € LPD(Q) with p € (d, +0) and
q € (0, +o0], we have

”u”W(qu)(Q) < N(”g”up.en(g) + P_”W”Lw) .7

for some p>0, where N is a positive constant depending only on
d,p,q, A, \,6,Ry, K, |Q| and ||0Q|| o1 if g < o0, while the constant is not
dependent of q if ¢ = 0. Specifically, if w(0) = 0in (H2), then we have

lullwz @ < Nlgllzaicy- (1.8)
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(ii))  Forany g € LPD(Q) with p € (d, +0) and g € (0, +co], there is a unique
solutionu € W(zp q)(Q) of (1.6).

The remainder of this paper is organized as follows. In Sect. 2, we present the
Fefferman-Stein type theorem in the Lorentz spaces, and some necessary prelimi-
nary results concerning the Gagliardo-Nirenberg interpolation inequality and Alex-
androv’s estimate in the Lorentz spaces. In Sect. 3 we complete the proof of Theo-
rem 1.3. Moreover, as a corollary of main Theorem 1.3, a global Sobolev-Lorentz
estimate of the solution is proved for parabolic Bellman’s equations with small
BMO coefficients in a bounded C'-smooth domain.

2 Preliminary results

This section is devoted to some related notations and basic facts which will be
useful in the main proof. Throughout this paper, we denote N(d,p,q, 4, A, -++) or
N,(d,p,q, A, A, ) for i =0,1,2, -, a universal constant depending only on pre-
scribed quantities and possibly varying from line to line. First, we give a generalized
version of the Fefferman-Stein theorem of sharp functions in the Lorentz spaces. Let
C be a set of all Cge g)(x,7) for any R > 0 with the fixed point (x,7) € R, When fis
locally integrable on R%*!, we define the parabolic maximal function Mf by

Mf(x,t) = sup f [f (s, y)| dyds. 2.1
ceC J¢
Fory € (0, 1], we set
fie 1) = sup < f f If(s,y) — F(z, 2" dydsdzdr) " 2.2)
CeC cJC

Remark 2.1 While y = 1, we observe that f € BMO is equivalent to f11 € L®. We
also note that BMO = LP(the Campanato spaces) for any 1 < p < o© (cf [22, Chap-
ter IV]), which leads to this fact that the norms |[f11 I, and |[f1 ||, are equivalent for
any y € (0,1].

The Hardy-Littlewood maximal function theorem states that if f & L for
1 < p £ oo, then Mf € L7 and || Mf||,, < N(p,d) ||f|,» for instance, see [22, Chap-
ter I]. By interpolating argument, Mengesha and Phuc in [20, Lemma 3.11] extended
the above boundedness of the Hardy-Littlewood maximal functlon from the Leb-
esgue spaces to the weighted Lorentz spaces Similarly, if fy el’forl <p< oo,
then Mf € L? and || Mf||,, < N(d,p,y) |[fy I, as given by Krylov in [15, Theo-
rem 5.3]. Therefore, the interpolation method is also applied to the Fefferman-Stein
sharp function in the Lorentz spaces just as what Mengesha and Phuc did. Indeed,
for any fixed1 < p < o0, we take p; = ’%1 to obtain
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MYl geory < N s o

for any ff € 171(R¥*1); while we take p, = p + 1 to show

MYl ory < N2 15 sy

for any fJi S L”Z(Rd“) Note that for any l<p<oo,1<p <p<p,<+4oo. By
taking 9 =1 - - such that - = + —, we use the interpolation theorem for Lor-

entz spaces (cf. [12 Theorem 1 4 19]) to obtain the following conclusion
1M [y < NoN{ NG (57

In summary, we have the following conclusion.

Lemma2.2 Letl <p < 00,0 < g < coandy € (0, 1. Then, for any ff € LPO(RH)
there exists a constant N depending only on d, p, q and y such that

IMF oy < N ooy

Furthermore, we can also show the improved Fefferman-Stein Theorem
(Lemma 2.2) in a half space via the odd or even extensions, see Lemma 5 in [8]. To
this end, we write

R = { ()=, ) eR™ : x>0}

Lemma2.3 Letl <p < 00,0 < g < ooandy € (0,1]. Then, for anyfyIi € LPI(R4H)
there exists a constant N depending only on d, p, q and y such that

” Mf ”L(l"I)(IR‘“']) N”f ”L@q)(Rd*‘)

Next let us extend the Gagliardo—Nirenberg interpolation inequality from the
Lebesgue spaces to the Lorentz spaces. We first recall the conclusion by Dong and
Krylov in [10, Lemma 6.5 (ii)]. For a fix p > 0 and f(x,?) € Lzloc(RdH)’ we intro-
duce the confined maximal function and the confined sharp function:

M, f(x, 1) = sup f [f (s, )| dyds,
Ce@ : ¢
R € [p, )

flﬁ,p(x’ n= Su fflf(s y) — f(z,2)| dydsdzdr.
Ce G
R € (0, p]
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1,2 d+1
Lemma 2.4 Foranyp>0,p €[l,0),and f € WP’IOC(R 1), we have

1 1
M,(IDfIP) < N (ID*17 )M (1) + N o7 M ((f17),
where N = N(d, p) is a positive constant.

Indeed, Lemma 2.4 yields the following interpolation inequality in the Lorentz
space.

Lemma 2.5 Let 1 <p < o0 and 0 < g < 0. Then for any f € Wh2 (R, e

(pq), loc
have
1F llensety < N(e| DF ||y gy + € I Do) 23)
for any € > 0, where N = N(p, g, d) is a positive constant.
Proof Indeed, we note that for any p > 0,
(D, 1) < (DFY; (6, 1)+2M,(IDF)Ce 1) in - R, 2.4)

By the Poincaré inequality we get
(DP} (x.1) < NpMADF1)(x. D).
Following Lemma 2.4 with p = 1it yields
M, (IDf D, 1) SNpM(ID?f ), 1) + Np~" M(IfD(, 1).
Putting the above two estimates into (2.4) deduces
(D) (x.1) < Np MDD, 1) + Np~t M(fD(x, 1)

for any (x, 1) € R,

Now, we make use of Lemma 2.2 and the Hardy-Littlewood maximal function
theorem in the Lorentz spaces to obtain the required result by taking € = p. This
completes the proof. O

In what follows, we consider the Cauchy-Dirichlet problem of linear parabolic
equations in nondivergence form:

{ Ou+ Lu := du+ a’(x, )Dyu + b'(x, )Dju — c(x, Du = @(x,1)  in  Qr,
u=20 on 0Q;.
2.5)
Here, we suppose that all coefficients a¥(x, £), b'(x, f) and c(x, 1) are bounded measur-
able functions defined on ., and the symmetric coefficient matrix A(x, ) = (aij (x, t))
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satisfies an uniformly ellipticity, which means that there exist positive constants
0 < 4 < A < oosuch that

b, )| <A, i=1,-.,d; |elx, )] <A (2.6)
and
MEP <A, 1) EE* < A& 2.7

for any & € R? and almost all (x, 1) € Q.
In the following we recall the classical Aleksandrov estimate to the Cauchy-Dirichlet
problem (2.5), see [13, Lemma 3].

Lemma 2.6 Let p > d+ 1. Assume thatu € VOVI;’Z(QT) is a solution of (2.5) with (2.6)
and 2.7). If p(x,t) € LP(Qy) and c(x,t) > 0in Q, then

d+l-p 1
ess SUP ;. neq, |Ux, | < NH|c| » | detAlr @ ”IJ’(Q )y
.

where N = N(d, p, A, A\, |Q).

Combining Lemma 2.6 with the imbedding inequality in the Lorentz spaces, it
yields the following L#9-estimate to the problem (2.5).

Lemma2.7 Ford+1<p <ooand0 < g < oo, letu € W(]p i)(QT) be the solution of

(2.5) with (2.6) and (2.7). If p(x, t) € L(”"f)(QT) and c(x,t) > 0in Q, then
lulloo@,) < NI @ llvoq,) (2.8)

where N = N(d,p,q, A, A\, T, |Q]).

Proof We first use Lemma 2.6 with p =d + 1, and the assumptions (2.6, 2.7) to
obtain

|u(x, )] < Nl ||Lr/+l(QT)

for almost all (x, f) € Q. Furthermore, by the imbedding inequality in the Lorentz
spaces (cf. [12]), for any p > d + 1it yields

1 1
loll @,y < NIzl 7 ll@llvaq,)

where N = N(p, g, d). Putting the above two estimates together leads to the required
result. This completes the proof. O
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3 Proof of Theorem 1.3

This section is devoted to our main proof. We first consider the following para-
bolic equation

ou(x,t) + F(D*u,x,t) = h(x,t)  in R, (3.1

Hereafter, we suppose that Assumption 1.1 holds with R4*! instead of Q. To
obtain the Sobolev-Lorentz estimate of (3.1) in the whole space, for any fixed point
(15, xy) € R¥*!, we begin with establishing the following mean oscillation estimate
on Q,(ty, xy) for r > 0.

Lemma3.1 Fork 22,r>0,p € (1,00)anda € (0, 1), letu € Wy 7| (R™") be the

solution of (3.1). Then, there exists a small constant 6, = 6y(d, A, A\, a, f,y,Ry) > 0
with some Ry > 0 such that the following holds: if Assumptionl.1 holds for any
6 € (0, ), then we have

fr(’o’xo) fr(’o’xo)
.
d+1
< Nx+? < f ||+ dxdt>
0, (t5-%p)

Y
_r @+p
+ N2 5@y <f |D2u|(‘l+1)ﬂ dxdt>
Q,(,-(tosxo)

Du(x, 1) — D*u(s, y)|7 dxdidyds

- 3.2)
+ Nk~ < f | D0+ dxdt>
Q. (19:%o)
d+2 p—2y d+1 e
+ Nx“"°R, |u|“T dxdt
O, (f9:%0)
et
+ Nk“*R 7 < f | Du|**! dxdt)
Q. (1g:%0)
for some y € (0,1], where ' = B/(f — 1)and N = N(d, 6, A, A, P).
Proof The proof is divided into two folds.
Case 1. If 0 < kr < R, in the Assumption 1.1 we take
FDw = Fy (D0
Consider
oux,t) + F(D?u) = h(x,r)  in R4, (3.3)
where
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36 H.Tian, S. Zheng

h(x, t) = h(x, t) + F(D*u) — F(D*u, x, ).

D%u

Let us take i’/ =
|D?ul

,then &t € S and|2”| = 1. With (H1) we get

2 ~ 5 d+1
’F(D w,x,f) — F(D u)| dxdt
Qm(to»x[))
< sup f
wes. w=1J 0, o)

1
1 B
< N§7 < f | D?u|@DP dxdt) ,
Q. (t9-%)

where 6 is a small positive constant shown as in Assumption 1.1 and N = N(d, 4, A).
It combined with Lemma 5.6 in [8] yields

f,_(to,xo) f,_(to,xo)
e
d+1
< Nxd+? ( f ||+ dxdt>
O, (t9Xp)

~ d+1
FO,x,1) — F(u”)’ |D2u|®*! dxdt

D?u(x, t) — D*u(s, y)|y dxdtdyds

, e 3.4
+ Nkt ganr <f |D?u| @D F dxdt>
O, (f9:%o)
et
+ Nk~ ( f | D?u| ! dxdt>
Q. (19:%0)
for some y € (0, 1].
Case 2. If xr > R, we remark that
2 2 v
f f D7 u(x,t) — Du(s, y)| dxdtdyds
0,(19,x0) J Q,(19:x9) 3.5)

<2 f |D*u(x, 1)|” dxdt.
0,(t9x0)

It is a well-known fact that condition (H1) implies that there
is an operator L, = a¥(x, nND; with assumption (2.7) such that
ou(x,t) + F(D?u,x,t) = 0,u(x, t) + Lyu(x, t). Therefore, we use Corollary 4.2 in [15]
with dilations and the standard cut-off argument to obtain
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f |D?u(x, t)|” dxdt < N( < f |4+ dxdt)
QK—,/z(Tosxo) Q”(Z‘U,XU)
+ 12 <f |u|d+ldxdt>
(kr* \J o,y
4 (f | Dy |4+ dxdt) )
(&) \J o, tty.x0)

for some y € (0, 1). With (3.5) and « > 2 it leads to that

fQ,(’o’xo) er(Io’xo)
d+2 d+1 #
< Nkt f |h|“*! dxdt
O, (1gXo)

D?u(x, t) — D?u(s, y)|y dxdtdyds

L (3.6)
+R¥ ( f || ! dxdt>
Qy,(fg:Xo)
i
_ d+1
+R07<f | Du |1 dxdt) )
O,/ (tg-Xo)
Putting the above two cases together completes the proof of the lemma. a

Using Lemma 3.1 and the modified Fefferman-Stein Lemma 2.2, we get the fol-
lowing theorem.

Theorem 3.2 For p € (d+ 1, +00) and q € (0, +o0], let u € W(L’f])(Rd“) satisfying
(3.1) with h € LP9D(RY). Then there exists a small constant , = 5,(d, A, A,Ry) > 0
with some R, > 0 such that if Assumption 1.1 holds for any 6 € (0, 6,), then we have

“D2MHL(M)(R“1) + ||a[u||L(I’vli)(|Rd+l) (37)

< N(”h”mm(RdH) + ||M||L(p<q>(Rd+1)),

where N = N(d,p,q, A, A\, 5,R,).

Proof By Lemma 3.1 with a € (0, 1), we obtain
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(Dzu)s(to,xo)
< Nk'r M (121") (1, xo)
Nk §@T M@ (ID*u]“*DP) 2y, x,)
+ Nk~ M (1Dl ) (0, %)
+ Nk RSZMET (Jul) (1, )
+ Nk Ry ME (1Dul) (1, x0)

for some y € (0, 1]. Therefore, with the modified Fefferman-Stein Lemma 2.2 we get

d+2 1
||D2u“ SN(KT(S(‘”””' +K"’> D
Lea)(Rd+1)

=
L(1)<q)(Rd+l )
d+2
+ Nk v (”h”L(p,q)(RtH-l) (3.8)

+ ”u”up.q)(RzHl) + ||Du||L(P-fI)(|RH+1))7

where N = N(d,p, q, 4, A\, 6, R;)). Now, let us first take x > 0 being big number, and
then take small 6 > O such that

1 1
N(K v §uny +K'“> < 5

Therefore, it follows from the Gagliardo-Nirenberg interpolation inequality (2.3)
that

2
”D uHLw>(Rd+1) SN(”h”L(”*‘”(Rd"l) 3.9)
+”u||L(p.q)(Rd+|)).
On the other hand, we notice that

du(x, 1) = —F(D*u,x,t) + h(x,t) ~ in R,

By (H1) we have

2
100y SN [D% ] g, + Wl

(3.10)
SN(”h”L(ﬂ.q)(RdH) + ”u”up.m(Rdﬂ))-

Combining (3.9) with (3.10) yields (3.7). O

In the following we consider the initial-boundary problem of (3.1) over a half
space. We let

aRi+1 = {()C,t) = (X,tl,"',xd) = Rd+l : xl — 0}

and consider
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ou(x,t) + F(D*u,x,t) = h(x,t) in R,
{ ul= 0 on 04[1@”1 G.11)
o

Here, we suppose that there exists a small constant 6 > Q such that Assumption 1.1
holds with R‘fl instead of Q. For any r > 0 and (x, 1) € R‘fl, we denote

0D =0, HNRH,  0F=0%0,0,  QF() = 0F(0,x',0).

Let us fix (), x) € R‘i“. To attain the mean oscillation estimate on Q7 (¢, x,) for
any r > 0 we mainly make use of Lemma 7.4 in [8] in terms of the odd extension
technique.

Lemma 3.3 For k 22, r>0, f € (l.c0) and a € (0,1), let u € Wy (RH!) be
the solution of (3.11) and (ty,x,) € R‘fl. Then there exists a small constant
8y = 0o(d, A, A\, p) > 0 such that the following holds: if Assumption 1.1 holds for any
6 € (0, 6y), then we have

é:(luﬁ(o) é:’(to,xo)
i
< N2 f || dxdt
QOf (19:xp)
_r_
, d+1)p
+ Nk 5@ny f |D2u|(d+1)ﬂ dxdt
Of (tg.x0)
A
d+1
+ Nk~ f |D?u| ™! dxdt
Q:,(l()»xo)
-
d+1
+ NK‘HZR(?Y f | dxdt
Q:,.(tusxo)
-
d+1
+ NK‘HzR(;y f | Du | dxdt
Q:,(To-xo)

with some y € (0, 1], where ' = B/(f — 1)and N = N(d, 6, A, A, B).

D?u(x, t) — D?u(s, y)|y dxdtdyds

If fis measurable function defined in R‘fl, then for any (x,7) € Ri“ andr > 0,

f If (s, y)| dyds < Zf [f (s, V) gart| dyds < N(d) M (f Igan) (x, 1),
0F (x) 0,(x1) ’ ’

where Ipe+ is the indicator function of Rf’jl. On the other hand, for the smallest
r > O such that C C QF, we have

@ Springer



40 H.Tian, S. Zheng

<ff [f G, 1) = f(s, 0" dxdtdyds> ’
cJcC

< N(, y)<f F&x, ) —f(s,y)|” dxdtdyds) y .
o+ Jor

With Lemma 3.3 we obtain the following result.

Corollary 3.4 Under the same hypotheses as in Lemma 3.3, we have
(D2u)ﬁ(t Xg)
MR
“2n
<Nk Man <|h|d+1lRi+l)(t0,xO)
d+2 1 1
Nk §@T M@ (|D2u|<d+1>/’ T >(t0,x0)
L (12 1d+1
+ Nk~ M <|D ul* 1R1+]>(t0,x0)
wo
+ Nk R2M <|u| +11Ri+1)(r0,x0)

d+2 1
+Nk'r Ry M <|Du|d+'IRi+1 >(t0,x0)

for any (ty,x,) € RTI , where N = N(d, 8, A, A\, ).

Hence, the following regularity theorem in W(lp ;(R‘fl) can be deduced from
Corollary 3.4 and Lemma 2.3 with the same way as the proof of Theorem 3.2.

Theorem 3.5 For p € (d+ 1, +o0) and q € (0, +o0], let u € VV&;(RT]) satisfying
(3.11)  with  he LPORIY).  Then there exists a small constant
oy = 0¢(d, 4, A,Ry)) > 0 for some Ry, > 0 such that if Assumption 1.1 holds for any
6 €(0,6p) in Ri“, then we have

2
1, * P
(3.12)
<N (Wl + Nl s )
where N = N(d,p, q, A, A\, 6, Ry).

On the basis of Theorems 3.2 and 3.5, we now prove the main Theorem 1.3 to the
Cauchy-Dirichlet problems (1.1) in Q. Here Q is a bounded C!:! domain and there
exists a small constant 6 > 0 such that Assumption 1.1 holds in ;.

Proof of Theorem 1.3 (i) Let us define

h(x,t) = —G(D*u, Du, u, x,1). (3.13)
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We employ the technique of flattening the boundary and Theorems 3.2 and 3.5
which is a similar way shown as in [17]. Then, we obtain

2
2], + 1900 < NV (Wil + M) 314

where N = N(d,p,q, A, A, 5,Ry, T, C'! norm of Q). The definition of % together
with Assumption (H2) leads to that

_ 2
Wellooe,) =| GO D x|,

S||W(|D2u|) |D2u||| + K (I1Dull o0 q,) (3.15)

LeD(Qr)
Hiulloay) + 181l wo,)-

Recall that the function y(p) : Rt — R™ is bounded, monotonically decreasing and
w(p) = 0as p — 0. Therefore, for some p > 0 we obtain

2 2
v toru i, g,

\ (3.16)
+ NP, @) pllyll =127 7.

<y [0
<w(p) D Loty

This together with (3.15) and (3.14) yield

||D2u||L(1J~q)(QT) + ”atu”L(p.q)(gT)

<Ny@ [P, + NV Al 017

LeD(Qr)
+N (||D”||L(m>(gr) + lull oo, + ||g||un,q)(gr)),

where N = N(d,p,q, 4, A\, 8, Ry, T, K, C"*! norm of 0Q). Taking j large enough that

Ny(p) < > and using again the Gagliardo-Nirenberg interpolation inequality (2.3)

in the Lorentz spaces, we obtain

2
[l #1081,

<N (”””upm(gr) + ”g“LWO(QT) + P_”W”Loc),

where N = N(d,p,q, 4, A\, 8, Ry, T, K, |Q|, C'"! norm of 0Q). Finally, to estimate the
Lorentz norm of u, we rewrite the Cauchy-Dirichlet problem (1.1) as

o,u(x,t) + F(D?u, x,t) + G(D*u, Du, u, x, ) — G(D*u,0,0,x,1) = —G(D*u,0,0,x,1)  in Q,
u=0 on 0Q;.

Conditions (H1) and (H2) imply that there exists an operator
L-=d"D; -+b'D; - —c-with (2.6) and (2.7), such that

@ Springer



42 H.Tian, S. Zheng

ou(x,) + Lu = —G(D?u,0,0,x,t) in Q,
u=20 on 0Q;.

Since G is a monotonically nonincreasing function in u, by the Alexandrov estimate
in the Lorentz spaces (cf. Lemma 2.7) we obtain
” u ”L(p,q)(QT) S N“ G(Dzu, 0, 0, X, t) ||

Lo’ (3.18)

where N = N(d, p, q, A, A, T, |Q]). This combined with Assumption (H2) yields

ey <N < lw (1D%ul) 1Dl -+ ||g||mmﬂ>-

LeD(Qy)
Therefore, with the above estimate and (3.17), we use the same argument as in the
proof of (3.16) to obtain

“DZM”UM)(QT) + ||atu||L(pvt/)(QT) S N (”g”L(m)(QT) + ﬁllW“Lw) (319)

for some p > 0, where N = N(d,p,q, A, A\, 6,R, T, K, |Q|, [|0Q| c1.1).

(i) With the a prior estimate (3.19) in hand, we make use of an approximating
argument to the nonlinear function H and the domain Q, which is just as the same
proof of [8, Theorem 1.2], to lead to the existence and uniqueness claims of (1.1) in
the Sobolev-Lorentz spaces W(;’fi)(QT). It completes the proof. O

Notice that parabolic Bellman’s equation is a typical prototype as fully nonlinear
parabolic equations. Therefore, as a consequence of Theorem 1.3, it yields the fol-
lowing Sobolev-Lorentz estimate of strong solutions to parabolic Bellman’s equa-
tions under the assumption of small BMO coefficients in a bounded C'! domain.
More precisely, we consider the initial-boundary problem of parabolic Bellman’s
equation

d,u(x, 1) + sup [aff(w, x, ODu(x, 1) + Bi(w, x, HDu(x, 1
weA ’

—c(w, x, Hu(x, 1) + g(w, x, t)] =0 in Q, (3.20)
u(x,t) =0 on 09,

where the set A is a separable metric space, a(w,x,1) = (di(w,x,1)),
b(w,x,1) = (b'(w,x,1)), c(w,x,1) >0 and g(w,x,1) are given functions. Here, we
assume that these functions are measurable in (x, 7) for each w, continuous in @ for
each (x, ) and there exist positive constants 0 < 4 < A < oo such that
|b(w, x,1)| < A, clw,x,t) < A, 8(x,t) 1= sup [g(a), X, t)] < o0
weA

(3.21)
and
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MEP < d¥(w.x, 0 EE < AIEP (3.22)

for any & € R4 w e A and almostly all (x, r) € Q,. Moreover, a¥(w, x,1) is (6,Ry)
-vanishing of (x, 7) which means that there exists R, > 0 such that for any r € (0, R]
and (s,y) € Q,

supf sup |d¥(w, x, 1) — @’ (@) avar <6, 13
ij JQ,(sy) 0eA 0,(s.y) ( )

where the parameter 6 > 0 will be specified later.
One can check that H1,H2 and Assumptions 1.1 hold in Theorem 1.3 by taking

F =sup d'(w, x, DDyu(x, 1)  and
weA

G =sup bi(a), x, ) Du(x, t) — c(w, x, Hu(x, t) + g(w, x, t)] s
weA

which immediately leads to the following conclusion.

Corollary 3.6 For p € (d+ 1, +), g € (0, +o0], Q € C"!, let u € W2 (@) with
T > 0 be the solution of the Cauchy-Dirichlet problems (3.20) with assumptions
(3.21, 322) and g€ L(P"f)(QT). Then, there exists a small constant
6 =6(d,p,q, A, \,Ry) > 0 for some Ry > 0 such that if the condition (3.23) holds,
then we have

||u||w&f)(gr> < Ngll v @,)- (3.24)

4.

Here, N is a positive constant depending only on d,p,q, A, \,6,R,, T, |Q| and
1091
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