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Abstract

This paper deals with a homogeneous Neumann problem of a nonlinear diffusion
system involving variable exponents dependent on spatial and time variables and
cross-diffusion terms. We prove the existence of weak solutions using Galerkin’s
approximation and we derive suitable energy estimates. To this end, we establish
the needed Poincaré type inequality for variable exponents related to the Neumann
boundary problem. Furthermore, we show that the investigated problem possesses
a unique weak solution and satisfies a stability estimate, provided some additional
assumptions are fulfilled. In addition, we show under which conditions the solution
is nonnegative.
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1 Introduction

In this paper, we study a nonlinear parabolic system with nonstandard growth con-
dition, where the (weak) solution satisfies a homogeneous Neumann boundary
condition, which is motivated by several issues and numerous applications. While
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Dirichlet boundary conditions correspond to the perfectly conducting boundary,
Neumann boundary conditions correspond to the perfectly isolating boundary (i.e.
no-flux boundary condition). We want to highlight that one of the first existence
result for a degenerate parabolic Neumann boundary value problem is available in
[37]. In the following, we will prove the existence of (weak) solutions to the system
we will describe below in detail. Furthermore, we will derive additional assumptions
for which this system possesses a unique (weak) solution. Finally, we will establish
under which condition the solution is nonnegative.

The investigation of parabolic problems like reaction—diffusion systems or evolu-
tionary equations is motivated amongst others by several applications. For instance,
such equations and systems are important for the modelling of space- and time-
dependent problems, e.g. problems in physics and biology. In particular, evolution-
ary equations and systems can be used to model physical processes like heat con-
duction, diffusion processes or wave propagation, see e.g. [10, 27, 48]. The second
interesting aspect here is the nonstandard growth setting. Such setting arises for
instance by studying certain classes of non-Newtonian fluids such as electro—rhe-
ological fluids or fluids with viscosity depending on the temperature. In general,
electro-rheological fluids are of high technological interest, because of their abil-
ity to change their mechanical properties under the influence of an exterior electro-
magnetic field [18, 46]. Many electro-rheological fluids are suspensions consisting
of solid particles and a carrier oil. These suspensions change their material prop-
erties dramatically if they are exposed to an electric field. Known results concern
the stationary case with p(x)-growth condition, are studied e.g. in [2, 3, 17, 20, 28,
42]. Furthermore, for the restoration in image processing one also uses some dif-
fusion models with nonstandard growth condition [1, 16, 34, 44]. In the context of
parabolic problems with p(x, ¢)-growth, applications are models for flows in porous
media [6] or parabolic obstacle problems [21, 23, 24]. Moreover, in the last years
parabolic problems with nonstandard growth condition arouse more and more inter-
est in mathematics, cf. [5, 11, 43, 47]. The third interesting aspect of this paper is
the effect of a cross-diffusion term. Such a term is for example used to model the
interaction between the species, which often leads to cross-diffusion effects [12, 13,
38]. The difficulty here is that such an effect may lead to unexpected behaviour, see
e.g. [15]. Finally, the study of a problem with cross-diffusion is motivated by the fact
that parabolic problems with cross-diffusion play a crucial role in biological applica-
tions like epidemic diseases, chemotaxis phenomena, cancer growth and population
development, cf. [30, 36].

Nowadays, there is a rich literature regarding nonstandard growth problem
focused on the existence of (weak) solutions and their properties. For instance, theo-
rems of existence and uniqueness of weak solutions to the prototype problem, i.e.
the parabolic p(x, f)-Laplacian

u, — div(|VulP"072Vy) = f,

were proved in [7, 32] for a single equation and in [19] for systems of evolution
p(x, r)-Laplace equations. The problem with the Cauchy-Dirichlet boundary con-
dition was studied in [25], while in [29] the corresponding Neumann boundary
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problem was considered, see also [40, 49]. Furthermore, in [25] an Aubin-Lions
type theorem was established, which we will also use in this paper. In addition,
the author of [25] considered more general vector-fields, which are related to the
parabolic p(x, t)-Laplacian, and inhomogeneities. Moreover, in [26] the existence,
uniqueness and stability of a weak solution to the equation

u, — div(a(x, t, Vu)) = —AlulP™02y,

where A > 0 and the vector-field a(x, ¢, -) satisfies certain p(x, 7)-growth and monoto-
nicity conditions, cf. [25], was shown, see also [14] for p =constant. Additionally, in
[8] it is shown that the solutions of a similar problem may vanish in finite time even
if the equation combines the directions of slow and fast diffusion, and the extinction
moment is estimated in terms of the data. Further, very recently the existence of
weak solutions to a homogeneous Dirichlet problem of a nonlinear diffusion equa-
tion involving anisotropic variable exponents and convection was studied in [39].

1.1 Plan of the paper

The paper is organised as follows: The rest of this sections is focused on the for-
mulations of the problem, which we are going to study. Furthermore, we will refer
some known results on nonstandard Lebesgue and Sobolev spaces, before we state
some preliminary results and tools, which are needed to established our existence
result. In Sect. 2, we will state our main result. Then, in Sect. 3, we prove the exist-
ence of weak solutions to the considered parabolic Neumann boundary problem
using Galerkin’s approximation and we derive suitable energy estimates. Moreover,
in Sect. 4, we will establish under which conditions the weak solution is unique.
Finally, in Sect. 5, we will prove that the solution in nonnegative, provided certain
assumptions are fulfilled.

1.2 Notation and formulation of the problem

In this paper, Q C R” denotes a bounded Lipschitz domain of dimension n > 2 and
we write Oy 1= Q X (0, T) for the space-time cylinder over € of height 7 > 0. Here,
u, or d,u respectively denote the partial derivative with respect to the time variable
t and Vu denotes the one with respect to the space variable x. Moreover, we denote
by 0,07 = (Qx {0}) U (02 x (0,T)) the parabolic boundary of Qr and we write
z = (x, 1) for points in R"*!. The aim of this paper is the investigation of the follow-
ing Neumann problem:

ou =ddiv(A,(x,2, Vu)) + div(er; (x, H)Vu + a,(x, )Vv), (x,1) € Op
0,v = d,div(A,(x, t, Vv)) + div(az(x, HVu + a4 (x, HVv) — Blu|?D"2y, (x,1) € Qr

du _ 0Jv

—=—=0,xnes

dv  ov 0. 2) T

u(x, 0) = uy(x), v(x,0) = vy(x), x € Q

(1.1)
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with uy, vy € L*(Q), where Sy := dQ x (0, T), v denotes the exterior normal to the
boundary 0Q and d; > 0,i = 1,2, f > 0 with

1
UQ::][ud:r::—/ud:r:O and v =0, (1.2)
Q 12 Jo

/udx=/vdx=0. (1.3)
Q Q

Furthermore, the vector-fields A;(x,t, ) are assumed to be Carathéodory functions
and satisfy the following coercivity, growth and monotonicity conditions:

which is the case if

Afx, 1,8) - & > ] EPEY, (1.4)
|A;(x, 1, )] < Li(h; + |EP7h, (1.5)
A, 1,8) — A, ,ENE=E) 20, (1.6)

where 0 < y; < L; < o0, for almost every (x,7) € O and for every &, & € R” with
h; € IV'“Y(Qy), where i = 1,2 and L7’ *Y(Q,) denotes the nonstandard p(x, #)-Leb-

esgue space for p'(x, 1) = %, which we will define later. In addition, the func-

tions a,(+), k = 1, ..., 4 are measurable functions satisfying
0<ay<axt) <a; <o, ay,a; =constant for all (x,7) € Q. (1.7

Moreover, the growth exponent p : QO — [2, o0) satisfies the following conditions:
There exist constants y; and y,, such that

25y 2p@@ <y, <o and |p(z)) - p(z)| < 0(dp(zy,2,)) (1.8)

hold for any choice of z;, z, € Qr, where w : [0, 00) = [0, 1] denotes a modulus
of continuity. More precisely, we assume that w(-) is a concave, non-decreasing
function with lim, ), @(p) = 0 = w(0). Moreover, the parabolic distance is given by

dp(z1,2) 1= max{|x; — x|, /|ty =]} for z; = (x;.1)), zp = (xp.1,) € R In
addition, for the modulus of continuity w(-) we assume the following weak logarith-
mic continuity condition

lim sup w(p) log <l> < 0. (1.9)
pl0 p

Similarly, the exponent g(x, f) is assumed to fulfil the conditions:
1 <g(z) <2 and |q(z)) — q(z))| < w(dp(zy,2,)) (1.10)

for any choice of z;, z, € Q5.
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1.3 Function spaces

The spaces L7(Q), W!P(Q) and W(;’” (Q) denote the usual Lebesgue and Sobolev spaces,
while the nonstandard p(z)-Lebesgue space LP@(Q, R*) is defined as the set of those
measurable functions v: Q; — R* for k € N, which satisfy [v["© € L'(Qr, R¥), i.e.

’9Q;,RY 1= {v : Q; — R"is measurable in Q; : [v[PPdz < +o0 }

Or

The set L’@(Q;, R¥) equipped with the Luxemburg norm

p(2)
”V”U(z)(QT) = 1nf{5 > 0 . / ; dZ S 1}

becomes a Banach space. This space is separable and reflexive, see [4, 19]. For ele-
ments of I7?(Q,,R¥) the generalised Holder’s inequality holds in the following
form: If f € LPD(Q,,R¥) and g € L' @(Q,, R¥), where p'(z) = 22—, we have

p(2)—-1
/ fodz

1 n-1
< - + Wl oo llgllro,), (1.11)
1
see also [4]. Moreover, the norm || - | 0o, can be estimated as follows

V2

g, _/ POde < VI + (1.12)

Notice that we will use also the abbreviation p(-) for the exponent p(z). Next, we
introduce nonstandard Sobolev spaces for fixed ¢ € (0, 7). From assumption (1.8)
we know that p(-, 1) satisfy |p(x;,?) —p(x,,0)| < o(|x; —x,|) for any choice of
Xy, X, € Q and for every t € (0, 7). Then, we define for every fixed 7 € (0,7)
the Banach space W!»:)(Q) as

WPD(Q) 1= {u € PN(Q,R) | Vu € IPV(Q,R")
equipped with the norm
”“”WLP(-J)(Q) L= ”””U(-.z)(g) + ”Vu”[j’(wl)(g)-

In addition, we define Wlp “D(Q) as the closure of CP(Q) in WHED(Q)
and we denote by WG ’)(Q)’ its dual. For every te€ (0, T) the inclusion

lp Q) c W] 71(Q) holds true. Furthermore, we denote by Wp )(Q,) the Banach
space

WrQy) = {u & [g+ L' 0. T:W, @)1 n L/O(Qy) | Vu € L/O(Q7. R")}

equ1pped W1th the norm ||u||W,,()(QT) = ||u||U,()(QT) + IVullpog,) I §=0 we
write Wp (Qy) instead of W" ( (T) Here, it is worth to mention that the notion
wu—-g E W"7 © (Qr)orueg+ Wp )(QT) respectively indicate that u agrees with g
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on the lateral boundary of the cylinder QT, ie.u € Wp ¢ )(QT) In addition, we denote
by WPO(Q;) the dual of the space Wp (QT) Note that if v € WPO(Q;), then there
exist functions v, € L/’O(Q;),i = 0, 1 , 1, such that

n
(v, W»Q'r = / (vow + Z V[Viw>dz (1.13)
Or i=1
forallw e Wg(')(QT). Furthermore, if v € WPO(Q;), we define the norm

IV llwsog,y = supLLv. who, w € WeV@p). IWllyoq,, < 11

Notice, whenever (1.13) holds, we can write v =v, — X" V,v,, where Vv, has to
be interpreted as a distributional derivate. By

w € W(Qp) 1= {w e W (Qplw, € W(Qp)}
we mean that there exists w, € WPO(Q7)', such that
Wi @dg, =— / w- @,dz forall p € C5(Qr),
see also [19]. The previous equality makes sense due to the inclusions
WPU(Qr) & L(Qp) = (L(Q)) & Wy

which allow us to identify w as an element of WP)(Q;)’". Finally, we are in the situa-
tion to give the definition of a weak solution to the parabolic problem (1.1):

Definition 1.1 A pair of function (u, v) is called a weak solution of (1.1) if
and only if (u,v) € (L*(0, T;L*(Q)) N WPO(Q,))* and for every test function
¢ € Cr(Qx[0,7)),i = 1,2, the following equalities hold:

d T
/ u% — [diA, (o t, Vi) + @, (v, OV + oy (x, VY] - Ve dz = /ud)ldx ,
Or Q
(1.14)
0
/ v% - [dzAz(x, t, Vv) + a5 (x, ) Vu + a,(x, t)Vv] -V, — /3|u|‘1(x”)_2u¢2dz
Or
T
= / V¢2d‘x s
Q 0
(1.15)

where (1.3) and the initial value conditions u(-,0) = uy(x) € L*(Q),
(-, 0) = vy(x) € L*(Q) a.e. on Q, i.e.

//|u—u0|2dxdt—>0and //Iv—volzdxdt—>0 ash |0
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are fulfilled.

1.4 Preliminary results and tools

To derive our existence result, we will need the following Poincaré type estimate,
which is a modification of the Poincaré type estimate from [22, Lemma 3.9].

Lemma 1.2 Let QCR", n>2, be a bounded Lipschitz domain. Assume that
u e L*0, T;L2(Q) N Wp(‘)(QT) with ug = 0 and p(-) satisfies the conditions (1.8)
and (1.9). Then, there exists a constant ¢ = c(n, y,, ¥,, diam(Q), o(-)), such that the
following two Poincaré type estimates are valid:

4y

, lulPPdz < c<||u||£f(0,T;L2(Q» + 1>< , [VulP© + 1dz> (1.16)

and

A
llul Z}«)(QT) < C<”””ZZ°Z(O,T;L2(Q)) + 1> (/Q Vul?” + 1dz>' (1.17)

Proof The proof of Lemma 1.2 is very similar to the proof of [22, Lemma 3.9]. To
derive the needed Poincaré type estimate we apply the Gagliardo—Nirenberg’s ine-
quality from [41]. Then, we have to follow the proof of [22, Lemma 3.9] to derive
the following estimate:

4ry
/|u|”(')dzsC<|Iu||£;2(OT.L2(Q))+1></ |Vu|”(')+|u|71+1dz> (1.18)
T e QT

with a constant ¢ = c(n, ¥, ¥,, @(+)). Notice that up to (1.18) both proofs are identi-
cally, the only difference is that we now have to apply

Il — uglpn @ < CPHVM”L“ @)

due to the Neumann boundary condition, where ¢, = cp(n, 71, diam(-)) and we have
to use (1.2). Thus, we can estimate as follows

|ul"dz < ¢, (n, 7y, diam()) [ [Vul?® + 1dz,
Or Or
which proves (1.16). To complete the proof we now have to combine (1.16) and

(1.12), which implies (1.17). O

Remark 1.3 Notice that Lemma 1.2 is valid for a exponent function
p:Or— (”%, o0), while the problem (1.1) requires the restriction p(x, ) > 2 due
to the cross-diffusion terms.
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After proving the energy estimate for the (weak) solutions, we will derive
from Lemma 1.2 the needed L”")(Q;)—bounds for the approximate solution to
(1.1). This together with the following Aubin—Lions type Theorem [25, Theo-
rem 1.3] will guarantee the strong convergence of the approximate solution to
the solution in 27)(Q;). The Aubin-Lions type Theorem reads as follows:

Theorem 1.4 Let Q C R" be an open, bounded Lipschitz domain with n > 2 and
p() > li—"z satisfying (1.8) and (1.9). Furthermore, define p(-) : = max{2,p(:)}.
Then, the inclusion W(Qr) < LPY(Q;) is compact.

Moreover, the next two lemmas, which are useful tools when dealing with
p-growth problems, we will need to prove the uniqueness of the weak solution to
system (1.1). Therefore, we define a function by

V,p(A) 1= (1 +|AP)PA forA € R p>—land u >0,

Moreover, we cite the following lemma from [33, Lemma 2.1], which is established
for the case p > 0 in [31] and in the case O > p > —11in [33].

Lemma 1.5 There exists a positive constant, depending on p > —1, such that for all
A, B € R¥ with A # B, we have

1 2 »
—(+ AP+ B2 A = Bl S |V,,(4) =V, ,(B)| < c(u® + A" +|BI)2 A - B]
with u > 0. O

Since g(-) > 1, we are able to choose p = g(-) —2 > —1. Choosing u = 0 and
k =1, then we consider V(A) = |A|9~2A. This allows to infer from Lemma 1.5
the next lemma.

Lemma 1.6 There exists a constant ¢ = c(n,y,,y,), such that for any A, B € R* and
1 < q(-) <2, there holds

LOAP + 1B 1A = B < |[V(A) - VB)| < c(lAP + 1B T |A - B|
C
and

q()=2

(A + B> |A=B|*> < c(V(A) - V(B)) - (A - B),

where A # B. O

We are using Lemma 1.6 only for 1 < g(-) < 2. However, Lemma 1.6 holds
true for all 1 < g(-).
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2 Statement of results

In this section we state the main results of this paper. The existence result reads as
follows:

Theorem 2.1 Let Q CR" be an open, bounded Lipschitz domain with n > 2,
d;>0,i=1,2, >0 and u(x,0) = uy(x) € L*(Q), v(x,0) = vy(x) € L*(Q), x € Q,
where the initial values are given. Furthermore, suppose that growth exponent
p : Qr = [2, 00) satisfies (1.8) and (1.9), while q : Q7 — (1, 2] satisfies (1.10) and
(1.9). In addition, assume that the vector-fields A,(x,t,-) are Carathéodory func-
tions and satisfy the coercivity (1.4), growth (1.5) and monotonicity (1.6) conditions.
Moreover, let a;(-), k=1,...,4 be measurable functions satisfying (1.7). Then,
there exists at least one (weak) solution (u,v) € (L*(0, T;L*(Q)) N WPO(Q;))? with
(u,,v,) € WPO(Q;))? and ug = v = 0, cf. (1.2) or (1.3), to the homogeneous Neu-
mann problem (1.1), which satisfies the following energy estimate:

sup / G, 01> + v, 0)Pdx + [ [Vul> 4+ | Vv]> + | VulPSD 4+ | Vy[P*S0dz < ¢
0<t<T JQ Or

2.1
with a constant ¢ = c(ay, ay,dy, dy, B, py, Has 715 V25 1o |l 20y Vol 120)s 197D

Furthermore, the solution to the homogeneous Neumann problem (1.1) possesses
a unique (weak) solution under certain assumption. The result reads as follows:

Theorem 2.2 Suppose that either q(-) =2 or B =0. Under the assumptions of
Theorem 2.1

i) and the additional assumption

A 1,8 = AXLENE-EN 2 ulE &P, =12, (2.2)

for almost every (x,7) € O and for every &, &' € R” the (weak) solution to the
homogeneous Neumann problem (1.1) is unique, provided that

ag —a; +min{d,p,, dypi,} 2 0. (2.3)
it) andin case that fork =1, ...,4 we have
a,(x,t) = a, = constant, 24

system (1.1) possesses a unique weak solution without further additional
assumptions.
iii) and in case that we have

0 <a, < ox,0) <a < oo, witha ,a;, = constant (2.5)

forallk=1,...,4 and (x,7) € Qf, and additionally
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ay +az <minfa; ,a, } (2.6)
is satisfied, then system (1.1) possesses a unique weak solution.

Please compare the uniqueness result from [10], here a similar restriction occurs
due to the term f|u|9~2u. In addition, one can conclude from the proof of the The-
orem 2.2 immediately the following stability result:

Lemma 2.3 Under the assumptions of Theorem 2.2 with =0, two unique
weak solutions (u, v) and (u;,v,) to system (1.1) with the different initial values
(Ug, Vo) € (L*(Q))? and (uy,, vlo) € (LX(Q))? satisfy the following stability estimate:

llue, 1) = 4y (6, D112 ) + V0 1) = Vi@ D T2y < Mg () = g W17 ) + 100 = vy WIIF g
for all every t € [0,T), i.e. the solutions are controlled by their initial values
completely.

Finally, we will show under which conditions the (weak) solution to the homoge-
neous Neumann problem (1.1) is nonnegative. The result reads as follows

Theorem 2.4 Under the assumptions of Theorem 2.1 and the additional assump-
tion that the initial values uy(x) € L*(Q) and v,(x) € L*(Q) are nonnegative, i.e.
ug(x) > 0 and vy(x) > 0, then the solution itself is nonnegative, provided either con-
dition (2.4) or condition (2.5) with (2.6) is satisfied. Furthermore, in both cases this
solution is unique due to Theorem 2.2, provided q(-) =2 or f = 0.

3 Proof of the existence result

In this section, we prove our existence result utilising Galerkin’s approximations, cf.
[9, 25, 50].

Proof of Theorem 2.1 The construction of a sequence of Galerkin’s approximations is
as follows: First of all, we want to recall that  C R” is an open, bounded Lipschitz
domain and due to the dense embeddings W'*(Q) ¢ L3(Q) and (L3(Q)) ¢ W~ (Q)
one has the inclusions

WhH(Q) & LAQ) = (LA(Q) < W (Q),

where the injections are compact. Note that WS’X(Q) C W'$(Q) also holds true.
Furthermore, it is known that for 1 <y, <s <y, < oo the space L*(Q2) is a sepa-
rable and reflexive Banach space, and similarly, W'#(Q) is a separable and reflex-
ive Banach space. In the case of Dirichlet boundary values one would consider
(w0}, C WS’YZ(Q) C W'2(Q), which is an orthonormal basis in L*(Q), while

i=
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here one can follow the approach from [13], i.e. one considers the spectral problem:
Find f € W'2(Q) and 4 € R such that

{ (VF, Vi) = Mf,n) foralln € W'2(Q),

Vf-9=0 on 0, CRY

where v is the unit outward normal. Then, problem (3.1) possesses a sequence of
nondecreasing eigenvalues {4;}, and a sequence of corresponding eigenfunctions
{w;(x)}, forming an orthogonal basis in W'*(Q) and an orthonormal basis in L*(Q)
(W (Q) c Whn(Q) € W2(Q) c L*(Q)), see also [35]. Next, fix a positive integer
m and define the approximate solution to problem (1.1) in the following way:

m

W@ = Y w0 and V@) = Y d" 0w ),

i=1 i=1

where the coefficients Cgm)(t) and dgm)(t) are defined via the identities

/ uwi(x) + [dyA (1, Vu™) + ay (x, HVE™ + oy (x, HVV™] Vi (0)dx = 0
Q

3.2)
and
/ W0 + [dyAy (e 1, V) + ay (xr, VU™ + ay(x, ) VV™] Vi, () dx
Q
— —ﬁ/ |u(m)|q(-)—2u(m) . wl-(x)dx
Q
(3.3)
fori=1,...,mandt € (0, T) with the initial conditions
" (0) = / up(@w,(x)dx and  d"(0) = / Vo (W, (x)dx.
Q Q
Then, this generates a system of 2m ordinary differential equations
(cﬁ’”(z))' = Fi(t.&™ @), ..., <0, d™ @), ... .d @), < (0) = / o (Wi (),
e i=1,..,m.
(lem)(z)) = G(t.&" @), ....c(@0.d" ), ....d™ @), d™0) = / VoW, ()dx,
Q
3.4

By [45, Theorem 1.44, p. 25] we know that, there is for every finite system (3.4)
a solution (c(m)(t) d(m)(t)) i=1,...,m on the interval (0,7,) C (0, T) for some
T,>0. Therefore we multiply equatlon (3.2) by the coefficients c( (#) and equation
(3.3) by d(m)(t) Then, integrating the resultlng equations over (0, T) for an arbitrarily
7 € (0,7,,) and summing them overi = 1, ..., m. This yields

@ Springer



696 G. Arumugam, A. H. Erhardt

uﬁm)u(’") + [dlAl(x, £, V™) + a; (x, ) Vu™ + ay(x, t)Vv(’”)] Vu'"™dz = 0,

Jo
J

vgm)v(’") + [dzAz(x, £, V) + s (x, OVU™ + ay(x, t)Vv(m)] Vvmdz

T

—_p / | 402, 0m) o) g
0.

for a.e. 7 € (0, 7,,). Furthermore, we can conclude the following estimate by apply-
ing the conditions (1.4) and (1.7):

l/ <at/ |M(m)|2+ |V(m)|2dx>dt+a0/ |Vu(m)|2+|Vv(m)|2dZ
2 Jo @ 0.

+min{d pu,,drptr} | |Vu™PED 4 |V PEIdy
QT

<- / (ay(x, D) + a3 (x, £)) VU™ Vv dz — g / ™ 90=24m)
Q 0,

T

SZal/ |Vu(m)||Vv('")|dz+ﬁ/ [ 9O |0 |47
0, 0.

for a.e. 7 €(0,T,,). Please notice that in the case p(-) =2 we can immediately
absorb the term

2a, / [Vu™ || Vv™|dz
0,

on the left-hand side of the previous estimate using Cauchy’s inequality, provided

¢, ‘=ay—a; +min{d,u,dpu,} >0,

which finally yields

1 [f . )=
5/ (0,/|u(”1)|2+|v(m)|2dx>dt+c*/ |Vu(m>|2+|w<'">|2dzsﬁ/ (™70 [y | dg
0 Q 0. o

fora.e. 7 € (0,T,). In case that p(-) > y, > 2, we have to utilise Holder’s inequality
and Cauchy’s inequality to get the following inequality

1 1
2 2
2a, |Vu(’”)||Vv(m)|dz§2a1< |Vu(’")|2dz> < |Vv<'">|2dz>
9]

QT Q‘[ T
1
- 1
4a? 2 2
= / |Vu™|2dz <a0 / |vv<m>|2dz>
4 Jo, o
2

2a a
<=L [ vumPaz + 2 / [V |2dz.
ay Jo, 2 Jo,
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Furthermore, by Young’s inequality with 2/p(-) + (p(-) — 2)/p(-) = 1, we can esti-
mate as follows

2
242 222 i ( (min{d,u,,d %
<4y |Vu<m>|2dz=/ _1( ' 2 ) ( {dypy, 2/42}> |Vu(m)| dz
ag Jo, o0, G \min{d,u;,drp,} 2

min{d, u,,d
< {d\u 2#2}/ |Vu(m)|p(x,t)dz+ET|QT|’
0.

< "
where

o i
7 207\ [ 247\ 27 2 2
Ci i= max —_— A — max { 0712, gnr-?
=2 do )

with § := 2/ min{d, u,,d,u,}. This implies

T
/ <a, / |u<m>|2+|v<m>|2dx>dz+ / [Vu™ > + [ Vo2 4 | Vu™ PO 4 |V PO dz
0 Q 0,

SE}F(ﬂ/ |M(m)|q(')_1|v('”)|d2+5T|QT|>
0.

fora.e. 7 € (0,T,,), where

- 2y, { 1 }
Cp = —— max 1, — .
n-—1 min{ag, dypy, dypip }

Furthermore, for all p(-) satisfying (1.8) and (1.9) we have by Cauchy’s inequality
the following:

T
/ <6l/|u(’")|2+|v(m)|2dx>dt$C/ [ 2O | 4 1dz
0 Q 0.

< c/ | 240D 4 [y 2 4 1dg
o,

sq/ WP + b 2z + Gyl 0.,
0,

provided 2(g(-) — 1) < 2,1i.e.1 < ¢g(-) < 2, with constants

c ‘_{2ﬂ~max{1,l/5*}, if p(-)=2and ¢, := (ag—a, + min{d, uy,dyu, }) >0,
1

2ﬂ . Ei’ lfp() >y > 2
and
C. = 0, ifp()=2andc, := (ao—aI +min{d];4],d2;42}) >0,
207 28 -max{l,8.}, ifp() >y >2.

Using Gronwall’s inequality, we finally can conclude that
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698 G. Arumugam, A. H. Erhardt

sup / [, )% + W, ) 2dx + / Va2 + |[Vv™|2dz
0<7<T,, JQ 0.

+ / |Vu(m) |p(-) + |Vv(m) |p(')dz
0,
ST, exp(CiT,) [ IR + (P + 7,C, 10
Q
fora.e. 7 € (0,7T,,), cf. [7, 9]. Thus, we can extend (0, 7,,) to (0, T7), which yields

sup /Iu("’)(-,l)|2+|v(’")(-,r)|2dx+/ [Vu™ |2 + | Vv |2dz
Q

0i<T X

+ |V u™ |p(x,t) + | vy |p(x,t) dz
Or

<Texp(C\T) / (O + [P + TG0y ] < ¢
Q
3.5

with a constant ¢ = c(ay, a;,d;,dy, B, 4y, ha, v1, Y2 lttgll 25 1Voll 25 1Q7]). cf. [25].
This together with Lemma 1.2, we have that u™ and v?™ are uniformly bounded in
L=(0, T;LA(Q)) n WPO(Q,), provided 1™ = vg") = 0, which implies the weak con-
vergences for the sequences {1 } and ﬁ/(’”)} up to a subsequence

u™ —=* yand v —* y weakly* in L®(0, T;L2(Q)),
Vu™ — Vy and Vv — Vv weakly in L0 (Qp, R™).

To be able to prove the strong convergence
u™ -y and V™ — v strongly in I7(Q;)
using Theorem 1.4, we first have to prove that
o,u™ — 9,u and 9™ — 9,v weakly in W’(Q,)'.
To this end, we define a subspace of the set of admissible test functions
m

W,(Qp) 1 = {n Cn= Y yw, w; € CYO, T])} C WPO(Qp),

i=1
since W(Q,) ¢ WPO(Q.). Then, we choose test functions
0 T T

P(2) = Y wiw,(x) EW,(Qp),  §() = Y, FHw(x) € W, (Qp).
i=1 i=1

Note that d,¢ and 9, exist, since the coefficients ,(t) and §;(¢) lie in C'([0, T]).
Thus, we have
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Existence of weak solutions to a certain homogeneous parabolic... 699
T
= - / d\A,(x,t, V™) - Vodz

/ ugm)(pdz=—/ u(’”)go,dz+/u(’”)qodx
T T Q 0 T

—/ [al(x, HVu™ + a,(x, t)Vv(m)] - Vedz

T

and

/ vﬁm)(‘pdzz—/ Ve dz + /v(m)¢dx
Or T Q

- / [, HVU™ + ay(x, V™) - Vpdz

T

T

=- / dyAy(x, 1, V™) - Vpdz
0 r

+p |u(m) Iq(-)—ZM(m)gde_
Or

From this we can conclude that

/ " pdz
Or

< [ 1dA L VU™)] - (@ + [Vel)dz
Or

* / oy (x, VU™ + ay (x, HVW™] - (@ + |V|)dz

T

S/ (d\Ly(hy + VU™ PO + ay (IVu™] + V™)) - (@ + [Vol)dz

T

1 -l )=
S<— + ldyLy(hy + IVa™ PO + a ()Vu™] + [V Dl g,
14} 1§)
X ”(p”W”(‘)(Qr) <¢ |I§0||W1)(-)(QT)

with a constant¢; = ¢,(ag, ay,dy, dy, py, oy, 115 Vo5 g ll s 11voll 225 197 | Ly Ayl o)
where we applied the generalised Holder’s inequality (1.11), the growth condition
(1.5), the condition (1.7), (1.12), the fact p'(x,1) <2 < p(x,t) and the energy esti-
mate (3.5). Similarly, we can deduce that

/ WP pdz

s

< o ll@llwog,)

with a constant
C) = c2(a09alsd1’d27 ﬂ7 His Ky V15725 “u0”L2’ ||VO|IL25 |QT|7L27 I|h2||l/"(‘)7diam(Q)v CU()),

where we also used the Poincaré type estimate (1.17) with ug") = vg’) = 0. This
shows that

uﬁm) c Wp(‘)(QT)’ and vﬁ"') € Wp(‘)(QT)/

with ||u§m)||w,,(.,(QT), < ¢, and ||v§m)||w,,t.>(QT), < ¢,. Summarising, we have the weak
convergences for the sequences {u™ } and {v™ } (up to a subsequence):
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700 G. Arumugam, A. H. Erhardt

u™ —* y and v —* y weakly* in L®(0, T;L*(Q)),

Vu™ — Vy and Vv — Vv weakly in L/O(Q, R"),

uim) — u, and vgm) — v, weakly in WPO(Q,),
provided u™ =" = 0. Moreover, by Theorem 1.4 we can conclude that the
sequences ?u('")} and {v™} (up to a subsequence) converges strongly in L/*)(Qy)
to some function u,v € W(Qy) with ug =vg =0. Thus, we have the desired
convergences

u™ — y and v — v strongly in L’(Qy),
u™ — yand v — vae. in Q7.

In addition, the growth assumption on A,(z, -) and the estimate (3.5) imply that the
sequences {A, (z, Vu(’"))}meN and {A,(z, Vv(’”))}meN are bounded in L/'O(Q,, R™).
Consequently, after passing to a subsequence once more, we can find limit maps
Ay Ay, € IP'O(Qr, R™) with

Az, Vu™y - A10 as m — oo,

(m) (3.6)
Ay(z, Vv™) = Ay asm — .

The next aim is to show that

A10 =A,(x,t,Vu) and Azu = A,(x,t,Vv) for almost every (x,t) € Oy.

By the method of construction [7], we have from (3.2) and (3.3) for all test function
¢; € W(Qp), i = 1,2 with s < m for an arbitrary fixed m € N that

—/ ugm)gbl + [dlAl(x, £, V™) + a; (x, ) V™ + ay (x, t)Vv(’")] V¢,dz=0

T

3.7
and
- / Wby + [dyAy (1, V) + g (x, VU™ + ay(x, VY™ Ve, dz
! (3.8)
— ﬁ |u(M)|q(~)—2u(m) . ¢2dz.
Or

Then, passing to the limit m — oo we get

—/ u,p, + [dlA10 + o, (x, )Vu + a, (x, t)Vv] V¢,dz=0 (3.9)

T

and
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—/ v,y + [dzAzo + a3 (x, )Vu + a,(x, t)Vv] Vg,dz=p 102 - ¢p,dz
T Or
(3.10)

for every ¢, € W (Qy), i = 1,2. According to the monotonicity assumption (1.6),
we also know that

/ dy (A (1, Vu™) — A (x,1, V&) - V™ = &)dz > 0
! (3.11)
/ dy (Ay (e, 1, VV™) = Ay (x, 1, VE)) - VO™ = £)dz > 0

T

for every & € W,(Qr), i = 1,2. Choosing ¢, = (u™ — &) and ¢p, = (V™ — &,) with
& € W(Qp), i = 1,2 as admissible test functions, we can conclude from (3.7), (3.8)
and (3.11) that

- / Uy + [diA; (x, 1, Vu™) + ay (6, HVU™ + ay (x, HVV™| Ve, dz

T

+/ dl (A]()C, f, vu(m)) - Al('x9 Z Vfl)) : V¢ldz 2 0
and

- / WWehy + [dyAy(x, 1, V™) + oy (x, HVU™ + ay(x, HVV™] Vhydz
N

—p |u(m)|q(x,t)—2u(m) - pydz + / d, (Az(x, t, Vv(m)) — Ay (. t, ng)) . V¢2dz >0,
Or Or

which implies

- / W py + [diA (x,1,VE) + o (x, OVU™ + ay(x, ) V™| Vepydz > 0
T

(3.12)
and

- / Wby + [dyAy(x, 1, VE) + a3 (x, VU™ + ay(x, VY™ Ve, dz
! (3.13)

_ ﬁ |u(m)|q(-)—2u(m) . (f)zdz >0,
Or

where ¢, = (™ — &) and ¢, = (V™ — &) with & € W,(Qy), i = 1,2. Next, testing
(3.9) and (3.10) with ¢, = ("™ — &) and ¢, = (V™ — &) with & € W(Qr),i = 1,2
we can deduce by subtracting (3.9) and (3.10) from (3.12) and (3.13), respectively,
and passing to the limit m — oo that
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- / d1(A1(x’ f, V§1) _A10)V(u - f1)dZ >0,

T

- / dy(Ay(x,1, V&) — Ay )V (v —&,)dz > 0

for all & € W,(Qy), i = 1,2. Then, choosing &, = u + ey, and &, =v + ey, with
arbitrary y;, € WPO(Qy) finally yields

T
T

Passing to the limit € | 0, then implies
Alo =A,(x,t,Vu) and A20 = A,(x,t,Vv) for almost every (x,1) € Oy.

The last step in our existence proof is to check if the initial value condition is satis-
fied, which is similar to [9, 13]. Consider functions

b0 = Y wiOwx) =12, (3.14)
k=1

where y; € C'([0,T]). Then, choose test functions from (3.14) with ¢,(-,T) = 0.
Thus, we can conclude from (3.7) and (3.8), integrating by parts and passing to the
limit m — oo the following:

/ ugy, — d\A (x,1, V) - Vopy — [, (x, )V + ay(x, )Vy] - Vepydz = / Ug - ¢y (x, 0)dx
. Q
where we used u™(-,0) — uyas m — oo, cf. [25], and similarly

/ Vb, — dyAy(x, 1, Vv) - Vb, — [a3(x, )V + ay(x, HVV] - Vep,dz = / Vo - o (x, 0)dx
Q

T

—-p |40 ugp,dz.
Or

On the other side hand we know from (3.9) and (3.10) that
/ upy, — dyA (x, 1, Vu) - Vo — [, (x, )V + ay(x, OVV] - Ve dz = /(u - )(x, 0)dx
. Q

and
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/ Vpy, — dyAs(x,1,VV) - Vb, — a3 (x, OV + ay(x, )VV] - Vep,dz = / (v - ¢y)(x, 0)dx
T Q

—p ]9 2u¢p,dz.
Or

Finally, since ¢, are arbitrary we have that u(-, 0) = u, and v(-, 0) = v,;, which com-
pletes the proof. O

Remark 3.1 There are some additional assumptions one can make to weaken the
condition on the exponent g(x, ?):

i) For a modified version of problem (1.1), i.e.

O,u = dydiv(A (x, 1, Vi) + div(a; (x, OV + ay (x, HVY) — || 9S24 4 |p|95D0=2y (x,1) € Of
9,y = dydiv(A, (x, 1, Vv)) + div(az (v, OVU + ay(x, V) + || 1802y — [p|95D=2y (x,1) € QF
M_N_ (wpes
o av ’ T
u(x,0) = up(x), v(x,0) =vy(x), x€Q,
we do not need Gronwall’s inequality to derive the energy estimate (3.5), since
we would have

- / (12 |62 0m) |, ge)=200m)) (1m0 _ )4z <
0

T

for any 1 < g(x,7) < oo, cf. Lemma 1.6, instead of
/ |u(m) Iq(x,t)—Zu('n)v(m)dZ.
0.

Thus, we don’t need the restriction 1 < g(x, ) < 2.
ii) An other approach would be the following: Assume that there exist constants g~
and g%, such that1 < ¢~ < g(x,1) < ¢* < p(x, 1), then we can conclude that

=t L
qeen-1 4 gt " gt
/ |u(m)|"(x’t)_2u(m)v(m)dz < (/ |u(’")| 1 1 dz> (/ |v(m)|q dz>
Q. Q. o,
1

gt-
q

1
< (C]/ |Vu(m)|q+ + 1dz> <Cz/ |Vv(m)|q+dz) 7
[N [

t—1 c
17— / VU™ P dz 4 2 / |V P4z + 4]0, |
q Q. 9" Jo,

with constants ¢}, ¢, and ¢; dependent on (1, ¢~, g%, diam(Q), y,, 7,), where we

used Holder’s, Poincaré’s and Young’s inequality to derive this estimate. To be
able to absorb these terms on the left-hand side the structure constants of system
(1.1) have to satisfy
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-1 C
¢, ZmaX{q q* Cl’q_i}v if p() =2and e, := (ag - a; +min{d,uy, dypr}) 2 0,
-1 c
1261~max{qq+ C1,q—i}, ifp() >y, >2,
where

G, 1= 2n max{l ! }
Ty -1 " min{ay, d,py, dopts} f

Thus, we don’t need again the restriction 1 < g(x, ) < 2, but other restrictions
on the system coefficients.

4 Proof of the uniqueness result

Now, we are in the situation to prove the uniqueness of the weak solution to problem
(1.1) according to Theorem 2.2.

Proof of Theorem 2.2 For the proof of uniqueness, we assume that there exist two
pairs of solutions (u, v) and (#,, v,) with the same initial value (u,, v,). Therefore, we
choose ¢, = u — u; and ¢p, = v — v, as admissible test functions.

i) Subtracting the weak formulation for (u;,v,) from the weak formulation for
(u, v), [cf. (1.14) & (1.15)] and using integration by parts, we get

0= / (u—up),w—u)+dA 1, Vu)— A (x,t, Vu)))V(u — uy)dz
+ (e, OV (U — up) + oy (x, YV —v))V(u — u)dz

> w—up),w—u)+o,x, )V —=v)Vu —u) + (ay +dypu)|V(u — u1)|2dz,
Or

where we applied the monotonicity condition (2.2) and (1.7). Similarly, we have

0= =y, =y +dy(Ay(x,1,VV) = A,(x,2, Vv))V(v — v,)dz
Or

+ (o306, )V — uy) + ay(x, )V —v)V(y — vy)dz
+ / (lu|9072y — |u1|"(')_2u1)(v —vpdz
Or

2/ (v—vl)t(v—vl)+a3(x,t)V(u—ul)V(V—vl)+(a0+d2;42)|V(v—vl)|2dz

T

+p (lu]907 2y — [u |‘7(')_2u1)(v —v;)dz.
Or

Combining these estimates, using Cauchy’s and Holder’s inequality, we get
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1 1
2 2 2
ﬂ</ ’lulq(')_zu - |u1|q(')_2u1’ dz) < lv— V1|2dZ>
T Or

> w—u),w—u)+w@—-v),v-v)
Or
+ (@ (x, ) + a3 (x, 1)V = v))V(u — u;)dz

+ (ag + min{dl,u],dz,uz})/ IV —u))? + V(v —v))|*dz.
Or

Using again Cauchy’s inequality and (1.7) we further can conclude that

1 1
2 2 2
ﬁ(/ ||u|Q(')‘2u— |u1|q(')‘2u1l dz) </ |v—v1|2dz> dz
Or Or
1 /" /(a4
25’/0 <5/Q|u—u1|2+|v—v1|2dx>dt

+(ag — a; + min{d, p;, dr41,}) [ |V —=u)|>+ |V —v))|*dz
Or

For ¢(-) = 2 for all § > 0 and under the assumption (2.3), we can immediately con-
clude that

T T
d 2 2 2 2
/0 d_l<||V_V1”L2(Q') + ”u_ u1||L2(Q)>dts ﬁ o ”v_vlllLZ(Q) + “M_M]”Lz(g)dt
and by means of Gronwall’s inequality (differential form) we gain

0 < ”M —u ”12‘2(9) + ”V -V ”iZ(g) < 0
for every ¢t € (0,7), since u(x,0) — u;(x,0) = 0 and v(x,0) — v,(x,0) = 0. For f =0
the uniqueness follows similarly.
The proof of ii) is similar to the proof of i), but we use the monotonicity condi-
tion (1.6). Thus, we derive at

T
A T e A - IR A
0r 2 0 dr Q

+@ay—a) [ IV@—u)l*+ |V —v)|dz,
Or
which implies similarly the uniqueness (as above) due to the assumption that
ay = a;(x,t) = a, =const. Thus, we neither need (2.2) nor (2.3).
Finally, the proof of iii) is now trivial and remains to the reader. This completes
the proof. a

The proof of the stability estimate of Lemma 2.3 is very similar to the proof of
the uniqueness Theorem 2.2.
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Proof of Lemma 2.3 We assume that there exist two pairs of solutions (u, v) and
(u,,v,) with the different initial values (u, vy) € (L*(2))? and (uy,,vy,) € (L2(Q))2.
Then, following the proof of Theorem 2.2, we can conclude for f = O that

1 [T/4
5/0 <a|lu—’41“22(9)+ “V—Vllliz(g))dl‘s 0,
which implies

2 2
0 < lu—ullyg +11v=—vill2q < llu

Q) Q) +1vo

2 2
iy, ”LZ(Q) V1, ”L2(9)

fora.e.t €[0,7). O

5 Proof of the nonnegativity of the weak solutions
Our finally aim is to prove of the nonnegativity of the weak solutions.

Proof of Theorem 2.4 Consider u~ :=min{x,0} and v~ :=min{v,0} with
u(x,0) = uy(x) = 0, v(x,0) = vy(x) > 0, x € Q. Choosing ¢; =u~ and ¢, =V~ in
(1.14) and (1.15), integrating over  instead of €, and integration by parts yields

/ u,y + [d\A (1, Vi) + ay (x, OV + ay(x, HVY] - Vepidx = 0
Q
and
/ Vi, + [dyAs(x, 1, V) + a3 (x, OV + ay(x, )VY] - Vb, + Blul 7" 2ugp,dx = 0.
Q

Please note that we have A;(x,f,&) &~ >0 either due to the coercivity con-
dition (1.4), since A;(x,1,8)-& =A,(x1,8)-& or Aix,t,¢)-& =0, since
&~ =min{&,0} = 0. Furthermore, we know that

Vu-Vu~ =Vu -Vu = |Vu |> and Vv-Vy =Vy - Vv = |V |?

due to the fact if u= = 0 or v~ = 0, then we also have Vu~™ = 0 or Vv~ = 0, respec-
tively and therefore, Vu - Vu™ =0 or Vv. Vv~ = 0. Otherwise, i.e. if 4~ =u or
v~ = v we have also Vu - Vu~ = |Vu|? or Vv - Vv~ = |Vv|%. Therefore, we can con-
clude by means of the coercivity condition (1.4), (1.7) and either (2.4) or (2.5) with
(2.6) and the abbreviation a, = min{a; , a, }that
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1(d -2 -2 -2 —112
§<d_t/glu I+ v Idx> +aollVu |l 2 ) + a0l VYVl )
+min{d1u1,dzll2}/ [V PO + | Vv [POdx
o

< - /(az(x, HVYVu~ + a;(x, H)Vv- Vu)dx
Q

+ﬁ/ |l [9071 - v dx
Q

-2 - 112
S a()llvu ”LZ(Q) +Cl0||VV ”LZ(Q)

w0 [t e
Q

where we used Holder’s inequality, Young’s inequality, the fact that Vu™ is either Vu
or 0 and Vv~ is either Vv or 0. This implies

1(d -2 2 / —1g()~1 |~
il e + dx ] < 4 v dx <0.
(& [ vpar) p [t e s

for all r€[0,7). Finally, by the fact that = =v" =0 at =0, since
u(x,0) = up(x) 2 0, v(x,0) =vy(x) >0, the last inequality implies that
lu~l 2 ) = IVl 2y = O for all # > 0. Therefore, the solution (u, v) is nonnegative.

O
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