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Abstract Starting from the Hardy—Sobolev—Maz’ya inequality, we present all
known Hardy—Sobolev-type inequalities involving the distance to the boundary of a
half space. We give the simpler proofs known in this particular case. Related
inequalities are discussed and two open questions are stated.
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1 Introduction

Let R stand for the following half-space R’ :={(x,x,) | X' = (x1,...,x,—1) €
R"!' x, >0}, n € N. The Hardy inequality in R’ asserts that i f p > 1 then

J

with the best possible constant. In particular, an integration by parts shows that
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An application of Holder’s inequality with conjugate exponents p and p/(p — 1) on
the left term gives the stronger form of (1) with |u, | in place of |Vu]."

The Hardy—Sobolev—Maz’ya inequality: For p = 2, the critical Sobolev norm can
be added on the right hand side of (1). More precisely, Maz’ya in his treatise [10]
proved that for n > 3 there exists a positive constant C such that

1/2 1/2*
2 1 142 / 2* ! 0 (on
) [Vu| dx—Z ) x—zdx >C ) |u|” dx forall u € C(RY),
R+ R+ n R+
2)

where 2* := 2n/(n — 2). In [2] the optimal constant C in three dimensions is found
to be the same with the best constant in the Sobolev inequality, while in [13] it has
been shown that this fails in higher dimensions.

The Hardy—Sobolev inequality: The p-version of (2) for 2<p<mn is
p—1 p W 1/p | 1/p
(/ [Vuldx — (7) / —,dx) EC(/ |ul? dx) forall u € C*(R'}),
R p R X R
(3)

where p* = np/(n — p). This has been established in [4] (see §3 of this note) and
later on with a different method in [6]. However, both approaches seem to fail
giving (3) for 1 <p<2.

n n
+ +

Question 1: Is (3) true for 1 <p<2?
Having in mind the Sobolev embedding theorem, it is natural to ask for the
corresponding inequalities when p > n.

The Hardy—Morrey inequality: In [5] (see §4 of this note) the complete answer in
the case p > n was given. More precisely, if p > n>2 there exists a positive
constant C such that

|u(x) = u(y)] p—1Y’
sup ., —I_WSC i |Vu‘pdx— T
x,y € R lx =yl RY

xXFy

- MP 1/p
/ 7 dx) forall u € C*(R} ).
R An

4)

! This observation is well known and applies to the whole note and also to all known Hardy inequalities
obtained by integration by parts and Holder’s inequality, even with remainder terms. For example, it
follows from the proof in [1], that when the weight in the Hardy inequality involves the distance to the
boundary dpg of a weakly mean convex domain Q, or the distance to a point xy of any subset of R", then
one can replace |Vu(x)| by |Vu(x) - Vdaa(x)|, or |Vu(x) - 222, respectively.

’ [x—xo]
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Moreover, (4) fails for n =1 (see [5, §7] for a sharp substitute in this case).

The Hardy-Moser-Trudinger inequality: In the case p = n = 2, the following
sharp result has been established in [9]: There exists a positive constant C such that

Amu? 2
/ e . u < ’
R?

i 2

1 2
forallu € C°(R%) satisfying/ |Vul*dx — f/ ”—zdxg 1.
¢ R? 4 R2 X2

The proof uses the Riemann mapping theorem and it is natural to ask for a
dimensional free proof and the following generalization

Question 2: Let n € N\{1}. Does there exists a positive constant C > 0 such that

_ _ Un, jnf(n—1)
exp {(nw}l/n|u|)”/<” 1)} _ Z]”:Ol (n("n x“;l)]
I
n

X
e s n n—1\" [ |u
forall u € C°(R', )satisfying |[Vul"dx — | —— —dx <17
R’ n

i L n

dx<C,

n
+

Here we have denoted by m, the volume of the unit ball in R". Some subcritical
results have been obtained in [5]: a Hardy—John—Nirenberg inequality and also
Theorem B for p = n there, which in this note is the outcome of (6) applied to (7)
and taking p = n.

2 Two lower estimates on the Hardy difference

We recall here two estimates that we are going to use in the proofs of (3) and (4).

2.1 A lower estimate from the ground state transform

In [1] the authors obtained various auxiliary lower bounds for the Hardy difference:

n V4 p— 1 b |u|p 00 (DN
LR = [ |Vapde— (2= Yrdr, ue CE(RY).
R P R n

d
In particular, the ground state transform

n
+

implies

n p—1 ~1/p 1-1/p g
I[u; R ] = . x, '"Pve, +x,” PVvy| —
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This together with the vectorial inequality (see [8])
la+ b’ —|af > (2" = 1)"'bf + plal’ *a-b, forall a,b € R'andp >2,
gives the following lower estimate on /,[u; R, ] (see [1, Lemma 3.3])

—1\?!
L[u; R ] > cp/ Vv Pdx + (p_) / V|v[P - e,dx
R p R

’ (6)
=6 xz_l |vv|pdxa
R’
where ¢, = (27" — 1) and p>2.

2.2 A lower estimate from an inequality by Cabré and Ros-Oton

In [5] the following sharp lower estimate of the functional that appears on the right
hand side of (0) is given: Let b, p, ¢ satisfy

np

n
—1<b<0,1< — dqg:=——77+—.
=PsUisp=ymo, andd n—pb+1)

+1
There exists a positive constant C such that

q rla
[oatwsraczc( [ (grrm) e) " oratvecr@). )
R RY

+

This is to be compared with the case where the monomial weight in [3, Theo-
rem 1.3], degenerates to the distance from the boundary of the half-space. In par-
ticular, by the choice A; =0 for all i=1,...,n—1 and A, =p — 1 in [3], one
deduces the following weighted Sobolev inequality

(n—1)/(p+n—1)
/Xﬁ"IVVI”deC(/ e gy forall v e CX(R"),
R R’

(8)
which for v € C2*(R'}) is a special case of (7), as one can easily check by taking
b=—(p—1)/(p+n—1). Let us mention that the best constant C in the above
inequality is obtained in [3], and that for p =2 this inequality (with its sharp
constant) was known before by a result of Maz’ya and Shaposhnikova (see [11, §6]).

3 Proof of the Hardy-Sobolev inequality

Let u € C2°(R’}). Following [4], we start from the Gagliardo-Nirenberg inequality

1-1/n
noy ( / e ax) < / [Vfldx  forallf € WhH(R"),
R" R"
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and setting f = ‘M|P*<171/n)

ijn_"—P / p* 1=1/n / p*(1-1/p)
nw, ul” dx < u Vu|dx. 9
P(”*1)<R1|| ) R1|| IV ®)

To estimate the term of the right hand side of (9), we set u = x},’l/” v to obtain

we get

/ |u|”*(l_l/p)|Vu|dx _ |u|p*(1—l/p)
R R

—1
X1y —|—p—x;l/”ven dx
4

S/ Jul? PP 7y
= (10)
=A

n 1%1/” @ 0=1PP=1/p),

p-1p)+ g

+

=B
To ease the computation, we set
* 2

p=p"(1-1/p)"+1-1/p,

so that
B— / x§’1|v|ﬁ”/(pfl)dx.
RL

To estimate B we integrate by parts as follows

1

B=— [ Vil.e, \v\ﬁp/(pfl)dx,
B Jre
—— L Bl e, da
P—1/m
==L [ ey e dr
p—1Jm
P
< A

Inserting this into (10), we obtain

/ uf? P || dx < 2A. (11)
-

+

Now we estimate A using Holder’s inequality as follows
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A :/ {|u|p¥(l_1/’7>}{x,lfl/"’|Vv|}dx
Y

“(1—1 _ l/l’

ZE(R;fp)(/Rn X, 1|VV|pd’C)

(1-1 n
) s R,

<c_1/P||u

where we have used (6). Inserting the above estimate of A in (11), we get

“(1-1 n
e (s R )

[l e < 26,
.

+

Coupling this with (9) we deduce (3).

4 Proof of the Hardy—Morrey inequality

We first recall Morrey’s “Dirichlet growth” theorem (see [12, Theorem 3.5.2] or [7,
Theorem 7.19]).
Theorem 4.1 Let Q be a domain in R",n> 1. Let u € C>°(Q) and suppose that for
some M > 0 and o € (0, 1] the following estimate is true for all B, C R"
/ |Vu|dx < My~ 12, (12)
B,

Then there exists c(n,o) > 0 such that for all B, C R"

sup [u(x) — u(y)| < cMr*,

X,yEB;

or, equivalently (since u is compactly supported)

wp U
x,y €Q x =yl

xFy

In view of the above theorem, for (4) to be true, it is enough to establish the
following estimate

/B |Vu|dx < c(I]u; Ri])l/pr”“’l/”), (13)

for all r > 0 and for some positive constant ¢ that depends only on n. To this end, let
B, C R" such that B, N R". # (). Setting u = x\~'/’v we have
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—1
/ IVuldx < / x,lfl/"’|Vv|dx+p—/ P pyd.
B, B, p B,

—_— —
=K, =L,

Using first Holder’s inequality and then (6) we get

1/p
Ko< ([ ora) o
B,

D NLP (1
< C(n,p) (I, [u; R7)) P (-1/r)

(14)

We will next estimate L,. Setting ¢ :=p(p+n—1)/(n—1) we apply Holder’s
inequality as follows

L= [l Dl Dy
BV

1/q 1-1/q 1 -1
(e () o ()it
B, B,AR" P q )gq-—1

To estimate the right factor in (15), let O», be the cube with the same center as B,
and edges of length 2r that are parallel to the coordinate axes. Then

/ x; ldx < / x; Ydx
B,NR", (gl

Yutr
= (2" / x;, Ydx,

max{0,y,—r}

(15)

1 e _ -
= m(2;’) 1((yn +7r)! 0_ max{0, y, — r}' 9),

where y, is the n-th coordinate of the center of B,. If y, <r then
1 e
/ X;deg ﬁ(Zr) 0. (16)
B.NR" -

If y, > r, then since 0 € (0,1) there holds o'~ — =0 < (e — )™’ for all
o> >0, and thus (16) again holds true.

The left factor in (15) increases if we integrate in the whole R, and we may use
first (8) and then (6) to estimate it by the Hardy difference. Altogether, we arrive at

L, < C(n,p) (I u; Q]) /" rn=0a-V/a.

This is the desired estimate (13), since

The proof is complete. O
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