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Abstract
We study the homogeneous Dirichlet problem for a class of nonlocal singular para-
bolic equations

u, — div(| Va2 Vu) = f((x, 0, u, 1)) inQr = 2x(0,7),

where 2 € R?, d > 2, is a smooth domain, p[u] = p(l(u)) is a given function with
values in the interval [p~, p*] C (%,2), and l(u) = / |u(x, )| dx, « € [1,2], is a
Q

functional of the unknown solution. We prove the existence of a strong solution such
that

w, € LX(Qp), u€L¥0,T;W,%(@), D™ e L'(Qy).
Conditions of uniqueness of strong solutions are obtained.
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1 Introduction

We study the homogeneous Dirichlet problem

u, — div(|VulP™=2Vu) = f(z,u,l(w)) inQy,
u=00n0R x(0,7), (D
u(x,0) = uyin 2,

where z = (x,1) € O = 2% (0,T], 2 C R4, d > 2, is a domain with the boundary
0£2. The exponent of nonlinearity p is a functional of the unknown solution:

plul = p(w) : R [p~,p*1C (1,2),

() = / lu(x, )|*dx : L®(0,T;L*(2)) ~ R, 2)
Q

with some constants p*,1 < p~ <p* <2, a € [1,2]. It is assumed that f(z, s, r) is a

Carathéodory function (measurable in z € Q; for every s, 7 € R and continuous in s,

r for a.e. z € Qy) subject to the following growth conditions:

there exists a functionfy(z) € L*(Qy), fy > Oa.e. in Q, such that
If(z,5, 1| <foy2) + N|s|°P7" foralls € R, r € R, 3)

where N = const > 0ando(s) : R, — [67,06%] C (1, 0), 6* = const.

We prove that problem (1) has a global in time strong solution. The results remain
true for a wider class of functionals /(«). For example, we may take

() = / gu(x,t)dx, withsome g€ L"’/(Q), a€[1,2].
Q

The nonlocal evolution equations are widely used in modelling of various processes
in physics and biology and are intensively studied, see, e.g., [1-4] and references
therein. As for Eq. (1), we may regard it as the diffusion equation where the dif-
fusion rate p and the nonlinear source f depend on the total mass of the substance
given by /(u) witha = 1.

Nonlinear equations and system of equations whose structure may depend on
the sought solution appear in the mathematical modelling of various real-life pro-
cesses. In [5], a system of nonlinear equations, describing the stationary thermo-
convective flow of a non-Newtonian fluid, was considered. The models of a ther-
mistor was studied in [6, 7]. The models of electro-rheological fluids in which the
character of nonlinearity in the governing Navier—Stokes equations varies according
to the applied electromagnetic field were considered in [8]. The functionals with the
growth condition depending on the solution or its gradient are successfully used for
denoising of digital images—see, e.g., [9—11] for the models based on minimization
of functionals with p(|Vu|)-growth and [12] for a discussion of the model of image
denoising based on the minimization of a functional with the nonlinearity depending
on u.
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Nonlocal evolution equations with p[u(x, t)]-Laplacian an... 213

By now, the equations that involve the p[u]-Laplace operators where studied only in
papers [13, 14]. These work address elliptic equations similar to p(u)-Laplacian, with
local or nonlocal dependence on u, but their approach to the problem is different. Since
the p[u]-Laplace equation can not be interpreted as a duality relation in a fixed Banach
space, the authors of [13] reduce the study to the L' setting and obtain a solution using
the Young measures. The authors of [14, 15] proceed in another way and develop the
idea of [16] on the passing to the limit in a sequence of the form {lek(x)|qk(x) } Both
works offer a discussion of the uniqueness issue.

2 Assumption and results

2.1 The function spaces

For convenience, we collect here the needed information on the Lebesgue and
Sobolev spaces with variable exponents. For a detailed presentation of the theory of
these spaces we refer to the monograph [17], see also [18, Ch.1].

Let 2 ¢ R? be a domain with the Lipschitz-continuous boundary 0. Given a
measurable function p(x) : 2 +— [p~,p*] C (1, 00), p* = const, the set

’'OQ) = {f : Q- R : fis measurable on 2, / IFIPY dx < oo}
Q
equipped with the Luxemburg norm

”f”p(.),g = inf{a >0: /
Q

becomes a Banach space. The relation between the modular / |f1P® dx and the
Q

f

p(x)
dx <1 }
o

norm follows from the definition:
min (112, 1, ) < / P dx < max (W12, 11, )- 4
Q

In case of p(-) = const > 1 these inequalities transform into equalities. For all
f e LrR), g e IO(Q) with

P € (Loo), plr) = —22
px) —1
the generalized Holder inequality holds:
dy < 1 1 <2
[fgldx < ; + W ”f”p(.)”g”pf(.) = ”f”p(.)”g”p/(.)- 5)
Q

If p(x) is measurable and 1 < p~ < p(x) < p* < o0 in 2, then [/O(Q) is a reflexive
and separable Banach space, and C8°(.Q) is dense in L’V (Q).
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214 S. Antontsev, S. Shmarev

Let p,(x), p,(x) be measurable on £ functions such that p;(x) € [p;, p;“] C (1, 0)
a.e. in Q. If p,(x) > p,(x) a.e. in £, then the inclusion 1/1V(Q) C 1721)(Q) is con-
tinuous and

lull,, .0 < Cllull, )0 VueM(Q) 6)

with a constant C = C(|L2|, pT, p3).
The variable Sobolev space W(i”] (')(.(2) is defined as the collection of functions

W, ") = {u e 'Y n W)« [VulP® e L'(Q)}
equipped with the norm
||M||W;vl’(->(g) = ||VU||,;(-),Q + ”””p(-),(z' 7

By Clog(ﬁ) we denote the set of functions continuous on £ with the logarithmic
modulus of continuity:

Ip(xy) — p(xp)| < w(|x, — x]) 8)

where w > 0 satisfies the condition

liron w(7)In 1 =C < oo, C = const.
-0t T

It is known that for p(x) € Clog(ﬁ) the set C°(£2) is dense in Wé’p (')(.Q) and the space
Wé P (")(.Q) coincides with the closure of C°(£2) with respect to the norm (7).
We will use the notation p(z) € Cy,(Qy) for the functions p of the arguments
7 = (x, 1) satisfying condition (8) in the cylinder Q7 = Q2 x (0, 7).
For the elements of W(i’p (‘)(!2) with p(x) € C°(£) the Poincaré inequality holds:
”’/‘”p(-),.() <, Q)”VMHP(.),Q- )

An immediate consequence of the Poincaré inequality is that an equivalent norm of
Wé 70(Q) can be defined by

”u”W(:"’H(_Q) = Ilvullp(~),9'

Let p(x), g(x) € C%(Q), 1 < p~ < p(x) < p* < o0, d > 2. If g(x) < % in Q, then
the embedding Wé’p “(Q) c L1O(Q) is continuous, compact, and

1.p(-
IWlly00 < CIVVILme Vv E WP,

According to (6) Wé’p Q) c Wé’p (). If p~> %, then the embedding
Wé’pf () C L*(RQ) is compact.
Let us introduce the spaces of functions defined on the cylinder O
V(Q)={u: Q2w RlueX(Q)nW, (Q), |Vul'™ € L'(Q)}, t€(0,T),
W(Qp) = {u: (0.7) = V()| u € LAQy), |Vul’™ € L'(Qp)}.

@ Springer



Nonlocal evolution equations with p[u(x, t)]-Laplacian an... 215

Given a measurable in O function u and a functional p, we define the set

v € LX(Qyp), VP € LY(Qp), }

v =00n0dQ2 x (0, T)in the sense of traces

W.(©Qr) = {V

If we denote p(x,f) = plu(x, )], then W, (Q;) coincides with the space W(Q;)
with the given variable exponent p(x,7). The inclusion u € W,(Q;) means that
u € L*(Qy), | VulP* € L'(Q;)and u = 0 on 92 x (0, T).

Notation. Throughout the text we use the notation

d

_ 2
Il = 3 12, v

ij=1

where the exponent ¢ may depend on 7. By C we denote the constants which can be
computed or estimated through the data of the problem, but whose precise values are
unimportant. The value of C may differ from line to line even in the same formula.

2.2 The main result and organization of the paper
Definition 1 A function u is called strong solution of problem (1) if

1. ue C%0, TI;L*(L)) N L=(0, T;Wé*z(_Q))’ u, € L2(0;);
2. fluC-, 1) = ugll, o — Oast — 0+
3. for every test-function ¢ € L*(Q;) N L*(0, T;wéﬂ(g))

/ (u, + |VulPM"2Vu - Vo) dz= [ f(z,u,l(u)¢dz. (10)
T QT

The main result of this work is given in the following theorem.

Theorem 1 Assume that
(a) £is abounded domain with the boundary 02 € 2,
b) uy € W),
© suplp’D| <C,, C, = const.,
R

[fz. 5.1 < fo@) + fi(@)]s] 70!
p_ .

d withfy € Li=1(Q,). f; € L®(Qp), fy.f; > Oace. in Q. (11
fill o0, <N = const 20,
o(r) € C°0,00), o : R, - [67,06%], 6% = const > 1
dz—dz <p - <pt<2,

© 7. 2d+1) 1
1<O'_Sa+smin{2,l+ y <1___>}

. p
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216 S. Antontsev, S. Shmarev

Then problem (1) has a strong solution in the sense of Definition 1 and the following
estimate holds:

2 2
sup ”VM(, t)”2,Q + ||Lt,||2’QT + |Mxxlp[’4] dz
0,7) 0, 1)

< C(1+ 1Ym0 + Il =, )

Remark 1 Condition (11) on 6% can be omitted if the sign of the nonlinear source
f(z, u, l(u)) coincides with the sign of u(z). The assertion of Theorem remains true if,
for example,

F@s.) =fo@) —A@IsI702s, fy € LT (Qy). fi > Oace. in Oy

Organization of the paper. In Sect. 3 we consider the regularized non-singu-
lar problem (13). The solution of problem (13) is obtained as the limit of the
sequence of Galerkin’s approximations in the basis composed of the eigenfunc-
tions of the Laplace operator. The bulk of Sect. 3 is devoted to deriving a priori
estimates on the second-order space derivatives of the solutions of regularized
problems, where we follow the technique developed in [19] for the given expo-
nent p(x, f). In Sect. 4 we justify first the passage to the limit in the sequence of
Galerkin’s approximations and obtain a solution of the regularized problem. We
make use of monotonicity of the function y,(¢,&)& = (€2 + |£|?)'T £ in & with a
fixed g, continuity of y.(g, £)¢ with respect to g with a fixed &, and the fact that in
the singular case, p* < 2, the solutions u, of the regularized problems and their
approximations possess extra regularity: ||Vu,(?)||, o are uniformly bounded for
allr € (0, 7).

To pass to the limit as € — 0 in the sequence {u,} of solutions of the regular-
ized problems we use the a priori estimates of Sect. 3. The procedure of passing
to the limit in e requires an additional step because now the exponent p, = p[u,]
also depends on e.

The uniqueness is proven in Theorem 2 in Sect. 5. The study of uniqueness is practi-
cally independent of the issue of existence and requires some additional assumptions
on the structure of the equation.

3 Regularized problem

We will obtain a solution of the singular problem (1) as the limit when ¢ — 0 of the
family of solutions of the regularized problems

plue

-2
", = div((€2 +|Vu ) Vu€> +fu,, ) inQp,

u, = 00n 9 x (0, T), (13)
u (x,0) = uy(x)in £2, e>0.
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3.1 Galerkin’s approximations

The solution of problem (13) is understood in the sense of Definition 1. It is constructed
as the limit of the sequence of finite-dimensional approximations

[s9)

ue = (et = lm u®, u™ =N, O,

i=1

where {;} is the orthonormal basis of L?(£2) composed of the eigenfunctions of the
Dirichlet problem for the Laplace operator

(Vi Vohoo = L d)rg YOE W (Q), i=12,.... (14)

The system Lw forms an orthogonal basis of W1’2(.Q). Let us accept the
Yy Wond g 0 p

notation

q-2
re@.s)= (e +1s|*) 7, seR’ te(0,7), e>0, ge(l,2],

" (15)
Pu® = plu™), ™ =Y u,, (D).
i=1

The coefficients u; ,(r) are defined as the solutions of the Cauchy problem for the
system of m ordinary nonlinear differential equations

W (1) =— / Ye (@), Vu"™ )V u™ - Vy, dx
’ Q

+ / @ u™, ™))y, dx, (16)
Q

u, O)=u™, i=1,2,....m,

im 0i

(m
i

where the constants v are the Fourier coefficients of ug in the basis {y;}:

m

ul =Y ulyi(x) > up(x)  inLA(Q).

i=1
By the Carathéodory theorem for every finite m system (16) has a continuous solu-
tion on an interval (0, 7,,). In the next subsection we derive the uniform estimates on
u" and its derivatives, which show that the solutions of system (16) can be contin-
ued to the interval (0, 7).

3.2 Uniform a priori estimates
Throughout this section we denote by 1™ the finite-dimensional Galerkin approxima-

tion of the solution u, of problem (13) with e > 0. We assume that the data of problems
(13) satisfy conditions (11) of Theorem 1.
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218 S. Antontsev, S. Shmarev

Lemma 1 The solutions of problem (13) satisfy the following estimates:

sup IIM(’”)(t)II;Q+/ Ve @), V™) V™2 dz
. r (17)

(m) 12 2
< (141618 g + 12, ) = Mo,

|Vu('") |pm(t) dz
Or

(18)
< c<1 + / ye(pm(t),Vu<'">>|Vu<’">|2dz> =M,
T

with absolute constants M, M(’).

Proof Multiplying the ith equation of (16) by ul(.m) and summing the results leads to
the energy relation

1d m m m
Ez(”l’t( )(t)llg_()) + / ye(pm(t), VM( ))lvu( )|2dx
! Q

(19)
=/u(’")fdx=: 1,
Q
where
1 [ G110
Q
1 1 .
< Wl o + 5™ o + N / (%0 dix 20)
0

SCHIIG g+ 141300 0(0) = oU™)).

Let us prove (18) first. By Young’s inequality, for every 6 > 0

/ | vy [P dz

e

= / Y0, V™) % (7. (0,0, V™) VU™ ) 2 dz

T

<é / (€ + [Vu™ )% dz + C; / 7.0, (©), Vu™)| V™2 dz

<6 |Vbt(m) |Pm dz + Cj <1 + / Y@, VM('"))|VM('”)|2 dz).

Or Or
Estimate (18) follows if we take § = 1/2. Substituting (20) into (19) and dropping
the second nonnegative term on the left-hand side we obtain the differential inequal-
ity for y(t) = [[u(D)|l o
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1,
70 < C<1 +y(0) + ”fo”%,(z)'

—2Ct

Multiplying by e and integrating we arrive at the estimate

t
nmmﬁgsn%ﬁﬂéa+26¥“[:l}l+ﬁ)&

Substituting it into (20), returning to (19) and integrating, we obtain (17). O

Corollary 1

G, (1), VU™ V™ e gz < €
Or

uniformly with respect to m and e.

Proof The estimate follows from (18) because for1 < p~ < p* <2

ﬁm( )-1

Ve (0), Vu™) | Vu™] < (€2 + |Vu™|?)
< CEH)(1+ |Vu™ P71y,

O
Lemma 2 The functions u™ satisfy the estimate
Pm() m m
sup [V .0l g+ [ (@4 V)55 P )
0,7) T
) (21)
< C<||w0||§,g +/ £ dz+ 1> dz =M,
Or
with an independent of m and e constant M.
Proof Multiplying ith equation in (1) by A, u("’), summing up for i = 1,...,m and

then following the proof of [20, Lemma 2.2] we arrive at the equality

1d

SV ) + [ 10, P e =1 =1+ 1 @2

where

k=1

d
/ (P —2)(e2 + [Vu™ ) " (Z Vu<m>-V(Dku<m)))2>dx, 23)
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220 S. Antontsev, S. Shmarev

I = /Q Fu™, 1)) Au™ dx, 24)

o =/ Ve (P, (0), V™)
02

(4™ (V™ - m) = V™ - V(Vu™ - n)) dS

(25)

It is straightforward to check that
11 <2-p") / VP (0), V™) [ul™ | d,
Q
1A s/ﬂ (fo + L1171 ) | Au |dx = T, + 1.
By the Young inequality
I < / folu™| dx < 6 / | P dx 4 C(5) / 1o
Q Q Q
" 0]
<é / 7P, V™) (1, (p(0). V™) U ) 5 dix

+C(8, p* )<1+/ (p)dx>

5/ 7P (0), Vu"™)|ulP | dx + C'(3) / (€ + |Vu™ )™ dx
“ Q
+C”(5)<1+ / P dx>,
I 35/J’€|u(m)|2dx+C(5)/f] € + |Vu™|? ) L@ | 20D gy
S5/75|ui’;’)|2dx+C/ <(€ + [ Vu™)|? ) Lm0 NF'"‘1|u(m)| a )pm>dx
Q

>/1m
<5/y5|u(’")|2dx+C(6 N)/ <1+|Vu<'">|Pm<’>+|u<'">| >dx.

According to condition (11) (e)

1<6‘§0’+§1+2(d;l)<1—i>,

=
which yields the inequalities

pm_l

—d( 1 ©w = VP
e

<1
pm_l

NS S
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Using the Gagliardo-Nirenberg interpolation inequality we estimate

om ©n=pm em=rm (1_gy

—Dpm
/ | o=t dxe < CIVU™ Ny g ™
Q

(26)
< c<1 + ||Vu(m)||§’_q>

with a constant C = C(p*, 6%, M,,) independent of u™. Gathering the above inequal-
ities we obtain

Pm(®
J:/|ugj>|l’m<f>dx35/y€|u§§>|2dx+C(5)/ (e +|Vu™|?) 2 dx
Q Q Q

35/y€|u;;">|2dx+c’/ (IVu™* + 1) dx.
Q Q

with an arbitrary 6 > 0. Adding J to the both sides of (19), choosing § appropriately
small and using (18), we arrive at the inequality

2L (10 )+ [ (100 T 1)
2dt ’ Q

gc<1+|19|+/f(§ﬂ')'dx+/ |Vu<'">|2dx>
Q Q

with a constant C which does not depend on m and e. It is known (see [21, Ch.1,
Sec.1.5] for the case d = 2 and [20, Lemma A.1] for the general case d > 3) that if
00 € (2, then there exist constants K, K’, depending on 0£2, such that

1ol < K/ 7.z, Vu(m))(Vu(m) -n)zdS < K’</
20 )

Q

27)

|Vu™|Pn dS + 1>.
Inequality (27) can be written in the form

d (m) |2 N[ )12 oy m)
SOV ) + [ (e VP 4 1) d

sc(/ |Vu<m>|ﬂmds+/fgp’>'dx+/ |Vu<m>|2dx+1>.
20Q Q Q

To estimate the integral over 02 we use the inequality that follows from [22, Theo-
rem 1.5.1.10]: there exists a constant L = L(d, £2) such that for every 6 € (0, 1)

1 1
/ [Vu™|PndS < L<51‘p—+ / |u§r;t)|pmdx +57 / |Vu(’”)|p'"dx>. (29)
0Q Q Q

1
Combining (28) and (29) with 26 "7 CK’ < 1, we obtain the inequality

(28)
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222 S. Antontsev, S. Shmarev

d g, m)2 NP )
d—tllvum 5+ ; (e, Vu™)ul™ > + |u P ) dx

< </(|Vu(m)|”"*+|Vu(”’)| dx+/ <">dx+1>
Q

gc<||w<'">||§79dx+/f(§">’ dx+1>.
Q

To complete the proof, we multiply this inequality by e, integrate in ¢ the result-
ing differential inequality for || Vu(t)ll% Qe‘c’ , and plug in estimates (17), (18). O

Lemma 3 The functions u™ satisfy the estimates

pm ()
1" g, + sup @1y <, (30)

with an independent of m and € constant M,.

Proof Estimates (30) follow upon multiplication the ith equation of (16) by u;m(t)
and summation of the results. Following the proof of [20, Lemma 2.4] we arrive at
the relations: for every ¢ € [0, T']

m) 112 d (2 "
[|u; (t)||29+d— (€* +|Vu I) dx
5 t Q
Pm (D)
dp (1) (€% + |Vu™|2) 2 t
=_/ pm()( | | ) <1_pm()1n<€2+|vu(m)|2)>dx
o dt P2 2
dp, (t
+/fu§m)dx§C‘ Pm()‘<l+/ |V P ® gy 31)
Q dt Q
Pin®)
+/ (62 + |Vu(m)|2) > In? (€2+ |Vu(m)|2)dx>
Q

+ (Slll/tgrrt)(t)“;Q + C(‘s)(”ﬁ)”%’g +/ |u(m)|2(5m—1)dx>
0

with C = C(C*,p~, 6%, N). Since p,, <2 by assumption, it follows that £2— > 2,

which allows one to estimate the last term by virtue of (26) and (21). Usmg the
formula

(Jul®), = <(u2)§ >z = %(uz)g_lbtu, = au,|u|* 'signu

and (17) we have:
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dp, (t
0 ) s
Q

< aC*”uEm)“lQ</ |u(m)|2(a—l) dx> (32)
Q

a
(m) (m)
<aC, |Q| 2 Il ||2.Q||”(m)||29 < Cllu™ N0

D=

Then

Pm(®

‘dpm(t)‘ / (€2+|Vu(m)|2) 2
pA®

(p )2 ”u(m)”2{2<1 +/ |V”(m)|pm(t) dx)
Q

< c’<1 + sup/ |Vu<'">|2dx> 16,0 < Cllu™ 5.0,

dx

01 J2
PO [ 1 5 )
= +|Vu™2) 2 In? (¢ + |Vu™)?) d
2’ " me(t)(e [Vu |) n (e [Vu |) x

@)
gc”||u§m>||2,9/ (€ +Vu™]?) = In? (2 + |Vu™|*) dx = L.
Q

For every 0 < u < min{p~/2,(2 — p*)/2},

Pm(D—u
) T (s#/2 1n? if 1
Sl 2 IIIZS < Sﬁm(f)+u (S 1 ;) ] S € (0’ )’
N (s"‘/2 In s) ifs > 1 (33)

< C(u, p*)(1+s =) < C(1 +5).

Gathering (33) with (21) we obtain the estimate
Pm@®
/(e2 + [Vu™2) 2 In? (€% + | Vu™ ) dx
Q
< C/(l + | Vu™|?) dx (34)
Q

< c<||vu0||§,g+/ F7 dz + 1)
Or

for allt € (0, 7). By Young’s inequality

1< C”ut(t)HZ,.Q(”VMO”%_Q lfl(‘”f" dz + 1)

(39)
< 8llu, 0I5, + <||Vuo||m /f<'”dz+1)
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224 S. Antontsev, S. Shmarev

Plugging (35), (17) and (18) into (31) with a sufficiently small 6, we rewrite (31) in
the form

Loomya2 d 2 (my 2y 222
F" Ol g+ ([ (2 +1Vu™ ) = dx
@

2 2
< C(l + ”VMOHZ,-Q + “f(]”g*)’,Q',-)

for every r € [0, T] with a constant depending on a, p*, C*, |£2|. Inequality (30) fol-
lows after integration in time. O

Corollary 2 Under the conditions of Lemma 3

(i) p,.( € CV2(0,T]) and
”pm(t)”Cl/Z([o,T]) <C

with an independent of m and e constant C,

(ii)
W™ € W2Qp) N L2, T;WHA@) n L' (0p),

and the sequence {u™} is compact in L4(Qy),2 < q < ===,

2(d+1)
d-1

Proof By virtue of (30) and (32), forevery0 <7 <t <T

t
d,
/ _pm(s) ds
T ar

t
(m) (m) i
< C/ 1l ds < ™l g 1t = 21}
T

|pm(t) - pm(T)l =

with an independent of m and e constant C. The second assertion follows from the
embedding theorem. O

4 Passing to the limit
4.1 Strong solution of the regularized problem

Lemma 4 [f the data satisfy conditions (11), then the regularized problem (13) has a
strong solution u, = limu™ as m — co. The solution satisfies the estimate

2 2
||u€,||2,QT + ess (soug IVu ¢, Dll5  + / lu, [P dz < M. (36)
, Or
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For the sake of simplicity of notation, throughout this subsection we omit the subindex
e and denote by u(z) the limit of the sequence {u™}, which approximates the solu-
tion of the regularized problem (13). The uniform estimates (17), (18), (21), (30) allow
one to extract from {u™ } a subsequence (which we assume coinciding W(ldtl’ll the whole
sequence) such that for some u € W'(Q;) N L®(0,T; W] (@) NL= (Qp) and
x € L Q)
2(d+1)

-1
ugm) — I,[t in Lz(QT), (37)
Vu™ — Vuin (L2(Q;))%,
Ve, Vu"™)Vul™ = in (L7 Q).

u™ > ue LI(Qp)with2 < g <

The first relation follows from Corollary 2. The second and third follow directly
from (21) and (30). Let us check the last relation. According to [23, Th.5], the
sequence {u™} is relatively compact in C([0, T1;L*(£2)):

u™ — uin C([0, T);L*(2)) andae.in Q. (38)
Due to (38), for every ¢ € [0, T'] there exists
Tim (™ 0ll2 o = luC, Dl g (39)
whence, by continuity of p(-),
Pu® =PI 0112 5 ) = p(lluC. DIz ) = plul Ve € 10,71

Fix some p € (0,1/2). By Corollary 2 the sequence {p,, ()} is equicontinous in
C%1/2[0, T. It follows then that {p,, (¢)} is precompact in C®#[0, T:

Pu(®) = p(8) = plulin C*P[0,T] € €, [0, T1. (40)
Let us notice that
)(p[u])’ < C(l + |Vu(’") |pm(t)—1)mp¢%1
< C(l + |Vu(m)|/lm(t))

(7e@ (), VU™ | VU™ |

with

plul

A = -1 .
o= (0,0 = D

It is easy to see that

A, <2 & pm(t)+%<3

(plul — D(plu] = 2) < plul(plu] - p, (),
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which is true for all sufficiently big m because for1 < p~ < p* <2 and p,,(t) — plu]
uniformly in [0, 7]

(plul = Dplul —2) < (p~ = DE* —=2) <0 while plul(plu] - p,, (1)) = 0

as m — oo. Hence,
(m) (m) ) Pl (m) 2
(7@, VU Vu™ )T < C(1+ [Vu™|?)

and

e P(®), V™) VU™ P gz < €
Or

by virtue of (21). These arguments prove the following assertion.

Lemma5 Ifconditions (11) are fulfilled, then there existu € L*(Qr) 0 L=(0, T;W)?(£2))
and y € (L™ (Q))? such that relations (37) are fulfilled and

Ll VOIVu?™ dz < ¢, (plul) = 224

o, plul — 1 S

with a constant C depending only on the data.

By (11) (d), (38), (39) f(z,u™,l(u"™)) — f(z,u,l(u)) for a.e. z € Qr. Since
c,(t) <ot <2, the functions F, =f(z,u™,l(u™)) are uniformly bounded in
L*(Q7), whence F, — Fin L*(Qy) for a subsequence {u}. It is necessary then

that F = f(z, u, l(u)) a.e. in Q5.
By the method of construction of u®™, for every finite m and
¢ € P, =span{y, ...,y }, k <m,

/ (4" + 10, Vi)™ -V p = iz, ™, 1 ™))6p) dz

r (42)
=0.

Relations (37) and (41) allow one to pass in (42) to the limit as m — oo, which leads

to the equality

/ (”zd’ +x Vo —f(zu, l(u))d)) dz=0 Vo € Pk. (43)

Lemma 6 For every u € L*(0, T;WS’Z(Q)) there exists a sequence {¢y}, Py € Py
such that ¢y — uin W, (Qrp).
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The assertion follows from the inclusion L2(0, T;WO1 ’2(!2)) C W,(Qy) and the fact

_1
that the system {4, *;} is an orthonormal basis of W(])’z(.Q). Taking ¢, for the test-
function in (43) and letting N — oo we obtain the equality

/ uudz + / x - Vudz = fz,u, l(w)udz. (44)
T T QT

Let us return to (42) and take for the test-function ¢ = u": for every y € P, with
k<m

0= / u™u™ dz + / Ve, V™) VU™ > dz
T T

— [ fzu™, 1™))u™ dz

Or
=/ "l de + / Y@@, VU™ V™ - VW™ — y) dz (45)

T T

— [ fGu™, 1w™))u™ dz
Or

+/ Ye@ (), VU™ )V u™ - Vyr dz.

T

We will use the following well-known inequality: if ¢ € (1, 2], then for all £, ¢{ € R,
E#Cande >0

G @ O —7.(0.00) - €= > (@@= DA+ EP+[EDTIE— ¢ 46)
By virtue of (46) for every y € P, withk <m

/ Ye@m» VU™)VU™ - V(™ — ) dz

T

= [ G VU"™)VU™ =y, (D, V) V) - VU™ — ) dz
Or

47)
+ / Ve V)V - VU™ — y) dz
. / Ye@ VW)V - V(™ — yr) dz.
Because of (40)
Y,.(Vy) = 7,0, Vy)Vy — v (plul, V)V = 0 (48)

as m — oo uniformly in Q. It follows from (21), (48) and (37) that
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/ ye(pm(t)’ VW)VW : V(um - ll/) dZ

T

= / ¥, (Vy) - V(u,, —w)dz+ / Yeplul, V) Vy - V(u,, —y) dz
=Ji+h = [ r.lul, Vy)Vy - V(u—-y)dz asm— o
Or

because
Ji £ 116, (V) 0, 1V, =)l o, < CIP,, (Vi) 0, = O,
Sy = / Ye@lul, Vy)Vy - V(u — ) dz.
Or

Let us accept the notation W= L*(0, T;Wé’z(.Q)). Using (47) in (45) and then letting
m — oo we find that for y € P, with any k € N

0> / wudz + / o plul, Vy) Vi - Y — ) dz
- [z, u, l(w)udz +/ x - Vydz
Or T
By Lemma 6 we may take y = y® € P, n' W and then let k — oco. Plugging (44)
we arrive at the inequality
02 [ ((plul. Vy)Vy = 1) - Vu—y)dz Yy € W.
Or
Take w = u + A{ with an arbitrary { € W and 1 > 0. Simplifying and then letting
4 | 0 we obtain the inequality
I, 0,0 = | ((plul, ViyVu— z)-VEdz <0 Ve W.
Or

Since ¢ is arbitrary, it is necessary that I(u, y,{) = 0forall{ € W, whence
/ (u,C +y.(plul, Vu)Vu - V¢ — f(z, u, l(u))é’) dz=0. (49)
Or
Estimate (36) follows from the uniform in m and e estimates (17), (18), (21), (30).

4.2 Strong solution of the singular problem

Let u, be the strong solution of problem (13) with € > 0 obtained as the limit of the
sequence of Galerkin’s approximations (see Lemma 4). The functions u, satisfy the
independent of € estimates (36). Therefore, there exist functions u and y such that, up to
a subsequence,
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2d+1)
d—1

U = u, in L(Qp), (50)

Vu, = Vuin (L*(Q;))%,

re@lul, Vu)Vu, = yin(L'(Q))".

Moreover, u € CO([0, TI;L*(£2)). For every e > 0 the function u, satisfies equality
49):Vp e W

u, >u€Li(Qp), 2<g<

s

/ (ued + v.(plu.), Vu)Vu, - Vo — f(z,u, (u))) dz = 0. (51)

Since u, — uin C°([0, T];L*(£2)), then [|u (-, )I|% , = llu(-, DI , for every ¢ € [0, T]
and ’ ’

P01z 5 ) = p(IluC0ll2 ) ase =0

by continuity. As in Corollary 2, one may check that the functions p_(¢) := p[u, ] are
equicontinuous in C%!/2[0, T]: by Lemma 4

Zd t
/ L@ds Sasuplp’l/ /lue,llul"_ldxds
pa dS R Q

1
! 2 52
SC(a,c*)qu,uz,QT(/ /|u€|z<a_1)dz> (52)
T Q

< Csup lu 0I5y 1t ==l < C'lt — 7|/
0.7)

|pe(t) _pE(T)l =

with an independent of e constant C’. Hence,
plu.] = plulinC*[0, T] with some g € (0, 1/2). (53)

It follows_that C“(@T) is dense in W, W,(Qr) and WMS(QT) with every e. Let
¢s € C®(Qr) and ¢p; — uin W as 6 — 0. Repeating the proof of Lemma 5 we find
that y € (L?1“)'(Q,))¢, and by (50)

/ v.(plu.l, Vu )Vu, - Vs dz — / ¥ Vosdz ase - 0.

Taking ¢; for the test-function in (51) and letting ¢ — 0 we obtain
/ (uz¢5 +x Vo5 —f(z,u, l(“))d’,s) dz = 0.
Or

Letting now 6§ — 0 we arrive at the equality
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(wu+ y - Vu—f(z,u,l(u)u)dz = 0. (54)
Or

Choosing u, € Wc W, (Qp) for the test-function in (51) we obtain
/ alte it / (eGPl Vi) Vit - Vi, =z e, plieg D) dz = 0. (55)
Or Or
Let us take y € C*([0, T];C°(£2)) C W with any € > 0. By (46)

/ v.(plu.l, Vu,)Vu, - Vu,dz

T

> / (IVy [P“I2Vy -y (plu ), V) V) - Vi, — w)dz
T
+/ ve@luc), V)V - V(u, —y)dz
T
+ / rewlu.l, Vu)Vu, - Vydz = J.
We omit the proof of the convergence

J— | y-Vydi+ [ |Vy!"™2Vy -V(u—y)dz ase — 0
Or Or

which follows, save some minor details, the arguments of [20]. It follows from (54)
and (55) as € — 0 that for every y € C*(0, T;C(£2))

0= / uudz— [ fu)ydz+ lim/ ve(plu.l, Vu )Vu, - Vu, dz
r o <=0 Jo,

2—/ )(-Vudz+/ ¥ Vydz
T T

(56)
+ / IVy P12V - V(u - y) dz
T

=/ (IVp P“=2Vy — ) - V(u - y) dz.

T

Let us take y = y; + A{ where A = const > 0,
Cows € C2([0, T;CR(82)) and y; — uinWas 6 — 0.

Inequality (56) takes the form
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Ji+J, = / (IVQws + ASPPM=2V (s + A0) = ) - V(u— yy) dz
-2 / (IV(ws + A2V (s + 40) = x) - VE dz <0,

By the generalized Holder inequality (5)

V(s + A2V, + 20 — 4|

Ji| £2||u—
|/, <2 W,S”WM(QT) Y10,

<2lu = wsllw, o,
plul-1
<H|V<ws wagpt|| o+ ||x||,,/[uJ,Q,,,>

< Cllu = wsliw,op) <1 il +/ [Vl dz+ [ |avept dZ>
or

Or
<Cllu—ysllzg >0 asé -0,

while
J, = —,1/ (IV@u+ A2V + A0) — x) - V¢ dz.
Hence,

/1/ (IV@u+ A"V + A0) — x) - VE dz > 0.
0r
Simplifying and letting A — O we obtain the inequality
/ (IVulP™2Vu— x) - Vidz >0 V¢ € C=([0, T,CP(2)).

T
Because of the density of smooth functions in W, this inequality is possible only if
/ (IVulPM2Vu — y) - Vpdz=0 Ve W.

T

Returning to (51) and passing to the limit as € — 0 we find that for every test-func-
tion p € W (Oy)

/ (0 + 1Vul"" 2V - Vo — f (2 u, )p) dz = 0.

T
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5 Uniqueness of strong solutions

Theorem 2 Assume that p(-), l(u) satisfy conditions (2) and Supg, p'(s) < oo. If

Sz, s, 1)
af
su + | =
QT><RI>ZR+ < ‘ ol )

then problem (1) has at most one strong solution in the class of functions

of
Ju

<K < oo, (57)

S={v: ve (0, TELA() N L0, T;W,*(L2)), v, € L*(Q7)}.
Proof Letu; € S be two different strong solution of problem (1). Denote

pi :p[ui]a fi :f(z? uis l(”[))? l= 192

The functionu =u, —u, €S C W can be taken for for the test-function in the inte-
gral identities (44) for u;,. Combining these identities we arrive at the equality

1 - -
5||u(t)||§ﬂ+/ (1Vuy |2V, — |V, |2 *Vuy) - Vudz = D(t)
o

(58)

with

D(t):/(f1 —f*)u dz.

o,

We will prove first that the strong solution is unique on a time interval [0, 7*] with
some 7% depending only on the data. Writing

(|\Vu, [P 2Vu, — |Vuy |P22Vuy) - Vu
= (|Vu1|p2_2Vu1 - |Vu2|p2_2Vu2) -Vu
+ (V| 2 Vg — |Vay [ 7 Vuy) - Va

and using inequality (46) we transform (58) into the form

LI+ 05 = 1) [ AVl dz < 10, 59
o

where

py—2
A=(1+|Vu [+ |Vu2|‘"2)llz’_2,

I(t) = /(|wl I 72Vu, — | Vi, |72 Vi) - Vudz.
0,
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By Young’s inequality

[1(2)] < 6/A|Vu|2dz+ C(8)J(1)
0,

(60)
with

J@t) = / |1V, "7V, — |w1|”2‘2w1’2A—‘ dz
o

and any 6 > 0. Plugging (60) into (59) and choosing 6 appropriately small, we
rewrite (60) in the form

MO+ G- 1-8) [ WuPad<cos D g
QT

For every g,7 > land & € R?,|&| # 0,
12 = ke3¢ = |(1etr — 1)< |
—1 r—1 é _ -1 r—1
<[ierrt = 11| || = e - e

By the Lagrange theorem there exists @ € (0, 1) such that

(Iélq_1 — eI = 1&gl g — 7.

It follows that at every point z € Qy either |Vu,| = 0 and
|1V "2V = Vi |72V | = 0,
or |Vu,| # 0 and
|1V "2V = [V |72V | < 190, P in | Vit |||, = 62)

with p = 0p, + (1 — 0)p,, 8 € (0, 1). Recall that the exponents p,, p, are independ-
ent of x. By Young’s inequality, for a.e.r € (0, T)

= 2
||A_1||2’ﬁg = / (14 |Vuy P2 + |Vuy |P2) 72 dx
Q

2-py”
< C/(l + |V, |? + |[Vuy | dx < C'
Q
with a constant C’ depending on d, p* and the constant in (17). Using the classical

Holder’s inequality and then (62) we obtain
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t
I < /
0 Pk

' P2
< c/o P, —p2|2</g (|Vu1|f'—1|1n|w1||)%dx> at

with a constant C = C(C’,p*) and the exponent p = 0p,+ (1 —0)p, where
0 =0() € (0,1). Set

|2

|1V "2V = Va2V

-1
IR

2-py(1)”

(63)

4p-1)
K =

P2

= (Op, + (1 - O)p, — DL
p

2

The assumption p; < p* < 2 yields the inequality

K‘SM<2 ifp, > p,.
P2
Let us also claim that
Kk <2ifp; > p,,
that is,
pi—py<2-p"<2-p, ifp, 2p,. (64)

Condition (64) is surely fulfilled on a sufficiently small time interval (0, T*) with
T* defined through the data. Indeed: repeating the derivation of (52) we obtain the
inequalities

i) = pi(e)| < Clt—7|3 Vi,7€[0,T]

with a constant C’ depending only on i, f and d. It follows that

010 = P2 (O] < p1(8) = plug)| + |y — plugl] < 2C'13 < 2 — p*

N2
fort < T* = <%) . We will use inequality (33) in the following form: if u € (0, 1)

is so small that k(1 + ) < 2, then for every & > 0

EHUTIETH )" ifE > 1,

2
g ng)) itz e 0,1 = U H)

(¢l IngD* ={

with a constant C = C(u). This inequality together with (21) imply that for a.e.
1€ (0,T%)

(1

2
2

P2
2
dx) <C 1+/|Vul|2dx <C,
Q0

4p=1)

L P2
In |Vie, |7 D

@ Springer



Nonlocal evolution equations with p[u(x, t)]-Laplacian an... 235

whence

J(t)SC/|p1 —p,dr, t<T* (65)

By Holder’s inequality and due to the assumption @ € [1, 2]

2
P2 = P11 S Clluy =y nm</ (1 7 4y [200) d’“)
Q

< Clliy = w1+ N 1357 + ey 155 ”)%
< Clluy = uyll 0
To estimate the term D(¢) in (58) we use the inequalities
(2 g, Luy)) = f (2o, Wup))| < K (Jul + 1Uuy) = Uuy))
with the constant K from condition (57) and
103) = 10)| < C@uC Dl o1 (DI + s 15 )
< ', D0

whence
|D| < K(IIu(-,t)Ili,Q + C’/ |u(s, t)IIIu(-,t)Ilz,gdS> < Cllut 3 5 (66)
Q

It follows now from (58), (61) and (65), (66) that u = u, — u, satisfies the inequality

lu®ll3 o < /IIM(T)IIZ odr, 1€ (0,7, (67)

By the Gronwall lemma ||u(t)||2 o=0 for te€[0,T), which means that
uy(x, T*/2) = u;(x,T*/2) in Q. Let us take 7*/2 for the initial instant and con-
sider problem (1) in the cylinder Q2 X (T*/2,T). As is already shown, the condition
uy(x, T*/2) — u,(x, T* /2) = 0 in 2 yields the equality u, = u, in 2 X (T*/2,3T*/2).
Repeating these arguments, in a finite number of steps of the length 7% we will
exhaust the interval (0, 7). The proof of Theorem 2 is completed. O
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