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Abstract
In this paper, we introduce a three-point analogue of Ćirić-Reich-Rus type mappings,
termed as generalized Ćirić-Reich-Rus type mappings. We demonstrate that these
mappings generally exhibit discontinuity within their domain of definition but
necessitate continuity at their fixed points. We showcase the existence and non-
uniqueness of fixed points for these generalized Ćirić-Reich-Rus type mappings. By
imposing additional conditions, specifically asymptotic regularity and continuity, we
extend the applicability of fixed-point theorems to a broader class of mappings.
Finally, we obtain two fixed point theorems for generalized Ćirić-Reich-Rus type
mappings in metric spaces that are not necessarily complete.

Keywords Fixed point theorem · Ćirić-Reich-Rus type mapping · Metric
space · Asymptotic regularity
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1 Introduction

In 1971, independently, Ćirić [1], Reich [2] and Rus [3] extended the Kannan fixed
point theorem to cover a broader class of mappings. Essentially, Reich [2] established
the following result which gives the fixed point for a self discontinuous mapping: Let
T : X ! X be a mapping on a complete metric space (X, d) with

dðTx; TyÞ 6 adðx; yÞ þ bdðx; TxÞ þ cdðy; TyÞ; ð1:1Þ
where a; b; c� 0; aþ bþ c\1 and x; y 2 X . Then T has a unique fixed point.
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In what follows, we will refer to the mapping (1.1) as the Ćirić-Reich-Rus (ĆRR)
mapping. This theorem integrates principles from both the Banach contraction
principle (by choosing b ¼ c ¼ 0) and the Kannan fixed point theorem [4, 5] with
a ¼ 0; b ¼ c ¼ k. This synthesis provides a unified framework that encompasses and
extends the key ideas from these established theorems.

In fixed point theory, major generalizations of fixed point results involve
weakening contractivity [2, 6–21]; relaxing topology assumptions or metric spaces
[22–30], and extending theorems to deal with multi-valued mappings [31–35]. These
adaptations broaden the applicability of fixed point theorems across diverse
mathematical contexts.

In [36], Petrov initiated a novel class of self-mappings characterized by the
contraction of perimeters of triangles.

Definition 1.1 ([36]) Let (X, d) be a metric space with jX j > 3. We say that T :
X ! X is a mapping contracting perimeters of triangles on X if there exists a 2
½0; 1Þ such that the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx;TzÞ 6 aðdðx; yÞ þ dðy; zÞ þ dðx; zÞÞ ð1:2Þ
holds for all three pairwise distinct points x; y; z 2 X .

In addition to the distinctive feature of mapping three points instead of the
conventional two, a crucial condition was emphasized to prevent the mapping from
having points with the least period two. Furthermore, instead of ensuring the
uniqueness of the fixed point, it guarantees the existence of exactly two fixed points.
The Banach contraction principle significantly reduces to a noteworthy subclass
within this category of mappings.

Remark 1.2 It is crucial to note that the requirement for x; y; z 2 X to be pairwise
distinct is essential in Definition 1.1. Without this condition, one can observe that the
definition becomes equivalent to that of the contraction mapping.

In [37], the authors introduced a three point analogue of Kannan type mappings,
specifically referred to as the generalized Kannan type mappings, and established
several fixed point theorems under various conditions. It is crucial to emphasize that
these generalized Kannan type mappings are independent from the conventional
Kannan type mappings.

Definition 1.3 ([37]) Let (X, d) be a metric space with jX j > 3. We say that T :

X ! X is a generalized Kannan type mapping on X if there exists k 2 ½0; 23Þ such that
the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ 6 kðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ ð1:3Þ
holds for all three pairwise distinct points x; y; z 2 X .

In the next definition, we introduce three-point analogue of the ĆRR type
mappings.
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Definition 1.4 Let (X, d) be a metric space with jX j > 3. We shall say that T :

X ! X is a generalized ĆRR type mapping on X if there exist a; k� 0; 2aþ 3k
2 \1

such that the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx;TzÞ
6 aðdðx; yÞ þ dðy; zÞ þ dðz; xÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ

ð1:4Þ

holds for all three pairwise distinct points x; y; z 2 X .

The fixed-point theorem for such mappings is built upon the proof strategy
essentially used in ĆRR’s fixed point theorem. However, a fundamental difference
lies in the definition of these mappings, which involves the mapping of three points
in the space, as opposed to the conventional two-point mapping. Furthermore, a
condition is introduced to preclude these mappings from having periodic points of
prime period 2.

In Sect. 2, we study connection between generalized ĆRR type mappings and
ĆRR type mappings. Additionally, we provide an example of a discontinuous
generalized ĆRR type mapping.

In Sect. 3, we prove the main result of this paper Theorem 3.1, which is a fixed
point theorem for generalized ĆRR type mappings. It is noteworthy that this theorem
asserts that the number of fixed points is at most two. Furthermore, it is demonstrated
that the generalized ĆRR type mappings are continuous at fixed points.

In Sect. 4, we explore fixed point theorems for asymptotically regular generalized
ĆRR-type mappings. The condition of asymptotic regularity facilitates an extension
of the requirement for the positive parameter 2aþ 3k

2 \1 in (1.4) to a 2 ½0; 12Þ and
k 2 ½0; 1Þ, as demonstrated in Theorem 4.3. The additional condition of continuity
enables the derivation of a fixed point theorem applicable to the class of generalized
F-ĆRR-type mappings, as presented in Theorem 4.5. Furthermore, we extend the
permissible values of the parameter k to the set ½0;1Þ, as outlined in Corollary 4.8.

In Sect. 5, similar to the results proved in [38], we obtain two other fixed point
theorems for generalized ĆRR type mappings. In the first scenario, we relax the
requirement for the completeness of the metric space X. We assume that T : X ! X
is continuous at a specific point x� 2 X , and there exists a point x0 2 X such that the
sequence of iterates xn ¼ Txn�1, n ¼ 1; 2; :::, possesses a sub-sequence ðxnk Þ
converging to x�, as stated in Theorem 5.1. In the second scenario, we suppose
the additional condition that the mapping T is continuous throughout the entire space,
not just at the point x0, besides relaxing the completeness assumption. Furthermore,
Condition (1.4) is required only on an everywhere dense subset of the space, as
presented in Theorem 5.2.

2 Some properties of generalized ĆRR type mappings

In the next result, we delve into the connections between generalized ĆRR-type
mappings and ĆRR-type mappings.
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Proposition 2.1 ĆRR type mappings with 2aþ 3
2 ðbþ cÞ\1 are generalized ĆRR

type mappings.

Proof Let (X, d) be a metric space with jX j > 3, T : X ! X be a ĆRR type
mapping with 2aþ 3

2 ðbþ cÞ\1. First of all note that the last inequality implies
aþ bþ c\1, i.e., T is indeed ĆRR type mapping. Let x; y; z 2 X be pairwise
distinct. Consider inequality (1.1) for the pairs y, z, and z, x and:

dðTy; TzÞ 6 adðy; zÞ þ bdðy; TyÞ þ cdðz; TzÞ; ð2:1Þ

dðTz; TxÞ 6 adðz; xÞ þ bdðz; TzÞ þ cdðx; TxÞ: ð2:2Þ
Summarizing the left and the right parts of inequalities (1.1), (2.1) and (2.2) we
obtain

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ
6 aðdðx; yÞ þ dðy; zÞ þ dðz; xÞÞ þ ðbþ cÞðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ:

Hence, we get the desired assertion. h

Example 2.2 Let us construct an example of discontinuous generalized ĆRR type
mapping. Let X ¼ ½0; 1�, d be the Euclidean distance on X, T : X ! X be a
discontinuous mapping such that Tx ¼ x

4 for all x 2 ½0; 1Þ and Tð1Þ ¼ 1
8. Let us show

first that T is a ĆRR type mapping with the coefficients a ¼ 1
4, b ¼ c ¼ 1

8. It is easy to
see that (1.1) holds for all x; y 2 ½0; 1Þ. Without loss of generality consider that
x 2 ½0; 1Þ and y ¼ 1. Consider (1.1) for such x and y:

x

4
� 1

8

����

���� 6
1

4
1� xð Þ þ 1

8
x� x

4

� �
þ 1

8
1� 1

8

� �
:

Multiplying both parts on 64 and simplifying, we get

j16x� 8j 6 23� 10x:

If x 2 ½0; 12Þ, then we get 8� 16x 6 23� 10x or 0 6 6xþ 15, which clearly holds. If

x 2 ½12 ; 1Þ, then we get 16x� 8 6 23� 10x or 26x 6 31, which clearly holds for
such x. Thus, (1.1) holds for all x; y 2 ½0; 1� and T is a ĆRR type mapping. Further,

2aþ 3

2
ðbþ cÞ ¼ 2

1

4

� �
þ 3

2

1

8
þ 1

8

� �
¼ 1

2
þ 3

8
\1:

By Proposition 2.1 T is a generalized ĆRR type mapping.

Example 2.3 Let us construct an example of generalized ĆRR type mapping, which
is not a ĆRR type mapping. Let X ¼ fx; y; zg, dðx; yÞ ¼ 1, dðx; zÞ ¼ 10, dðy; zÞ ¼ 10
and let T : X ! X be such that Tx ¼ x, Ty ¼ y, Tz ¼ x. It is clear that (1.4) holds
with the coefficients a ¼ 1

3 and k ¼ 0, but (1.1) does not hold for any a\1; since x
and y are two fixed points of T.
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Example 2.4 Let X ¼ ½0; 1�, d be the Euclidean distance on X, T : X ! X be such
that Tx ¼ 9x

10 for all x 2 ½0; 1�. Let us show that T is a ĆRR type mapping but not a

generalized ĆRR type mapping. Clearly (1.1) holds with a ¼ 9
10, b ¼ c ¼ 0, aþ

bþ c\1 for all x; y 2 X :

9

10
jx� yj 6 9

10
jx� yj þ 0 x� 9

10
x

����

����þ 0 y� 9

10
y

����

����:

Consider (1.4):

9

10
ðjx� yj þ jy� zj þ jx� zjÞ 6 aðjx� yj þ jy� zj þ jx� zjÞ þ k

x

10
þ y

10
þ z

10

� �
:

It is clear that this inequality does not hold even with a ¼ 1
2 and k ¼ 2

3, e.g., for the

points x ¼ 0, y ¼ 1
2, z ¼ 1.

Thus, the previous two examples show that the classes of ĆRR type mappings and
generalized ĆRR type mappings are independent of each other.

Proposition 2.5 Let (X, d) be a metric space and let T : X ! X be a generalized
ĆRR type mapping with some a; k > 0. If x is an accumulation point of X and T is
continuous at x, then the inequality

dðTx; TyÞ 6 adðx; yÞ þ k dðx; TxÞ þ dðy; TyÞ
2

� �
ð2:3Þ

holds for all points y 2 X .

Proof Let x 2 X be an accumulation point and let y 2 X . If y ¼ x, then clearly (2.3)
holds. Let now y 6¼ x. Since x is an accumulation point, then there exists a sequence
zn ! x such that zn 6¼ x, zn 6¼ y and all zn are different. Hence, by (1.4) the inequality

dðTx; TyÞ þ dðTy; TznÞ þ dðTx;TznÞ
6 aðdðx; yÞ þ dðy; znÞ þ dðzn; xÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðzn; TznÞÞ

holds for all n 2 N. Since zn ! x and T is continuous at x we have Tzn ! Tx. Since
every metric is continuous we have dðzn; TznÞ ! dðx; TxÞ. Hence, we get

dðTx; TyÞ þ dðTy; TxÞ 6 aðdðx; yÞ þ dðy; xÞÞ þ kðdðx; TxÞ þ dðy; TyÞ þ dðx; TxÞÞ;
which is equivalent to (2.3). h

Corollary 2.6 Let (X, d) be a metric space, T : X ! X be a continuous generalized
ĆRR type mapping with some a; k > 0 and let all points of X be accumulation points.
Then T is a ĆRR type mapping with b ¼ c.

Proof According to Proposition 2.5, inequality (2.3) holds as well as the inequality
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dðTx; TyÞ 6 adðx; yÞ þ k dðy; TyÞ þ dðx; TxÞ
2

� �
: ð2:4Þ

Summarizing the left and the right parts of (2.3) and (2.4) and dividing both parts of
the obtained inequality by 2, we get

dðTx; TyÞ 6 adðx; yÞ þ 3k
4

dðy; TyÞ þ dðx; TxÞð Þ: ð2:5Þ

Since 2aþ 3k
2 2 ½0; 1Þ, we have aþ 3k

4 2 ½0; 12Þ and aþ 3k
2 2 ½0; 1Þ. Setting a ¼ a,

b ¼ 3k
4 , we get aþ 2b\1 and, comparing (2.5) with (1.1), we obtain the desired

assertion. h

3 The main result

Let T be a mapping on the metric space X. A point x 2 X is called a periodic point of
period n if TnðxÞ ¼ x. The least positive integer n for which TnðxÞ ¼ x is called the
prime period of x, see, e.g., [39, p. 18]. In particular, the point x is of prime period 2 if
TðTðxÞÞ ¼ x and Tx 6¼ x.

The following theorem is the main result of this paper.

Theorem 3.1 Let (X, d), jX j > 3, be a complete metric space and let the mapping
T : X ! X satisfy the following two conditions:

(i) T does not possess periodic points of prime period 2, i.e., TðTðxÞÞ 6¼ x for all
x 2 X such that Tx 6¼ x.

(ii) T is a generalized ĆRR type mapping on X.

Then T has a fixed point. The number of fixed points is at most two.

Proof Let x0 2 X , Tx0 ¼ x1, Tx1 ¼ x2, ..., Txn ¼ xnþ1, .... Suppose that xn is not a
fixed point of the mapping T for every n ¼ 0; 1; :::. Since xn�1 is not fixed, then
xn�1 6¼ xn ¼ Txn�1. By condition (i) xnþ1 ¼ TðTðxn�1ÞÞ 6¼ xn�1 and by the suppo-
sition that xn is not fixed we have xn 6¼ xnþ1 ¼ Txn. Hence, xn�1, xn and xnþ1 are
pairwise distinct. Let us set in (1.4) x ¼ xn�1, y ¼ xn, z ¼ xnþ1. Then

dðTxn�1; TxnÞ þ dðTxn; Txnþ1Þ þ dðTxn�1; Txnþ1Þ
6 aðdðxn�1; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; xn�1ÞÞ
þ kðdðxn�1; Txn�1Þ þ dðxn; TxnÞ þ dðxnþ1;Txnþ1ÞÞ

and

dðxn; xnþ1Þ þ dðxnþ1; xnþ2Þ þ dðxnþ2; xnÞ
6 aðdðxn�1; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; xn�1ÞÞ
kðdðxn�1; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; xnþ2ÞÞ:

Using the triangle inequality dðxnþ1; xn�1Þ 6 dðxnþ1; xnÞ þ dðxn; xn�1Þ, we get
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dðxn; xnþ1Þ þ dðxnþ1; xnþ2Þ þ dðxnþ2; xnÞ
6 aðdðxn�1; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; xnÞ þ dðxn; xn�1ÞÞ
kðdðxn�1; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; xnþ2ÞÞ:

Hence,

ð1� kÞdðxnþ1; xnþ2Þ 6 ð2aþ kÞðdðxn�1; xnÞ þ dðxn; xnþ1ÞÞ � dðxn; xnþ1Þ � dðxnþ2; xnÞ:

Keeping in view of the triangle inequality dðxnþ1; xnþ2Þ 6 dðxn; xnþ1Þ þ dðxnþ2; xnÞ,
we get

ð1� kÞdðxnþ1; xnþ2Þ 6 ð2aþ kÞðdðxn�1; xnÞ þ dðxn; xnþ1ÞÞ � dðxnþ1; xnþ2Þ:
Further,

ð2� kÞdðxnþ1; xnþ2Þ 6 ð2aþ kÞðdðxn�1; xnÞ þ dðxn; xnþ1ÞÞ;
dðxnþ1; xnþ2Þ 6 2aþ k

2� k
ðdðxn�1; xnÞ þ dðxn; xnþ1ÞÞ

and

dðxnþ1; xnþ2Þ 6 2ð2aþ kÞ
2� k

maxfdðxn�1; xnÞ; dðxn; xnþ1Þg:

Let c ¼ 2ð2aþkÞ
2�k . Using the relation ð2aþ 3k

2 Þ 2 ½0; 1Þ, we get c 2 ½0; 1Þ. Further,
dðxnþ1; xnþ2Þ 6 cmaxfdðxn�1; xnÞ; dðxn; xnþ1Þg: ð3:1Þ

Set an ¼ dðxn�1; xnÞ, n ¼ 1; 2; . . .; and let a ¼ maxfa1; a2g. Hence, by (3.1), we
obtain

a1 6 a; a2 6 a; a3 6 ca; a4 6 ca; a5 6 c2a; a6 6 c2a; a7 6 c3a; . . .:

Since c\1, it is clear that the inequalities

a1 6 a; a2 6 a; a3 6 c
1
2a; a4 6 ca; a5 6 c

3
2a; a6 6 c2a; a7 6 c

5
2a; . . .

also hold. That is,

an 6 c
n
2�1a ð3:2Þ

for n ¼ 3; 4; . . ..
Let p 2 N, p > 2. By the triangle inequality, for n > 3 we have

dðxn; xnþpÞ 6 dðxn; xnþ1Þ þ dðxnþ1; xnþ2Þ þ . . .þ dðxnþp�1; xnþpÞ
¼ anþ1 þ anþ2 þ � � � þ anþp 6 aðcnþ1

2 �1 þ c
nþ2
2 �1 þ � � � þ c

nþp
2 �1Þ

¼ ac
nþ1
2 �1ð1þ c

1
2 þ � � � þ c

p�1
2 Þ ¼ ac

n�1
2
1� ffiffiffiffiffi

cp
p

1� ffiffiffi
c

p :

Since by the supposition 0 6 c\1, then 0 6 ffiffiffiffiffi
cp

p
\1 and dðxn; xnþpÞ 6 ac

n�1
2 1

1� ffiffi
c

p .
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Hence, dðxn; xnþpÞ ! 0 as n ! 1 for every p[ 0. Thus, ðxnÞ is a Cauchy sequence.
By the completeness of (X, d), this sequence has a limit x� 2 X .

Recall that any three consecutive elements of the sequence ðxnÞ are pairwise
distinct. If x� 6¼ xk for all k 2 f1; 2; :::g, then inequality (1.4) holds for the pairwise
distinct points x�, xn�1 and xn. Suppose that there exists the smallest possible k 2
f1; 2; :::g such that x� ¼ xk . Let m[ k be such that x� ¼ xm. Then the sequence ðxnÞ
is cyclic starting from k and can not be a Cauchy sequence. Hence, the points x�, xn�1

and xn are pairwise distinct at least when n� 1[ k.
Let us prove that Tx� ¼ x�. If there exists k 2 f1; 2; :::g such that xk ¼ x�,

then suppose n� 1[ k. By the triangle inequality and inequality (1.4), we have

dðx�; Tx�Þ 6 dðx�; xnÞ þ dðxn; Tx�Þ ¼ dðx�; xnÞ þ dðTxn�1; Tx
�Þ

6 dðx�; xnÞ þ dðTxn�1; Tx
�Þ þ dðTxn�1; TxnÞ þ dðTxn; Tx�Þ

6 dðx�; xnÞ þ aðdðxn�1; x
�Þ þ dðxn�1; xnÞ þ dðxn; x�ÞÞ

þ kðdðxn�1; Txn�1Þ þ dðxn; TxnÞ þ dðx�; Tx�ÞÞ:
Hence,

ð1� kÞdðx�; Tx�Þ 6 ð1þ aÞdðx�; xnÞ þ ðaþ kÞdðxn�1; xnÞ þ kdðxn; xnþ1Þ þ adðxn�1; x
�Þ

and

dðx�; Tx�Þ 6 1

1� k

�ð1þ aÞdðx�; xnÞ þ ðaþ kÞdðxn�1; xnÞ
þ kdðxn; xnþ1Þ þ adðxn�1; x

�Þ	:
ð3:3Þ

Since all the distances in the right side tend to zero as n ! 1, we obtain
dðx�; Tx�Þ ¼ 0.

Suppose that there exists at least three pairwise distinct fixed points x, y and z.
Then Tx ¼ x, Ty ¼ y and Tz ¼ z, which contradicts to (1.4). h

Remark 3.2 Suppose that under the supposition of the theorem the mapping T has a
fixed point x�, which is a limit of some iteration sequence x0; x1 ¼ Tx0; x2 ¼ Tx1; . . .
such that xn 6¼ x� for all n ¼ 1; 2; . . .. Then x� is the unique fixed point. Indeed,
suppose that T has another fixed point x�� 6¼ x�. It is clear that xn 6¼ x�� for all
n ¼ 1; 2; . . .. Hence, we have that the points x�, x�� and xn are pairwise distinct for all
n ¼ 1; 2; . . .. Consider inequality (1.4) for the points x�, x�� and xn:

dðTx�; Tx��Þ þ dðTx�; TxnÞ þ dðTx��; TxnÞ
6 aðdðx�; x��Þ þ dðx�; xnÞ þ dðx��; xnÞÞ þ kðdðx�; Tx�Þ þ dðxn; TxnÞ þ dðx��; Tx��ÞÞ:

Further,

dðx�; x��Þ þ dðx�; xnþ1Þ þ dðx��; xnþ1Þ
6 aðdðx�; x��Þ þ dðx�; xnÞ þ dðx��; xnÞÞ þ kdðxn; xnþ1Þ:

Taking into consideration that dðx�; xnÞ ! 0, dðx�; xnþ1Þ ! 0, dðx��; xnþ1Þ !
dðx��; x�Þ and dðxn; xnþ1Þ ! 0 and letting n ! 1, we obtain the inequality
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dðx�; x��Þ 6 adðx�; x��Þ or 1 6 a, which leads to contradiction, since by Defini-
tion 1.4 the inequality a 6 1

2 holds.

Corollary 3.3 Setting k ¼ 0 in (1.4) implies that Theorem 3.1 entails Theorem 2.4
from [36] for mappings contracting perimeters of triangles with the coefficient
a 2 ½0; 12Þ.

Similarly, setting a ¼ 0 in (1.4), we get that Theorem 3.1 implies exactly
Theorem 3.2 from [37] for generalized Kannan type mappings.

It is well-known that ĆRR-type mappings are continuous at fixed points [14]. The
following proposition demonstrates that generalized ĆRR-type mappings also exhibit
this desirable property.

Proposition 3.4 Generalized ĆRR type mapping are continuous at fixed points.

Proof Let (X, d) be a metric space with jX j > 3, T : X ! X be a generalized ĆRR
type mapping and x� be a fixed point of T. Let ðxnÞ be a sequence such that xn ! x�,
xn 6¼ xnþ1 and xn 6¼ x� for all n. Let us show that Txn ! Tx�. By (1.4), we have

dðTx�; TxnÞ þ dðTxn; Txnþ1Þ þ dðTxnþ1; Tx
�Þ

6 aðdðx�; xnÞ þ dðxn; xnþ1Þ þ dðxnþ1; x
�ÞÞ

þ kðdðx�; Tx�Þ þ dðxn; TxnÞ þ dðxnþ1; Txnþ1ÞÞ:
Using dðxn; xnþ1Þ� dðxn; x�Þ þ dðx�; xnþ1Þ, we get

dðTx�; TxnÞ þ dðTxn; Txnþ1Þ þ dðTxnþ1; Tx
�Þ

6 2aðdðx�; xnÞ þ dðxnþ1; x
�ÞÞ þ kðdðx�;Tx�Þ þ dðxn; TxnÞ þ dðxnþ1; Txnþ1ÞÞ:

Hence,

dðTx�; TxnÞ þ dðTxnþ1; Tx
�Þ

6 2aðdðx�; xnÞ þ dðxnþ1; x
�ÞÞ þ kðdðxn; TxnÞ þ dðxnþ1; Txnþ1ÞÞ:

By the triangle inequality we have

dðTx�; TxnÞ þ dðTxnþ1; Tx
�Þ

6 2aðdðx�; xnÞ þ dðxnþ1; x
�ÞÞ

þ kðdðxn; x�Þ þ dðx�; TxnÞ þ dðxnþ1; x
�Þ þ dðx�; Txnþ1ÞÞ:

Further,

dðTx�; TxnÞ þ dðTxnþ1; Tx
�Þ 6 2aþ k

1� k
ðdðxn; x�Þ þ dðxnþ1; x

�ÞÞ:

Since dðxn; x�Þ ! 0 and dðxnþ1; x�Þ ! 0 we have

dðTx�; TxnÞ þ dðTxnþ1; Tx
�Þ ! 0

and, hence, dðTx�; TxnÞ ! 0.
Let now ðxnÞ be a sequence such that xn ! x�, and xn 6¼ x� for all n, but xn ¼ xnþ1
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is possible. Let ðxnk Þ be a subsequence of ðxnÞ obtained by deleting corresponding
repeating elements of ðxnÞ, i.e., such that xnk 6¼ xnkþ1 for all k. It is clear that xnk ! x�.
As was just proved Txnk ! Tx� ¼ x�. The difference between Txnk and Txn is that Txn
can be obtained from Txnk by inserting corresponding repeating consecutive ele-
ments. Hence, it is easy to see that Txn ! Tx�.

Let ðxnÞ be a sequence such that xn ¼ x� for all n[N . Then, clearly, Txn ! Tx�.
Let ðxnÞ now be an arbitrary sequence such that xn ! x� but not like in the previous
case. Consider a subsequence ðxnk Þ obtained from ðxnÞ by deleting elements x� (if
they exist). Clearly, xnk ! x�. It was just shown that such Txnk ! Tx�. Again, we see
that Txn can be obtained from Txnk by inserting in some places elements Tx� ¼ x�.
Again, it is easy to see that Txn ! Tx�. h

4 Asymptotic regularity

The concept of asymptotic regularity enables an extension of the parameters within
the class of mappings for which the fixed-point theorems hold.

Definition 4.1 Let (X, d) be a metric space. A mapping T : X ! X satisfying the
condition

lim
n!1 dðTnþ1x; TnxÞ ¼ 0 ð4:1Þ

for all x 2 X is called asymptotically regular [40].

Remark 4.2 Let (X, d) be a metric space, T : X ! X be a self-mapping and let
x0 2 X , Tðx0Þ ¼ x1, Tðx1Þ ¼ x2, and so on. If T is asymptotically regular and the
sequence ðxnÞ does not possess a fixed point of T, then all the points xi, i > 0, are
pairwise distinct. Indeed, otherwise the sequence ðxnÞ is cyclic starting from some
number and Condition (4.1) does not hold.

Theorem 4.3 Let (X, d) be a complete metric space with jX j > 3 and let the
mapping T : X ! X be asymptotically regular generalized ĆRR type mapping with
the coefficients a 2 ½0; 12Þ and k 2 ½0; 1Þ. Then T has a fixed point. The number of
fixed points is at most two.

Proof Let x0 2 X , Tðx0Þ ¼ x1, Tðx1Þ ¼ x2, and so on. Suppose that ðxnÞ does not
possess a fixed point of T. Let us prove that ðxnÞ is a Cauchy sequence. It is sufficient
to show that dðxn; xnþpÞ ! 0 as n ! 1 for all p[ 0. If p ¼ 1, then this follows
from the definition of asymptotic regularity. Let p > 2. By Remark 4.2 the points xn,
xnþp�1, xnþp are pairwise distinct. Using repeated triangle inequality, inequality (1.4)
and asymptotic regularity, we get
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dðxn; xnþpÞ 6 dðxn; xnþ1Þ þ dðxnþ1; xnþpþ1Þ þ dðxnþpþ1; xnþpÞ
6 dðxn; xnþ1Þ þ dðxnþ1; xnþpþ1Þ þ dðxnþpþ1; xnþpÞ þ dðxnþ1; xnþpÞ
6 dðxn; xnþ1Þ þ aðdðxn; xnþpÞ þ dðxnþp; xnþp�1Þ þ dðxn; xnþp�1ÞÞ
þ kðdðxn; TxnÞ þ dðxnþp; TxnþpÞ þ dðxnþp�1; Txnþp�1ÞÞ

6 dðxn; xnþ1Þ þ aðdðxn; xnþpÞ þ dðxnþp; xnþp�1Þ þ dðxn; xnþpÞ þ dðxnþp; xnþp�1ÞÞ
þ kðdðxn; TxnÞ þ dðxnþp; TxnþpÞ þ dðxnþp�1; Txnþp�1ÞÞ:

Hence,

dðxn; xnþpÞ� 1þ k
1� 2a

dðxn; xnþ1Þ þ 2aþ k
1� 2a

dðxnþp; xnþp�1Þ

þ k
1� 2a

dðxnþp; xnþpþ1Þ ! 0;

as n ! 1. Thus, ðxnÞ is a Cauchy sequence. Since the points x�, xn, xnþ1 are pairwise
distinct for all n > 0, the rest of the proof follows from the proof given in Theo-
rem 3.1. h

Below we show that the assumption of continuity for the mappings T allows us to
obtain fixed point theorems for more general classes of mappings than generalized
ĆRR type mappings even with the coefficient k 2 ½0; 1Þ.

We now provide a more general version of generalized ĆRR type mappings and
introduce the following definitions. First, we define the class F of functions F :

Rþ � Rþ � Rþ ! Rþ satisfying the following conditions:

(i) Fð0; 0; 0Þ ¼ 0;
(ii) F is continuous at (0, 0, 0).

Definition 4.4 Let (X, d) be a metric space with jX j > 3. We shall say that T :

X ! X is a generalized F-ĆRR type mapping on X if there exist a 2 ½0; 12Þ and
F 2 F such that the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ
6 aðdðx; yÞ þ dðy; zÞ þ dðz; xÞÞ þ Fðdðx; TxÞ; dðy; TyÞ; dðz; TzÞÞ

ð4:2Þ

holds for all three pairwise distinct points x; y; z 2 X .

Theorem 4.5 Let (X, d) be a complete metric space with jX j > 3 and let the
mapping T : X ! X be a continuous, asymptotically regular generalized F-ĆRR
type mapping. Then T has a fixed point. The number of fixed points is at most two.

Proof Let x0 2 X , Tðx0Þ ¼ x1, Tðx1Þ ¼ x2, and so on. Suppose that ðxnÞ does not
possess a fixed point of T. Let us prove that ðxnÞ is a Cauchy sequence. It is sufficient
to show that dðxn; xnþpÞ ! 0 as n ! 1 for all p[ 0. If p ¼ 1, then this follows
from the definition of asymptotic regularity. Let p > 2. By Remark 4.2 the points xn,
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xnþp�1, xnþp are pairwise distinct. Using repeated triangle inequality, inequality (4.2)
and asymptotic regularity, we get

dðxn; xnþpÞ 6 dðxn; xnþ1Þ þ dðxnþ1; xnþpþ1Þ þ dðxnþpþ1; xnþpÞ
6 dðxn; xnþ1Þ þ dðxnþ1; xnþpþ1Þ þ dðxnþpþ1; xnþpÞ þ dðxnþ1; xnþpÞ
6 dðxn; xnþ1Þ þ aðdðxn; xnþpÞ þ dðxnþp; xnþp�1Þ þ dðxn; xnþp�1ÞÞ
þ Fðdðxn; TxnÞ; dðxnþp; TxnþpÞ; dðxnþp�1; Txnþp�1ÞÞ

6 dðxn; xnþ1Þ þ aðdðxn; xnþpÞ þ dðxnþp; xnþp�1Þ þ dðxn; xnþpÞ þ dðxnþp; xnþp�1ÞÞ
þ Fðdðxn; xnþ1Þ; dðxnþp; xnþpþ1Þ; dðxnþp�1; xnþpÞÞ:

Hence,

dðxn; xnþpÞ
� 1

1� 2a
dðxn; xnþ1Þ þ 2adðxnþp; xnþp�1Þ



þFðdðxn; xnþ1Þ; dðxnþp; xnþpþ1Þ; dðxnþp�1; xnþpÞÞ
� ! 0;

as n ! 1. Thus, ðxnÞ is a Cauchy sequence. By the completeness of (X, d), this
sequence has a limit x� 2 X . Now

dðTx�; x�Þ 6 dðTx�; xnÞ þ dðxn; x�Þ ¼ dðTx�; Txn�1Þ þ dðxn; x�Þ:
Since T is continuous letting n ! 1, we obtain Tx� ¼ x�. The rest of the proof
follows from reasoning similar to the last paragraph of the proof of Theorem 3.1. h

Let B represent the class of functions b : ½0;1Þ ! ½0;1Þ that meet the following
condition: lim sup

t!0
bðtÞ\1.

Definition 4.6 Let (X, d) be a metric space with jX j > 3. We shall say that T :

X ! X is a generalized B-ĆRR type mapping on X if there exist a 2 ½0; 12Þ and
b1; b2; b3 2 B such that the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ� aðdðx; yÞ þ dðy; zÞ þ dðx; zÞÞ
þ b1ðdðx; TxÞÞdðx; TxÞ þ b2ðdðy; TyÞÞdðy; TyÞ þ b3ðdðz; TzÞÞdðz; TzÞ

ð4:3Þ

holds for all three pairwise distinct points x; y; z 2 X .

Corollary 4.7 Let (X, d) be a complete metric space with jX j > 3 and let the
mapping T : X ! X be a continuous, asymptotically regular generalized B-ĆRR
type mapping. Then T has a fixed point. Moreover, the number of fixed points is at
most two.

Proof Set Fðx; y; zÞ ¼ b1ðxÞxþ b2ðxÞxþ b3ðxÞ. Then Fð0; 0; 0Þ ¼ 0 and
lim

x;y;z!0
Fðx; y; zÞ ¼ 0 since lim sup

t!0
biðtÞ\1 for i ¼ 1; 2; 3. Hence, this assertion

follows from Theorem 4.5. h
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By setting b1ðtÞ ¼ b2ðtÞ ¼ b3ðtÞ ¼ k > 0 in (4.3), we get a generalized ĆRR type
mapping with the coefficients a 2 ½0; 12Þ and k 2 ½0;1Þ. Hence, we immediately
obtain the following.

Corollary 4.8 Let (X, d) be a complete metric space with jX j > 3 and let the
mapping T : X ! X be a continuous asymptotically regular generalized ĆRR type
mapping with the coefficients a 2 ½0; 12Þ and k 2 ½0;1Þ. Then T has a fixed point. The
number of fixed points is at most two.

Remark 4.9 It is noteworthy to mention that the continuity requirement for the
mapping T in Corollary 4.8 can be further relaxed. Corollary 4.8 remains applicable
when the continuity assumption on the mapping T is replaced with various weaker
continuity notions, such as orbital continuity, x0-orbital continuity, almost orbital
continuity, weak orbital continuity, T-orbitally lower semi-continuity, or k-continuity.
Interested readers can find more information on these weaker continuity notions in
[41].

Let U denote the class of functions u : ½0;1Þ ! ½0;1Þ satisfying:
(a) uðtÞ\t for all t[ 0,
(b) u is upper semi-continuous.

Definition 4.10 Let (X, d) be a metric space with jX j > 3. We shall say that T :
X ! X is a generalized ðu� FÞ-ĆRR type mapping on X if there exist u 2 U and
F 2 F such that the inequality

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ
6 umaxfdðx; yÞ; dðy; zÞ; dðz; xÞg þ Fðdðx; TxÞ; dðy; TyÞ; dðz; TzÞÞ

ð4:4Þ

holds for all three pairwise distinct points x; y; z 2 X .

Theorem 4.11 Let (X, d) be a complete metric space with jX j > 3 and let the
mapping T : X ! X be a continuous, asymptotically regular generalized ðu� FÞ-
ĆRR type mapping. Then T has a fixed point. The number of fixed points is at most
two.

Proof Let x0 2 X , Tðx0Þ ¼ x1, Tðx1Þ ¼ x2, and so on. Suppose that ðxnÞ does not
possess a fixed point of T. Let us prove that ðxnÞ is a Cauchy sequence. Suppose the
converse. Then there exists e[ 0, so that for each i ¼ 1; 2; . . . there are some
integers ni ¼ niðiÞ; pi ¼ piðiÞ 2 N such that ni > i and

dðxni ; xniþpiÞ > e: ð4:5Þ
Let for each i the integer pi be the smallest number (possibly pi ¼ 1) such that (4.5)
holds. Thus, we may assume that

dðxni ; xniþpi�1Þ\e:

Hence, for each i 2 N, we have

123

Three point analogue of Ćirić-Reich-Rus...



e 6 dðxni ; xniþpiÞ 6 dðxni ; xniþpi�1Þ þ dðxniþpi�1; xniþpiÞ
\ eþ dðxniþpi�1; xniþpiÞ;

and it follows from the asymptotic regularity that

lim
i!1

dðxni ; xniþpiÞ ¼ e:

Note that pi [ 1 for all i[N , where N is a sufficiently large integer. Indeed,
otherwise (4.5) contradicts to the asymptotic regularity. Since by assumption ðxnÞ
does not possess a fixed point of T, by Remark 4.2, the points xni , xniþpi�1, xniþpi are
pairwise distinct for i[N. Using repeated triangle inequality and inequality (4.4),
we get

dðxni ; xniþpiÞ 6 dðxni ; xniþ1Þ þ dðxniþ1; xniþpiþ1Þ þ dðxniþpiþ1; xniþpiÞ
6 dðxni ; xniþ1Þ þ dðxniþ1; xniþpiþ1Þ þ dðxniþpiþ1; xniþpiÞ þ dðxniþ1; xniþpiÞ
6 dðxni ; xniþ1Þ þ umaxfdðxni ; xniþpiÞ; dðxniþpi ; xniþpi�1Þ; dðxni ; xniþpi�1Þg
þ Fðdðxni ; TxniÞ; dðxniþpi ; TxniþpiÞ; dðxniþpi�1; Txniþpi�1ÞÞ

6 dðxni ; xniþ1Þ þ umaxfdðxni ; xniþpiÞ; dðxniþpi ; xniþpi�1Þ; dðxni ; xniþpiÞ
þ dðxniþpi ; xniþpi�1Þg þ Fðdðxni ; TxniÞ; dðxniþpi ; TxniþpiÞ; dðxniþpi�1; Txniþpi�1ÞÞ:

Letting i ! 1, using asymptotic regularity and upper semi-continuity of u, we
obtain

0\e ¼ lim
i!1

dðxni ; xniþpiÞ 6 lim sup
i!1

uðdðxni ; xniþpiÞ 6 uðeÞ\e;

which is a contradiction. Hence, ðxnÞ is a Cauchy sequence. The rest of the proof
follows from the proof given in Theorem 4.5. h

5 Fixed-point theorems in incomplete metric spaces

The following theorem is an analogue of Theorem 1 from [38]. Note that in this
theorem, we omit the completeness of the metric space and have two new conditions
(iii) and (iv).

Theorem 5.1 Let (X, d), jX j > 3, be a metric space and let the mapping T : X ! X
satisfy the following four conditions:

(i) T does not possess periodic points of prime period 2.
(ii) T is a generalized ĆRR type mapping on X.
(iii) T is continuous at x� 2 X .
(iv) There exists a point x0 2 X such that the sequence of iterates xn ¼ Txn�1,

n ¼ 1; 2; :::, has a subsequence xnk , converging to x�.

Then x� is a fixed point of T. The number of fixed points is at most two.
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Proof Since T is continuous at x� and xnk ! x� we have Txnk ¼ xnkþ1 ! Tx�. Note
that xnkþ1 is a subsequence of xn but not obligatory the subsequence of xnk . Suppose
x� 6¼ Tx�. Consider two balls B1 ¼ B1ðx�; rÞ and B2 ¼ B2ðTx�; rÞ, where
r\ 1

3 dðx�; Tx�Þ. Consequently, there exists a positive integer N such that i[N
implies

xni 2 B1 and xniþ1 2 B2:

Hence,

dðxni ; xniþ1Þ[ r ð5:1Þ
for i[N.

If the sequence ðxnÞ does not contain a fixed point of the mapping T, then we can
apply considerations of Theorem 3.1. By (3.2) for n ¼ 3; 4; . . . we have

dðxn�1; xnÞ 6 c
n
2�1a;

where a ¼ maxfdðx0; x1Þ; dðx1; x2Þg and c ¼ ð2ð2aþ kÞÞ=ð2� kÞ 2 ½0; 1Þ. Hence,

dðxni ; xniþ1Þ 6 c
niþ1
2 �1a:

But the last expression approaches 0 as i ! 1, which contradicts to (5.1). Hence,
Tx� ¼ x�.

The existence of at most two fixed points follows form the last paragraph of
Theorem 3.1. h

In the following theorem, we suppose that T is a generalized ĆRR type mapping,
not defined on the entire space X, but on an everywhere dense subset of X.
Additionally, we assume that T is continuous on X, but not only at the point x�. This
can be compared with Theorem 2 from [38].

Theorem 5.2 Let (X, d), jX j > 3, be a metric space and let the mapping T : X ! X
be continuous. Suppose that

(i) T does not possess periodic points of prime period 2.
(ii) T is a generalized ĆRR type mapping on (M, d), where M is an everywhere

dense subset of X.
(iii) There exists a point x0 2 X such that the sequence of iterates xn ¼ Txn�1,

n ¼ 1; 2; :::, has a subsequence xnk , converging to x�.

Then x� is a fixed point of T. The number of fixed points is at most two.

Proof The proof will follow from Theorem 5.1, if we can show that T is a
generalized ĆRR type mapping on X. Let x, y, z be any three pairwise distinct points
of X such that x; y 2 M , z 2 XnM and let ðcnÞ be a sequence in M such that cn ! z,
cn 6¼ x, cn 6¼ y for all n and ci 6¼ cj, i 6¼ j. Then
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dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ 6
dðTx; TyÞ þ dðTy; TcnÞ þ dðTcn; TzÞ þ dðTx; TcnÞ þ dðTcn; TzÞ
6 aðdðx; yÞ þ dðy; cnÞ þ dðcn; xÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðcn; TcnÞÞ þ 2dðTcn; TzÞ

(using the inequality

dðcn;TcnÞ 6 dðcn; zÞ þ dðz; TzÞ þ dðTz; TcnÞ; ð5:2Þ
we get)

6 aðdðx; yÞ þ dðy; cnÞ þ dðcn; xÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ þ kdðcn; zÞ þ kdðTz; TcnÞ þ 2dðTcn; TzÞ:

Letting n ! 1; we get dðcn; zÞ ! 0 and dðTcn; TzÞ ! 0. Hence, inequality (1.4)
follows.

Let now x 2 M, y; z 2 X nM , and let ðbnÞ; ðcnÞ be sequences in M such that
bn ! y and cn ! z. (Here and below we consider that the points x, y, z and all
elements of sequences converging to these points are pairwise distinct.) Then

dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ 6 dðTx; TbnÞ þ dðTbn; TyÞ
þ dðTy; TbnÞ þ dðTbn; TcnÞ þ dðTcn; TzÞ þ dðTx; TcnÞ þ dðTcn; TzÞ

6 aðdðx; bnÞ þ dðbn; cnÞ þ dðcn; xÞÞ
þ kðdðx; TxÞ þ dðbn; TbnÞ þ dðcn; TcnÞÞ þ 2dðTbn; TyÞ þ 2dðTcn; TzÞ

(using the inequality

dðbn; TbnÞ 6 dðbn; yÞ þ dðy; TyÞ þ dðTy; TbnÞ ð5:3Þ
and inequality (5.2) we get)

6 aðdðx; bnÞ þ dðbn; cnÞ þ dðcn; xÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ þ 2dðTbn; TyÞ þ 2dðTcn; TzÞ
þ kðdðbn; yÞ þ dðTy; TbnÞ þ dðcn; zÞ þ dðTz; TcnÞÞ:

Again, letting n ! 1, we get inequality (1.4).
Let now x; y; z 2 X nM, and let ðanÞ; ðbnÞ and ðcnÞ be sequences in M such that

an ! x, bn ! y and cn ! z. Then
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dðTx; TyÞ þ dðTy; TzÞ þ dðTx; TzÞ
6 dðTx; TanÞ þ dðTan; TbnÞ þ dðTbn; TyÞ
þ dðTy;TbnÞ þ dðTbn; TcnÞ þ dðTcn; TzÞ
þ dðTx;TanÞ þ dðTan; TcnÞ þ dðTcn; TzÞ

6 aðdðan; bnÞ þ dðbn; cnÞ þ dðcn; anÞÞ
þ kðdðan; TanÞ þ dðbn; TbnÞ þ dðcn; TcnÞÞ
þ 2dðTan; TxÞ þ 2dðTbn; TyÞ þ 2dðTcn; TzÞ

(using the inequality

dðan; TanÞ 6 dðan; xÞ þ dðx; TxÞ þ dðTx; TanÞ
and inequalities (5.2) and (5.3) we get)

6 aðdðan; bnÞ þ dðbn; cnÞ þ dðcn; anÞÞ
þ kðdðx; TxÞ þ dðy; TyÞ þ dðz; TzÞÞ
þ 2dðTan; TxÞ þ 2dðTbn; TyÞ þ 2dðTcn; TzÞ
þ kðdðan; xÞ þ dðTx; TanÞ þ dðbn; yÞ þ dðTy; TbnÞ þ dðcn; zÞ þ dðTz; TcnÞÞ:

Again, letting n ! 1, we get inequality (1.4). Hence, T is a generalized ĆRR type
mapping on X, which completes the proof. h
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