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Abstract
Pinch analysis is a well-established technique to achieve sustainable development through conservation of various resources. The
techniques of pinch analysis are also applied for cost minimisation in several problems as cost-effectiveness plays a major role in
decision making for any industry. In this paper, cost optimality of a special kind of resource allocation problem, called segregated
targeting problemwith dedicated sources, is addressed. A segregated targeting problem consists of multiple set of demands called
zones and a set of common internal sources. Dedicated sources are the internal sources which are specific to a zone in which they
are present and are not shared with other zones. Amathematically rigorous methodology is developed in this paper and a quantity
with the dimension of per unit cost that sets the preference for the distribution of flow from different sources to demands is
identified. The applicability of the proposed methodology is demonstrated through three illustrative examples from diverse
domains: carbon constrained energy sector planning, water allocation network, and integrated iron and steel mill.
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Nomenclature
C Cost (billion $, $/h, $/year)
crk Per unit cost of resource present in kth zone ($/MJ, $/t, $/m3)
Fsi Flow of ith internal source (TJ, t/h, million m3/year)
Fdjk Flow of jth demand of kth zone (TJ, t/h, million m3/year)
FDSlk Flow of lth dedicated source present in kth zone (TJ, t/h, million

m3/year)
fijk Flow transferred from ith source to jth demand of kth zone (TJ,

t/h, million m3/year)
fiw Flow transferred from ith source to waste (TJ, t/h, million m3/

year)
fljk Flow transferred from lth dedicated source to jth demand of kth

zone (TJ, t/h, million m3/year)
flwk Flow transferred from lth dedicated source of kth zone to waste

(TJ, t/h, million m3/year)
frjk Flow transferred from resource to jth demand of kth zone (TJ, t/h,

million m3/year)
P Cost-benefit number ($/MJ, $/t, $/m3)
qDSlk Quality of lth dedicated source present in kth zone (t/TJ, ppm,

mg/L)
qdjk Quality of jth demand of kth zone (t/TJ, ppm, mg/L)
qpk Quality of pinch point of kth zone (t/TJ, ppm, mg/L)
qrk Quality of resource at kth zone (t/TJ, ppm, mg/L)

qsi Quality of ith source (t/TJ, ppm, mg/L)
qsm Quality of mth internal source (t/TJ, ppm, mg/L)
Rk Resource present in kth zone (TJ, t/h, million m3/year)
Rsi Resource required in a zone if ith source is the pinch source (TJ,

t/h, million m3/year)
Rp Actual resource required in a zone (TJ, t/h, million m3/year)
W Waste (TJ, t/h, million m3/year)
δ Flow transferred from internal source to different zones (TJ, t/h,

million m3/year)
Δ Minimum flow transferred from internal source to change the

pinch point (TJ, t/h, million m3/year)
α Minimum of the flow available in mth internal source and the

flow needed for pinch jump (TJ, t/h, million m3/year)

Subscripts
DS Dedicated source
d Demand
i,m Source index
j Demand index
l Dedicated source index
k Resource index
max Maximum
min Minimum
p Pinch point index
r Resource indices
s Source
w Waste
1, 2,…, N indices
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Introduction

Countries all over the world are coming together and mak-
ing several attempts (Kyoto Protocol, Paris Agreement,
etc.) to combat and reduce the effects of climate change.
It is believed that climate change is majorly caused by
industrial activities. Industries discharge huge amount of
pollutants (wastewater, carbon dioxide, etc.) into the envi-
ronment every year and consume large quantities of re-
sources (freshwater, hydrogen, fossil fuels, etc.).
Different countries are making different laws and policies
to control the industrial pollution. These laws are getting
stringent with each passing day and, thus, forcing indus-
tries to move towards more sustainable options for their
operations. It includes minimising the discharge of untreat-
ed waste in the environment as well as minimising their
resource consumption. However, cost-effectiveness of
these measures is the priority concern for all the industries.

Pinch analysis, a thermodynamics based process synthesis
approach, helps to minimise resource consumption and waste
generation. It started as a tool for minimising utilities in heat
exchanger networks (Linnhoff et al. 1982) and soon extended
for minimising resources in many industrial applications as
shown in Table 1. This table is basically adopted from Sahu
and Bandyopadhyay (2011) and Tan et al. (2015). Table 1 also
indicates equivalence of temperature and enthalpy in heat
exchanger networks, for other applications. Problems listed
in Table 1 minimises only one objective function. In

addition to these single objective problems, Krishna Priya
and Bandyopadhyay (2017) have successfully applied pinch
analysis to multiple objectives problems involving power sys-
tem planning. Apart from resource conservation, pinch anal-
ysis is also applied for cost optimality of various networks, for
example, heat exchanger networks (Linnhoff and Ahmad
1990), water networks (Hallale and Fraser 1998), and distilla-
tion columns (Bandyopadhyay et al. 1999). Shenoy and
Bandyopadhyay (2007) introduced the concept of prioritised
cost to determine the cost optimal solution for problems in-
volving multiple resources.

Lee et al. (2009) identified a special type of resource con-
servation problem, called segregated targeting problem for
carbon constraint energy sector planning. This problem is later
generalised by Bandyopadhyay et al. (2010b) for various re-
source allocation networks. A segregated targeting problem
consists of multiple sets of demands called zones and a set
of common internal sources. These sources are shared
between all the zones. Each zone also contains a resource
which is dedicated to the zone in which it is present and is
not shared with other zones. Bandyopadhyay et al. (2010b)
developed a decomposition algorithm using the concept of
pinch analysis to determine the resource optimal solution for
such problems. Chandrayan and Bandyopadhyay (2014) in-
troduced economic aspect to the segregated targeting prob-
lems where each resource is characterised by two parameters:
quality and cost. The concepts of prioritised cost, developed
by Shenoy and Bandyopadhyay (2007), were applied by

Table 1 A list of different industrial problems addressed by pinch analysis

Flow Quality Quality load
(flow × quality)

Application (reference)

Heat capacity flowrate Temperature Heat duty Heat exchanger network (Linnhoff et al. 1982)
Cogeneration analysis (Bandyopadhyay et al. 2010a)
Multiple effect evaporator system

(Sharan and Bandyopadhyay 2017)
Mass flowrate Contaminant

concentration
Contaminant mass load Mass exchanger network

(El-Halwagi and Manousiouthakis 1989)
Water network (Wang and Smith 1994)
Combined water-oxygen pinch analysis

(Zhelev and Ntlhakana 1999)
Hydrogen network (Alves and Towler 2002)
Utility gas networks (Foo and Manan 2006)
Unconventional gas field development (Foo et al. 2016)

Product rate Time Material load Aggregate production planning (Singhvi and Shenoy 2002)
Power Time Energy Isolated energy system (Bandyopadhyay 2011)
Mass flowrate Property Property load Property based material recovery

(Kazantzi and El-Halwagi 2005)
Energy Emission Factor Emission Energy sector planning (Tan and Foo 2007)
Energy Transformity Emergy Energy sector planning based on emergy transformity

(Bandyopadhyay et al. 2010b)
Benefit Cost-benefit ratio Cost Industrial safety risk and environmental management

(Tan et al. 2016)
Investment Discounted return on investment Net present value Financial pinch analysis (Roychaudhuri et al. 2017)
Carbon equivalent mass flowrate Impurity concentration Impurity load Biochar based carbon management (Tan et al. 2017)
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Chandrayan and Bandyopadhyay (2014) to determine the cost
optimal solution. Jain and Bandyopadhyay (2017) noted that
due to different process constraints like safety, flexibility, the
proximity of different sources from different demands, etc.,
there is a necessity that some sources should be considered as
dedicated sources for particular zones. These dedicated
sources are specific to the zone in which they are present
and are not shared with other zones. These types of
problems are called segregated targeting problems with
dedicated sources. Jain and Bandyopadhyay (2017) intro-
duced the concept of Benefit number that helps in determining
the resource optimal solution for segregated targeting prob-
lems with dedicated sources. However, apart from determin-
ing optimum resource, the minimisation of the overall cost is
the major factor which dictates the economic feasibility of a
problem and, hence, its acceptability by the industries.

In this paper, the economic aspect of a general segre-
gated targeting problem with dedicated sources is
discussed. It is assumed that the resource of each zone
has a cost attribute attached to it. A new methodology,
based on the concepts of pinch analysis, is developed
for determining the cost optimal solution for segregated
targeting problem with dedicated sources. The proposed
methodology is based on the objective that the distribu-
tion of sources among different zones is governed by the
preference of minimising the overall cost. Introduction of
the proposed methodology is essential as the algorithm
derived by Chandrayan and Bandyopadhyay (2014) for
cost optimality of segregated problems cannot be directly
applied due to the presence of dedicated sources. The
proposed algorithm is generic in nature and the applica-
bility of the proposed algorithm is demonstrated through
three different examples from various domains: carbon
constrained energy sector planning, water allocation net-
work, and integrated iron and steel mill.

Problem Definition and Mathematical
Formulation

The general problem for segregated targeting problem
with dedicated sources is described through a super-
structure, shown in Fig. 1. It consists of a set of com-
mon sources called internal sources and multiple sets of
demands called zones. Each zone has a resource associ-
ated with it and a set of dedicated internal sources.
These dedicated sources are specific to the zone in
which they are present and are not shared with other
zones. The demands of each zone are satisfied by using
the dedicated internal sources, common internal sources,
and the resource. The objective of the problem is to
minimise the overall cost of the resources.

The problem can be mathematically stated as follows:

& A set of Ns common internal source is given. Each source
i (1, 2,…,Ns) produces a flow Fsi at quality qsi.

& A set of Nz zones is given. Each zone (k = 1, 2, …, Nz)
consists of a dedicated resource, a set of demands and a set
of dedicated internal sources. For a zone k, each demand
(j = 1, 2,…, Ndk), requires flow Fdjk at a maximum allow-
able quality limit of qdjk. Each dedicated source (l = 1, 2,
…, NDSk) produces a flow FDSlk at a given quality qDSlk.
These sources are specific to the zone in which they
are present and are not shared by other zones. That
is, the dedicated source present in zone 1 cannot
supply flow to zone 2. The resource, Rk, present in
zone k produces flow at quality qrk and has a cost
associated with it (crk).

& The resources, common internal sources, and dedicated
sources are utilised to satisfy the demands present in the
problem. Unutilised flow from internal sources and dedi-
cated sources is thrown to an external demand called
waste. Waste does not have any flow and quality
limitations.

& The objective of the problem is to minimise the overall
cost of the resources while satisfying the flow and quality
load constraints of the demands.

It should be noted that the flows are defined by non-
negative real numbers and qualities are defined by real
numbers. Quality follows an inverse scale, that is, the
higher numerical value of quality indicates its inferiority.

Let fijk be the flow transferred from internal source i
to demand j of zone k and fiw be the flow transferred
from internal source i to the waste. Let fljk be the flow
transferred from dedicated source l to demand j of zone
k and flwk be the flow transferred from dedicated source
l present in zone k to waste. Let frjk be the flow trans-
ferred from resource present in zone k to demand j
present in the same zone. Equation 1 represents the
flow constraint for internal sources. The flow constraint
for dedicated sources is given by Eq. 2. Equations 3
and 4 express the flow and quality load constraints for
the demands.

∑
k¼1

Nz

∑
j¼1

Ndk

f ijk þ f iw ¼ Fsi∀i∈ 1; 2;…;Nsf g ð1Þ

∑
j¼1

Ndk

f ljk þ f lwk

¼ FDSlk∀l∈ 1; 2;…;NDSkf g;∀k∈ 1; 2;…;Nzf g ð2Þ

∑
i¼1

Ns

f ijk þ ∑
l¼1

NDSk

f ljk þ f rjk

¼ Fdjk∀ j∈ 1; 2;…;Ndkf g;∀k∈ 1; 2;…;Nzf g ð3Þ
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∑
i¼1

Ns

f ijkqsi þ ∑
l¼1

NDSk

f ljkqDSlk

þ f rjkqrk ≤ Fdjkqdjk∀ j∈ 1; 2;…;Ndkf g;∀k∈ 1; 2;…;Nzf g
ð4Þ

The objective is to minimise the overall cost of the re-
sources being utilised in the problem.

C ¼ ∑
k¼1

Nz

∑
j¼1

Ndk

crk f rjk ð5Þ

Equations 1–5 shows that the constraints and the objective
function are linear in nature, and hence, this is a linear pro-
gramming problem. In next section, the cost optimal segregat-
ed targeting problem is mathematically analysed using the
concepts of pinch analysis.

Mathematical Analysis

Let us assume that there are two zones with resource quality
qr1 and qr2 and let the cost associated with these two zones be
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cr1 and cr2. Let each zone be targeted individually by using
only the resource and the dedicated sources present in each
zone. After this targeting is performed, three possible cases
may arise.

Case 1: Both the zones have the pinch points.
Case 2: One zone has the pinch point while the other does
not have the pinch point (threshold problem).
Case 3: None of the zones have the pinch point (both are
threshold problems).

In all the three cases, the addition of flow from com-
mon internal sources to these zones may lead to a re-
duction in total cost of the resources being utilised in
the problem. However, the optimal reduction of cost for
each resource depends on the distribution of internal
sources in both the zones.

Optimality Condition for Case 1

Consider case 1, where both the zones have the pinch
points. Let qp1 be the pinch point for zone 1 and qp2 be
the pinch point for zone 2. The resource requirement for
these zones can be obtained by an expression derived
by Bandyopadhyay (2015), shown in Eq. 6, and the
total cost for both the zones is given by Eq. 7.

Rk ¼ ∑
j ¼ 1

qdjk ≤qpk

Ndk

Fdjk

qpk−qdjk
� �

qpk−qrk
� � − ∑

i ¼ 1
qsi≤qpk

Ns

Fsi

qpk−qsi
� �

qpk−qrk
� �

ð6Þ
C ¼ cr1R1 þ cr2R2 ð7Þ

The reduction in cost (ΔC) obtained by transferring δ
amount of flow from mth internal source to zone 1 is shown
in Eq. 8.

ΔC1 ¼ cr1δ
qp1−qsm

� �

qp1−qr1
� � ð8Þ

Similarly, when δ is transferred frommth internal source to
zone 2 instead of zone 1, the reduction in total cost is as
follows:

ΔC2 ¼ cr2δ
qp2−qsm

� �

qp2−qr2
� � ð9Þ

It is concluded from Eqs. 8 and 9 that to achieve the
maximum reduction in the overall cost of the resources,
δ is transferred to that zone which has the highest value

of cost-benefit number (P(m, k)) as expressed in Eq. 10
and shown in Fig. 2.

P m; kð Þ ¼ crk
qpk−qsm

� �

qpk−qrk
� � ð10Þ

It is noted from Eq. 10 that for the cost-benefit number
to be positive, quality of mth source (qsm) from where the
flow is being transferred should be less than the pinch
quality (qpk) of the zone. This mathematical analysis
proves Lemma 1.

Lemma 1 Cost optimality in a segregated targeting problem
with dedicated sources, involving two zones, is achieved by
transferring internal source to the zone, having the highest
value of the cost-benefit number.

Lemma 1 is used to generalise the cost optimality condition
for k zones as follows:

Theorem In a segregated targeting problem with dedicat-
ed sources, having k zones, the cost optimality is
achieved by transferring flow from internal sources to
the zone having the highest value of the cost-benefit
number.

Proof The proof is trivial for a problem involving only one
zone. Well ordering principle of real numbers is used for
proving the theorem for k zones. P(m, k) is a real number
and according to the well ordering principle, for k ≥ 1,
P(m, k) have the highest value for some k. As stated by
Eqs. 8 and 9, the maximum reduction in the overall cost
can be achieved by transferring flow from internal sources
to kth zone as it has the maximum value of P(m, k).

It is inferred from the above theorem that the cost-
benefit number plays an important role in determining
the cost optimal solution for segregated targeting prob-
lem involving dedicated sources. The above theorem is
a generalised optimality condition for cost optimality in
various resource conservations networks. Under special
cases, it reduces to specific cost optimality conditions as
demonstrated through following two corollaries.

Corollary 1 In a segregated targeting problem with dedicated
sources, if the pinch qualities of all the zones are the same,
then the cost optimality is achieved by distributing the internal
sources according to the prioritised cost.

Proof Corollary 1 is proved for two zones and can be gener-
alised easily for k zones. Let us assume that qp1 is the pinch
point for zone 1 and qp2 is the pinch point for zone 2. Let the
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flow from mth internal source transferred to zone 1 and thus
according to the Theorem, Eq. 11 holds true.

cr1
qp1−qsm

� �

qp1−qr1
� � ≥cr2

qp2−qsm
� �

qp2−qr2
� � ð11Þ

Let us assume that the pinch point of zone 1 is equal
to the pinch point of zone 2, that is qp1 = qp2. Then, Eq.
11 is reduced to Eq. 12, which is same as the prioritised
cost derived by Shenoy and Bandyopadhyay (2007).

cr1

qp2−qr1
� �≥ cr2

qp2−qr2
� � ð12Þ

Corollary 2 In a segregated targeting problem with dedicated
sources, if the cost of all the resources are equal, then the
overall cost optimality (equivalent to the total resource opti-
mality) can be achieved by distributing the flow of internal
sources according to the benefit number, (qpk − qsm)/(qpk −
qrs).

It is seen from Eq. 10 that if the costs of all the
resources are identical, then the cost-benefit number is
essentially reduced to benefit number derived by Jain
and Bandyopadhyay (2017).

It is also seen from Eq.10 that for a particular internal
source, the cost-benefit number depends on the pinch
quality of a zone, the quality and per unit cost of its
resource. For a zone, the quality and per unit cost of its
resources remains unchanged, whereas on addition and
removal of flow from a zone, its pinch quality may
change. With the change in pinch quality, the cost-
benefit number will change and, as a result, the distribu-
tion of internal source in different zones may also change.
Therefore, it is essential to determine the minimum flow
required to change the pinch point of a zone.

Condition for Pinch Jump

Jain and Bandyopadhyay (2017) have presented a de-
tailed study about the characteristics of pinch jump.
These characteristics describe the change in pinch point
on addition and subtraction of flows from a network
(stated in Lemmas 2–7). These lemmas are mathemati-
cally proved by Jain and Bandyopadhyay (2017).

Lemma 2 The pinch point of a zone remains unchanged when
the flow is added in the above pinch region.

Lemma 3 The pinch point of the zone can jump only in
the below pinch region when the flow is added in the
below pinch region.
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Lemma 4 The maximum amount of flow (Δ) that can be added
in a zone without changing the pinch point of that zone is the
minimum of all Δis given by Eq. 13.

Δi ¼
Rp−Rsi
� � qsi−qrsð Þ qp−qrs

� �

qsm−qrsð Þ qp−qsi
� � if qsm < qsi

Rp−Rsi
� � qp−qrs

� �

qp−qsm
� � if qsm≥qsi

8>>>>>>><
>>>>>>>:

ð13Þ

where Rp is the minimum resource requirement for a zonewith
pinch quality qp, and Rsi is the resource requirement if qsi is
considered as the potential pinch quality.

Lemma 5 The pinch point of the zone can only jump in the
above pinch region when flow is extracted from the above
pinch region.

Lemma 6 The pinch point of the zone can only jump in the
above pinch region when the flow is extracted from the below
pinch region.

Lemma 7 The maximum amount of flow that can be extracted
from a zone without changing the pinch point of that zone is
the minimum of all Δis given by Eq. 14.

Δi ¼
Rp−Rsi
� � qsi−qrsð Þ qp−qrs

� �

qsm−qrsð Þ qsi−qp
� � if qsm < qp

Rp−Rsi
� � qsi−qrsð Þ

qsi−qsmð Þ if qsm≥qp

8>>>><
>>>>:

ð14Þ

Optimality Condition for Other Cases

Consider case 2, where one zone does not have a pinch
point, that is, it is a threshold problem for that zone and
the other zone have a pinch point. In such cases, a
pseudo-source is introduced in the zone, which does
not have a pinch point, at a very high quality, such that
the pseudo-source becomes the pinch source for that
zone. It should be noted that pseudo-source does not
exist in reality; they are introduced in a zone just to
create pinch point in that zone. Once both the zones
have the pinch points, the methodology applied for case
1 is repeated to achieve the cost optimality and the
pseudo-source is entirely eliminated at the end by
utilising internal sources and the resource.

Consider case 3 where both the zones do not have
the pinch points, that is, both are threshold problems.
Similar to the case 2, pseudo-sources are introduced in
both the zones so as to create the pinch points in both

the zones. Once the pinch points are created, the meth-
odology adopted for case 2 is followed and pseudo-
sources are removed at the end. Based on this mathe-
matical analysis, an algorithm is proposed to determine
the cost optimal solution for segregated targeting prob-
lem with dedicated sources.

Algorithm to Achieve Cost Optimality

An algorithm is proposed, based on the mathematical analysis
and results proved in the previous section, to determine the
cost optimality for segregated targeting problems with dedi-
cated sources. Figure 3 shows the flow chart of the proposed
algorithm.

Step 1. Target each zone individually without using the com-
mon internal sources. Targeting is performed by
using any of the established pinch analysis based
techniques such as source composite curve and lim-
iting composite curve.

Step 2. Check whether all the zones have the pinch point or
do not have the pinch point. If all the zones have the
pinch point, go to step 4, else go to step 3.

Step 3. Identify the zones which do not have the pinch point
and introduce pseudo-sources at a very high quality
in these zones. Transfer the flow from the pseudo-
source to these zones such that the pseudo-source
becomes the pinch point for these zones.

Step 4. Calculate the value of cost-benefit number (Eq. 10)
at all the internal sources for all the zones. Eliminate
the internal sources, having negative or zero values
of the cost-benefit number at all the zones. As seen
from Eq. 10, negative or zero values of cost-benefit
number implies that the internal source would not
lead to any reduction in the overall cost.

Step 5. Identify the maximum value of the cost-benefit num-
ber. Transfer α (Eq. 15) amount of flow from themth
internal source to the kth zone corresponding to the
maximum cost-benefit number. α is the minimum of
the flow available in the mth internal source and the
flow (Δ) needed for the pinch jump as calculated in
Lemma 4.

α ¼ min Fsm;Δð Þ ð15Þ

After adding α to the appropriate zone, update Fsm = Fsm
−α.

If Fsm > Δ, then the pinch point changes and step 4 is re-
peated with the updated pinch point.
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If Fsm < Δ, then step 5 is repeated with the next highest
value of the cost-benefit number.

Once all the sources get exhausted, go to step 6.

Step 6. Check whether the flow from the pseudo-source is
used in the network. If it is used in the network,
neglected internal sources and the resource are
utilised to completely eliminate the pseudo-source.
The algorithm terminates when all the pseudo-
sources are eliminated. The solution obtained by fol-
lowing this algorithm is the cost optimal solution for
segregated targeting problem with dedicated
sources.

The applicability of the proposed algorithm is demonstrat-
ed through three illustrative examples from various domains:
carbon constrained energy sector planning, water allocation
network and integrated iron and steel mill.

Illustrative Examples

Example 1: Carbon Constrained Energy Sector
Planning

Data for example 1 (Table 2) are adapted from Lee et al.
(2009). In this problem, two sectors of energy consumption
are considered namely transportation sector and industrial sec-
tor. Each sector has three dedicated demands. To satisfy these
demands, two (oil and natural gas) common internal sources
are provided and, in addition to that, one dedicated internal
source (coal) is also present in industrial sector. Coal is
regarded as the dedicated source for industrial sector because
of its limiting use in transportation sector. The economy of
transportation sector is moving more towards oil and petro-
leum products due to the advancement of technology in this
sector. Biodiesel is considered as a resource for transportation
sector. However, due to its higher cost (0.031 $/MJ)
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(Chandrayan and Bandyopadhyay 2014), it is not taken as a
resource for industrial sector. Hydropower with a cost of
0.028 $/MJ (Chandrayan and Bandyopadhyay 2014) is con-
sidered as a resource for industrial sector. The objective is to
minimise the overall cost of the problem while satisfying the
energy needs and carbon emission targets for the demands.

The algorithm proposed in the previous section is ap-
plied to achieve the desired objective of cost optimality.
According to step 1, each zone is targeted individually
without using the common internal sources. It is observed
that coal acts as a pinch source for industrial sector, where-
as transportation sector does not have a pinch point. The
total energy required is 3.32 EJ (1.84 EJ in transportation
sector and 1.48 in industrial sector) and total cost obtained
is $98.53 billion ($57.04 billion for transportation sector
and $41.49 billion for industrial sector). Since transporta-
tion sector does not have a pinch point, by following step
3, a pseudo-source with CO2 emission factor of 200 t/TJ is
introduced in this sector. Now, 0.25 EJ of energy is trans-
ferred from this pseudo-source so that it becomes the pinch
source for transportation sector. The overall energy re-
quirement after this flow addition is 3.07 EJ (1.59 EJ in
transportation sector and 1.48 EJ in industrial sector), and
the overall cost is $90.69 billion ($49.2 billion for trans-
portation sector and $41.49 billion for industrial sector).

Both the sectors have the pinch points, so according to step
4, the cost-benefit number is calculated at both the internal
sources for both the sectors (Table 3). As seen from Table 3,
the maximum value of cost-benefit number (24,495.9 $/TJ)
corresponds to transportation sector and natural gas. By fol-
lowing step 5, 0.8 EJ of energy (minimum of 0.8 EJ, energy
available with natural gas and 1.2 EJ, the energy required for
pinch jump) is transferred from natural gas to transportation
sector. After this flow addition, the flow from natural gas gets

exhausted and the flow utilised for pseudo-source reduces to
0.085 EJ. The resource requirement obtained is 2.44 EJ
(0.96 EJ in transportation sector and 1.48 EJ in industrial sec-
tor), and the total cost is $71.09 billion ($29.6 billion for trans-
portation sector and $41.49 billion for industrial sector). The
next highest value of cost-benefit number is 21,117.2 $/TJ
(Table 3), which corresponds to oil at transportation sector.
According to step 5, 0.27 EJ of energy (minimum of 1 EJ,
energy available with the oil and 0.27 EJ, energy required for
pinch jump) is transferred from oil to transportation sector.
After this flow addition, oil becomes the pinch source for trans-
portation sector and the 0.73 EJ is the remaining energy left in
the oil and the pseudo-source gets completely eliminated. The
overall energy requirement is reduced to 2.25 EJ (0.77 EJ in
transportation sector and 1.48 EJ in industrial sector), and the
total cost is reduced to $65.44 billion ($23.95 billion for trans-
portation sector and $41.49 billion for industrial sector).

Cost-benefit numbers are calculated again for both the in-
ternal sources at both the zones with the updated pinch point
(Table 3). As natural gas is already exhausted, the highest
value of cost-benefit number under consideration is 8000 $/
TJ, which corresponds to oil at industrial sector. Energy trans-
ferred from oil to industrial sector is 0.73 EJ (minimum of
0.73 EJ, energy available with the oil and 0.95 EJ, energy
required for pinch jump). After this flow addition, the oil gets
exhausted and the resource requirement gets reduced to
2.04 EJ (0.77 EJ in transportation sector and 1.27 EJ in indus-
trial sector). The overall minimum cost obtained is $59.58
billion ($23.95 billion for transportation sector and $35.63
billion for industrial sector). The algorithm stops as all the
internal sources get exhausted, and the pseudo-source is
completely eliminated.

The results obtained by applying the proposed algorithm
are verified using the mathematical optimisation techniques.

Table 2 Flow and quality data for
example 1 CO2 emission

factor (t/TJ)
Cost ($/MJ) Flow (TJ) CO2 emission

factor (t/TJ)
Flow (TJ)

Internal sources
Oil 75 1,000,000
Natural gas 55 800,000
Zone 1 (transportation sector)
Resource
Biodiesel 16.5 0.031

Demands
T1 30 400,000
T2 40 720,000
T3 50 720,000

Zone 2 (industrial sector)
Resource
Hydropower 0 0.028
Dedicated sources Demands
Coal 105 5,000,000 I1 30 1,600,000

I2 40 480,000
I3 50 80,000
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The network showing the distribution of energy from different
sources to different demands is shown in Fig. 4.

Example 2: Water Allocation Network

Data for example 1 are adopted from Bandyopadhyay et al.
(2010b) and given in Table 4. In this problem, two different
zones are considered. Each zone consists of four sinks ((D1,
D2, D3, D4): (D5, D6, D7, D8)) which require water at spec-
ified flowrate and a maximum allowable contaminant concen-
tration. To meet these demands, two common internal sources
(S1 and S2) are provided. Due to the proximity of DS1 and
DS2 from zone 1, these sources are considered as the dedicat-
ed sources for zone 1. Similarly, due to the proximity of DS3
and DS4 from zone 2, they are considered as the dedicated

sources for zone 2. R1 is regarded as the resource for zone 1
with the cost of 1.5 $/t and R2 is regarded as the resource for
zone 2 with the cost of 1 $/t. The objective is to minimise the
total cost of the resource requirement.

According to step 1 of the algorithm, each zone is targeted
individually without using the common internal sources. It is
observed that zone 1 has a pinch point at DS1. However, zone
2 does not have a pinch point. The overall resource require-
ment obtained is 326.25 t/h (156.25 t/h for zone 1 and 170 t/h
for zone 2), and the total cost is 404.37 $/h (234.37 $/h for
zone 1 and 170 $/h for zone 2). Since zone 2 does not have a
pinch point, a pseudo-source at 1000 ppm is introduced in
zone 2 and 0.81 t/h of flow is added from this pseudo-source
to zone 2 to create a pinch point. After this flow addition from
the pseudo-source, the overall resource requirement is reduced

Table 3 Cost-benefit number
($/TJ) for all the internal sources
at all the zones for example 1

Internal sources Remarks

Natural gas
(55 t/TJ)

Oil
(75 t/TJ)

Transportation sector
(p1 = 200 t/TJ)

24,495.9 21,117.17

Industrial sector
(p2 = 105 t/TJ)

13,333.3 8000

Transportation sector
(p1 = 75 t/TJ)

10,598.29 0 Pinch point of transportation
sector jumps from pseudo-source
to oil when 0.27 EJ of energy is
transferred from oil to
transportation sector.

Industrial sector
(p2 = 105 t/TJ)

13,333.3 8000
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Oil (75 t/TJ, 1000 PJ)

Natural gas (55 t/TJ, 800 PJ)

WASTE

I1 (30 t/TJ, 1600 PJ)

Hydropower (0 t/TJ, 0.028 $/MJ)

I2 (40 t/TJ, 480 PJ)

I3 (50 t/TJ, 80 PJ)

Demands

Industrial sector

Coal 
(105 t/TJ, 5000 PJ)

Dedicated source
T1 (30 t/TJ, 400 PJ)

Biodiesel (16.5 t/TJ, 0.031 $/MJ)

T2 (40 t/TJ, 720 PJ)

T3 (50 t/TJ, 720 PJ)

Demands

Transportation sector

Internal sources

800 PJ

140.26

439.48

220.26

267.35 PJ 732.65 PJ

640

92.65

116.68 PJ

38.09 PJ

4845.23 PJ

259.74

280.52

232.39

772.65 PJ 1272.58 PJ

960

270.67

41.9

Fig. 4 Network showing the
distribution of energy from
different sources to different
demands in example 1



to 325.44 t/h (156.25 t/h for zone 1 and 169.19 t/h for zone 2).
The total cost of the resources is reduced to 403.57 $/h
(234.37 $/h for zone 1 and 169.19 $/h for zone 2).

The cost-benefit numbers at both the internal sources (S1
and S2) for both the zones are calculated according to step 4
(see Table 5). As seen from Table 5, the highest value of cost-
benefit number (1.406 $/t) corresponds to zone 1 at S1. The

flow transferred from S1 to zone 1 is 50 t/h (minimum of 50 t/
h, flow available in S1 and 145.33 t/h, flow required for pinch
jump). After this flow addition, the overall resource require-
ment is reduced to 278.57 t/h (109.38 t/h for zone 1 and
169.19 t/h for zone 2) and the total cost is reduced to
333.25 $/h (164.06 $/h for zone 1 and 169.19 $/h for zone
2). The next highest value of cost-benefit number is 1.312 $/t

Table 4 Flow and quality data for
example 2 Concentration (ppm) Cost ($/t) Flow (t/h) Concentration (ppm) Flow (t/h)

Internal sources

S1 50 50

S2 100 220

Zone 1

Resource

R1 0 1.5

Dedicated sources Demands

DS1 800 40 D1 0 20

DS2 800 10 D2 50 100

D3 50 40

D4 400 10

Zone 2

Resource

R2 10 1

Dedicated sources Demands

DS3 150 70 D5 20 50

DS4 250 60 D6 50 100

D7 100 80

D8 200 70

Table 5 Cost-benefit number
($/t) for all the internal sources at
all the zones for example 2

Internal sources Remarks

S1 (50 ppm) S2 (100 ppm)

Zone 1 (p1 = 800 ppm) 1.406 1.312

Zone 2 (p2 = 1000 ppm) 0.959 0.909

Zone 1 (p1 = 100 ppm) 0.75 0 The pinch point of zone 1 jumps from
DS1 to S2 when 50.71 t/h of flow is
added from S2 to zone 1.

Zone 2 (p2 = 1000 ppm) 0.959 0.909

Zone 1 (p1 = 100 ppm) 0.75 0

Zone 2 (p2 = 250 ppm) 0.833 0.625 The pinch point of zone 2 jumps from
pseudo-source to DS4 when 8.89 t/h
of flow is added to zone 2 from S2.

Zone 1 (p1 = 100 ppm) 0.75 0

Zone 2 (p2 = 150 ppm) 0.714 0.357 The pinch point of zone 2 jumps from
DS4 to DS3 when 66.67 t/h of flow is
added from S2 to zone 2.

Zone 1 (p1 = 100 ppm) 0.75 0

Zone 2 (p2 = 100 ppm) 0.55 0 The pinch point of zone 2 jumps from
DS3 to S2 when 54.44 t/h of flow is
added from S2 to zone 2.
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Table 6 Flow and quality data for example 3

Conc.
(mg/L)

Cost ($/m3) Flow
(million m3/year)

Conc.
(mg/L)

Flow
(million m3/year)

Internal sources
S1 20.2 459.18
S2 20.5 558.95
Zone A—raw material storage yard
Resource
R1 5 0.42
Dedicated sources Demands
DS1 23 9 D1—Wet cyclone scrubber 20 10
Zone B—cooking plant
Resource
R2 10 0.22
Dedicated sources Demands
DS2 23 23.84 D2—Cook quench tower 20 12.29

D3—COG scrubber 19 12.29
Zone C—steel making plant
Resource
R3 15 0.17
Dedicated sources Demands
DS3 100 96.35 D4—Hot air scrubber 75 59.60

D5—Slag processing 80 39.73
Zone D—casting/rolling mills
Resource
R4 0 0.51
Dedicated sources Demands
DS4 21 43.39 D6—Mould cooling 20 198.66
DS5 400 43.39 D7—Slab cooling 20 198.66

D8—Fume absorber 20 44.73
D9—Rinsing 20 178.92
D10—Acid pickling 100 44.73

Zone E—indirect cooling
Resource
R5 7 0.33

Demands
D11—Indirect cooling 20 468.55
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R1 (0 ppm, 1.5 $/t)

D1 (0 ppm, 20 t/h)

D2 (50 ppm, 100 t/h)

D3 (50 ppm, 40 t/h)

D4 (400 ppm, 10 t/h)

DS1 
(800 ppm, 40 t/h)

DS2 
(800 ppm, 10 t/h)

DemandsDedicated sources

R2 (10 ppm, 1 $/t)

D5 (20 ppm, 50 t/h)

D6 (50 ppm, 100 t/h)

D7 (100 ppm, 80 t/h)

D8 (200 ppm, 70 t/h)

DS3 
(150 ppm, 70 t/h)

DS4 
(250 ppm, 60 t/h)

Demands Dedicated sources

Zone 1 Zone 2

S1 (50 ppm, 50 t/h)

S2 (100 ppm, 220 t/h)

WASTE

100 t/h65 t/h

44.44

55.56

35

35

80

44.44

5.56

130 t/h

25 t/h 35 t/h

20

25

20

25

20

5.71

50

50 t/h

50.71 t/h

4.29

10 t/h

35.71 t/h

39.29 t/h

Internal sources

Fig. 5 Network showing the
distribution of flows from
different sources to different
demands in example 2



(Table 5) which corresponds to S2 at zone 1. The flow trans-
ferred from S2 to zone 1 is 50.71 t/h (minimum of 220 t/h,
flow available with S2 and 50.71 t/h, flow required for pinch
jump).

The pinch point of zone 1 jumps to S2 after this flow
addition, and 169.29 t/h of flow is still available in S2. The
overall resource requirement is reduced to 234.19 t/h (65 t/h
for zone 1 and 169.19 t/h for zone 2), and the total cost is
reduced to 266.69 $/h (97.5 $/h for zone 1 and 169.19 $/h
for zone 2). The cost-benefit numbers are calculated again
(Table 5) with the updated pinch point.

As seen from Table 5, the highest value of cost-benefit
number (0.959 $/t) corresponds to S1 at zone 2. However,
S1 is already exhausted, so the algorithm proceeds with the
next highest value of cost-benefit number (0.909). This value
corresponds to S2 at zone 2. Flow (8.89 t/h) is added from S2
to zone 2 (minimum of 169.29 t/h, flow available in S2 and
8.89 t/h, flow required for pinch jump). The pinch points of
zone 2 jump to DS4 from pseudo-source and the flow from
pseudo-source gets completely eliminated after this flow ad-
dition. The resource requirement gets reduced to 226.11 t/h
(65 t/h in zone 1 and 161.11 t/h in zone 2), and the total cost
incurred is 258.61 $/h (97.5 $/h for zone 1 and 161.11 $/h for
zone 2). The flow availability of S2 is reduced to 160.4 t/h.
The values of cost-benefit number are calculated again
(Table 5) with the updated pinch point.

The next highest value of cost-benefit number under con-
sideration is 0.625 $/t (as S1 is exhausted), which corresponds
to S2 at zone 2. The flow transferred from S2 to zone 2 is
66.67 t/h (minimum of 160.4 t/h, flow available with S2 and
66.67 t/h, flow required for pinch jump). The pinch point of
zone 2 jumps to DS3 after this flow addition, and the avail-
ability of flow from S2 gets reduced to 93.73 t/h. The overall
resource required is 184.44 t/h (65 t/h for zone 1 and 119.44 t/

h for zone 2), and the total cost is 216.94 $/h (97.5 $/h for zone
1 and 119.44 $/h for zone 2). The cost-benefit numbers are
calculated again with the updated pinch point (Table 5).

The next highest value of cost-benefit number under con-
sideration is 0.357 $/t, which corresponds to S2 at zone 2.
Flow (54.44 t/h) is transferred from S2 to zone 2 (minimum
of 93.73 t/h, flow available in S2 and 54.44 t/h, flow required
for pinch jump). The pinch point of zone 2 jumps to S2 after
this flow addition. The resource requirement gets reduced to
165 t/h (65 t/h in zone 1 and 100 t/h in zone 2), and the total
cost gets reduced to 197.5 $/h (97.5 $/h for zone 1 and 100 $/h
for zone 2). The cost-benefit numbers are again calculated
with the updated pinch point (Table 5).

As seen from Table 4, the cost-benefit numbers at S2 be-
come zero for both the internal sources. According to step 4 of
the algorithm, flow from S2 is neglected. The algorithm ter-
minates as both the internal sources gets exhausted, and the
pseudo-source is eliminated entirely. The minimum overall
cost obtained is 197.5 $/h, and the results are verified by using
mathematical optimisation technique. The network showing
the flow distribution is depicted in Fig. 5.

Example 3: Integrated Iron and Steel Mill

This example illustrates the application of the proposed algo-
rithm for minimising the cost of resources in integrated iron
and steel mill. The sink and source data, given in Table 6, are
adopted from Chew and Foo (2009). It consists of five differ-
ent processes which are segregated as five different zones.
Each zone contains some demand units and a certain number
of dedicated sources which satisfy those demands. In the orig-
inal problem described by Chew and Foo (2009), all the
sources were dedicated to the zone inwhich theywere present.
However, the sources with high flowrates may lead to

Table 7 Cost-benefit number
($/m3) for all the internal sources
at all the zones for example 3

Internal sources Remarks

S1 (mg/L) (20.2) S2 (mg/L) (20.5)

Zone A (p1 = 23 mg/L) 0.065 0.058

Zone B (p2 = 23 mg/L) 0.047 0.042

Zone C (p2 = 100 mg/L) 0.16 0.159

Zone D
(p2 = 400 mg/L)

0.484 0.483

Zone E (p2 = 500 mg/L) 0.321 0.32

Zone A (p1 = 23 mg/L) 0.065 0.058

Zone B (p2 = 23 mg/L) 0.047 0.042

Zone C (p1 = 100 mg/L) 0.16 0.159

Zone D (p2 = 21 mg/L) 0.019 0.012 The pinch point of zone D jumps
from DS5 to DS4 when 145.18 m3/year
of flow is added to zone D from S2.

Zone E (p1 = 500 mg/L) 0.321 0.32
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significant reduction in overall cost of the resources and,
hence, S1 and S2 are considered as common internal sources
in this problem. The objective is to minimise the total cost of
the resource requirement. The data (shown in Table 6) for the
quality and the cost of the resources are adopted from
Chandrayan and Bandyopadhyay (2014).

Initially, all the zones are targeted individually without
using the common internal sources. It is observed that DS1
serves as pinch source for zone A, DS2 serves as pinch source
for zone B, DS3 serves as pinch source for zone C, DS5 serves
as pinch source for zone D, and zone E does not have a pinch
point. The overall resource required after the targeting is per-
formed is 1086.07 m3/year (1.67 m3/year for zone A, 6.62 m3/
year for zone B, 26.88 m3/year for zone C, 582.36 m3/year for

zone D, and 468.55 m3/year for zone E), and the total cost of
the resource requirement is 458.35 $/year.

A pseudo-source is introduced in zone E at 500 ppm with a
flow of 12.35 m3/year to create a pinch point for zone E. The
total resource requirement is reduced to 1073.71 m3/year
(1.67 m3/year for zone A, 6.62 m3/year for zone B,
26.88 m3/year for zone C, 582.36 m3/year for zone D, and
456.19 m3/year for zone E), and the total cost is reduced to
454.27 $/year.

The cost-benefit number is calculated for all the internal
sources for all the zones (Table 6). The highest cost-benefit
number is 0.484 $/m3 (corresponds to S1 at zone D). The flow
transferred from S1 to zone D is 459.18 m3/year (minimum of
459.18m3/year, flow available in S1 and 606.52m3/year, flow
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D1 (20 mg/L,

10 million m
3
/year)

DS1 (23 mg/L,

9 million m
3
/year)

R1 (5 mg/L, 0.42 $/m
3
)

DemandDedicated source

Zone A – raw material storage yard

D2 (20 mg/L,

12.29 million m
3
/year)

DS2 (23 mg/L,

23.84 million m
3
/year)

R2 (10 mg/L, 0.22 $/m
3
)

Demands Dedicated source

Zone B – cooking plant

D3 (19 mg/L,

12.29 million m
3
/year)

D4 (75 mg/L,

59.6 million m
3
/year)

DS3 (100 mg/L,

96.35 million m
3
/year)

R3 (15 mg/L, 0.17 $/m
3
)

DemandsDedicated source

Zone C – steel making plant

D5 (80 mg/L,

39.73 million m
3
/year)

D6 (20 mg/L,

198.66 million m
3
/year)

DS4 (21 mg/L,

43.39 million m
3
/year)

R4 (0 mg/L, 0.51 $/m
3
)

Demands Dedicated sources

Zone D – casting / rolling mills

D7 (20 mg/L,

198.66 million m
3
/year)

D8 (20 mg/L,

44.73 million m
3
/year)

D9 (20 mg/L,

178.92 million m
3
/year)

D10 (100 mg/L,

44.73 million m
3
/year)

DS5 (400 mg/L,

43.39 million m
3
/year)

D11 (20 mg/L,

468.55 million m
3
/year)

R5 (7 mg/L, 0.33 $/m
3
)

Demand

Zone E – indirect cooling

S1 (20.2 mg/L, 459.18 million m
3
/year)

S2 (20.5 mg/L, 558.95 million m
3
/year)

WASTE

Internal sources

1.67

8.33

6.62

2.84

3.78

9.45

8.51

26.88

17.53

9.35

42.07

30.38

8.62

1.97

1.97

0.44

4.24

459.18 

145.19 

196.69

196.69

44.29

21.51

7.98

35.41

9.32

145.19

413.76

54.79

34.07 23.9 5.88
0.67

Fig. 6 Network showing the
distribution of flows (million m3/
year) from different sources to
different demands in example 3



required for pinch jump). After this flow addition, S1 gets
exhausted and the resource requirement gets reduced to
637.72 m3/year with a total cost of 231.92 $/year.

The next highest value of cost-benefit number is 0.483 $/
m3 (Table 7), which corresponds to S2 at zone D. The flow
transferred from S2 to zone D is 145.18 m3/year (minimum of
558.95 m3/year, flow available in the S2 and 145.18 m3/year,
flow required for pinch jump). The pinch point of this zone
jumps from DS5 to DS4 after adding the flow and the flow
availability in S2 is reduced to 413.76 m3/year. The overall
resource requirement is reduced to 499.98 m3/year, and the
total cost is reduced to 161.67 $/year. Since the pinch point of
zone D jumps after this flow addition, the values of cost-
benefit number are calculated again using the updated pinch
point (Table 7).

The highest value of cost-benefit number (0.321 $/m3) cor-
responds to S1 at zone E. As S1 is already exhausted, the next
highest value of cost-benefit number under consideration is
0.32 $/m3 (corresponds to S2 at zone E). The flow transferred
from S2 to zone E is 413.76 m3/year (minimum of 413.76 m3/
year, flow available in S2 and 457.2 m3/year, flow required for
pinch jump). After this flow is added to zone E, internal source
S2 gets exhausted and the flow utilised from pseudo-source is
reduced to 1.02 m3/year. The overall resource requirement is
reduced to 97.54 m3/year, and the total cost is reduced to
28.86 $/year.

As all the internal sources get exhausted, the remaining
pseudo-source (1.02 m3/year) utilised in zone E is eliminated
using the resource of zone E. Due to this utilisation of the
resource, the resource requirement of zone E gets slightly
increased by 1.02 m3/year and the cost of this zone is in-
creased by 0.34 $/year. The overall resource required is
98.57m3/year (1.67m3/year for zone A, 6.62m3/year for zone
B, 26.88 m3/year for zone C, 8.62 m3/year for zone D, and
54.78 m3/year for zone E), and the total cost of the resource is
29.2 $/year (0.7 $/year for zone A, 1.45 $/year for zone B,
4.57 $/year for zone C, 4.4 $/year for zone D, and 18.08 $/year
for zone E). The algorithm terminates as all the internal
sources get exhausted, and the pseudo-source is entirely
eliminated.

The minimum cost obtained for the resource require-
ment in this problem is 29.2 $/year. The results obtained
in this example, using the proposed algorithm, are verified
by using the mathematical optimisation technique. It is to
be noted that, if S1 is considered as the dedicated source
for zone E and S2 is regarded as a dedicated source for
zone D, then the total minimum cost obtained is 36.36 $/
year. Therefore, it is concluded that there is reduction in the
cost of 7.16 $/year (19.7% reduction) due to considering
S1 and S2 as common internal sources. These results
cannot be compared with the results obtained by Chew
and Foo (2009) and Chandrayan and Bandyopadhyay
(2014) as the problem presented here is not exactly same

as presented in their works. The network showing the dis-
tribution of flows is depicted in Fig. 6.

Conclusions

In this paper, a pinch analysis-based methodology is devel-
oped for cost optimality of generalised segregated targeting
problem with dedicated sources. Previous methodologies for
resource optimization of segregated targeting problems with
( J a i n and Bandyopadhyay 2017 ) and w i t hou t
(Bandyopadhyay et al. 2010a) dedicated sources cannot di-
rectly be applied for cost optimality. Furthermore, the cost
optimization methodology for segregated problems, proposed
by Chandrayan and Bandyopadhyay (2014), also cannot be
applied for problems with presence of dedicated sources. The
mathematically rigorous methodology, proposed in this paper
for cost optimality, identifies a quantity called cost-benefit
number, which dictates the distribution of flow from different
source to different zones. The concept of cost-benefit number
is not just limited to segregated targeting problems with ded-
icated sources but can also be applied for the cost
minimisation of many other resource allocation networks.
The versatility and generic nature of the proposed algorithm
is demonstrated through three different examples from diverse
domains which includes carbon constrained energy sector
planning, water allocation network and integrated iron and
steel mill. The solutions obtained by applying the algorithm
are verified by using mathematical optimisation techniques.
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