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Abstract

This paper concerns mathematical theory of Meissner states of a bulk supercon-
ductor of type II, which occupies a bounded domain  in R3 and is subjected to
an applied magnetic field below the critical field H . A Meissner state is described
by a solution (f, A) of a nonlinear partial differential system called Meissner sys-
tem, where f'is a positive function on Q which is equal to the modulus of the order
parameter, and A is the magnetic potential defined on the entire space such that the
inner trace of the normal component on the domain boundary d€Q vanishes. Such a
solution is called a Meissner solution. Various properties of the Meissner solutions
are examined, including regularity, classification and asymptotic behavior for large
value of the Ginzburg-Landau parameter x. It is shown that the Meissner solution
is smooth in Q, however the regularity of the magnetic potential outside Q can be
rather poor. This observation leads to the ides of decomposition of the Meissner
system into two problems, a boundary value problem in Q and an exterior problem
outside of Q. We show that the solutions of the boundary value problem with fixed
boundary data converges uniformly on € as k tends to co, where the limit field of the
magnetic potential is a solution of a nonlinear curl system. This indicates that, the
magnetic potential part A of the solution (f, A) of the Meissner system, which has
same tangential component of curl A on 0Q, converges to a solution of the curl sys-
tem as x increases to infinity, which verifies that the curl system is indeed the correct
limit of the Meissner system in the case of three dimensions.
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1 Introduction
1.1 Problems and motivations
1.1.1 Mathematical model of Meissner states

Below the critical temperature, a type II superconductor undergoes phase tran-
sitions as the applied magnetic field increases. This phenomenon is described by
Ginzburg-Landau theory of superconductivity [26]. In this theory, superconductivity
is described by a complex-valued function y called order parameter and a real vec-
tor field A called magnetic potential, and (y, .A) is a critical point of the Ginzburg-
Landau functional

A , 21 22 o2
Cly, Al = |—Vz,u—qu/ +=(1 = |w?? Sdx+ [ |Acurl A — H¢|2dx,
Q K 2 R3

namely, (w, A) is a solution of the Euler-Lagrange equations in R3 for the functional
G, which is called Ginzburg-Landau system:

-

-V =k AT =y Py in Q,
Aeurl ?A = x7'S@V, 4o w) inQ,
] curl A=0 in Q°, (LD
(Vepiqw)-v=0 on 0Q,
[A7]=0, [(curl A);]=0 on 0Q,
Acurl A—H® -0 as |x| = oo,

where Q is a domain in R3 occupied by the superconductor, Q¢ = R3 \5, v is the unit
outer normal vector to the domain boundary dQ2 pointing into Q¢, H¢ is the applied
magnetic field satisfying'

divH =0 and curll H*=0 inR>. (1.2)

Ais the penetration length, x is the Ginzburg-Landau parameter and k = A/&, where
¢ is the coherence length. Ay, (curl A); and H7. denote the tangential component of
A, curl A and H* on 0L, respectively. [ - | denotes the jump in the enclosed quantity
across 092, that is,

[B]=B*-B,

! Without the assumption curl ¢ = 0, the second and the third lines in the Euler—Lagrange equations
will take the form

Peurl A = AT S@V, o) + Acurd HE inQ, curl >4 = A7 leurl H¢ in Q°.
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where B, B~ are the outer and inner trace of B at dQ, see Sect. 2 for more precise
definition. We use the notation

Vaw =Vy —iAy, Viwy =(V—iA)ly = Ay —iQA - Vy + wdiv A) — [APy.

Note that |y|? is proportional to the density of superconducting electron pairs. y = 0
if the sample is in the normal state, and y # 0 if the sample is in the Meissner state.
A superconductor in a weak magnetic field will be in the Meissner state, namely y
does not vanish. If the applied magnetic field is below the first critical field H, then
the Meissner state is the global minimizer of the Ginzburg-Landau functional (see
[21, 26, 53, 55] for earlier physical literature and [52] and the references therein
for mathematical study). When the applied magnetic field is higher then H. but
still below the second critical field Hg, the Meissner state is locally stable (here
we omit the precise statement of the meaning of the local stability). If the applied
field increases further and reaches the third critical field H , then vortices (the zero
points of y) nucleate in the sample and the sample turns into the mixed state (see
[20, 22-24, 29, 33]).

Now we recall the mathematical model of Meissner states derived in [13-15],
see also [37] and [42, Section 2]. Let us start with a solution (y, A) of (1.1) which
describes a Meissner state of a superconductor occupying a bounded and simply-con-
nected domain Q in R3, so y # 0, and we can write

wzfei}’, A=A+%V}(,

where f > 0, and y is a smooth function. Under the assumption curl H¢ = 0, from
(1.1) we derive equations for (f, A) in R:

—LAf =1 -2 - |APY inQ,
Acurl A +f2A =0 inQ, 3
curl 2A=0 in Q°, (1.3)
% =0, [A;]=0, [(curlA),;]=0 onoQ,
with a condition at infinity
Acurl A—H® - 0 as x| - oo, (1.4)
and a condition on 02
v-AT =0 on 0Q, (1.5)

where v - A denotes the inner normal trace of A at d€2, see the definition given in
Sect. 2. One feature of this problem is that, besides a boundary condition for f, it
includes a two-side continuity condition for the tangential component A, and for
(curl A);, and an one-side condition for the inner normal trace v - A~ on Q2. We call
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444 X.-B. Pan

a solution (f, A) of (1.3) with f > 0 on Q and satisfying (1.5) a Meissner solution,
see Definition 3.1 below.”

1.1.2 Asymptoticlimitas ¥ - o

We shall examine behavior of Meissner solutions when « is large. To get some infor-
mation of the limiting behavior of the Meissner solutions, we begin with a formal
analysis as in [14]. We fix 4 and let — . If we ignore the boundary condition of f
on 0€2, then formally we should have —Af(x) ~ 0 for x € Q. From this and the first
equation in (1.3) we have f2(x) ~ 1 — JA(¥)|?, then replacing f2(x) by 1 — |A(x)|? in
the second equation in (1.3), we reach a semilinear curl system on R3;

—A%curl ’A = (1 - JAP)A in Q,
curl ’A =0 in Q°, (1.6)
[A;]1=0, [(curlA);]=0 on 0Q,

which also includes the two-side continuity condition for the tangential components
A7 and (curl A); on 0Q. It is natural to ask

Question 1.1 Is Eq. (1.6) indeed the correct limit of Eq. (1.3) for Meissner solu-
tions? More precisely, if (f,., A,) is a Meissner solution of (1.3)—(1.4)—(1.5), is it true
that A, sub-converges to a solution of (1.6) as x — oo?

The 2-dimensional version of Question 1.1 has been solved by Bonnet, Chapman
and Monneau in [8]. In this paper we work on the 3-dimensional problem. Before
going to study this question, let us look at a boundary value problem (BVP for short)
in Q:

—Acurl’A=(1-]APHDA inQ,
1.7

Alcurl A), = Hy on 0Q.

BVP (1.7) is deduced from (1.6) in the following sense: If A is a solution of
(1.6)—(1.4), then the restriction of A on Q solves (1.7) with the boundary data
H; = (Acurl A);. BVP (1.7) has been studied by Chapman [13-15], Berestycki,
Bonnet and Chapman [7], Bonnet, Chapman and Monneau [8], Bolley and Helffer
[10], Pan and Kwek [48] in the two dimensional case, and by Monneau [37], Bates
and Pan [5], Lieberman and Pan [31], Xiang [57] in the three dimensional case.
Also see surveys [40, 42, 47] on (1.7) and related problems, and [41, 44, 46] for the
Meissner model of anisotropic superconductors. Note that in the two dimensional

2 Let us mention that in our paper the name “Meissner solution” is used only for some solutions of (1.3)
and (3.22), and their equivalent systems. Please note that in literature the name ‘“Meissner solution”
is used for all solutions (y, A) of the Ginzburg-Landau system (1.1) such that |y (x)| > 0 on Q, see for
instance [8, p.1376].
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case, if Q is bounded and simply-connected, then the problem (1.6) in R? is equiva-
lent to BVP (1.7) with H; = HZ, and in this case it has been proved in [8] that the
Meissner solutions converge to a solution of (1.7) as k¥ — oo. In the three dimen-
sional case, it has been proved in [5, p.575, Theorem 1’]3 that, if Q is a bounded and
simply-connected domain without holes and with a C* boundary, and if the follow-
ing condition holds:*

H, € CH(OQ,R?, v-H; =0, v-culH, =0 on 0Q, [Hzllcon) < 138

then for all small 4, (1.7) has a unique solution A € C; (Q,R*)n C>*(Q, R?), and
it satisfies

1
Al o) < % (1.8)

From these results, it is natural to expect that, if the Meissner solutions of prob-
lem (1.3)—(1.4) satisfy some conditions which are comparable with (1.8), then their
restriction on Q converges to a solution of (1.6) as ¥ — oo. In this paper we are able
to verify a weaker version of this observation, see Theorem 4.9.

1.2 Mathematical challenges of the Meissner system

Equations (1.3) and (1.6) are derived from the Ginzburg-Landau system (1.1), how-
ever their mathematical structures are different to that of (1.1), which causes new
difficulties in the study of solvability.

1.2.1 Existence of solutions
The Ginzburg-Landau functional G enjoys gauge invariance and one may always

resume compactness by working in the spaces where the magnetic potentials
are divergence-free, and obtain solutions of (1.1) by applying the standard

3 Also see [5, Theorem 1], which is stated for the equivalent system for H = Acurl A.
4 If A is a solution of (1.6) and H = Acurl A, then the condition v - curl H; = 0 is natural, see the expla-
nation in [5, Remark 1.4] and also see Lemma 3.14 in this paper. Nevertheless, existence and regularity
of solutions to (1.7) without this extra condition has been obtained in [31].

The condition || H} || coaq) < v/5/18 is optimal for existence of stable solutions for all small 1 (see [5]),
and it has been shown that

5 5
i =[5 = Lol

see Galaiko [25], Kramer [29] and Chapman [14]. Note that in [48] we wrote HS(Ri) by H Sh([R%r).
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446 X.-B.Pan

variational methods. On the other hand, the energy functional associated with a
solution (f, A) of problem (1.3)—(1.4) is

Elf,A] = g[fe’%,A + %w]

2
= / {%|Vf|2 AP + 11— lflz)z}dx+ | Acurl A — H|*dx.
o Lk 2 R3

£ is not convex and does not enjoy the gauge invariance, and we are not able to find
solutions by directly applying variational methods to £. The same difficulty exists
for (1.6). See more discussions in [8, Subsection 2.1] on the difficulties of (1.3).
We also refer to [5, p.576] for the discussion on the mathematical difficulty of BVP
(1.7).

1.2.2 The continuity requirements at Q2

The requirements of continuity of the tangential components A, and (curl A); is
a key feature of problems (1.3) and (1.6). If one of the two continuity require-
ments is dropped, then the question of existence of solutions becomes much
easier.

To see this, let us drop the requirement [(curl A);] = 0, then we can find solu-
tions of (1.3) as follows:

Step 1 Given a tangential vector field B, on 0Q which satisfies some neces-
sary conditions for solvability (for instance B, = H;), one can find (f, A’) on Q
which satisfies the first two equations in (1.3) in Q and satisfies the boundary
conditions

0 :
—f =0, Alcurl A)7 =By onoL,
dv
see (3.22) below.

Step 2 Then we solve the following exterior problem in Q°:

curl ’2A° =0 in Q°, (A”)J; =(A); onodQ, Acurl A°— H® as|x| - co.

We can show that both Steps 1 and 2 can be solved. Then we define a vector field A
on R3 by letting A = A’in Q and A = A° in Q°. (f, A) satisfies (1.3)-(1.4) except the
continuity requirement [(curl A);] = 0.

On the other hand, if we drop the requirement [A;] = 0 from (1.3), then Step 1
is the same as above, and Step 2 is to solve

curl?2A° =0 inQ°, Acurl A%F =By onoQ, Acurl A°—» H¢ as|x| - oo.

Again we can solve these two steps and get (f, A) which satisfies (1.3)—(1.4) except
the requirement [A;] = 0.

In contrast, with both the two continuity conditions required, solvability of
systems (1.3) and (1.6) is much harder.
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1.2.3 Lack of control on divergence

One of the difficulties of (1.3), (1.6) and (1.7) is lack of control on div A. Without
control on divergence of the magnetic potential, we are not able to control deriva-
tives of the solutions, hence not able to get higher regularity and a priori estimates
of the weak solutions. Recall that, when studying (1.7), to overcome this difficulty,
Chapman [14] introduce a system for H = Acurl A, and solutions of the new system
satisfy automatically the divergence-free condition. Following this idea, we proved
in [42] that, if A is a solution of (1.6)—(1.8), then H = A curl A solves a quasilinear
system

—Acurl [F(A*|curl H)curl H| = H in Q,
curl H=0, divH=0 in Q°, (1.9)
H1=0 on 0Q,

and the following estimate holds:

4
A 1H||, 0 < v/ =. 1.10
llcurl HI| ;« () \ 77 (1.10)

Here the function F is determined by
v=F@*)t if and onlyif r=(1—-v})v, F(@0)=1.

F is uniquely defined for 0 <t < 4/4/27,i.e,for0 <v < 1/\/5.5 Similarly if (f, A)
is a solution of (1.3)—(1.8), and if we let H = Acurl A, from the second equation of
(1.3) we get

A=—-Afcurl H

in Q, hence (f, H) is a solution of the following system

2 _ .
—-5af = —f2 = 2fHcurl HP?)f inQ,

Arcurl (f2curl H)+ H=0 inQ, L1l
cul H=0, divH=0 inQ°, (.11
% =0, [H;]=0 on 0Q,
and condition (1.4) is written as
H-H®—> 0 as|x|] > oco. (1.12)

5 More precise description of regularity of the function F is given in [42, Lemma 2.2].
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On the other hand, a solution of (1.11)—(1.10) (resp. of (1.9)—(1.10)) satisfying cer-
tain continuity conditions yields a solution of (1.3)—(1.8) (resp. of (1.6)—(1.8)). For
more details see [42, Lemma 2.1, Lemma 3.3]. Therefore in the following, for our
convenience, we shall call (1.11) (resp. (1.9)) an equivalent system with (1.3) (resp.
with (1.6)), although the meaning of “equivalence” needs to be understand carefully.
As (1.11) and (1.9) have better structure than (1.3) and (1.6) in the sense that solu-
tions of (1.11) and of (1.9) satisfy the divergence-free condition div H = 0 both in
Q and in Q°, which provides possibility to control derivatives of the solutions, so we
study first (1.11) and (1.9).

1.3 Outlines

In Sect. 2 we collect some preliminary materials which will be used frequently in
this paper, including spaces of vector fields, the div-curl-gradient inequalities, and a
priori estimates of solutions of a linear Maxwell’s system.

In Sect. 3 we study properties of solutions of (1.3). The main result in this section
is Theorem 3.6, which gives regularity and a priori estimates of the weak Meissner
solutions (f, A) of (1.3). We will see that (f, A) is smooth on ﬁ, however the regular-
ity of A in Q¢ can be rather poor, and in general we only have A € HlloC (Q°, R3). This
is partially due to the fact that the definition of weak solutions to (1.3) only requires
continuity of the tangential components A, and (curl A); on 0Q but allows the nor-
mal components v - A and v - curl A be discontinuous across 0Q2. This observation
leads to the unusual-looking definition of the classical solutions to (1.3) in Defini-
tions 3.7 and 3.8, and leads to the idea of decomposition of (1.3) into two problems:
a BVP (3.22) for (f, A) in Q, and an exterior problem (3.23) for A on Q°.

In Sect. 4 we study BVP (3.22). Regularity of weak solutions of (3.22) is stated
in Proposition 4.3. Existence of solutions (f, A) is proved in Proposition 4.6, where
we work on an equivalent BVP (4.7) for (f, H) with H = A curl A, as (3.22) does not
provide control on divergence of A. The main result in this section is Theorem 4.9,
which verifies that (1.7) is the correct limit of (3.22) for the Meissner solutions.
More precisely, Theorem 4.9 shows that, for each value of «, (3.22) has a classi-
cal Meissner solution (f,,A,), and (f.,A,) uniformly converges on Q to (f,,A_)
as k — oo, where A is a solution of (1.7) and f, (x) = (1 — |A_(x)|*)'/?. Recall
that (3.22) is the restriction on Q of the full Meissner system (1.3), and (1.7) is the
restriction on Q of (1.6), Theorem 4.9 actually says that, the magnetic potential
part A of the Meissner solution (f, A) of (1.3), of which the tangential component
(curl A); has same value on d€2, converge uniformly on Q to a solution of the semi-
linear curl system (1.6), hence it gives an answer to Question 1.1 in the three-dimen-
sional case positively.

In Sect. 5 we study the exterior problem (3.23). Existence and classification of
weak solutions are given in Theorem 5.3.

In Sect. 6 we study the limiting system (1.6). We first examine the equivalent sys-
tem (1.9), and derive existence and classification of solutions (see Lemmas 6.2, 6.3).
Then we discuss existence of classical Meissner solutions of (1.6) in Theorem 6.7,
where a solvability condition is given in (6.15), which can also be represented in
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terms of the Dirichlet-to-Neumann type operators I" and X, see Definition 12.4 and
(12.8) in Appendix 5.

In Sect. 7 we examine existence of solutions to the full Meissner system (1.3).
We first consider the equivalent system (1.11), for which the precise meaning of
equivalence is carefully stated in Lemma 7.1, and existence of solutions to (1.11) is
given in Lemma 7.2. Then we go back to (1.3), and in Theorem 7.5 we discuss exist-
ence of classical Meissner solutions of (1.3), where a solvability condition is given
in (7.8), which can also be represented using a Dirichlet-to-Neumann type opera-
tor I1, see Definition 7.6 and (7.8). Combining Theorem 7.5 in this paper with [5,
Theorem 1] we have a better understanding on the Meissner solutions of problem
(1.3)—(1.4) for small A and large .

In this paper we use frequently the results and techniques developed for Max-
well’s equations and div-curl systems, in particular the div-curl-gradients inequali-
ties, which can be found in various references including [2-4, 11, 12, 16-19, 27,
30, 34-36, 49, 54, 56]. We also use frequently the results on exterior problems from
[39]. Finally we mention that nonlinear systems involving operator curl have been
studied by many authors in the recent years, see for instance [6, 28, 44, 45, 58, 59]
and the references therein.

2 Preliminaries
2.1 Spaces of vector fields

Let Q be a bounded domain in R? with a C! boundary. We use v to denote the unit
outer normal vector of d€2 which points to the outside of €, and denote v g = —v.
For a function u(x) defined in a neighborhood of dQ, let u|, and u|y. denote the
restrictions of # on Q and on Q€ respectively. We define the inner trace ™ and outer
trace u* on 0Q by u~ = trace of u|, on 0Q and u* = trace of u|,. on 0Q if they
exist, and define the jump of u by [u] = u™ — u".

For a vector field A defined in Q, the trace, tangential trace and normal trace of
A on 0Q, if exist, are denoted by A, Ay and v- A respectively.® These traces are
also called as inner trace, inner tangential trace and inner normal trace, and also
denoted by A7, Az and v - A~ = (v - A)” respectively. For a vector field A defined in
Q¢ the trace, tangential trace and normal trace of A on 0Q, if exist, are called outer
trace, outer tangential trace and outer normal trace, and denoted by A™, A; and
v- AT = (v - A)T respectively. We write

V-Al=v- A" —v- A" =(v-A)" = (v-A)", [A]=AT-A].

We use CF(Q), [P(Q) and H¥(Q) to denote the Holder spaces, Lebesgue spaces
and Sobolev spaces for real valued functions, C*+*(Q, C), L’(®, C) and HKQ, 0)
to denote the corresponding spaces of complex-valued functions, C**(Q, R3),
[7(Q,R3) and H*(Q, R3) to denote the spaces of vectors fields. However the norms

6 A, is also denoted by (v X A) X v.
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both for scalar functions and vector fields will be denoted by || - ”cm(ﬁ)’ Nl
and || + || ) We write

H(Q, div) = {B e L*(Q R’ : divB e L (Q)},
H(Q, curl) = {B € L*(Q,R?) : curl B e L*(Q,R)}.

If D is an unbounded domain (for example D = Q° or D = R3), we define

Ho(D, div) = {B € L} (D,R%), divB € L} (D)},
Hioe(D, curl) = {B € L} (D,R?), curl B € L} (D,R%)}.

loc loc

@.1)

Recall the following decomposition (see [19, section 4.1]):
L*(Q,R%) = grad H}(Q) ® H(Q.,div 0) = gradH'(Q) & H,,(Q,div 0). (2.2)

For a vector field A € H,, (R, div ),[v-A] = v-A* — v - A~ belongs to H~/2(0Q).
For a vector field A € H,,.(R%, curl ), [A;] = AT — A7 belongs to H~'/2(0Q, R?).
We denote the spaces of tangential vector fields on 0 by

TCH*(0Q,R?) = {w € C"**(0Q,R’) : v-w =0o0n0Q},

TH*(0Q,R%) = {w € H'(0Q,R*) : v-w=00n0Q in the sense of trace}.
(2.3)

TH=5(0Q, R3) denotes the dual space of TH*(0Q, R3).” If F(Q) denote a space of
scalar functions, then we set

FQ) = {d)EF(Q) : /d)(x)a’x:O}.
Q

We also use the following notation: If X(€2) denotes a space of vector fields, then we
set

X(Q,div0)={ue X(Q): divu=0 in Q},

X(Q,curl 0) = {ue X(Q) : curlu=0 in Q},
X,0(Q)={ueX(): uy =0 onoQ},
X0 @) ={ueX(Q): v-u=0 onoQ}.

We need the following div-curl-gradient inequalities.

7 When 0Q is Lipschitz, see [9] for the definition of TH*(0R, R?) and TS~*(0Q, R3).
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Lemma 2.1 Assume Q is a bounded domain in R3 with a C> boundary, k is a non-
negative integer, and 1 < p < oo.

(1) If Qis simply-connected, then

llall oy < CQ & p){IIdIV all i) + llcurl ullyi ) + 1V - @llyri-1mag) }-
2.4)
(i1) If Q has no holes, then

llallyienq) < CE€2 &, p){IIdiv allyiq) + llcurl allyiq) + IV X @llyre-immo0) }-
2.5)

Lemma 2.2 Assume Q is a bounded domain in R? with a Ckt2+ boundary, k is a
non-negative integer, and 0 < a < 1.

(1) If Qis simply-connected, then
||u||Ck+l+a(§) < C(Q’ k? a){ ”le u||ck+u(§) + ”Curl u”ckﬂr(ﬁ) + ” V- u”C“*H"(()Q) }
(2.6)
@i1) If Q has no holes, then

||u||ck+l+a(§) < C(Q,k, (X){ ||d1V u||ck+a(§) + ”Clll'l ullck+a(§> + ”V X u”C’*’*“‘“(dQ)}'
2.7

These inequalities and more general versions can be found in literature. For instance,
(2.4) and (2.5) with p = 2 can be found in Theorem 3 on p. 209, and Proposition 6’ on
p- 237 in [19], also se [12, 27, 36, 54]. (2.4) and (2.5) with I < p < oo can be found in
[3, 30, 56]. (2.6) and (2.7) can be found in [11]. For a domain with Lipschitz boundary,
see for instance [2, 16, 17, 38, 50] and the references therein.

For a smooth tangential vector field B, defined on d€2, v - curl B; is well-defined
and it depends only on ;. From [39, Lemma 2.5] (also see [5, Lemma 2.3]) we have

Lemma 2.3 Let Q be a bounded and simply-connected domain in R3 with a C**+!
boundary, k > 1,0 < a < 1, and

By € TCH*(0Q,R?), v-curl B, =0 ondQ.

Then By can be extended to a curl-free C* vector field on Q, namely, there exists
B e CH**(Q, curl 0) such that By = By on 0Q2. Furthermore, there exists a harmonic
function ¢ € C**1*%(Q) such that (V¢); = By on 0.

2.2 Estimates for linear Maxwell’s system

By the analysis in [45, Lemmas B.2, B.3], but with more careful control of computa-
tions, we can get the following estimates of solutions of a linear Maxwell’s system.
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452 X.-B.Pan

Lemma 2.4 Let Q be a bounded domain in R3 with a C3 boundary, a € Cl(ﬁ) and
a(x) > 0 on Q. Define an operator L by

Lu = curl (a(x)curl u) +u.

We have the following conclusions:

G L: HIZO(Q, div 0) - H(Q, div 0) is an isomorphism with
C(€)
lull o) £ —=l1Lull;2q)
Vm 2.8)
”u”HZ(Q) < C(Q)m_3/2||a||cl(§)||£“||L2(Q),

where m = min{1, min__g [a(x)|}.

(ii) If furthermore Q is simply-connected, without holes and with a Cf“ bound-
ary, anda € C'**(Q),0 < a < 1, then L : C3*(Q,div 0) » C*(Q,div 0) is
an isomorphism with

-3/2 -1
”u”C2+a(§) <C(Q, a)m / M(a)||a ”Cl+a(§)”£ul|ca(§)s

where

2 2+a/2 —1pya/2
M@ = (1 +lalleg ) (1+IVAog @)L + la 122 ).

If0 < a < 1/2, then

ullereeig) < €@ am™lla g (14 lal2, 5 )1 £ul o
2.3 Assumptions

Some of the following assumptions with 0 < a < 1 will be needed in various
places in this paper.

(0) Qs abounded and simply-connected domain in R* with a C"+* boundary and
without holes, r > 3. _
(H) H®e Cr(Qe, curl 0,div 0) N CF*(Q¢, R?) such that

/ v-HdS =0. (2.9)
Q

(F) There exists F¢ € Cﬁ;”(@, div 0) such that curl ¢ = H¢in Q°.
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Under condition (H) it holds that v - curl H7. = v - curl H* = 0 on dQ. Note that
when we consider solutions of (1.9) with continuous tangential component we only
need the following condition

(Hy) H* € CE(Qe, curl 0,div 0) N CH(Qc, R?) with HS. € C(0Q, R?).

Condition (H,)) is weaker than (H) where the integral condition (2.9) is dropped.
Later on when we look for solutions of (1.9) and (1.11) with continuous normal
component v - H we need (2.9), see for instance (6.9) and the discussions in Sect. 7.

3 The Meissner system: basic properties of solutions
3.1 Definition and basic properties of weak solutions

The following sets of vector fields will be needed in order to define weak solutions
of (1.3). Given a vector field H¢ and A > 0 we define

AQ,R?) = {A € H)p o (R?, curl) @ [|All«q) < oo},
AQ R ATTHY) = {A € AQ,R®) : curl A — A7'He € L2(R3, RY)},
BQ,R*) = (B € AQR?) : curl Be L*(R* R?), BfeTH'?(0Q,R%)}.
3.1

Let £ be the functional defined in Sect. 1. If (f,A) is a critical point of £ on
H'Y(Q) x AQ,R3, A~17¢), then for any (g, B) € H'(Q) x B(Q, R?) we have

2
/ {%Vf' Ve— (1= IfI” - A1z + /A B}dx
! (3.2)
+/ AMAcurl A = H®) - curl Bdx = 0.
R3

If He satisfies (1.2) and if B has bounded support, then (3.2) is reduced to

2
/{%Vf-Vg—(l—VIz—IAIZ)fg+f2A.B}dx+/12/ curl A - curl Bdx = 0.
Q K R3

(3.3)
Under condition (1.2), from either (3.2) or (3.3) we find that the Euler-Lagrange
equations of (f, A) is exactly (1.3). Note that the second integral in (3.2) makes sense
if (f,A) € H'(Q) x A(Q,R3, 1~1H¢) and (g,B) € H'(Q) x B(Q, R3), however the
second integral in (3.3) may not make sense for such (f, A) and (g, B). This obser-

vation leads to the following different definitions of weak solutions to (1.3) and to
(1.3)—(1.4).
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Definition 3.1

(i) (f,A)is called a weak solution of (1.3) if (f, A) € H'(Q) x A(Q, R?) such that
(3.3) holds for all (g, B) € H'(Q) x B(Q, R3) with B having bounded support.
(i1)) A weak solution (f, A) of (1.3) is called a weak Meissner solution if f > 0 in
Q, and v - A= = 0 holds in the sense of trace in H~'/2(0Q).
(iii) Assume H° satisfies (1.2). (f, A) is called a weak solution of problem (1.3)—
(1.4) if (f,A) € H(Q) x A(Q,R3, A717¢) such that (3.2) holds for all
(g,B) € H(Q) x B(Q,RY).

In Definition 3.1, the requirement [A;] =0 on 0Q is included in the condi-
tion A € A(Q, R?) (see the trace theorem [19, P.204, Theorem 2]), and it holds in
H~'2(0Q, R3). The requirement [(curl A);] = 0 on dQ is included in (3.2) or (3.3),
see Lemma 3.5 below, and the equality holds also in H~'/2(0Q, R3). The require-
ment (1.4) is replaced by requiring (f, A) € H(Q) x A(Q, R3, A~1H¢) and requiring
(3.2) to hold for all (¢, B) € H'(Q) x B(Q, R?). The requirement B}, € H'/2(0Q, R?)
for the test fields B € B(Q, R3) is not needed in (3.2) and (3.3), however, it is needed
in Lemma 3.5 to derive (3.11).

If (f,A) is a weak solution of problem (1.3)—(1.4), then fis a weak solution of a
Neumann problem in

of

2
J-Af: A-f2=|AP)f inQ -—=0 onoQ, (3.4)
K2 ov

and A satisfies

{AAcurl A — H®) - curl B+ yof’A -Bldx =0, VB e BQ,R?, (3.5)

R3

where y,, is the characteristic function of €. Under condition (1.2) if B has bounded
support then (3.5) can be written as

/ {#*curl A - curl B + yof°A - B}dx = 0. (3.6)
R3

Definition 3.2 (i) A is called a weak solution of (1.6) if A € A(Q, R?) such that for
all B € B(Q, R?) having bounded support it holds that

/(1 — |AIHA -Bdx + ,12/ curl A - curl Bdx = 0. 3.7)
Q R3

A weak solution of (1.6) is called a Meissner solution if v- A~ = 0 on 0Q.
(ii) Assume H¢ satisfies (1.2). A is called a weak solution of (1.6)-(1.4) if
A € A(Q,R3, A=1H°) such that
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/(1 —JAPA - de+/ A(Acurl A — H¢) - curl Bdx =0, VB e B(Q,RY).
Q R3
(3.8)

To define the weak solutions of (1.9) and (1.11) we need the following sets:

HQ,R*) = {H € H,,.(R%,curl) : curl (H|g) € L*(Q,R?), div(H|y) =0,
curl (H|g) =0, div (H|g.) =0},
HEQR H)={He HQ,RY : H-H € (R, RY))},
U(Q.R* = {B € HQ R nL*(R* R : B, € TH'/?(0Q,RY)}.
(3.9)

Definition 3.3 (i) H is called a weak solution of (1.9) if H € H (€, R?) such that

/{/IZF(/lzlcurl H|?*)curl H - curl B+ H - B}dx
Q

+ / A*F(A%|curl HI*)((curl H); x B}) - vdS =0, VB € U'(Q,R?).
0Q

(i) H is called a weak solution of problem (1.9)—(1.12) if H is a weak solution of
(1.9) and H € H(Q, R3, H°).

Definition 3.4 (i) (f,H) is «called a weak solution of (1.11) if
(f, H) € H'(Q) x H(Q, R?) such that f > 0 on Q and

2
/ {%Vf Vg — (1= |f|* = A4 Hcurl H)fg + A2f2curl H- curl B+ H - B}dx
Q K
+ / Af2((curl H); xBy) -vdS =0,  V(g.B) € H'(Q) x U'(Q,RY).
0Q
(ii) (f, H) is called a weak solution of problem (1.11)—(1.12) if (f, H) is a weak solu-
tion of (1.11) and H € H(Q, R3, H¢).

Lemma 3.5 Let Q be a bounded domain in R3 with a Lipschitz boundary, and let
(f, A) be a weak solution of (1.3).

(i) We have
curl ’2A(x) =0 a.e. in Q°, (3.10)

and the outer tangential trace (curl A)JTr exists in TH™'2(0Q, R3). For any
B € B(Q, R®) with bounded support it holds that

/ curl A - curl Bdx = / ((curl A)} x By) - vdS, (3.11)
o o0
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where v is the unit normal vector field of 0€2 pointing into QF.
(i) curl 2A(x) exists for a.e. x € Q, curl ’A € L3(Q, R3), and the second equation
in (1.3) holds for a.e. x € Q. The equality

[(curl A);] =0 onoQ (3.12)

holds in TH™'/?(0Q, R).
(iii) Ifin addition 0Q is of class C?, then [curl A] € HIIOC(IR3, R3) and

[curl A]=0 onodQ
holds in H'/2(0Q, R?).

The proof will be given in Appendix 1.

3.2 Regularity of weak Meissner solutions

In this section we examine regularity in € of the weak solutions of (1.3). We shall
use C(2) to denote a generic constant which depends only on Q but may vary from
line to line.

Theorem 3.6 Assume that Q is a bounded domain in R3 with a C? boundary, and
He e C! (R3,R3) satisfying (1.2). Let (f, A) be a weak Meissner solution of (1.3).

loc
Then there exist constants ¢ and M such that

0<c=minf <maxgf <1, M= |All;xgq) < .
Q
LetH= Acurl A,0 < a < 1,0 < f < 1/2 and x > max{1, A}. Then we have:
@ feHQNC* Q) |, AeH. (RRY) | He H (R3R?)
curl H € H! (R%R%) n L¥(R3, RY),
[A;1=0, [H; =0 onodQ,
and

IH]l 20, < CQ)(1 + HM,

_ 3.13
1H[| 1 0) < CE@(A+ A~HM, (.13)

1Al 1) < C(Q)d M, (3.14)

where d, = c™' 17 k. _
(b) If 9Q is of class C3, then feHQNCH(Q), Ae€H(QRY),
curl H € H*(Q, R3), and

Al < CQ M)(c™'d,)* M. (3.15)
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If furthermore H; € TH/?(0Q, R?), then H € H*(Q, R3), and

IH]| o) < CQA™'d, M + COQNH | 3200, - (3.16)
(c) IfoQisof class C3*P, then f € C3*P(Q), A € C*(Q, R3),curl H € C'*#(Q, R%),
and
3 3
A " n A 3+h 3
> (2) 10l + (2) 10, < C@.M.p). (3.17)
=0 K K

The proof of Theorem 3.6 is similar to that of Proposition 4.3. We shall give a
complete proof of Proposition 4.3 in Appendix 2 and give a brief proof of Theo-
rem 3.6 in Appendix 3. .

From Theorem 3.6 we see that a weak Meissner solution (f, A) is smooth on Q.
However, the regularity of the magnetic potential part A in Q¢ can be rather poor. In
general we only know A is in H] (Q°,R?). To see this, take a function ¢ € H}(Q°)
that does not belong to an .(Q). Then (f,A + V¢) is also a weak Meissner solu-
tion of (1.3)—(1.4) but A + V¢ does not belong to leoc(Q”, R3). The same reasoning
applies to the weak solutions of (1.6), and we see that in general a weak solution A
of (1.6) belongs to H, (Q°,R?) but does not belong to H; (Q¢,R?). Moreover, the
solutions of (1.3) or of (1.6) may have discontinuity in normal components v - A or
v - curl A at 0Q. It was also proved in [42, Lemma 3.1] that if A is a non-zero solu-
tion of (1.6) and satisfies (1.8), then curl 2A is not continuous on the boundary 0Q.

To describe the precise regularity of such solutions of (1.3) we need some spaces
of functions, which were introduced in [42, Subsection 3.1] to study (1.6). If 0Q
is of class C* and if A € C*(Q, R?), then the tangential derivatives of A at dQ of
order up to k are well-defined, and we may write them as (DiA)‘, 0<|l| £k, and
we may call them the inner trace of the tangential derivatives of A. Similarly, if
A € Cf (Q¢,R?), then we may write the tangential derivatives at 0Q as (D'A)* and
call them the outer trace of the tangential derivatives of A.

Definition 3.7 Let k be a non-negative integer and 0 < g < 1.
If  there exists _a _ neighborhood U of 0Q such that
A e CHQNU,R3 N CHQe N U,R?) and if

(D'A)” = (D!A)*  holds on 0Q for all |/| < &,
then we say that A € CK(0Q, R?).

If A € C*(Q N U) N CH(Qe N V) and if
(DIA)” = (DIA)" € CP(0Q,R?)  forall |I] =k,

then we say that A € C**#(0Q, R?).
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In the following we shall always assume that the unit outer normal vector field
v has been extended onto a small neighborhood U of 0Q. Then v - A and A can be
defined on U, and the statement “A;, € C"P(0Q, R3)” is meaningful. Then we can
define, for integers k,m > 0 and real numbers 0 < @, f < 1,

e (@ 00 RY) = {A € CH@RY) N G @ RY) : A € C™EQ.RY |,

loc

CH ™ (Q, Q0 R?) = {A € CH*(Q R n C(Qe,R%) : Ay € C"P(0Q,R?) |
(3.18)

In [42, Definition 3.1] we define A to be a classical solution of (1.6) if A satisfies

A eCXQ,0RY, (curl A) € CO0Q,R?), (3.19)

and A satisfies (1.6) pointwise. We define H to be a classical solution of (1.9) if
H € C°(Q, Q¢,R?) and if H satisfies (1.9) pointwise.

Definition 3.8 (f,A) is called a classical solution of (1.3) if f € C}, ()N Cc\(Q),
A satisfies (3.19), and (f, A) satisfies (1.3) pointwise.

3.3 Locally L*-stable solutions

Recall that for any solution (f,A) of (1.3), the field (y, A) = (fe'”, A + iV;(), as
a solution of the original Ginzburg-Landau system (1.1), is not globally stable for
large x (see [51]). Local stability of Meissner solutions to (1.3) has been discussed
in [42, Subsection 2.6].% Here we consider L®-stability of (f, A) with respect to (1.3),
but not to (1.1).

Definition 3.9 Assume H¢ satisfies (1.2). A weak solution of problem (1.3)-
(1.4) is said to be locally L*®-stable if there exists 6 > 0 such that for any
(g,B) € H'(Q) x B(Q, R?) satisfying
lgll o) + 1Bl o) < 6 (3.20)

it holds that £[f + g, A + B] > £[f, Al

Similarly we can define local stability of solutions of (1.6)—(1 4.2 (3.20) does not
put any restriction on B in Q°. This is related to the invariance property

EIf,A+ Vel =E[f,A] ifVp=0inQ.

Lemma 3.10 Assume H° satisfies (1.2).
(1) A weak Meissner solution (f, A) of (1.3)—(1.4) is locally L*®-stable provided

8 Chapman [14] shows in the 2-dimensional case that the solution of (1.7) is stable if it satisfies (1.8).
9 For the definition of weak solutions of (1.7) one may see [5, Definition 3.1].
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i@Wm—mmﬁ>§ 321)

xeQ

(ii) A weak solution A of (1.6)—(1.4) (resp. a solution of (1.7)) is locally L*®-stable
provided it satisfies (1.8).

Lemma 3.10 is proved by direct computations. It can also be derived using the
convexity of &g in K£(Q), see Lemma 4.2 (ii).

Lemma 3.11 Let Q be a bounded domain in R3 with a C2 boundary, and H° sat-

isfy (H). If problem (1.3)—(1.4) has two weak Meissner solutions (f,, A,) and (f;, A,)
which satisfy (3.21), then

(fo- Ap) = (fi,A)) inQ, curlAj=curlA;, inQ°
The proof of Lemma 3.11 will be given in Appendix 1.

3.4 Decomposition of the Meissner system
We shall show that (1.3) can be decomposed into two systems: a BVP in Q

—EAf=(-f - AP inQ

Acurl A +f2A =0 in Q, (3.22)
% =0, AcurlA); =B, onoQ,

and an exterior problem in Q¢

{ curl’2A =0 in Q¢,

At =A;,  Mcurl AYf =B,  onoQ, (3.23)

with B, being a suitably chosen vector field. To define weak solutions of BVP (3.22)
we need the following spaces:

WEQ) ={(f.A) : feH Q). A€ HQ,curl)nL(Q R},
W) = {(g,B) e W(Q) : B =00n0Q}, (3.24)
V(Q) = {(g.B) € W(Q) : B, € TH'?(0Q,R%)}.

Definition 3.12 (i) Giving B; € TH™'/2(0Q, R3), we say that (f, A) is a weak solu-
tion of (3.22) if (f, A) € W(Q),

Acurl A); = By on 0L,
holds in TH™/2(0Q, R3), and
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2
/ {’%Vf- Vg —(1—=|fI*> = |A|*)fe + A*curl A - curl D + f?A - D}dx
Q K

+4 | (B;xDj)-vdS=0, V(g,D)e V(). (3.25)
0Q

(ii) We say that (f, A) is a weak Meissner solution of (3.22) if (f, A) is a weak solu-
tion of (3.22) and if in addition

>0 inQ, v-A=0 onoQ.

To define weak solutions of (3.23) we need the following space:

Z@QH={zeL;

loc

Q,R% @ cullZ € LX(Q°,R?), ZI € TH'/*(0Q, IR3)}.
3.26)

Definition 3.13 Giving A, B, € TH1/2(0Q, R3), we say that A is a weak solu-
tion of (3.23) if A € H,.(Q€, curl ),

AY=A; and A(curl A)f =B, onoQ,

which hold in TH~'/2(0Q, R?), and for any Z € Z(Q) with bounded support it holds
that

/ curl A - curl Zdx = / AN By X ZY) - vdS,
2 a0

where v is the unit normal to 0Q pointing into Q.

Lemma 3.14 Let Q be a bounded domain in R® with a Lipschitz boundary and
(f,A) € H(Q) x A(Q, R?) be a weak solution of (1.3). Set

A'=Alg A=Al A=A, Br=Acurl A);.

Then we have the following conclusions:

() (f,AY) is a weak solution of (3.22) for the boundary datum B, and A° is a
weak solution of (3.23) for the boundary data A and B.

(ii) If furthermore (f, A) is a weak Meissner solution of (1.3), then (f, A') is a weak
Meissner solution of (3.22) and

v-curl B, =0 onodQ. (3.27)

Lemma 3.15 Let (f,A?) be a weak solution of (3.22) with B, € TH™'/?(0Q, R?)
and set Ay = (Ai);. Then A, € TH=Y2(0Q, R3). Let A° be a weak solution of (3.23)
for the boundary data Ay and By, and define A on R® by letting A(x) = Al(x) if
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x € Qand A(x) = A°(x) if x € QF. Then (f, A) is a weak solution of (1.3). If further-
more (f,A") is a weak Meissner solution of (3.22), then (f,A) is a weak Meissner
solution of (1.3).

The proofs of these lemmas are direct and hence omitted. A similar discussion
shows that (1.6) can be decomposed into a BVP (1.7) and an exterior problem (3.23).

4 BVP (3.22): uniqueness, existence and convergence
4.1 Uniqueness and regularity

In this section we assume B; € TH'/2(0Q, R?) satisfies (3.27), and has a curl-free
extension B € H(Q, R3), see Lemma 2.3. For simplicity we write BB as 3. Hence

BeH (Q,curl0), v-curl B=0 ondQ. 4.1)
Associated with BVP (3.22) we can define a functional by

Elf Al = / {’%wﬁ + G(f,A)(x) + |Acurl A — BJ? }dx,
o LK (4.2)
where | G(f, A)®) = [f0OACP + 31 = [f )PP,

We shall use the following notation

' _4a
(G7.A).eB) = 2| |
where  Gi(f,A) = 201 + AP = 1)f, G (f.A) =2?A,

G(f + 12, A +1B) = G/(f, A)g + G\ (. A) - B,

& 1
" _4a _ 2 22 a2 _ 1
(C"¢. AL B) = <5 | G +18.A+1B) = 21fB + 2A[> + 6 (f Al - 3 )

Following the ideas in [8] we set

Q) = {(f,A) EWEQ) : f()>0, 200 — [A@? - % > 0on 5},

K(©Q) = {(f, A) EWQ) & fx) >0, f7(x) - JAW|* — % >0 onﬁ},
KyQ) = {(f, A eEWQ) : f&) >0, () — A@|* - % ) onﬁ},
KLQ) = {(f,A) EWQ) : 0<f) <1, 2(x) - AW - % > 6 on 5}.

4.3)

We shall always assume 0 < 6 < 1/3.
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Remark 4.1 Let0 <6 < 1/3.

(a) K(Q), IC(Q) K5(€) and Kl (Q) are strict convex sets. £ is convex on IC(Q) and
strictly convex on C(Q) N [CO(Q) x CO(Q, R%)]. A critical point of £, in W(Q) is
a weak solution of (3.22), and a critical point of & lying in X(Q) is a Meissner
solution of (3.22).

(b) There exists C(6) > 0 such that, for any (f;,Ay), (fj,A)) € ICé(Q) with
(&,B)=(fi —fo, A —Ay) € W, (Q), it holds that

(G'(f,A) — G'(fy, A, (2, B)) > C6)(Ig|* + |B]>) onQ.

(c) Forany (fy, Ay, (fi.A,)) € K(Q), let
=0 =0fy +1f,, A =0-HAs+1A, 0<Lt<1.
Then

ff—|At|2—%20, VieQ 0<r<l.

If furthermore (fy, A,) # (f;, A,), then
ff—|A,|2—%>O, VyxeQ 0<r<l1. 4.4)
(d) If(fy, Ag), (1. A € Ky5(L2), and define f;, A, as above, then
ft2—|A,|2—%25, VxeQ 0<t<l.
To prove the second part of (c), note that if (fy),A),(f;,A)) € E(Q) and
(fo» Ag) # (f1,Ay), then (f;, A) € £(Q) forany 0 <t < L
Lemma 4.2 Assume Q is a bounded domain in R? with a C* boundary.
(i) BVP (3.22) has at most one weak solution in E(Q).
(i) IfBre TH'/2(0Q, R3) satisfies (3.27), then a solution of (3.22) in K(Q) is a
minimizer of Eq in K(Q), and hence it is a locally L®-stable Meissner solution.

Proof To prove (i), let (f;, Ay) and (f;, A|) € E(g) be two solutions of (3.22). From
(3.25), for any (g, B) € W,,(Q), we have

@ Springer



Meissner states of type Il superconductors 463

2
/Q {%V(ﬂ ~fo)- Vg + %([G’(fI,AJ - G'(- Al (5. B))

+ A2curl (A, —A,) - curl B }dx =0. 4.5)

Let

g=fi—Vfo. [i=fo+tg, B=A —-A, A =A,+B, 0<r<1.
From Lemma 9.1, A; € H'(Q,R?), 50 (¢, B) € W,(Q). Plugging (¢, B) into (4.5) we

find
AZ
/ {—2|Vg|2 + A%|curl B|2}dx
Q K

1
+// {If;B+2gA,I> + (3f* = 3|A,|> = 1)|g|* }dtdx = 0.
oJo 4.6)

From this and Remark 4.1 (c) we see that each term in the left of (4.6) is non-neg-
ative, hence Vg = 0 so g = c is a constant, and curl B = 0. If ¢ # 0, then from the
second part of Remark 4.1 (c) we see that the strict inequality (4.4) holds for all
0 <t < 1. Since the weak Meissner solutions of (3.22) are continuous in Q, so f,
and A, are continuous on £ X [0, 1]. Therefore the integral of (3ft2 -3|A,172 = Dlg|?
is positive, thus the left side of (4.6) is positive. This contradiction shows that we
must have ¢ = 0, i.e. f; = f,. From this and since curl A; = curl A, using the sec-
ond equation of (3.22) we get A| = A,,.

(ii) follows directly from (b). O

Proposition 4.3 Assume that Q is a bounded domain in R with a C* boundary,
and By € TH*?(0Q, R3) satisfies (3.27). Let (f, A) be a weak Meissner solution of
(3.22) and let H = Acurl A.

(i) The conclusions of Theorem 3.6 hold. In particular, for0 < g < 1/2,

feCc(Q), AeH(Q,RY)NCHQ R,
H e H*(Q,R%), curl H € HX(Q, R n C'*(Q,RY),

and estimates (3.13), (3.14), (3.15), (3.17), and (3.16) with H; replaced by
B hold.

(i) Iffurthermore By € TC**(0Q, R¥)with0 < a < 1, and if (f, A) € K(Q), then
there exists a positive constant C = C(Q, &, 4, &, || By || c2+a(oq)) Such that

|lf”c2+a(§) + ”H”C2+a(§) + ||A||Cz+a(§) <C
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Proposition 4.3 is a direct consequence of Lemma 9.2 in Appendix 2.

4.2 Existence

It is difficult to get existence for (3.22) by minimizing the functional &, as it does
not provide control on div A. Instead, we consider an equivalent system

—EAf = (1 =f = P Hewl HP)Y  inQ,

Arcurl (f2curl H)+ H=0 in Q, 4.7
L =0, Hy=8B; on 0Q.
Define
B*0Q) = {B € TCH*(0Q,R?) : v-curl B=0 onoQ}. 4.8)

If € is simply-connected, every vector field in B*%(0Q) can be extended to a har-
monic gradient on Q (see Lemma 2.3), and we may identify B*(9Q) with the fol-
lowing space

B Q) = {v¢ © e CHQ), Ag=0inQ, % =0 on asz}. 4.9)

Lemma 4.4 (Equivalent system) Assume Q is a bounded domain in R* with a C3*¢
boundary,0 < a < 1, and By € TC?(0Q, R3).

() Let (f,A) € C3(Q) x C3(Q,R?) be a solution of (3.22) with f > Q. and set
H = Acurl A. Then (f, H) € C*(Q) X C*(Q, R3) and it is a solution of (4.7).

(ii) Assume in addition Q is a simply-connected domain and has no holes. Let
. H) € C+(Q) x C2*(Q, R3) be a solution of (4.7) with f > 0 on Q. If we
assume in addition either H € 3+ (Q, R3) or B € B***(0Q), then there exists
A € C7*(Q, R3) such that H = Acurl A and (f, A) is a Meissner solution of
(3.22).

The proof of this lemma is omitted here, see Lemma 7.1 for a more general prob-
lem. Now we look for solutions of (4.7). Set

X2 = O Q) x CPHY(Q, RY),

K(Q) = £(©Q) n X, K(Q) = £(Q) nX*,  K;(Q) = K;(Q) n x>,
UQ) = {(f, H) € X*™ : (f,—Af*curl H) € K(Q)},

UQ) = {(f, H) € X>** 1 (f,—Af 2curl H) € K(Q)},

Us(Q) = {(f, H) € X+ © (f, —Af curl H) € K;z(Q)).
(4.10)
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By using the implicit function theorem we can prove the following lemma.'°

Lemma 4.5 Let Q satisfy (O) withr > 3and 0 < a < 1.

(i) Assume (f°, H) € U(Q) is a solution of (4.7) corresponding to
(A x,Bp) = (1%«% BY) € R, xR, X B**(0Q).
Then there exists n = n(Q, A°, k9, B(}, a) > 0 such that if

(4, By) €R, X R, X B***(3Q),
14 =21+ [k = &°) + 1By = Bl coraaqy < 11-

then (4.7) has a unique solution (f, H) € U(Q) corresponding to (4, k., By).

(i1) There exists a number € = €(, A, k, a) > 0 such that for all By € BH9Q)
with || Br || c2+a(90) < €, (4.7) has a unique solution in U(Q), hence (3.22) has a
unique solution in K(€2).

Next we look for a bound of the boundary data for BVP (3.22) to have a solution.
For this purpose, as in [5, Section 7] and [41] we fix a B, € B2 (9Q) with a € (0, 1),
and consider problems (3.22u) and (4.7u), which are the modified versions of (3.22)
and (4.7), respectively, with B, replaced by u3;. Define

u Ak, Br)=sup{b>0: VO0<u<b,(3.22u) has a solution in K(Q)} i1l

=sup{b>0: VO < pu<b,(4.7u)has a solution in U(Q)}. @11
Proposition 4.6 (Existence) Let Q satisfy (0) with r>3 and 0<a <1,
By € B**%(0Q) and By # 0.

(i) 0<u*(4,k,By) < oco. For any 0 < u < u*(4,x, By), (3.22u) has a unique
solution (f,, Au) € K(Q), and (4.7u) has a unique solution (f,,, H”) e UQ). If
0 < p<u*(Axk,By), then (f,,A,) € K(Q) and (f,, H,) € U(Q).
(i) The map pw (f,,A,) is continuous from the interval [0, u*(A, x, By)] to
C2+a(Q) X C2+a(g’ RS).
(iii) For u* = u*(4, x, By) we have

w|~ [SSAE

H<H* U= p*

lim min [fz(x) IAM(X)|2]
€Q 4.12)

lim min [fz(x) 2f 4()|curl H (x)lz]
cQ

H<H* U= p*

Proof Step 1 Letus fix A > 0,k > 0 and B; # 0. From Lemma 4.5 (ii) we see that
u*(4,x, By) > 0. Denote

10 For the 2 dimensional case see [8, Proposition 2.5].

@ Springer



466 X.-B.Pan

JH] = /(/12|cur1 H|? + |H|?)dx,
Q

c(By) = inf(J[H] : He H(Q,div0), H; = B; ondQ}.

Since B; # 0 we have c(BBy) > 0. As in the proof of Lemma 6.1 in [41] we can show
that

ABrlliog)
* A/’ ’B S .—' .
WK Br) < R eBy) (4.13)

In the following we write u* for u*(4,«,B;). From Lemma 4.2 (i), for any
u € (0, ™), (3.22u) has a solution (f,, A,) which is the unique solution of (3.22u)
in K(Q2). We show that this is also true for 4 = u*. Noting that 1/ \/5 <f, <1, from
Proposition 4.3 (ii) we see that the set

{(FsA) 0 <p<p*)
is uniformly bounded in C2+”(§) X C2+"’(§, R3), hence pre-compact in

C2+ﬂ(§) X C2+ﬂ(§, R3). Let H; < p*and p; — p*. After passing to a subsequence we
may assume that

(oA = (LA in CHP@Q X CHQRY) asj— oo,

where (f,A) is a solution of (3.22u*), and (f,A) € R@) From Lemma 4.2 (i) we
conclude that (f, A) is the unique solution (f,., A ,.) in K(€2).

Step 2 By the uniqueness and compactness of solutions in () described in
step 1, we can_show that the map u +~ (f,,A,) is continuous from [0, u*] to
C2+ﬂ(Q) X CA(Q, R?) for any 0 < f§ < a.

Step 3 Now we show this map is continuous from [0, u*] to
C2H(Q) x C2H(Q, R?). Let 0 < Hos My < " let (f, LA )L (F, 0 A, € K(Q) be the
solutions of (3.22u) for u = py and y, respectively, and let

Hﬂj = Acurl A#j’ HM,- = HM/- - Il.fB’

where B is the curl-free extension of B, on Q. Applying the Schauder estimate to
the equation of f, —f, we have

1y, = Fiull e < CO{ I, ~Fille + 4726 el
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where

z=(1- lfmlz - |Al41|2)fl41 - - Vuolz - |Aﬂ0|2)fﬂo'

From step 2, the right hand side of the above inequality converges to zero as
1y = Hg, SO we have

Jim W, =i llee@ = 0- 4.14)

From the second equation in (4.7) we see that

Peur [f2eur (4, - H,)| + 7, - H, =d  inQ
(Hm — HﬂU)T =0 on 09,

where

_ _ 2 -2 _ 2
d = (ug — p)B+ A-curl [(fﬂo ful )curl Hﬂl].
From step 2 we have
”dllcu(ﬁ) -0 as H1 = Hop-
Since Q is simply-connected and has no holes, and div (H, —H, ) =0, we can

apply Lemma 2.4 (ii) with a = f;;z to H, —H, and find that

1, = Hy Dl < Clldll g = 0 2 1y = g,

©

where C depends only on Q, a, |[flf0 ll 143y aNd |[f,;)2|| c1@ Therefore as uy — wq,

”Hﬂl - HM0||Cz+a(§) < ”Hﬂl - HM0||C2+"(§) + |:u1 - M0|||B||C2+a(§) - 0. (415)
Note that

: i -1
Giv (A, — A, =220V, A, -1V, A |

Then from (4.14) and step 2, we see that
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lim [|div (A, — A, )ll e, = 0-

H1 = Ho

From this, (4.15) and the factv - A, = 0, and since Q is simply-connected, we apply
(2.6) to get

Tim 1A, = Ayl =0

Step 4 The two equalities in (4.12) are equivalent, and we only need to prove the
first one. From step 2 we see that the function

g(w) = min |2(x) - |A, )|

xeQ

is continuous in u € [0, 4*]. By the definition of u* we have g(u) > 1/3 for any
0<u<u*So

. 1 #
oér,}gh g(p) > 3 forany 0 < b < p*.

Now we show

liminf g(u) = l
H<U* = 3

If not, there exists € > 0 such that g(u) > 1/3 + & for all 4 < y*. From this and con-
tinuity of g(u) we see that g(u*) > 1/3 + e. Then from Lemma 4.5 (i) we conclude
that there exists # > 0 such that (3.224) has a solution for all 4 € [u*, u* + n) with
g(u) > 1/3 + /2. This contradicts the definition of p*.

Since g(u) is continuous at x* from left, we conclude that

# . .. 1
g = lim g(u)= liminf g(u)= =.
H<p* u—p* USSP = p* 3

So the first equality in (4.12) is proved. O
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4.3 Convergence

Proposition 4.7 (Estimates for large «) Let Q satisfy (O) withr > 3and 0 < a < 1,
By € B***(0Q), and 0 < 6 < 1/3. Let (f.,A,) € K;(Q) be a Meissner solution of
BVP (3.22), and let A, € C**%(Q, R>) be a solution of BVP (1.7) with H; replaced
by By, and satisfy (1.8). Denote

H =icurlA,, H_=AcurlA_, f () =(-]A )%

(i) Forall A > 0andk > max{1, A1}, we have

W —folliz + 1A = Agllz) + 1H, — Hy ll20) < Ccx/2,
Vi —foollmi + 1A = Agllgiq) + IH, = Hy |l q) < cx™'72, (4.16)
“fl( _foo”Hz(Q) + ”AK - Aoo”Hz(Q) + ”HK - Hoo”HZ(Q) < CKI/Z,

where C = C(, 6, A, Br).

(11) Kl—i>I-Pco {”fl{ _foollco(ﬁ) + “Ax - Aoo”c()(ﬁ)} =0.
4.17)

Proof The proof of (i) will be given in Appendix 4. In the following we prove (ii).
To show the Meissner solutions (f,.(x), A (x)) uniformly converges, we use the
argument by contradiction. Direct computations show that the rescaled functions
(f(»), A*(y)) of the Meissner solutions approach a limit field (f(y), A(y)), which is
either a solution of (4.23) for y € R%, or a solution of (4.34) for y € R3. The key
step is to prove that (f(y), A(y)) must be a constant solution. In the two dimensional
case, the nice C**% estimates on £, (x) — f,,(x) and on A _(x) — A (x) are established
in [8] by using of the Gagliardo-Nirenberg inequality, which yields the uniform con-
vergence of (f..(x), A,.(x)), and actually it also implies that A*(y) — A (x,)) converges
to zero in Cﬁ) . topology. Thus (f(y), A(y)) is a solution of either (4.23) or (4.34) with
|A(Y)| = |A,(xp)|, a constant. Then using [32, Lemma 5.4] we can easily show that
f(y) must be a constant. However in the three dimensional case we do not have these
Ck+@ estimate on f,(x) —f,,(x) and on A, (x) — A_ (x). This makes our proof a bit
involving. The key point in our proof is to show that the limiting field (f(y), A(y)) is
not only a solution of either (4.23) or (4.34) but it also has the additional property
(4.26) or (4.35) respectively, which makes it possible to show that (f(y), A(y)) is a
constant solution.

Now we begin to prove (ii). Suppose (4.17) were not true. Then there would exist
n > 0 and a sequence k; — +oo such that

either |[ij — fmllco@ >n forallj,

or ||AKj—Aw||C0 >n forallj.

@
For simplicity of notation we denote k; by «, and assume x, € Q such that
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either  |f(x,) —foo )l = fy —foolloy 21 forall k,

(4.18)
or |AK('XK‘) - Aoo(xx)l = ||AK - Aco“c()(ﬁ) 2N for all k.

Passing to another subsequence we may assume that x,. — x,. Denote

Q =xkQ—-{x.}), p,=«dist(x,,0Q),

and set

VAG)) =fK(xK + %) A(y) = AK<xK + %) AL () =A, (xK + %)(4.19)

Then (f*, A¥) satisfies

—RAfC = A= [P - AP inQ,,
A2curl iA" + ﬁ IF<1*Ax =0 inQ,, (4.20)
’j;’—v” =0, Acurl A*); = 1B, on 09, ..

Passing to a subsequence again and rotating the coordinate system if necessary, we
may only consider the following two cases.

Case 1 lim_ p, = +c0.

Step 1.1 1In this case, for any R > 0, there exists x(R) such that for all ¥ > «x(R)
we have R < p,, so Br(0) C Q,. We show that, after passing to a subsequence again
if necessary, we have, as k — oo,

fS=f inCH*R’), and weakly in H) (R’),
A¥ > A weakly in Hlloc(lR3 R IR3), and strongly in LIZOC(R3, R3),
f=fo() € H'(RY), A-A_(x,) € H (R R?); 421

curl A =0, div(PA)=0 and [AG) <f20)— % —5 inR3.

From Proposition 4.3 we have the estimate (3.17), using which we can show that
{f*} is bounded in Cﬁfc"(ﬂ@). Since (f,,A,) € K;(Q), from (4.16) we have, for any
R > 0 and any «,

/ (5 0) = FEOP + 1DF*(9) = DEG)P by < C.
B(O,R)

4.22
/ {IA*() = AL 0)I* + IDA*(y) = DAL, (»)I* }dy < C, *:22
B(0,R)
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where C is independent of x and R. Hence {f* —fX} is bounded in Hll0 C([R{3) and
{A¥ — A¥ }is bounded in H, (R’ R?). Noting that

/ |DfE()Pdy = x/ |Df,(0)|?dx < CIIDf |1, - RPx72,
B(0,R) B(x.,R/K) [&(9)

[ ipAtoPdr =k [ IDALRAx < CIDALIE, 5
B(O,R) B(x,R/x) ()

so we have fX(y) = f,,(xo) in H. (R?) and A% (y) = A (xp) in H (R, R?). Thus
{f* = fo(xg)} is bounded in H| (R?)and {A* — A (x)} is bounded in H| (R, R?).
Therefore, after passing to another subsequence, there exist a function g and a vector
field B such that, as k — oo,

[ =fulxg) = g inCH*(R?), and weakly in H| (R?),
A" —A_(x;) > B weaklyin H' (R®,R%), and strongly in L? (R3 R?).

loc loc

Write

a=f.(x), b=A_(x), f=g+f(x)=g+a, A=B+A_(x,)=B+b.

Then we get the first two lines in (4.21). Letting « go to infinity in (4.22) we get

/ (s> + IDglP)dy < C. / (IB[2 + [DBP)dy < C.
B(0,R) B(0,R)

where C is independent of R, so g € H'(R?*) and B € H'(R3, R?).
Since f*(y) = f(y) and A*(y) — A(y) for a.e. y € R3, using (3.22) we see that
(f,A) is a solution of the following equations for y € R

—AAf =0 -2 = AP, curl’A=0 inR3. (4.23)

From the second equation in (4.23) and since curl A = curl B, we have
/ curl B-curl Ddx =0, VD e C/(R*R?).
R3

Since B € H!(R3,R?), we can approximate B in H'(R?,R?) by a sequence
D; € C/(R?,R?), then apply the above equality with D = D; and take limit as j — oo
to obtain
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/ |curl B|?dx = 0.
R3

Socurl A = curl B=0forae.y € R3.

From the second equation in (4.20) we have div ([f*|?A*) = 0 in Q,.. Taking limit
we get div (f2A) = 0 in R>. Since (f.,A,) € K;(Q), so |AX®)|> < |[f*()|* — % -4,
hence

AW <liminf AP < fO)F - 5 =5, Yy eR®
Now (4.21) is proved.
Step 1.2 Since div (f>A) = 0in R3, we have
/ fPA-V¢dy=0, V{eCR). (4.24)
R3
Since B € H'(R?, curl 0), there exists a function ¢ with V¢p € H'(R?, R3) such

that B = V¢, so A = V¢ +b. Note that a> + [b|> = 1, g € L*(R?) n L*®(R?), and
B € L2(R3, R?) 0 L®(R?, R%), so

1= |f®)* — |AX)|* = —2ag — g* — 2b - B — |B|* € L*(R%).
From this and (4.23), and since Vf = Vg € L?>(R3?, R?), we have

{(AVf-Vh—(1~f*~|APYh}dy =0, VheH R (4.25)
R3

Now we see that the limit (f, A) is a solution of (4.23) and has the following property
(with x, € R*and 0 < § < 1being given):

f=a+g7 a=foo('x0)’ gEHl(IR3)5

A=b+Ve, b=A_(x). V¢eH R, R, 4.26)

div(PA)=0 and [AGP < fO) - % ~5 inR

Step 1.3 Now we show that (4.23) has only one solution that has the property (4.26).
Otherwise suppose (4.23) has two solutions (fy, Ay) and (f;, A) and they have the
property (4.26), that is,
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fo=a+g, fi=a+g. & & €H R,
Ay=b+Vep,, A =b+Vg, Vo, Vo, € H'(R*,R?),

1 1
A0 <O =5 =8. A0 <KHOIP -5 -5,
and they satisfy (4.24). Write

h=g —g =hHh—Jfo. fi=ft1ih,
w=¢ —d,, D=A —-A,=Vy, A=A+, 0<r<l1.

Then h € H'(R3), D € H'(R3, R?), and using Remark 4.1(d) we have

1
P - AP -2-620, VyeR" 4.27)
We first apply (4.25) to f, and f; with this choice of & and obtain
0= [ {RIVAE == (3 = 1A, PUo+ (= 5 = Ao P}y
R

1
= [ {@vne - [ La- i - s Pyar oy 428)
R3 0 t

1
= / dt [ {A|Vh* + Glf]* + |A,1* = DR* + 2fhA, - D }dy.
0 R3
Then we apply (4.24) to (fy, A) and (f;, A ) to get, for any & € C'(R?),
" d
0= / (FEA, = f3Ay) - Vidy = / / - (f?A,) - V¢didy
R r3Jo af
1
= / dt / (fD +2fhA,) - Vidy.
0 R3

Since h € L*(R?) and D € L*(R? R?), we see that ftzD +2f,hA, € L*(R3,R?).
After approximating 1,(y — ¢,) by smooth functions ¢; with compact support, apply-
ing the above equality with { = {;, and taking limit as j — oo, we find

1
/ dt / ("D +2f,hA,) - VIn,(w — c,)ldy =0, (4.29)
0 R3
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where ¢, is a constant, and 7, is a cut-off function such that #,(y) = 1 for |y| < p,
n,(y) = 0 for [y| > 2p, and |Vn,| < C,/p, where C| is independent of p. For each p
we choose a suitable ¢, and using the Poincar€ inequality to get that

/ ly —c,|?dy < Czﬁz/ [V |*dy,
PIyI<2p PIyI<2p

where C, is independent of p. Since Vy € L*(R3,R%* and
D +2fhA, € L*(R?, R?), we have, as p — oo,

/ [f*D + 2£,hA,|*dy — 0, / |V |>dy — 0.
p<IyI<2p P<IyI<2p

So we have

/ (7D +2fhA) - (v = c,)Vn,1dy
p<Iyl<2p

172 1/2
<! (/ [ftzD + 2f[hA,|2dy> </ |y — cp|2dy>
PIyI=2p PIyI<2p

1/2 1/2
< clc§/2</ If?D + 2f,hA,|2dy> (/ IVu/Izdy> -0 asp— oo
P=IyI<2p P=IyI<2p

From this and (4.29), and recalling that Vi = D, we obtain

1
/ di / (f’D +2£hA,) - Ddy = 0. (4.30)
0 R3

Adding (4.28) and (4.30) together we get

1
o:/ dt [ {|Vh]* + Glf,]* + 1A,1* = DR + 4fhA, - D + f7|D|* }dy
0

R3

1
=/ dt/ {RIVh* + GIf,|* - 3IA,1> — DA* + |2hA, + £D|* } dy.
0 R3

So we have 7 =0 and D = 0. Hence the only solution of (4.23) that has property
(4.26) is unique.
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Note that (f, A) = (a,b) = (f,(x), A, (xp)) is a solution of (4.23) and has prop-
erty (4.26), hence the unique solution of (4.23) having property (4.26) must be
(f, A) = (f, (xg), A, (xp)), namely, in (4.26) we must have g = 0 and V¢ = 0.

Therefore the limit field (f(y), A(y)) obtained in Step 1.1 must be constant:
f =l and A = A (xp).

Step 1.4 From Steps 1.1-1.3 we have, as k — oo,

= fulxg)  in C2H(R?),

loc

4.31
A" = A_(x,) weaklyin H, “31)

! (R3,R?), and strongly in L2 (R, RY).

loc loc

Hence for any fixed R > 0 we have

axX, gop 0 —fu (o)l = 0, max g, o |Af* ()] = O. (4.32)
So

Ifse = fooll oy = Ve (i) = foo ()| = If*(0) = foo (o) = 0. (4.33)

From the second equality in (4.32), the fact [f*(y)|?> > 1/3, and the first equation in
(4.20), we find

max, go.rll = 1> = 1AM = 0,

SO

maXyEE(Q’R)”Aoo(xo)lz - |AK(.Y)|2| = maXyEE(OVR)ll - lf (x())l2 - |AK()’)|2|
= maxyEE(O'R)ll lfK()’)|2 |AK y)l | - 0.

Therefore, if A (x,) = 0, then we have

”AK - Aoo(x())”CO(E(()’R) - 0;

and if A_(x,) # 0, then there exists an orthogonal matrix-valued function Q*(y)
such that

maXyEE(O,RﬂAK(Y) - QK(y)Aoo(XO)l - 0.

From this and the second line in (4.31) we see that Q*(y) = I, the identity matrix,
for a.e. y € R3. Since A*(y) is continuous, we must have Q*(y) = I for all y € R>.
Therefore
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max gz g A" () = A (xp)| = 0.

Hence

A, —A = A (x) — A (x| = [A®(0) — A (x )] = 0.

“ CU(Q)

Combining this with (4.33) we see that (4.18) can not be true.

Case 2 x dist(x,, 0Q2) < C for all k.

We may assume, after passing to a subsequence, that x,. — x,, and x, € 0Q. We
define f* and A* as in (4.19). As in case 1 we can show that, as ¥ — oo,

fS=f inCr*R3), andweaklyin H} (R?),

loc

A*¥ - A weakly in HlloC (Ri, IR3), and strongly in leoc (IRi, [R{3),
where

={xeR’ x>0}, f-fi() €H'(R]), A-A_(x)€H (R],R).

Since (f,., A,.) is a Meissner solution, so v - A, = 0 on 0Q, hence v - A* = 0 on 0Q,..
Since A* — A weakly in H (R3,R3), we see that v - A = 0 on dR? in the sense of
trace in H, 1/2 (GIR3 ). Hence (f A) is a solution of the following equations in IR3

A= =F2=|APf, cul?A=0 inR3,
{ =1 —f—|A]I)f 3 434)
il

%:0, v-A=0, (curlA);=0 on JR3.

Moreover f2(y) > 1/3+6. Since curl A € L*(R3,R?), curl ’A =0 in R3 and
(curl A); =0on au@i, we obtain as in case 1 that

3 |curl A|?dy = 0,
Ry

hence curl A = 0inR3. So there exists a function ¢ with V¢p € H'(R3, R?) such that
A =V¢+Db, where b = A_ (x,). Therefore the limit (f, A) is a solution of (4.34) in
Ri, and it has the following property (with x, € IRfr and 0 < 6 < 1being given):

f=a+g a=f,(x). geH(R}),
A=b+Ve, b=A_(x). VéeH (R,R),
div(f?’A)=0 R}, v-A=0 ondR, (4.35)

AWF <P -3 -5, VeR.
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If (4.34) has two solutions (fy, Ay) and (f;, A;) which have property (4.35), then
we argue as in Case 1 to obtain (4.28) and (4.30) with R? replaced by R3 and with
h=fi—f,, D=A, - A, f, =fy +th, A, = Ay + tD. The inequality (4.27) remains
true with R? replaced by R3. So we also get /=0 and D = 0, that is, f, = f; and
A, =A,. Hence (4.34) has only one solution which satisfies (4.35). Obviously
(f,A) = (a,b) = (f,(xy), A (xy)) is a solution of (4.34) satisfying (4.35), so it must
be the only solution of (4.34) having property (4.35). Hence thelimit (f, A) of the
rescaled functions must be equal to (f (x,), A (xy)). Therefore we have, as k = oo,

f* = fuxy) in Cﬁ)ﬁ“(Ri),
A* - A (x,) weaklyin HlloC ([Ri, R3), and strongly in leoC (Ri, [R3).

Finally we argue as in Step 1.4 to show that, as k¥ — oo,

f]((-x,() :fK(O) _)foo(x())’ AK(xK) = AK(O) - Aoo(-x())'
Again we see that (4.18) can not be true. O

4.4 Estimate of u*(4, k, ;) for large 1

Now we consider BVP (1.7y) which is a modified version of (1.7) with B, replaced
by uB;. Define

(A By) = sup {b >0 : V0 < <b, (1.7u) has a solution A with [|A[| o, < L } (4.36)

V3

The following conclusions have been proved in [5, Section 7] under the condition
that Q is a bounded and simply-connected domain with a C* boundary and without
holes:!!

(i) For any B; € B**(0Q) not identically zero and A>0, we have
0 < p*(4, By) < 0.

(i) For any p € (0,u*(4,By)), (1.7u4) has a unique solution Aﬂ with
1Al o) < U

(iii) p*(A, By) has the following characterization,'?

I Please note that in [5, Section 7] the conclusions are stated with respect to the equivalent system for
H = Acurl A.

12 The equality (4.37) follows from [5, (7.6)] and the relation between ||A”||CU(§) and Al|curl Hﬂ||c(,@,
where H,, = A curl A,,. Please note that to avoid confusion here we use A, and H,, to denote the vector
fields A, and H,, in [S].
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1

\/3 4.37)

ANl o, =

M—’Il (/1/3 )

(iv) The following asymptotic estimate holds:

. " 5 -
lim 0GB = 3 (1B llcon ) (438)

Let us fix A>0 and B; € B>*(0Q,R?) which is not identically zero. For
0<pu<pu“(ABp), let A denote the unique solution of (1.7u) satisfying
A, ”CO(Q) < 1/\/_ 3. For each small € > 0 we define

. |
4k €) = min {,4 >0 A4l 2 5 - g}. (4.39)

From [5, Lemma 7.1], the function u +— ||A”||C0@ is continuous, so u(4,€) is
achieved for small € > 0:

1
”AM(E)”CO(Q) 5 —E&.
Using (4.37) we can show that
lim p(4,€) = u*(4, Byp). (4.40)

Similarly for the fixed 4 and By as above, let (f, ,, A, ,) denote the unique solution
of (4.7u) in K(Q2), and define

H, (4, €) = min {u >0: min [lf,, @I =A< +2g}
XEQ

Lemma 4.8 Assume the conditions of Proposition 4.6 and A > 0 is fixed. For small
€ > 0 we have

liminf 4, (4, €) 2 u(4, €), (and4.41)

liminf u*(4, «, By) > u* (A, By). (4.42)

K—00

Proof From Proposition 4.6, for every x > 1, u(4,€) is achieved, namely, for
= p.(A,€), (4.7u) has a solution

G her A (1e)) € K(ED),
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which is denoted for simplicity by (f,., A,.), such that
. 1
min [f2(x) — A ()*] = = + 2e. (4.43)
xX€EQ 3
Let us choose x,. € Q such that

F2x) — 1A ()P = mig_rzl [F2(0) — A @]
XE

From (4.13), for fixed B, u*(4,x,B;) is bounded as k¥ — oo. Hence pu, (4,¢)
is bounded as x — co. After passing to a subsequence we may assume that
X, =Xy €Q and p (A, €e) >y, as Kk - co, where p, depends on A. Since
(fir Ay) € K, (€2), from Proposition 4.7 (ii) we know that (f,,A,) converges to
(fo» A) uniformly on Q as k¥ — oo, where A _ is a solution of (1.7u) for u = u,,, that
is, A, = A, and f,(x) = (1 - |AMO(x)|2)1/2. Therefore

Tim 1250 = 1A GOP] = f200) = 14,02 = 1 =214, (%)l

From this and (4.43) we have 1 — 2|.AMU()CO)|2 =1/3+2¢,s0

1
1A o, 2 1A, 00 = 3 —&.

Hence u(4,€) < py, so liminf

oo Mi(A,€) = py > u(4, €). Therefore (4.41) is true.
From (4.41) we have

liminf u*(4, k, By) > liminf p (4, €) > u(4, ).
Letting € go to 0 and using (4.40) we get (4.42). O

Theorem 4.9 Let Q be a bounded and simply-connected domain in R3 without
holes and with a C*** boundary, 0 < a < 1. Let By € B**%(0Q) and

5
I1B7ll o) < T (4.44)

There exist /lfA(Q, By) > 0, and KfA(Q, By, A)>0forall0< i< /lfA(Q, By), such
that the following conclusions are true:
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(i) For any k > k;p(Q, By, A), (3.22) has a classical Meissner solution (f,, A,)
which is unique in K(Q). Let H, = Acurl A, then (f_,H,.)) € UQ)and it is a
Meissner solution of (4.7). .

(i) Ask = oo, (f,., A,) uniformly converges to (f,,, A ) on Q, where A  is a solu-
tion of (1.7) with Hy = By, and f(x) = (1 — |A°o(x)|2)1/2.

Proof From (4.38) and (4.44), there exist # >0 and Ara = Aa(Q, Br) > 0
such that u*(4,Br)>1+n for all 0 <A< As,. From (4.42), we can find
Kra(4) = Kkpa (€2, By, 4) > 0 such that, for all 0 < 4 < A, and k > Ky (1) we have
1*(A, k, By) > 1 + 1, hence (3.22) has a Meissner solution. So (i) is true.

To prove (ii), note that from (4.40), for any 0 < A < ﬂfA(Q, B;), there exits
£y = €y(4) > O such that y(4d,e) > 1+ nforall 0 < € < g;. Then from (4.41) we can
find (4, ) > KfA(Q, By, A) such that p,(4,€,) > 1if & > k(4, ). Hence for each
kK > k(4, €p), the solution (f,, A,) of (3.22) satisfies

min [200) — A W] > + + &
xeQ x 3

So (fe, Ay) € Ky, () for all k > k(4, &y). It follows from Proposition 4.7 (ii) that
(f.» A,) uniformly converges to (f,,, A, ) as k = oo. [l

Remark 4.10 Proposition 4.7 and Theorem 4.9 give the convergence in H' and in
CY as k — oo of the magnetic potential part of the solutions of BVP (3.22) to a solu-
tion of (1.7) when the boundary datum H; is given. These results imply that the
magnetic potential part of the Meissner solutions of (1.3)—(1.4) with fixed tangential
component of curl A converge to a solution of (1.6)—(1.4) as k — oo. Proposition 4.7
also suggests sub-convergence of the Meissner solutions of (1.3)—(1.4) with the tan-
gential component of curl A being uniformly bounded in C?*%(0Q, R?).

5 The exterior problem

In this section we study exterior problem (3.23). Denote

1 cy 1
Hy 0 Q) = {ueH,

loc

Q) : u=0o0n0Q},
ChHe Q) = {u © ue C***(B) for any ball B € Q}

loc

CH Q) = {u © ue C*(B Q) for any ball B C R }

loc

Similarly we define Hf (Q°, R®), CEH*(Q¢, RY), ClH*(Qe, R3).

Assume Q is a bounded domain in R3 with a C? boundary, and B, € TH'/?(0Q, R3).
Let A be a weak solution of (3.23)-(1.4) and set H = Acurl A. Then
He Hl (Q°,R*)nCe(Q,R?), and it satisfies the following
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curl H=0 and divH=0 in Q°,
H:=B, ondQ H-H' >0 as|x - . G.D

However, even if the boundary datum A, € H*>/?(0Q, R?), in general the solution A
of (3.23) does not belong to H; (Q°,R?). To see this, assume A, € H, (Q°,R?) is
a weak solution of (3.23). Lety € H,, (Q9)\H; () which vanishes near 0Q, and
set A = A, + V. Then A is also a weak solution of (3.23), but A ¢ H} (Q°,RY).

5.1 Existence and classification of solutions of (5.1)

Lemma 5.1 Assume Q satisfies (0), 0<a <1, H°e Cf(;”(@, curl 0, div 0),
By € TC'*%(0Q, R?) satisfies
v-curl (B —(H);)=0 on 0Q, (5.2)

where v is the unit normal vector of 0Q pointing into Q°. Then (5.1) has a one-
parameter family of solutions H, € Cllot"‘(Q", R3) with u € R, and they have the
form

H,=H"+V¢, (5.3)

where ¢, satisfies

Ap=0 inQ°, (Vp)y =By —(H); onoaQ,
Jo 2dS=p, @) = O0(x™") as x| — oo. S
H,s are the only solutions of (5.1).

Proof If H is a solution of (5.1) and if we let w = H — H¢, then (5.1) is transformed
to

curlw=0 and divw=0 in Q°,

Wi =DBr—(H; ondQ, w-—0 aslx]— oo (-5)
Since Q¢ is simply-connected, we can write w = V¢. Then ¢ is a solution of

Ap =0 inQ°, (Vo)r = By — (H°)5  on 0Q,

lim Vo) = 0. (5.6)

From [39, Lemma 2.7] we know that, under condition (O), for any u € R, (5.6) has
at most one solution satisfying the following condition
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0
/ —¢dS = p. 3.7
7]

ga\/

On the other hand, from [39, Corollary 2.1, Lemma 2.6] we know that, under the
conditions on €, H* and B; mentioned in the lemma, problem (5.6)—(5.7) has a
solutions ¢, € C>*%(Qr). So all the solutions of (5.5) are in the form w,=V¢,

loc

u# € R, and hence all the solutions of (5.1) are given by (5.3). Furthermore from [39,
Lemma 2.6] we know that ¢, (x) = O(]x|™") as |x| = oo. From this and using [39,
Lemma 2.2] we conclude that |w,,(x)| = [V¢,(x)| = O(|x|7%) as |x| — 0. O

Condition (5.2) is necessary for (5.1) to have a solution. In fact, if (5.1) has a
solution H, then

0=(v-curl(H-H)" = (v-curl(H-H)p)*" = v-curl (B — (H);).

Remark 5.2 Let ¢, be the solution of (5.4). For any simple, closed and oriented sur-
face S ¢ Q¢ which encloses €, it holds that

/VS -V, dS = p,
S

where vy is the unit outer normal to S. Hence V¢, has zero flux only when u = 0.

Since
0
/ %045 0,
00 aV

from the asymptotic behavior of harmonic functions (see for instance [18, pp. 391-
392, Proposition 17]) we know that

$o(x) = O(|x|™), and |Vgy(x)| = O(|x|?) as x| > co.

5.2 Existence of solutions of (3.23)

If there exists F¢ € Cf;“(@, div 0) such that curl F¢ = H¢ in QF, and if we let
u = AA — F¢, then (3.23) is transformed to
culu=Ve, inQ°, wuj=AIA;—(F9); on 0Q, (5.8)

for some u € R, where ¢, is given in (5.3). If (5.8) has a solution u, then
V¢, € curl [Hlloc(Qc, R3)], hence V¢ , has zero flux in Q¢, and from Remark 5.2 we
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have i = 0. On the other hand, the following theorem shows that when u = 0, (5.8)
is solvable if 4 satisfies (5.9).

Theorem 5.3 Assume Q,H¢, By satisfy the conditions in Lemma 5.1 with
0 < a < 1,assume A; € TC'**(0Q, R?) satisfies

a9,

Av-curl Ay = (v-HO)T + >, oo 0Q, (5.9)
\%

where @ is the solution of (5.4) with u = 0 for the given By and H¢, and assume
there exists F¢ € Cllot"(QC, div 0) such that curl F¢ = H¢ in Q°. Then we have the
following conclusions:

(i) Problem (3.23)—(1.4) has a weak solution A, € Clloc(ﬁ, R3), which can be
represented as A, = A~'(F° + ), where w is the unique solution of

curluy=V¢, and divu=0 inQ°,
ll&T = A, — (7"6); on 09, (5.10)
Lo - vdS =0, uyx) =0 as |x| — oo.

Moreover u has the decay rate

log ||

|x]*

luy(x)| = 0( ) as |x| — oo. (5.11)

(i) The general solution of (3.23)—(1.4) can be written as
A=1""F+uy)+Vy, Vy€eH

loc

(Q°) satisfying Vi = 0 on 0Q.
(5.12)
(iii) Problem (3.23)—(1.4) with Ay replaced by AF7 and By replaced by H7. is solv-
able, and all the solutions can be written as

A=1"P+Vy, Vye Hlloc(QC) satisfying Vi = 0 on 0Q. (5.13)

Proof Let Hy = H° + V¢, be the solution of (5.1) given in (5.3) with ¢ = 0. Con-
sider the following equation

AcurlA=H, inQ‘, Aj=A; on 0Q. (5.14)

If (5.14) has a solution A € Cf;"(@, R3), then A is a solution of (3.23)—(1.4). To
solve (5.14), we letu = A A — F¢ and transfer (5.14) to

culu=Ve, inQ°, ul=iA;—-(F); on Q. (5.15)
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Note that any solution u, of (5.10) is a solution of (5.15), hence we only need to
examine solvability of (5.10). Since V¢, has zero flux in Q°, has decay rate given
in Remark 5.2, and satisfies (5.9), using [39, Theorem 3.3, Lemma 3.5] and
Remarks (1) and (2) on p.1368 in [39], we see that (5.10) has a unique solution
u, € C'**(Q¢, R?), and it has the decay rate givenin (5.11). Then A, = A~'(F¢ + u)
is a solution of (3.23)—(1.4).

If A is another solution, then curl (A —A;) =0, so A — A, = Vy for some func-
tion y, because Q is simply-connected, so is Q°. Hence the general solution of
(3.23)—(1.4) is given by (5.12).

When B; = H, the only solution of (5.4) is ¢y = 0. So A, = AF7 satisfies (5.9).
By the uniqueness of solutions to (5.10) we have u, = 0. So we get (5.13) from

(5.12). O

Note that condition (5.9) is necessary for (3.23)—(1.4) to have a solution. In fact if
(3.23)—(1.4) has a solution, then (5.10) has a solution u, hence on 92 we have
o,

= (v-curlw)* = (v-curluy)* = (v- (Acurl A, — HO))Y,

which gives (5.9).

We may view (5.9) as a requirement on Ay, H¢ and B; (through ¢,). Condition
(5.9) implies that ¢ satisfies (2.9), see Proposition 12.2. On the other hand, if B;
and H° are given and ¢ satisfies (2.9), then there exists A that satisfies (5.9), see
Proposition 12.2 in Appendix 5.

6 The limiting system

In this section we examine existence and classification of classical solutions of the
limiting problem (1.6). Equivalence of (1.6)—(1.4)—(1.8) with (1.9)—(1.12)—(1.10)
in the sense of classical solutions has been discussed in [42, Lemma 3.3]. So we
start with discussions on (1.9). Recall that for a “classical” solution H of (1.9) we
only require its tangential component to be continuous across 0€2, namely H; =H;
see [42, Definition 3.1]. If in addition the normal component of H is also continu-
ous, so H is continuous across d€2, then there exists a solution A of (1.6) such that
H = Acurl A, see [42, Lemma 3.3].

6.1 Existence and classification of solutions of (1.9)-(1.12)

Lemma 6.1 Assume Q is a bounded domain in R with a C3+* boundary,0 < a < 1,
and H° satisfies (H,)). Let H be a solution of (1.9)-(1.12)—(1.10), and assume

H e C*%(Q,Q¢, R n C*(Q,RY). 6.1)
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Set

Then we have the following conclusions:

i Hpe C2+“(§, R3) and it satisfies the equation
—Acurl [F(A%|curl Hy[*)eurl Hg| = Hg,  in Q; 6.2)
H € CI+(Qe, curl 0, div 0), limy,_ ,,(H — H¢) = 0; and
(Hgp); =H} and v-curl [(Hy);| =v-curl (Hf)=0 onoQ.

(6.3)
(1) If furthermore Q° is simply-connected, then
H=H‘+V¢ inQ°, 6.4)
where ¢ € Cﬁ;"(@) and it is determined by
Ap=0 in Q°,
(V§): = (Hy); — (HYE o 0@, ©.5)
1im|x|—>oo V¢ = 0.

Proof From (6.1) we get the first equality in (6.3), which yields,
v-curl [(Hg); —H}] =0 onoQ.
If Q hence Q¢ is simply-connected, since curl H = 0 in Qc, we get the second equal-

ity in (6.3). Part (ii) is cited from [42, Lemma 3.5]. O

Remark (i) Now we describe an observation in [42, Lemma 3.6]. Assume the condi-
tions of Lemma 6.1 and assume Q is simply-connected. For any H, € C'*%(Q, R?),
Eq. (6.5) is solvable if and only if,

(v-curl Hy — H®7)”" =0 onoQ,

see [39, Lemmas 2.5, 2.6]. From (H,) we have v - curl H; =0 on 0Q, hence the
solvability condition reads,

(v-curl(Hp)r)” =0 onoQ. (6.6)

If H, satisfies (6.6), then the solutions of (6.5) form a one-parameter family
{¢* : T € R}, where ¢* satisfies,

/ 99 as=r.
Fle) aV
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¢" is uniquely determined by 7 and (Hg — H®)7.. Note that V¢* has zero flux if and
only if 7 = 0. Thus we can verify that (see Remark 5.2) ¢ satisfies

fro 2 ""’ dS=0, ¢°) =0(xI2), |V¢'@)|=0(x]?) as|x| - .
(6.7)

O
Remark (ii) Equations (1.3), (1.6) and (1.9) require the continuity of the tan-

gential component of A and of H = Acurl A, but not of their normal component.

Continuity of normal component of a solution A of (1.6) can always be satisfied
after modifying the value of A in Q¢ by adding a gradient if A € Ctz”’o(ﬂ, Qc, R3),
which yields a new solution of (1.6) that is continuous across 0€2, see [42, Lemma
3.2].

However, continuity of normal component of a solution H of (1.9) can not be
made up by adding a gradient in Q°, because this continuity requires H to satisfy
an integral condition,

{ AP =0 inQ, (Vo)) = (Hg - HO); on 0Q,

/ v H*dS = 0. (6.8)
0Q

To see this, assume the conditions of Lemma 6.1 hold, and suppose the normal
component of H is continuous on 9Q, so H € C**0(Q, Qc, R3) n C2+*(Q, R?) and
v-(Hg - H*) = 0on 0Q. This and the divergence theorem gives

/ v-H"'dS:/ v-Hs'zdS:/diVde:O.
o0 o0 Q
O

Remark (iii) Assume Q, H¢ and F° satisfy (0), (H,)), (F) respectively, and let H
be a solution of (1.9). If there exists a solution A of (1.6) such that H= Acurl A,
then H = H|g: must satisfy the stronger condition (), and the function ¢ in (6.4)
must be equal to ¢°. Indeed, since H = Acurl A in Q°, H has zero flux in Q°,
hence (6.8) holds. Since H¢ = curl F¢ also has zero flux in Q°, so V¢p* = H — H®
has zero flux, hence r = 0. O

Next we consider existence of solutions of (1.9). We assume Q and H* satisfy

Q satisfies (0)  withr >3 and O<a <1, HCsatisfies (Hy), (6.9)

and H satisfies

5

H e Clzota(ﬁ, curl 0,div 0), 1M} llco) < \/ 74
18 (6.10)

H — H¢ € C(Q¢,RY), |1|im (H-H)=0
X|—> o0
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Lemma 6.2 [42, Lemma 3.4] Assume Q and H¢ satisfy (6.9), and H satisfies (6.10).
Then there exists Ag(2, Hy) > 0 such that for all 0 < 2 < Ag(Q, Hy), (1.9) has a
solution H satisfying (1.10) and (6.1), and H = H in Q°, hence H satisfies (1.12).

Proof Let H satisty (6.10). From [5, Theorem 7.4], there exists Ay = Ag(2, Hy) > 0
such that, for all 0 < 4 < Ay, the following BVP

{ —A%curl [F(A|curl H)curl H =H  inQ,

H = H] on 0. (6.11)

has a unique solution H* € C>**(Q, R?) satisfying (1.10). Define a vector field
H on R? by letting H=H" in Q and H=H in Q°. Then [H;] =0 on 0Q, so
H € C°(Q, Qc, R?), hence H satisfies (6.1). Thus H is a solution of (1.9)—(1.10)—
(1.12). O

6.2 Classification of solutions of (1.6)-(1.4)

Lemma 6.3 Assume Q and H° satisfy (6.9), and T*¢ satisfies (F). Let
A eCH(Q,Q,R% be a solution of (1.6)~(1.4)~(1.8), and assume
H=AcurlA € C,H“’O(Q, Qc, R3). Denote

Ag=Alg, A=Alg Hg=(icurl A),.

Then we have the following conclusions:

i) Ag € C**(Q, R*) and it is a solution of
—Acurl’Ag = (1 - [Ag/HAy  inQ.
(i) A€ C2+“@, R3) and it can be represented in Q° by A = A~1(F¢ + ), where

loc

ue Cllot"(QC, R3) and it is determined by

curlu = V¢° in Q°, 612
ut = A(Ag); — (FO)F  onogQ, 6.12)
where ¢° is the unique solution of (6.7) associated with this He,.
(iii) Ag, Hg and ¢° satisfy
- - e+ a¢0
v - curl ((HQ)T) =0, Av-curlAg) " =v-(H)" + N on 0Q2.
v
(6.13)

Proof From Lemma 6.1, H, satisfies the first equality in (6.13). Since Q¢ is simply
connected, H can be represented by (6.4) with ¢ being a solution of (6.5). From the
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classification of solutions of (6.5) we know that ¢p = ¢* for some 7 € R, see Remark
(i) after Lemma 6.1. From this and (6.4) we have

Acurl A = H® + V¢* in Q°.

From this and using (F) we can write A = A~1(F¢ + u) in Q¢ for some vector field
u. It follows that V¢* = curl u in Q°¢, thus V¢* has zero flux, which implies = = 0,
so ¢° = ¢ is the solution of (6.7). From this and (1.6) we see that u is a solution of
(6.12). Solvability of (6.12) implies the second equality in (6.13), see [39, Lemma

2.5]. U

6.3 Existence of solutions to (1.6)

Definition 6.4 Assume Q satisfies (0O) and H satisfies (6.10). Let A5 (€, H;) be the
number given in Lemma 6.2. For 0 < 4 < A4(€, H;), denote by S(4, H; ) the solu-
tion Hg, of (6.2) under the boundary condition (Hg);. = H;r on 9Q2.

The notation S(4, M) reflects the fact that H, is determined by A and 7 only, if Q
is fixed. Now we show that (1.6) has a solution A for all small A if there exists a vector
field H satisfying the following conditions for some g, > 0:

(i) H satisfies (6.10) and

/5
”H;“CO((BQ) < T €05 (6.14)

(i) the following comparability condition holds
v [S(ALHF)] =v-H* onoQ; (6.15)

(iii) there exists a vector field F such that

F el Qe,div0), culP=H inQ. (6.16)
Note that (6.15) implies (6.8). Another form of (6.15) will be given in (6.33).

Proposition 6.5 Assume € and H¢ satisfy (6.9). For any gy > 0 small, there exists
Aa (€, &) > 0, such that if there exists a vector field H on Q¢ which satisfies (6.14),
(6.15) and (6.16), then for all 0 < A < A, (Q, &y), problem (1.6)—(1.8)-(1.4) has a
Meissner solution A, € C**0(Q, Qc, R?) such that

AcurlA;=H and AA,=F +Vy* inQF,

where y* € Cfo*c'”’(@) satisfies
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A

0
Vo= AA);=Ff and Zo=—v.F* oo (617)
v

Moreover curl A, € C2+"”°(§, &, R3).

Proof Step 1 Assume H satisfies (6.10) and F satisfies (6.16). Consider the problem

—Acurl’A=(1-]AHA inQ, 618
(Acurl A); = HF on Q. (6.18)

From [5, Theorem 7.4] and the equivalence between (6.18) and (6.11) we know that,
for the number Ay(Q, Hy) given in Lemma 6.2, if 0 < A < Ax(€2, Hy), then BVP
(6.18)—(1.8) has a unique solution A* € C?**(Q, R3), H* = Acurl A*is a solution of
(6.11), and

A* = —AF(A|curl H*P)curl HY, x e Q,

where F is the function appeared in (1.9). Hence

(v AN = =[AF(A*|curl H*|*)(v - curl H;)]" =0 on 0Q,

so A% is a Meissner solution of (6.18). From the regularity results of (6.11) in [5,
Theorem 5.1] we see that H* € C***(0Q, R?). Moreover, from the discussions in [5]
we see that, for a given g, > 0, A4(Q, H7) is uniform for all H; satisfying (6.14). So
we can find a positive number A, (L2, €) such that

An(Q, Hy) > A, (Q,gy) for all H satisfying (6.14). (6.19)
Step 2 Denote Ai = (A’l);. We look for a solution of,

curl 2A2 = 0 in Q°,
(A9F =A% Meurl AT =HS  onoQ, (6.20)
Acurl A — H¢ - 0 as |x| - oo,

see (3.23)~(1.4). Note that A%, H € TC**(0Q, R?).

We first derive a necessary condition for solvability of (6.20). If (6.20) has a solu-
tion A° and letting u = A A° — F, from (6.16) and (6.20) we see that u is a solution
of

curl 2u=0 in Q°,
uf=1AL-FF (culwf =0 onoQ, (6.21)
curlu - 0 as |x| — oo.
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If (6.21) has a solution u € Clz;“(@, R3) and letting w = curl u, then

culw=0 and divw=0 inQ°,

wi=0 on 0Q, (6.22)
w—0 as |x| - oo.

Since curl w = 0 and Q° is simply-connected, we can write w = Vz for some func-
tion #, and from (6.22) we find that

{ Ap=0 inQ°, (Vm;=0 onodQ, (6.23)

V-0 as|x| - .

The fact that Vi = w = curl u for some u implies that V# has zero flux, so

on
—dS =0.
/asz dv

From this and (6.23), and using [39, Lemma 2.7], we find V# =0, so curl u = 0.
This and (6.21) imply that there exists a function y such that u = Vy in Q¢, where

wEeCHQ),  (Vy)r=AAL—F on Q. (6.24)

Since € is simply-connected, from [39, Lemma 2.5] we see that (6.24) is solvable
if and only if

vecurl (AA7 —F7) =0 onoQ.
By (6.16) and (6.18) we have

veeurl (AAL—Ff) =v- (Acurl (AY), —curl F) = v (HY) - HY).

Hence the above condition of solvability for (6.24) can be written as

v [(HY)" =H*] =0 onoQ,

which is exactly (6.15). Thus we have proved that, if (6.20), hence (6.21), has a Clzot"
solution, then (6.15) holds.

Step 3 Now assume (6.15) holds, and we show that (1.6)—(1.8)—(1.4) has a solu-
tion. By (6.15) and from [39, Lemma 2.5] we know that (6.24) is solvable. Let us
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denote by y* a L general solution of (6.24) in C3+"’(QC) Then the general solution of
(6.20) in C2+"’(QC R3) can be written as A° = A~!(F + Vy*). We define A, and H,
on R3 by lettmg

A=A nQ 4 _/H nQ
A A7Y(F + Vyt) in Q¢ A H in Q.

Then A, € C**%(Q, Q¢,R3) and it is a solution of (1.6)-(1.4)~(1.8). Using the fact
Apr=@QA ,1)Jr we can verify that curl A, exists in R3and Acurl A; = H,. Then from
(6.15) we have H, € C**0(Q, Qc, R).

Step 4 Note that A, and H, constructed in step 3 depend on the choice of y*.
Now we look for a function y* such that (6.24) holds and the associated A is a
Meissner solution of (1.6). For this purpose, let 1//61 be a solution of (6.24) such that

{Awo 0 inQ, (Vy),=4A%-F}F on oQ, 625

Lo W 4 = 0, y/—-0 as |x| - .

dv

Since (6.15) holds and A% —F; € TCH*(0Q, IR3), from [39, Corollary 2.1,
Lemma 2.6] we see that (6.25) has a unique solution u/ The integral condition in
(6.25) implies that y} = O(|x| %) and hence |V} (x)| = 0(|x| 3Yas|x| - .

Next, we choose &* € C3+"(QC) such that

A ()y/’1
=0 and %
ov ov

on 0Q. (6.26)

Existence of &4 € H?(Q°) satisfying (6.26) is a consequence of the trace theorem
for H2(QC), see for instance [1, Theorem 7.53]. We can actually find a function
&* € H*(Q°) so that its H*-norm [|&#|| 2 g, is the least among all H functions satis-
fying (6.26), so &* satisfies a fourth order elliptic equation of constant coefficients.
Then, using the condition

oyt
v-Ft+ 0_0 € CT(0Q),
\%

and applying the Schauder estimate of elliptic equations, we ﬁnd that ¢ € C3+" (Q°).

Finally we fix y* = l[/ + &4, and define A using this w* as in step 3. Recalhng
(v-A*™ =0 on 0Q, we see that A, € e C*w O(Q Qc¢, R3) and it is a Meissner solu-
tion of (1.6)—(1.4)—(1.8). O

We mention that part of argument in the proof of Proposition 6.5 has been used in
the proof of Lemma 3.3 in [42].
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Now we examine all vector fields satisfying (6.10). We first mention that, if 74, and
H, satisty (6.8) and (6.10), and H, = H, y on €, then H| = H, on Q. To prove, Let
w=H, — H. Thenw € CI*(Q¢,R* n C*(Qr, R3) and it satisfies

culw=0 and divw=0 inQ°,
w; =0 on oL, llm w(x) = / v-wdS = 0.
oQ

|x|—>oc0

Since Q is simply-connected and without holes, from [39, Theorem 3.3 (b)] we
know that w = 0.

Lemma 6.6 Assume Q and H¢ satisfy (6.9) with0 < a < 1.

(i) Every H satisfying (6.10) can be represented by
H=H'+V¢,,, xe€Q, (6.27)

where v € B¥(0Q) satisfies

¢ 5
”HT + V”CO(BQ) < Eﬂ (628)
nER,and g, € Cfot“(ﬂc) N C**(QC) is a solution of
Ag in Q¢ (V¢, )y =v onodQ,
Va‘éw AR (6.29)
/()Q as=pu, ¢y, =0(x|"") as|x] - co.

(i1)) Assume in addition F¢ satisfies (F). Then any pair H and F, which have the
properties (6.10) and (6.16), can be written as

H=H+V¢,,, F=F"+w,+ Vg, (6.30)

where v € B***(0Q) satisfies (6.28), @y is the solution of (6.29) for this v
and for y = 0, w, is the solution of

curlw, =Vg¢,, and divw,=0 inQ°,
V- W, =—V- Fe on ()Q, (631)
w,(x) = 0 as |x| - oo,

and g € C130+C"’(QC) is a harmonic function in Q°.
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Proof Step 1 Assume H satisfies (6.10). Since Q¢ is simply-connected, we can
write H = H¢+ V¢ for some ¢ € C3+"’(QC) N C*%(Q). Let v = (V¢),. Then
v € B>*%(9Q) and satisfies (6.28), and gb solves the following equation for this v:

{ Ap=0 inQ¢, (Vg)y=v on 09,
$(x) = O(x|™")  as |x| > 0.

From [39, Corollary 2.1, Lemma 2.6], for any real number y, the above equation has
a unique solution ¢, , € C**(Q) N C'*(Q°) such that

o, .
——dS=u, and |V, ()| =0(x"") as|x] - co.
Fle) ov ?

Hence ¢ = ¢, , for some y, and H is represented by (6.27). On the other hand, any
H represented by (6.27) satisfies (6.10).

Step 2 Assume (F) holds, and assume H and F satisfy (6.10) and (6.16). Let
w=F —F¢, where F¢is given in (F). From (6.27), curl w = V¢, , in Q¢, so Vg,
has zero flux, hence u = 0. Thus H = H¢ + V¢, ; and w satisfies

curl w= V¢, and divw=0 inQ". (6.32)

Since V¢, o has zero flux and |V, ¢(x)| = O(|x|~ 3) as |x| — oo, we can apply [39,
Theorem 3.2] to conclude that there exists a unique w, € C2+”(§2‘ R3) which sat-
isfies (6.31).13 ¢y, is uniquely determined by v, so is w,. The general solution of
(6.32) is w = w, + Vg where g is any harmonic function in Q°. So we get (6.30).

Ol

Combining Proposition 6.5 (in particular (6.15)) and Lemma 6.6 we get the fol-
lowing criterium for solvability of (1.6).

Theorem 6.7 Assume Q and H¢ satisfy (6.9) with 0 < a < 1, and F¢ satisfies (F).

(i) Problem (1.6)—(1.4)—(1.8) has a classical Meissner solution for small A if and
only if there exists a vector field v € B>**(0Q) satisfying (6.28) such that

a¢v,0
ov

v [ ( LMY + v)]_ — v (H)* + on 0, (6.33)

where ¢, is the solution of (6.29) for this v and for u = 0.
(i) For any g, >0 small, there exists A,(L2,€&,) >0 such that, for all
0 < A < A,(Q, &), if there exists v € B**(0Q) satisfying (6.33) and

log ||

e )as |x] = oo.

13 In fact w, has the asymptotic behavior |w, (x)| = 0(
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e 5
IH7 + Vil coag) < \V 13 ~ o (6.34)

then problem (1.6)—(1.4)—(1.8) has a classical Meissner solution A, such
that A, € CT*0(Q, Q¢, R3), curl A, € C**0(Q, Q¢, R?), and

e+ M
rewl A, = s(x, (HEY* + v) inQ,
H + Ve, in Q°,

AA, =TF°+w, +Vy* inQ°

where w, is the solution of (6.31), and w* € C3+”‘(§) is any func-
tion sansfymg (6.17) for F=F°+w, We can choose w’ such that
A, e C20(Q, Qc, R3).

Proof For part (i), we only need to show that (6.33) is a necessary and sufficient
condition for (1.6) to have a solution for small A. Let H¢ and F¢ satisfy (6.10) and
(F). Then from Lemma 6.6 can write H = H® + V¢, o, where v € B**%(0Q) satis-
fies (6.34), and ¢,  is a solution of (6.29) with 1 = 0. On dQ we have

= H)" + (Vy o)y = (HDT +v,

0¢V,0

VoHT = v O VIt = v () + —
’ A%

Hence (6.15) takes the form of (6.33). So conclusion (i) follows from Proposition 6.5
and Step 2 of its proof. Conclusion (ii) follows from Proposition 6.5 directly. O

7 The Meissner system
7.1 Existence of solutions to (1.11)-(1.12)

We first show that the equivalence of (1.3)—(1.4) with (1.11)—(1.12) holds if we
require the solutions of (1.11) having continuous normal components across 0.

Lemma 7.1 (Equivalence) Assume that Q is a bounded domain in R® with a C*
boundary, and H¢ satisfies (H).

() Let (f,A) € C2(Q) x C;°(Q, Q¢,R%) be a solution of (1.3)~(1.4) with f > 0
on Q, and set H= Acurl A. Then (f,H) € CZ(Q)XCZO(Q Qc,R3) and
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it is a solution of (1.11)—(1.12). If furthermore A € 033 1(Q Qc, R3), then
H e C20(Q, Q¢, R?).

(i) Assume in addition Q is simply-connected and without holes, and assume there
exists F¢ € C2+“(QC div 0) satisfying curl F¢ = H¢ in Q°, where 0 < a < L
Let (f,H) € C +"’(Q) X C2+“0(§2 Qc, R3) be a solution of (1.11)—(1.12) such
that f > 0 on Q, and there exist 6 > 0 and y > 2 such that

H - H® eC? (Q,R%) n C°(Q°, R),

) ~ (7.1)
H-H°=0(]x|"") as|x| - c.

(ila) If F¢e C30*Z(§_C, R3) and H € CH*(Q, Qc, R3), then there exists
A € C**9(Q, Qc, R?) such that H = Acurl A and (f,A) is a solution of
(1.3)—(1.4).

(iiby IfHe C2+”0(Q Q¢,R3) and v - curl H= 0 on 0Q, then there exists
A e CH* O(Q Qe, IR3) such that H = Acurl A and (f,A) is a Meissner
solution of (1.3)—(1.4).

The proof of Lemma 7.1 involves some arguments used in [42, Lemma 3.3]. For
completeness we give a brief proof in Appendix 6. We emphasize that continuity of
normal components of solutions to (1.11) is important for constructing solutions of
(1.3) using the solutions of (1.11). When such continuity is required, we need the
following assumption:

Q satisfies (O) withr >3 and 0 < a < 1, Hsatisfies (H), (7.2)

where the condition (H,)) is replaced by a stronger condition (H).
Similar to Lemma 6.2 we have the following existence result for (1.11)—(1.12).

Lemma 7.2 Assume Q and H° satisfy (7.2), and H satisfies (6.10). Let ﬂfA(Q, Hy)
and k5 (2, Hy, ) be the numbers given in Theorem 4.9. For all 0 < A < A;5(Q, Hy)
and k > KfA(Q, Hy, A), problem (1.11)-(1.12) has a solution (f,H) € U(Q) with
H = H in QF, and

(. H) € C**(Q) x C**0(Q,Q¢,R?) forany 0 < f < min{1/2,a}.

Proof Let H satisfy (6.10). From Theorem 4.9, for all 0 < A < ifA(Q Hy) and
K> KfA(Q Hy, A), (4.7) with boundary data B; replaced by H; has a unique solu-
tion (f,H)) € C2+"(Q)x C>**(Q,R?), and in fact (f,H) € U(Q). From Theo-
rem 3.6, f € C3A(Q) for any 0 < f < min{1/2, a}. Define a vector field H in R3 by
letting H = H' in Q and H = H in Q°. Since H, = H; on 0Q, we have [H;] = 0 on
0Q, and hence H € C2+" 2@, a0, RY). Thus (f, H) solves (1.11)—(1.12). O
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7.2 Existence of solutions to (1.3)-(1.4)

Definition 7.3 Assume Q and H¢ satisfy (7.2), and H satisfies (6.10). Let
Ara(€2, Hy) and k5 (2, Hy, A) be the numbers given in Theorem 4.9. For all
0< A< /lfA(Q, H;) and k > KfA(Q, Hy, A), let (f, A) be the unique Meissner solu-
tion of (3.22) lying in K(€2) with the boundary data B, replaced by H; . Then we
denote

P4k, Hy) = Acurl A. (7.3)

Lemma 7.4 Assume Q and H¢ satisfy (7.2). For any €, > 0 small, there exist posi-
tive numbers A;s (€2, €)) and Ky (€2, €, A) such that, for any 0 < A < A5 (Q, €,) and
K > Ky (€2, €0, A), if there exists H on Q¢ satisfying the following conditions:

(a) H satisfies (6.10) and (6.14);
(b) H satisfies the following comparability condition

v [P(A ., HP)| =v-H* on 0Q; (7.4)
(¢c) H satisfies (6.16) for some vector field F;

then problem (1.3)—(1.4) has a Meissner solution (f,A) such that Acurl A = H in
Q. and (f,A) € CH*P(Q) x CH**0(Q, Q¢, R3) for any 0 < f < 1/2.
Proof Let H satisfy (6.10). From Theorem 4.9, for all 0 < A< Ara(Q, Hy)
and & > Kk (2, Hy, ), BVP (3.22) with By =H; has a Meissner solution
(- A") € CH(Q) X C?**(Q, R?), and it is the only solution in ().

We set Ap = (A’)} and look for a solution A? of (3.23)—(1.4) for these .A; and
By. If (3.23)—(1.4) has a solution A, since H satisfies (6.16) for some 7, we can
write as in the proof of Proposition 6.5 that A A° = F + Vy in Q°, where y satisfies

(Vy)r = A(A), = FF on oQ. (7.5)
Since (A}L)™ € C2**(0Q, R¥) and F € C**%(9Q, R%), 50 A(A})™ — F € C+*(0Q, RY).

Since Q€ is simply-connected, as in the proof of Proposition 6.5 we can show that,
existence of y satisfying (7.5) is true if and only if the following equality holds:

v-curl (4 (A;)T —Ff)=0 on 0Q, (7.6)

which is exactly (7.4) because
vecurl (A(AY), —Ff)=av-curl (A}), —v-H=v-[P(H])] —-v-H"

Thus (7.4) is necessary for solvability of (3.23)—(1.4).
Now we fix g, > 0. From the discussions in [5] we know that the constants
Ara(Q, Hy) and kya (€2, Hy, ) can be chosen uniformly valid for all H satisfying
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(6.14). So we can find positive constants lfA(Q, &) and KfA(Q, £p, 4) such that, for
all H satisfying (6.14) it holds that

ﬂf'A(Q’ Hp) > /lfA(Q’ £0)s

K (Q Hy, A) > kpp (g9, 1) YO < 2 < Ap (R, €0, A). 77

Now assume 0 < A < AfA(Q, £y)and k > KfA(Q, €, A), and assume H satisfies (6.14)
and (7.4). Then (7.6) holds, and we can find a harmonic function yte Cfoﬁ“(ﬂf) sat-
isfying (7.5). We choose &* € C2*+*(Q¢) such that

i A

Vv

and define

A = A; in Q,
PN ANF + VA +VEY)  inQe

Using the facts (VE*); =0 and v- A’ =0 on dQ, we see that (A;)” = (A;)* on

0L, and thus A ; € CH**0(Q, Qc, R3). So (f1,A,) is a Meissner solution of problem
(1.3)-(1.4), and it has the properties mentioned in the lemma. O

Combining Lemma 7.4 with Lemmas 3.10 and 6.6 we get the following existence
result for problem (1.3)—(1.4), which is similar to Theorem 6.7.

Theorem 7.5 Assume Q and H¢ satisfy (7.2).

(i) For small A and large k., problem (1.3)—(1.4) has a classical Meissner solution
if and only if there exists a vector field v € B**%(0Q) satisfying (6.28) such
that

a¢v,0

ve POk (05)" 40| = v 0ot n 0Q, (7.8)

where ¢,  is the solution of (6.29) for u = 0.

(i) Given €7 >0, let Asp(S2€)) and ksz(€2, €y, 4) be the numbers given
in Lemma 7.4. For any 0</1</1fA(Q,£0) and K>KfA(Q,eO,/1), if
(7.8) holds for some v € B**(0Q) satisfying (6.34), then (1.3)—(1.4)
has a locally L*-stable, classical Meissner solution (f,A) such that
(f,A) € C*H(Q) x C+*0(Q, Qc, R with 0 < f < 1/2, A satisfies (1.8) and

Pk, (HOY +v)  inQ,

Acurl A = { He+ Ve, in Q°.
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Definition 7.6 Assume Q and H¢ satisfy (7.2) and H satisfies (6.10). Let (f, A) be
the unique Meissner solution of (3.22) in IK(Q2) with boundary data B, replaced by
H}. Define a Dirichlet-to-Neumann map I1 by

H(/l, K, H}“) =v- [P(ﬂ, K, H;)]_ =v-(AcurlA)”, (7.9)

where v is the unit outer normal vector to 0Q. Note that up to the scalar multiplier
4, the operator IT maps the tangential component of curl A of the magnetic potential
part of a solution (f, A) of (3.22) to the normal component of the curl. With this
map, the comparability condition (6.15) can be written as

(A, k, HD) =v-H*  onoQ. (7.10)
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Appendix 1: Proof of Lemmas 3.5, 3.11

Proof of Lemma 3.5 Step I We prove (i). Let (f, A) be a weak solution of (1.3).
Fix R > 0 so that Q € B(0,R/2). We decompose A = A, + V¢, on B(0, R), where
¢r € HY(B(0,R), R3), Ay € H,IIO(B(O, R), div 0). From (3.3) we have

/ curl A -curl Bdx =0, VB e Ccl.(QC N B(0,R), R%).
Q°NB(O.R)

Since divAp =0 in B(0, R), using this equality and applying the differ-
ence-quotient method (see for instance [5, Section 4]), we can show that
Ag € HZ (Q°n B(0,R),R?), and curl 2Ar =0 ae. in Q° N B(0,R). This is true for
any large R, so (3.10) is true. This together with the assumption curl A € LfOC(R3, R3)
(see Definition 3.1) imply that curl A € H, .(Q¢, curl 0). By the trace theorem of
curl-spaces (see [19, p.204, Theorm 2]), the outer tangential trace (curl A)JTr exists in
TH='/2(0Q, R?). Then using (3.3) and integration by parts we get (3.11).

Step 2 We prove (ii). Let B(x,, R) C €, denote B, = B(x,, R), and decompose
A=A+ V¢rinBywithA, € Hrlzo(BR’ div0).IfB e Cf(BR, R3), we have
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/ curl Ag - curl Bdx = / Ap - curl “Bdx = / Ay - [-AB + Vdiv Bldx
BR BR BR

= / [DA, - DB — (div A) - (div B)]dx = / DAy - DB dx.
BR BR

So from (3.6) we have

/ {DAg - DB+ i7%f?A -B}dx =0, VB € CX(Bg,R).

By

Hence Ay is a weak solution of AAg = A7%f?A in By. By the standard L% estimate of
Laplace equation we have Ay € H*(Bg,, R?), so curl A = curl Az € H'(Bg,, R?),
hence curl *A = curl *A exists for a.e. x € By, and it belongs to L?(Bg . R%), and
the equality curl *A = curl *A, = —AA; = —A72f?A holds for a.e. x € Bg,,. So we
conclude that curl %A exists for a.e. x € Q, and

curl ’A = —A7%f?A forae. x € Q. 8.1)

The right hand side of (8.1) belongs to L*(Q,R?), so does the left hand side,
hence curl A € H(Q,curl ). Then from the trace theorem of curl-spaces the
inner tangential trace (curl A)} € TH~'/2(0Q, R?). From this and Step 1 we have
[(curl A);] = (curl A)JTr —(curlA); € H~'/2(0Q, R3). Then using (3.6) and integra-
tion by parts we have

/ B - (A%curl *A +f*A)dx — A / {Bx[(curl A);]} - vdS =0, VB e C!(R’,RY).
Q oQ
From this and (8.1) we get (3.12).

Step 3 We prove (iii). Since A € A(Q,R?), so B=curl A € L} (R, R?). From
(3.12) we have [ B;] = 0 on 0Q, and since curl (B|g) € L*(Q, R*)and curl (B|g.) = 0,
we see that curl B is well-defined in R3 and curl B € H(R3, curl , div 0), hence

B=cull A € H (R*R%.So(curl A)* = (curl A)~ € H'/2(0Q, R?). O

Proof of Lemma 3.11 Let G(f, A)(x) be the function given in (4.2), and we use the
notation G'(f, A), G’ (f, A), G}(f, A) and G, (f, A) given after (4.2). Let (fy, A,) and

(fi,A)) € H(Q) X A(Q,R3, A71H¢) be two Meissner solutions of (1.3)—(1.4).
Applying the integral form of (1.3) to (fy, Ay) and (f}, A,) respectively and subtract-
ing one from another we get, for any (g, w) € H'(Q) x B(Q, R?),

2
/Q {%V(fl —f) - Vg+ %([G’(fl’Al) -G (fy, Al (g, W) }dx

+ A2 / curl (A — A,) - curl wdx = 0.
R3
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Letg=fi—fo. fi=fo+tg, w=A, — Ay, A, = A, + tw. Since H° satisfies (H), we
can show w € B(Q, R3). Hence we have

2
/1—2/|Vg|2a’x+/12/ |curl w|?dx
K Q R3

1 (8.2)
+// {If,w+28A, 1 + (3f> = 3|A,I* — 1) |g|* }dtdx = 0.
QJO

Since (f,, Ay) and (f;, A ) satisfy (3.21), we can show that

3f,2—3|Az|2_1>0 forxeQ, 0<r<1,

see second part of Remark 4.1 (c). From this and (8.2) we see that g = 0 in Q, i.e.
fi =/, on Q, which together with (8.2) implies that fiw +2gA, = fyw =0 in Q.
Since f, > 0, we have w = 0 in Q, so A; = A in Q. Hence (f|,A|) = (fy, Ay) in Q.
Finally since curl w = 0 in R? we see that curl A; = curl A, in Q. 1

Appendix 2: Estimates of solutions to BVP (3.22)
If (f,A) is a weak solution of (3.22), then (f,A) € W(Q), f is a weak solution of
(3.4), and A is a weak solution of

{ Aeurl’A+f2A=0 inQ,

Acurl AY; = B, on Q. ©.1

Lemma 9.1 Assume that Q is a bounded domain in R3 with a C* boundary and
By e TH'/2(0Q, R%). Let (f,A) € W(Q) be a weak solution of (3.22) and set
H = Acurl A.

(i) Foralll < p < ooandalla € (0, 1), we have

fEWP@nC*Q),  IfI<]1,
f2A € H(Q, curl , div 0), H € H(Q,curl , div 0),

and there exists a positive constant C = C(, ||A|| 1« (q), @) such that

A

K

A

(2) 11+ 2007 oy + ) o, <c. 92)

If furthermore By € H'/2(0Q, R%), then H € H'(Q, R?).
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(i) If A satisfies (1.5), then f>A € H'(Q,R%) and By must satisfy (3.27). If fur-
thermore 0Q is of C? and B; € TH3/2(Q, R3), then H € H*(Q, R?).

Proof (i) Since (f,A) € W(Q), so A € L*(Q), R?). From (3.25) we get

V1 ) = 6% [ (1= = AP P, ©3)
Q
from which we get

Wl <+ )‘_IK)”f”LZ(Q)' 9.4)

Separate the equation for f in (3.4), and use elliptic regularity theory we have
feW>(Q) foralll <p<ooand feC**Q) for all 0 < « < 1. The maximum
principle applying to (3.4) gives |f| <1, and elliptic estimates applying to the
rescaled functions gives (9.2).

Now assume B, € TH'/2(0Q,R3). Since curl H=-1"'f?A € L*(Q,R?),
div H = 0 and H; = B, € H'/?(0Q, R?), by (2.5) we have H € H'(Q, R>).

(i) If A satisfies (1.5), then v-(f2A)=0 on 0Q. This together
with curl (f?A) € L*(Q, R?) and div (f?A) =0 implies that
f?’A € HY(Q,R%), see (2.4). From the second equation in (3.22) we have
v-curl By =v-curl Hy = 172v - (f2A) = 0. So B; satisfies (3.27). 1

In the following lemma we assume x > max{1, 1}, which makes the estimates
simpler. The regularity results remain true without this assumption.

Lemma 9.2 Let Q be a bounded domain in R® with a C* boundary,
By € TH'2(0Q, R3). Assume (f,A) € W(Q) is a weak Meissner solution of (3.22)
and let H = Acurl A. Denote

c=minf. M=|Alq, d=cix ©.5)

and let 0<a<1, 0<p<1/2, k >max{l,A}. Then we have the following
conclusions:

(a) fe€HQ)nCH(Q) , A€eH (QRY |, He H'(Q,R3 ,
cutl H € H'(Q, R*) n L*(Q, R3), and
1/2
IH 2 SCE@AM' 2B, 06
[1H[ 1 ) SC(Q){(A +A7HM + ”BT”HUZ(()Q)}a
llcurl Hl| (o) < C(Q)A™'M,
9.7)

llcurl Hl|z1q) < CE@QA™{d,M + 1Bzl 1100 }-
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”A“HI(Q) < C(Q){dlM + ”BT“LI(aQ)}’

_ 9.8
1Al < ColdaM + A7 1Byl a1 ©3)

whered, = 1+ 272+ d,and C, = C(Q,M, p). _
(b) If 9Q is of class C3, then feH(QNCH(Q), AecH(QRY),
curl H € H2(Q, R3), and

1Al 2 ) SCo{diM + | Brll Loy} (9.9)
llcurl Hll o) SCoA~ (&M + |1 Brll i oey }» 9.10)

where C, = C(Q, M)c™2d,. If By € TH3/*(0Q, R3), then H € H*(Q, R3), and
”H”H2(§2) < C(Q)/l_l{dlM + ”BT”Ll(ag) + )v”BT”HS/Z(aQ)}- 9.11)

() If 0Q is of class C3*P, then f e C*(Q), A € HA(Q,R%) n C/(Q,RY),
curl H € C*4(Q, R?), and we have the estimate

i (%)nIID"fIICo@ + (’l >3+ﬁ[D3f]ﬂ < CQ,M, p).

n=0 K

(c.1) If furthermore 0Q is of class C"™*? with m > 2, and B, € H""1/2(0Q, R?)
for somel < n < m, then He H*'(Q, R3), and

Hll g3y < Ci{diM + | BrliLiogy } + CEDIBr |20,

_ 9.12
1Al s, < ColdsM + 1Bl oy + A 1By llirn b ©-12)

where Cy = C(Q,M)c217'd,,C, = C(Q, M, p)A7'd,, dy = d,(c + Ax).

(c.2) If 0Q is of class C"™**% with m > 2, By € C"t*(0Q,R?) for some
1 <n<m=Lland(f,A) € K(Q),then f € C"H*(Q),A € C"**(Q,R3),
H e " (Q,R?), curl H € C"*'+4(Q, R?), and there exists a positive con-
stant C = C(Q,n, k, a, A, || By || cua(agy) Such that

|V||Cn+a(ﬁ) + ||H||Cn+a(§> + ||A||Cn+a(§) <C. (9.13)

Proof Step 1 Assume 90Q is of C2, (f,A) € W(Q) is a weak Meissner solution of
(3.22).

Step 1.1 We show A € H'(Q,R*) and divA € H'(Q). From Lemma 9.1,
fEHQNC*(Q), fPAecH'(QR?, and there exists ¢>0 such that
c <f(x) <1.SoA =f2(f’A) € H(Q,R3). Since div (f>A) = 0, we have

divA = _]%Vf -A ae. inQ. (9.14)
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So divA € H'(Q) N L®(Q), and we can apply the standard difference-quotient
method to (9.1) and show A € H? (Q,R?).

Step 1.2 We show H, curl H € H'(Q, R%). Since A € H (Q,R?), from (9.1) we
have

curl H= —47'f?A ae.inQ. 9.15)

The right side belongs to H'(Q,R3) N L*(Q,R3). Since divH=0 in Q and
H; = B, € H'/?(0Q, R?), using (2.5) we get H € H'(Q, R?). From (9.1) we have

/(/12|curl AP +f2AP)dx = A | (A;xH;) - vdS. (9.16)
Q 0Q

So the first inequality in (9.6) follows. From (9.15) and (9.16) we have

P+ curt B = [ QP+ 4727 1A P < max 427 1A oy VB s
Q Q

From this and (2.5) we have

”H”?{J(m < C(Q)(max{/l, A }”A”Lm(Q) + ”BT”HI/Z(aQ)) ”BT“HI/Z(aQ)-
Since || Br |l gi200) £ CEDNIH|| 1 (q)» We get the second inequality in (9.6).
From (9.15) we get the first inequality of (9.7). Using (9.15) we also get
[lcurl Hl|z1 ) < [ID(curl H)||;2q) + llcurl H|| 12,
< /1_1(||D(sz)||L2(Q> + |lf2A||L2(:z))
<! { Ilfllim(g)llDAlle(g) + 21 o 1V 2 ANl 1o ) + “f2A||L2(Q)}'

From this, (9.3), (9.4), (9.5), we get the second inequality of (9.7).
Since v - A = 0 on 0Q, we use (9.3), (9.14), the first inequality in (9.6), and (2.4)
to get

1Al 1 @) < C(Q){||2f_lA||L°°(Q)||Vf||L2(Q) +47! 1H| 2 +M}
< CEQ{d\M+ 277 (M + A Bllq) + M},

which yields the first inequality in (9.8).
Step 1.3 We show A is Holder continuous. Take ¢ € H'(Q) such that

Ap =AdivA inQ, Z—d) =0 on 0Q. 9.17)
%
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From this and (9.14) we have, for any 1 < p < oo,

¢l < CQPYAN 'V - All oy < CQ,M, p)c™ kM.

Then from the Sobolev embedding theorem we have, for 0 < @ < 1,

B creuigy < CQM, @)™ kM. (9.18)

Let B = 1A — V¢. Using (9.18) we have

1Bl () < C(Q,M)A(1 + d))M. (9.19)

Since B satisfies

curl B=H and divB=0 inQ, v-B=0 onoQ, (9.20)
by (2.6) and Sobolev imbedding we have, for any 0 < g < 1/2,

||B||Cﬂ@ < CQ, PIIBllwrsqy < CE2, H(H]| 150 + (1Bl 15()- 9.21)
Thus A = A~!(B+ Vo) € Cﬂ(ﬁ, R3). From (9.18), (9.19), (9.21) we have

1Al < CQ AA™ (Il ) + 1Bl =) + IVl o)
SCQM,H{(1+ A2 +d)DM + A7 1Bl 11 oe |-

So we get the second inequality of (9.8).

Step 2 Assume 0Q is of class C3. From step 1 the right-hand side of the equation
in (3.4) belongs to H'(Q). Applying the H* estimate to (3.4) we see that f € H3(Q).
Since div A € HY(Q), curl A = A"'H e HY(Q,R?*)and v - A = 0 on 0Q, using (2.4)
and the first inequality in (9.8) we see that A € H*(Q, R?), and (9.9) holds. It fol-
lows that curl H = —17'f?A € H*(Q,R3), and

102wt Hil g < 437 {ID?All s, + IVl IDA o
1D 13 1Al gy + 19712 g 1Al ey

< CQM)A " {I|All ) + A7 kAl g1 o) + A6 M ).

This together with (9.7) and (9.9) yields (9.10). Now the right side of the equation of
(3.4) belongs to C#(Q), hence f € C**4(Q).

Now assume H, € TH*?(0Q, R?). Using the first inequality in (9.6), the second
inequality in (9.7), and (2.5) with k = p = 2, we get
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IHl 2y < CEOQ{d,M + A7 1Bl og) + I1Br a0 -

So (9.11) is true.
Step 3 Assume 0Q is of C**#. Using (9.14) we write (9.17) as follows

—Ap=2f"'Vf- (Vp+B) inQ, % =0 onoQ. (9.22)

By Schauder estimate, (9.18) and (9.21) we find ¢ € C2*#(Q) and

bl oy < C{ IVl oy + 1Bl |- 9.23)

where C depends only on Q, f and ||f~ 1Vf||C,, @

Now A and curl A belong to C#(Q, R?), from (9.14) div A € C#(Q), and since
v-A =0 on dQ, by (2.6) we have A € C'*/(Q,R?). Applying the Schauder esti-
mate to (3.4) we find that f € C>**#(Q), and

344
[Df1, < C,,»(%) : 9.24)

where C; depends on Q, § and [|A[l ., @) From this and the second equation of
(3.22) we have curl H € C'*#(Q, R3).

Step 3.1 We prove (c.1). Assume H; € H>/?(0Q, R?). Using the first inequality
in (9.6), the second inequality in (9.7), (9.10), and (2.5) with k = 3 and p = 2 we get

IHll g0y < CQ M) 272k {diM + 1 Brllpony } + CONIBrllpsnony- (9.25)
Using Sobolev embedding theorem, (2.4) with k = 3, (9.19) and (9.20), we have

1Bl c1en () < CEQ, Bl 3y < CE2, H)UHI o) + 1Bl 202)
< CQ, PHfllcurl H”Hl(g) + ”HT”H3/2(0Q) + ”B”LZ(Q)}

< C(Q, ﬁ)/l_l{d1M + ”BT”Ll(aQ) + /1”BT||H3/2(()Q)}’

SO

“A”CHﬂ(ﬁ) Sﬂ'_l(”B”CH—ﬁ(ﬁ) + ||V¢”Cl+ﬂ(§))
<CQ,M, Py {dlz(C + AM + d, || Brll 11 oq) + ”BT”H3/2(¢)Q)}'

From this and (9.25) we get (9.12), and curl H = —A~1f2A € C1*/(Q, R3).
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Step 3.2 We prove (c.2). Assume (f,A) € K(Q) and H; = B, € C"**(0Q, R?),
where 1 < n <m—1. Then

JA@|> <f2(x)-1/3<1-1/3=2/3.

Hence 0 <M <2/3. Denote {a,f} =min{a,p}. Since curl He C!(Q,R?),
divH=0in Q and H; = B; € TC"**(0Q, R%*) with1 <n <m-—1, using (2.7) we
have H € C'*{*#}(Q, R?). From this and (9.20) we see that B € C>*{*/(Q,R3?).

Since curl A = A"'"H e C'**/(Q,R?), from (9.14) divA € C*(Q),
and v-A=0, using (26) we have AeCT QR so
V¢ = 1A — B € C** @I (Q,R?). Then the right hand side of the equation in
(9.22) is in C**1*A)(Q), hence ¢ € C**P1(Q). Going back to (3.4) we see that
fe Q) and from (9.15) curl H=-1"'f2A € C**{*f}(Q,R3). This
together with div H = 0 and H; = B, € C"*%(0Q, R?) implies that

H e Cmin{3+{a,ﬁ},n+a}(§, R3)

If n =1, this implies curl A =A""He Cl+‘1§, R3). Since v-A =0 on 09, and
from (9.14) div A € C*{*Al(Q, R3) chre(Q, R3), (2.6) yields A € C?+*(Q, RY).
Then from (9.15) curl H = —A71f2A € C***(Q, R?). Going back to (3.4) we see that
f € C**(Q). So (9.13) holds and (c.2) is true when n = 1. The case where n > 2
can be proved by iteration. O

Appendix 3: Proof of Theorem 3.6

Proof Step 1 Let (f,A) be a weak solutions of (1.3). Then (f, A) satisfies (3.4)—
(3.5), (9-3) and (9.4) hold, M = ||A|| ;) < 0and 0 < ¢ < f < 1. As in Lemma 9.2
we have f € C'**(Q) for all « €(0,1), and A € H'(Q,R3). Let H= Acurl A.
Then (9.15) holds for a.e. x € Q, so curl H = —1"1f2A € H'(Q, R?) N L*(Q, R3).
From Lemma 3.5 (iii) we have H € H} (R*,R?), so H- =H* =H on 9Q in
H'2(0Q, R3). Since div H = 0, from (9.16) we find that, for ¥ > max{1, A},

/(|H|2 + |DH|?)dx = /(|H|2 + 2754 AP)dx < max{1, ,1—2}/1/ |A; x Hy|dS.
Q Q aQ
Using this and [[Hz || 11 9q) < C)|[H]| 1), We get

1H][ 10y < CE(A + A"Hm,

IH]l 12 < C1 + HM. (10.1)

Now (3.13) is proved.
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We use (9.3) and (9.14) to control [|div Al[;2q), use the second inequality in
(10.1) to control [|lcurl A||;2q), and then use (1.5) and apply (2.4) to find that, for
k> {1, 4},

Al < CEO{II2 ™ VF - All gy + A7 IHll 0 }

: B (10.2)
<CE@Q(c 'k + 1+ HA'M.

From (9.15) we get the first inequality in (9.7), and

llcurl Hllynq) < A7 {11170 IDAN 2@y + 21 oo IV 2 1Al o) + 177 All 2y -

From this, (9.3) and (10.2),

llcurl H| 1, < C(Q)c™' A7k M. (10.3)

Step 2 Assume 9Q is of class C>. As in Lemma 9.2 (b), we have f € H*(Q). From
(1.5), (9.14), the first inequality in (10.1), (10.2), and (2.4), we have A € H*(Q, R?),
and

Al < C(Q){/l_l IHl 1) + 12f~'Vf - Al + ||A||L2(Q)} (10.4)
< CQ,M)c™* 1722 M. '

Then curl H = —A~'f?A € H*(Q, R3). From (9.15), (9.24) and (10.4) we have

llcurl H| 2y < C(Q, M)c™* A7 kM.
If H, € TH*?(0Q, R%), then H € H*>(Q, R3), by (10.1), (10.3), and (2.5), we have

(1]l 2y < C(Q)C'_IA_ZHA”C()@)K + CQ)||H7 || 31206 - (10.5)

Step 3 Assume 0L is of class C3*#, 0 < p < 1/2. As in the proof of Lemma 9.2 we
write AA = B + V¢ on Q, where B satisfies (9.20) and ¢ € HZQ) satisfies (9.17).
Then B € H*(Q,R?) and (9.21) holds. From (9.22) ¢ € C**#(Q) and (9.23) holds.
Using (1.5), as in Lemma 9.2 (c) we have A € C'*#(Q, R?). Then ¢ € C**#(Q) and
curl H € C'*#(Q, R3). From (1.3) f € C3*#(Q) and (9.24) holds. The other esti-
mates of Theorem 3.6 can be derived as in the proof of Lemma 9.2. O
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Appendix 4: Proof of Proposition 4.7 (i)

We prove (4.16). In the 2-dimensional case such estimates have been obtained in [8].
We treat the 3-dimensional case. Let (f,., A,) denote the solution of (3.22), and A
denote the solution of (1.7)—(1.8) with H; replaced by B;:

{ —A%curl ’A =f02voo in Q,

(Acurl A); = By on 0Q, (11.1)

where f. (x) = (1 — |A,(x)[*)!/2. We write the equation in this form for our late
convenience. From [5, Theorem 1], A, € C***(Q,R?), so f,, € C***(Q). Recall
that A satisfies (1.5). From (3.27) and [5 Lemma 2.5] we know A also satisfies
(1.5). Since Q is simply-connected and v - curl B; = 0 on d€2, so By has a curl-free

extension B € B¥*(Q, R3), see Lemma 2.3. Write
H = AcurlA,, H.=H -8B, H_ =AicurlA, H =H_ -B

(o9 (s9)

Then H, and H_ satisfy respectively the following systems

Acurl (fPcurl H)+H, =—-B  inQ,

H., =0 on 0Q, (112)
and

Acurl (f Peurl H )+ H, =—-B  inQ,

H.r=0 on 0Q. (11.3)

As in general {{“’ # 0 on 0€2, we follow the idea in [8] and approximate f, by a
function f which satisfies the following condition

¥

=0 ondQ. (11.4)
dv

In the following we denote
N(]AC) = maX{”f“Lm(Q), 1}-

Lemma 11.1 Assume the conditions in Proposition 4.7 and k > max{1, A}. Let f
be a function satisfying (11.4) such that (f,A ) € K;(€2). Define

fo=fi—f Fe=fc—fo A=A —A,, H.=iculA_. (11.5)
We have
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2 . - .
E”Vf;(”il(g) + ”f/(”iZ(Q) + /12”0111'1 AK”ZZ(Q) + ”AKHiZ(Q)
A (11.6)
<cd ZIatiR, , + I - full?
=t A 2©Q wllizg) [

and

”7:[KI|HI(Q) SCZ{A_I “fl(“Lz(Q)”HK + Bll =)
+ IVl 2y + Wl 2o 1V s ll oo }
”]:IKHHZ(Q.) < Clefoo“Cl(ﬁ){A'_l ”fl(“Lz(Q.)”HK + Bll @)
+ ||VfK||L2(Q) + |l}?K||L2(Q)||Vfoo||Lw(Q)},

(11.7)

where C; = C,(Q,8,N(f)) and C, = C,(Q, 6).

Proof Step 1 We follow the ideas in [8] to prove (11.6). Let G(f, A) be the function
defined in (4.2). Since (f,, A, ) satisfies (3.22) and G;.(foo, A_) =0, we have

_i_iAfK‘ + %[G;f(fx’AK) - G}(f7 Aoo)]
+G( A - Gl A = 5487 inQ,

2A 1 2
3 Acurl A, + 316, (- A) = G (AL (11.8)
+3[G, (7. AQ) = G (fur AT = 0 inQ,
L =0, (urlA);=0 on 0Q.

So we get

2 .
EIIVfKII2 + A%|lcurl A, |7

12(Q) L2(Q)
1 4 s 7 4 s A
+5 /Q { [Gf(f,(,AK) -G Am)]f,( + |G\ (A - G\ (AL - A, }dx

P | P . I T . .
-/ { SO, + 5[ 610 A0 = G A + 5 [Ch 0 A) — GG AL)] - A, }dx

Applying Remark 4.1 (b) to (fy, Ay) = (f.A.)and (f;,A)) = (f.. A, ) we get
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/Q { [G}(fK,AK) - Gi(f, Aoo)]f,( + G, (. A — G\ AL)] - A, }dx

> CO (Il g + 1AL g )-

Using the facts |A_(¥)| < 1//3 and |f, + | < 2N(F), we get

/Q [G;(fm,Am) - G/(f, Aw>]fz dx < CON = follZ2 ) + WVl

By choosing ¢ suitably small in these two inequalities, and summarizing the above
computations, we get (11.6).
Step 2 From (11.2) and (11.3) we have

Acurl (f Peurl H) + H, = A*F,  inQ,
H,=0 on 0Q, (11.9)

where

F. = curl [(fo_o2 —f;z)curl HK].

We claim that

1F Nl < 3472 Wl 1M, + Bllis@)

e ! (11.10)
+273/29) 1{||Vf,<||lﬁ(sz)+ Wi llr I Vi o) }-

To verify, we compute

curl "M, = =2 f2(H, + B) + 2f-' Vf, x curl H,,
Fe= A2 (12 = O H, + B) + 2 f 7 (£ V. — £ Vo) X curl H,.

Since curl B=0, we have curl H, =curl H_. Since (f,H,)e€ Us(Q) and
1/ \/5 < f. < 1 (see Proposition 4.3), we have

lcurl H,| = |curl H,_| = ’A"fKZAK| <A <ath
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We also have (f,,H,)) € Us(€2) and /2 /3 < f, < 1. So (11.10) holds.
Now we apply Lemma 2.4 (i) to (11.9) with a = ﬂzfj. Since

m = min { 1,1° migf;z(x)} > 2% lallgg, < 2(§

32
Ao ller @y
5) Al

from (2.8) we have, for0 < A <k,

1H @ < COOUF @, 1T lmng < COIfollog A Flre-
Combining these with (11.10) we get (11.7). O
Lemma 11.2 Assume the conditions of Proposition 4.7 and k > max{1, 4}. We can
choose the function f such that the f., A, and H, defined in (11.5) satisfy the fol-

lowing inequalities:

Wil 22 <Cx32, IVl 2@ < C + Ahe2,

i _ _ _ (11.11)
IAF Il 20y SCA + A2 1Dl 2 < C(L+ Ak,
AN 2@y SCx72, (11.12)
WH, N 2o <Ck2 N H N g < Chy A7 k™12,
L2(Q) H'(Q) 1 (11‘13)

”7:[K ||H2(Q) SCbzﬂ_3K_1/2,

where

C = C(Q, 6, N(f)vfoo)’ bl = /12 + ”B”C{)(§) + )“ZK_I ”Vfoo”LN(g)v b2 = bl ”foo”cl(ﬁ)'

Proof Choose the function f as in [8, Lemma 4.5]:

N o)
JO) =foo (x) = )((Kd(X))d(X)%(yx),

where d(x) = dist(x, 0Q), y, € dQ being such that |y, — x| = d(x), and y(¢) is a
smooth and non-increasing function in ¢ such that y(f) = 1for0 <t < land y(r) =0
fort > 2. Then, as k — oo it holds that
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If = fioll 2y < Cix ™32, |IVF = Vf ||Lz<g> < G2,

187 = Aallizey < G D =D Loy < G 1114
“f_foollca(ﬁ) S CSK_(I a)7
where C, and C, depend on ||/, || g @ C3 depends on ||/, [l - @ C, and C5 depend on
ol sy 1% From (11.6) and (11.14) we find
||Vf ”27(&2) + ”f ”LZ(Q) + )’2||Curl A ”LZ(Q) + ”A ”LZ(Q) < CK_3’

where C depends on Q, §, N(f) and f- From this inequality we get the first two
inequalities in (11.11), (11.12), and the first inequality in (11.13).

Since fK =f.+ (f —f,), using the first two inequalities in (11.11), and (11.14),
we find

Wl 2y < €720 IVl py < €+ A7Hx™!/2, (11.15)

where C = C(Q,N(f), 5.f,.).
From the first equation in (11.8) we have

2
;IIAlele(g)S|I(lf,;|2+IA,(I2 1)f|ILz(g)+ IIAfIILZ(Q) (11.16)

To estimate the first term in the right side of (11.16) we note that
o> + 1A 1> = Dfso = 0,|A | < f. < land]|A | <f,, < 1,50

| + 1A = Dfl = (P + 1A = Df = (fol + 1A, 1P = DS |
<3| +21A, .

To estimate the second term, we use the third inequality in (11.14) to get, for x > 1,

1871 < Co' 2 + 18 iz < (Cs + Wasllengy )

14 Note that A, and f,, depend on A. The analysis in [5] shows that if B, € C***(9Q,R?), then
Al 2oy < 4727 Hence || D", || coq) < CA™"* forn =0, 1,2.
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Combining the above computations, and using (11.12), (11.16), the fourth inequality
in (11.14) and the first inequality in (11.15), we find

IAF N2 < IAFIl 2 + CAT22 < €+ A7)k /2,

where C depends on Q, 6, N(f) and f, . Therefore the third inequality in (11.11) is
true. From this and since % = 0 on 092, we have

1D Nl 20y < COLNIAS N 20 + Wil 2y} < €A+ A2,

where C depends on Q, 6, N(f) and [ So the fourth inequality in (11.11) is true.
Now we apply Lemma 2.4 (i) with a = Asz—z to (11.2). For 0 < A <k, since f,
satisfies (3.17), we have

m = min { 1, A2 migf;z(x)} > A2, llall e <2 33/2/12|lfkllc1(5) < C(Q)Ak.

xX€EQ

So we use (2.8) to get

IH, o) < CONH, Ny < CE@Qmlall g 1 Bll 20y < COQOA kI Bl o -
(11.17)
Plugging (11.15) into the first inequality in (11.7) and using (11.17) we find

I i@ SCA™'c ™2 {1+ C@QA 1Bl e + & IV oo

where C depends on Q, 6, N(f) and feo- So we get the second inequality in (11.13).
Similarly we get the third inequality in (11.13). O

Lemma 11.3 Assume the conditions of Proposition 4.7 and x > max{1, A}. We
have

”AK”HI(Q) <Cbs(1+ /1—1),(—1/2’

n _ _ (11.18)
1A N 2y <Cbya 30+ A7 Hk!2,

where C = C(Q,8,N(f).f.,) and
by = Ak |V ll o + 1

by = PG+ K2V s llm@y) + A7 QU ll o + IDAG Nl )
+ A1+ 1V o ll 2o @)1 Vo ll ooy + IDAG Nl o))} + K™ ||B||Co(§)~
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Proof Recall thatv-A_ = 0o0ndQ. If 0 < 4 < k, we use the last equality in (11.5),
(11.12), the first inequality in (11.13) and (2.4) to get

1A N < CLIdIY Al + 4772, (11.19)

where C = C(Q,6,M,f,). From the second equation of (3.22) we have
div (f2A,) = 0, and from the first equation of (11.1) we have div (f2A,) = 0. Hence

2

. 2
Vi A - %
fooofK fOO (o]

divA, =
fe

(Vi - A + Vi - A)). (11.20)

Since 1/v/3 <f. <1,1/v/3 <f, <land|A_| <f.., we use (11.12) and (11.15) to
find

div A, [l 20 < 2311/, 2o { Il 2@ + 1Al 2 } + 23 1Vl 2
< ClIVfllpm@r > + €A+ A7/,

From this and (11.19), the first inequality in (11.18) is true for all ¥ > max{1, 4}.
Using Lemma 2.1 (i), (11.12), and the second inequality in (11.13) we have

”AK”HZ(Q) < C{”le AK“HI(Q) + bll_4K_l/2 + K'_3/2}. (1121)
We use (11.20) to compute d;div A,, then use (11.12), (11.15), the first ine-
quality in (11.18), and use the facts 1/\/5 Sfor fo S L AL < for ALl £ foor
|Vf. ()| £ CA7'k, |D?*f.(x)| < CA72k? to get
l19,div Ajll;20) < CH (1 + A2,

Plugging this back to (11.21) we get,

1A @ < CB(L+ AHA k2,
where,
By =1+b;+ Ak (IVfill o) + IDAL Nl 0)

+ /12K—2||Vfoo||Lw(g)(||Vfoo||L<>°(Q) + I1DA |l 120
B, = ﬂlﬂz + blK_l + A2
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When x > max{1, A} we have f, < b,A™". So the second inequality in (11.18) holds.
O

Proof of part (i) of Proposition 4.7 f._ depends only on Q, A and B;, and N(f) can
be constructed to depend only on Q and f,.. Hence the estimate (4.16) follows from
Lemmas 11.2, 11.3 and (11.15). O

Appendix 5: Additional remarks
Remarks on requirement (5.9)
We consider a problem slightly more general than (5.9):
Problem 12.1 Find conditions on g such that the following equation has a solution
Ay € TC'*(0Q, R3):
v-curl Ay, =g ondQ. (12.1)

We shall see that the solvability of (12.1) depends on both the topology of €
and g. Let us denote the connected components of 0Q by Fj, j=1,...,m+ 1, where
m > 0, and I, denotes the boundary of the infinite connected component of Q°.

Proposition 12.2 Let Q be a bounded domain in R with a C** boundary,
O<a<l

(i) Let g € C*(0Q). Then (12.1) has a solution A; € TC'**(0Q, R?) if and only
if,

/ngszo, =1, mtl. (12.2)

J

(ii) Let H® € C*(0Q, R?) and let ¢y € C** be a solution of (5.4) associated with
u = 0. Then (5.9) holds for some A € TC'**(0Q, R3) ifand only ifg = v - H¢
satisfies (12.2). In particular, if Q has no holes, then this condition is exactly
(2.9).

Proof We only need to prove (i). Let,
Hy(Q) = {we L*(Q R’ : curlw=0 and divw=0 inQ, u; =0 ondQ}.

Then dim H,(Q) = m. Assume (12.1) has a solution A, € TC'™*(0Q, R?) and let
A € C'*%(Q, R3) be a divergence-free extension of Ay, see [43]. Then,

/ gdS=/ v-curl.ATdS=/ v-curlAdS:/divcurlAdx:O.
oQ oQ oQ Q
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This gives (12.2) when m = 0 (namely when Q has no holes). If m > 0, then H,(€2)
has a basis {Vg,} , where g; is a harmonic function in Q and ¢; = J; on I'; for
1 <j <m+ 1. Then we have,

/gdS=/ g;v - curl AdS=/div (gjcurl A)dx=/qu-curl Adx
r; oQ Q Q

= / div (A X Vg,)dx = / v-[AX(Vg)r]ldS = 0.
Q oQ

Hence (12.2) is a necessary condition for (12.1) to have a solution.
To prove (12.2) is also sufficient, let us recall that (see [19, P.223, Proposition 3]),

curl [H! (Q,R*)] = H'(Q,div 0), H(Q,div0) = H"(Q,div 0) & H,(Q),

where,

HI(©Q.div 0) = {w € H@.div 0) : (Lv+ Wog ) =0 forj=1,.m+1}.

Assume g € C*(0Q) satisfies (12.2). Let y be a harmonic function in Q satisfying
‘;—"V’ = gon 0Q. Then,

Vy € C*(Q,R*) n H"(Q, div 0) = C*(Q,R®) ncurl [H! (@, RY)].

So there exists A € H 10(9 div 0) such that curl A = Vy/ in Q. From (2.6) we have
A € C'**(0Q,R?). Let Ay = Ay Then v - curl AT— L=z O

Assume Q satisfies (O). Proposition 12.2 says that for any B, € TC'**(0Q, R3)
satisfying (5.2), and for any H¢ € C*(0Q, R?) satisfying (2.9), there always exists
Ay € TC'*%(0Q, R?) such that (5.9) holds. Therefore for Q, B, and H¢ satisfying
the conditions in Theorem 5.3, we can always find .A; such that there exists A sat-
isfying (3.23)—(1.4) except the boundary condition AJTr = Ay

Remarks on condition (6.15)
As observed in Proposition 6.5, condition (6.15) is necessary for H to produce a
solution of (1.6). Thus it is important to classify vector fields satisfying (6.15). We
start with the following two problems

culw=0, divw=0 inQ°,

Wy =V on 082, (12.3)
lim,_, w(x) =0, LiqV-wdS =0,

and
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curlu=0, diva=0 inQ°,
v-u=g on OQ, (124)
1im|x|—>oo ux) =0.

Lemma 12.3 Assume Q satisfies (O) withr > 3and0 < a < 1.
(i) Foranyv € B*%(0Q), (12.3) has a unique solution w, and

w € C2(Qe, RY) 0 C*(Qe, R, [|wl| @) S CrEQ OVl c2vaony-
(12.5)

(ii) For any g € C?*%(0Q), (12.4) has a unique solution u, and

ue Clznta(ﬁ’ [R?’) N Ca(ﬁ, RB), “u”CH“(@) S Cz(Q, a)||gllcz+a(ag).

Proof Existence of a unique solution of (12.3) follows from [39, Theorem 3.3
(b)], and that of (12.4) follows from [39, Theorem 3.2]. The C2+* estimate can be
obtained using the integral equations given in the proof of Theorem 4.2 in [39]. []

The vector fields H satisfying (6.10) and the vector fields W(v) satisfying (6.28)
are connected by the relation
H =H+W(v).

Definition 12.4 Assume Q satisfies (O) with r > 3 and 0 < a < 1, and H* satisfies
(H). Let v € B**(9Q) satisfy (6.28). We denote by W(v) the unique solution w of
(12.3) with boundary date v and define,

V) = v - W), (12.6)

where v is the unit outer normal vector to 0€2. We also define,

L(A,v) =v- [SULHD +v)] ", (12.7)

where S(4, (H;)Jr +v) is the solution Hy of (6.2) with boundary data
(Hg); = (H7)* + v as defined in Definition 6.4.
With these maps, the comparability condition (6.15) can be written as,

C(A,v)y=v-(H)"+Z(v) onodQ, (12.8)
and the solvability condition (6.33) can be written as

a¢v,0

T(Av)=v-(HO) + on 0Q, (12.9)
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where ¢,  is the solution of (6.29) for this v and for = 0.

Under the assumptions in the above definition, from Lemma 12.3 we know that
w = W(v) exists and is unique, hence the operators Z(v) is well-defined. Since
v € B>*(9Q) satisfies (6.28), so H = H° + w satisfies (6.10) in Q°, and Z(v) is
well-defined. From [5, Theorem 1] we know that the solution Hg, of (6.2) in Q with
boundary condition (Hg); = H; exists and is unique, so I'(4,v) is well-defined. If
the condition (12.8) holds, then H satisfies (6.15).

Note that £ maps the tangential component WJTr = v of the solution w = W(v)
of (12.3) to the normal component v-w*, and I' maps the tangential compo-
nent (Hp); = (H;)Jr +v of a solution H, of (6.2) to its normal component
v-Hg =v-[S(4, (H;)+ + v)]~. Thus both operators may be called the Dirichlet-to-
Neumann maps, while X is a linear operator with respect to an equation in the exte-
rior domain, I'(4, -) is a nonlinear operator related to an equation in €. Recall that

/ T'(A,v)dS = 0, / T(v)dS = 0,
0Q 0Q

where the first equality comes from the divergence theorem because div Hy = 0 in
Q, and the second equality comes from the last condition in (12.3).

Lemma 12.5 Assume Q satisfies (O) withr > 3 and 0 < a < 1. Then the operator
T TCH(0Q,R3) —» C**%(9Q)

is a homeomorphism, where

Ck+a(ag) = {g c Ck+a(d§2) : / gx)dS = 0},
0Q

Proof Using (12.5) we have, for any v € B>+*(0Q) and w = W(v),
”E(V)“cm(ag) =|lv- W||c2+ﬂ(ag) < ||W||C2+a(§) < C1||V||c2+a(agz)-

Hence X is a continuous linear operator. On the other hand, from Lemma 12.3 (ii),
for any g € C***(0Q,0), (12.4) has a unique solution u. Denote v = u;. Then u is
also a solution of (12.3) with boundary data v =u;,. Hence g = v - u = Z(v). Thus
is surjective, and

||V||c2+a(og) =||uT||c2+fr(aQ) < ”u”czw(@) < Gy (L, a)||g||c2+n(ag) = C2||Z(V)”c2+a(()g)-

O

Now we mention that finding W(v) satisfying (12.8) is not a trivial question. In fact,
if w = W(v) satisfies (12.8), then w is a solution of
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curlw=0, divw=0 inQ°,
w = wy(V) on 0Q, (12.10)
lim|x|—>oo wix) =0

where w,(v) = v+ I'(4,v) — v - (H°)". Note that (12.10) is a div-curl system with a
boundary condition of prescribing the full trace, which may not be solvable for an
arbitrary boundary data w,,

Appendix 6: Proof of Lemma 7.1

Step 1 We prove (i). Let (f,A) € C3(Q)x C*(Q,Q¢,R3) be a solution of
(1.3)=(1.4) with £ >0 on Q, and H = Acurl A. Then He C2(Q RHNC (QC R3)
and H; € C°0Q,R?), so He C*(Q,Q,R%. From (1.3) and (I 4) we see
that (f, H) is a solution of (1.11)~(1.12). If in addition A € C*'(Q,Qc,R),
then A;€C!(0Q,R%, and hence v-H=Av-curl(A;)€ CO(()Q) S0
H e C*(Q, Q< R3). _ o

Step 2 We prove (iia). Assume (f, H) € C**(Q) x C*+*0(Q, Q¢, R?) is a solution
of (1.11)—(1.12) with f > 0 on Qand0< a < 1. Applying the Schauder estimate to
the Neumann problem for f (see (4.7)) we conclude that f € C3+*(Q). _

Since Q is simply-connected and without holes, and H € C3*(Q, div 0), there
exists a unique B € Cﬁg"(ﬂ, div 0) solving (9.20). Let Q = A*’f~%curl H + B. Then
Q e C**(Q, R?). From (1.11) curl Q = 0, so Q = V¢ for some ¢ € C3+*(Q), hence

B-Vo+ A3 2curl H=0. (13.1)
Let
A= 11(B - Vo). (13.2)

Then A’ € C**(Q, R?) and Al € TC***(0Q,R%). From the first two equalities in
(1.11) we see that (f, A") satisfies the first two equalities in (1.3).
For the H given above, we can find B € CIZOJ;”‘(QC, R3) N C'*9(Q¢, R3) satisfying

Acurl B=H-H¢, divB =0 inQ°,
Br=AL —F7 on 0Q, (13.3)
/0Q v-BdS=0.

In fact, using (7.1) and arguing as in the proof of [42, Lemma 3.3] we can verify that
Avecurl [vx (A" = F9)] = —v - (H - H°),

and for any closed and oriented surface ¥ C Q€ it holds that

/v2 . (H = H)dS = 0.

z
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Recalling that Q is simply-connected and has no holes, applying [39, Theorem 3.3]
we see that (13.3) has a solution B € C'*5(Q¢, R?) which decays at infinity. Using
local estimate as in the proof of [42, Lemma 3.3] we can show that 3 € Clzot”(QC, R3)

Define A? on@by letting A = F¢ + B.Then A® € C2+"’(QC R3) N C1+6(Qe, R).
Since (A)™ — (A2t € C2*(0Q, R3), we can find ¢ € G +”‘(QC) satisfying

¢=0 and % =v-[A)" - (A%)*] onoQ. (13.4)

Existence of ¢ can be proved by using the trace theorem of HZ(Q°). Set
A? = A° + V¢, and define a vector field A on R> by letting A = A’ inQand A = A°
in Q°. Then A satisfies the first three equations in (1.3), A € C***0(Q, Qc, R%) and
[A] =0 on 0Q. So (f,A) is a solution of (1.3)~(1.4). Since A’ € C***(Q, R?) and
A°=F°4+B+Vpe C2+"(QC R3), we have A € C***0(Q, Q¢, R3).

Step 3. We prove (i (11b) Since H € C2**9(Q, Qc, R3) and H — H° € c (QC R3),
we have H¢ € C2 (e, R3). Define B and A’ as in step 2, and let ¢ be the functlon in
(13.1). Since H E C2+"‘(Q R3), from [44, Lemma 2.1 (ii)] we have B € C3*%(Q, R3),
and from (13.1) we see @ € C2+"(Q) Since v - curl H = 0, from (13.1) we see that
@ satisfies

Ap =2V -curlH inQ, ‘;—q’ =0 on 9. (13.5)
\%

The right side of the first equation in (13.5) belongs to C!**(Q), hence ¢ € C3*(Q).
Then from (13.2) A’ € C2+”‘(Q R?), so Al € TC***(0Q, R?). Let B be the solu-
tion of (13.3). Since H* € C;, (Q¢,R?) and T’e € C2+"(aQ R?), as in step 2 we can
show B € C2r(Qe, R%) n CTH(Qc, R?). Then A” = F*+ 5 € C2H(Qr, RY). So
(A~ — (A")Jr € C***(9Q, R3), and we can find a function ¢ € C3+"’(QC) which sat-
isfies (13.4). Thus A’ = Ao+ Vo € C2+"’(QC R3). Define A as in Step 2. We see
that A € C2+*0(Q, Qc,R3), and (f, A) is a solution of problem (1.3)—(1.4). From the
condition v - curl H = 0 on 092 , the fact A € Cz(Q R3), and using the second equa-
tion in (1.3), we see that v - A = 0 on 0Q. Thus (f, A) is a Meissner solution of prob-
lem (1.3)~(1.4). O

Appendix 7: Notations

AQ,R3), AQ,R3, A71H°) (3.1)
B(Q,R3) 3.1
B*9(0Q), B+(Q) (4.8), (4.9)
CH*(0Q, R3) Definition 3.7
Ck+a.m+ﬂ(§’§’ R3), C;{+a.m+ﬁ(§’§’ R3) (3.18)
Conditions (F), (H), (H,), (0) Section 2.3

@ Springer



Meissner states of type Il superconductors

521

H(').IOC(QL‘) beginning of Section 5
H(Q, div ), H(Q, div 0) section 2

H (L, curl ), H(Q, curl 0) section 2
H,oo(D, div), H (D, curl) @.1)
H(Q,R?), H(Q,R3, A~'H®) (3.9)

K(Q). KQQ), K5, KiQ) 4.3)

K(Q), K(Q), Ks(Q) (4.10)
THY(Q,R?), TCH**(0Q, R%) (2.3)

UQ), UQ), Uy(Q) (4.10)
U(Q,R3) (3.9)

V() (3.24)
W(Q), W,(Q) (3.24)
Z(Q°) (3.26)
Aea(Q, By), kea(Q, By, 4) Theorem 4.9
An(Q, Hy) Lemma 6.2
A, (Q, ) (6.19)
Ara(Q, g9), Kpa(€2, €0, 4) (7.7)
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