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Abstract

In this paper, we introduce a three-point analogue of Ciri¢-Reich-Rus type mappings,
termed as generalized Cirié-Reich-Rus type mappings. We demonstrate that these
mappings generally exhibit discontinuity within their domain of definition but
necessitate continuity at their fixed points. We showcase the existence and non-
uniqueness of fixed points for these generalized Cirié-Reich-Rus type mappings. By
imposing additional conditions, specifically asymptotic regularity and continuity, we
extend the applicability of fixed-point theorems to a broader class of mappings.
Finally, we obtain two fixed point theorems for generalized Cirié-Reich-Rus type
mappings in metric spaces that are not necessarily complete.

Keywords Fixed point theorem - Ciri¢-Reich-Rus type mapping - Metric
space - Asymptotic regularity
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1 Introduction

In 1971, independently, Cirié¢ [1], Reich [2] and Rus [3] extended the Kannan fixed
point theorem to cover a broader class of mappings. Essentially, Reich [2] established
the following result which gives the fixed point for a self discontinuous mapping: Let
T : X — X be a mapping on a complete metric space (X, d) with

d(Tx, Ty) < ad(x,y) + bd(x, Tx) + cd(y, Ty), (1.1)

where a,b,c>0,a+ b+ c<1 and x,y € X. Then T has a unique fixed point.
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In what follows, we will refer to the mapping (1.1) as the Cirié-Reich-Rus (CRR)
mapping. This theorem integrates principles from both the Banach contraction
principle (by choosing » = ¢ = 0) and the Kannan fixed point theorem [4, 5] with
a = 0,b = ¢ = A. This synthesis provides a unified framework that encompasses and
extends the key ideas from these established theorems.

In fixed point theory, major generalizations of fixed point results involve
weakening contractivity [2, 6-21]; relaxing topology assumptions or metric spaces
[22-30], and extending theorems to deal with multi-valued mappings [31-35]. These
adaptations broaden the applicability of fixed point theorems across diverse
mathematical contexts.

In [36], Petrov initiated a novel class of self-mappings characterized by the
contraction of perimeters of triangles.

Definition 1.1 ([36]) Let (X, d) be a metric space with |[X| > 3. We say that T :
X — X is a mapping contracting perimeters of triangles on X if there exists o €
[0, 1) such that the inequality

d(Tx, Ty) +d(T9, T2) + d(Tx, Tz) < a(d(x,y) + d(v.2) + d(x,2)  (12)
holds for all three pairwise distinct points x,y,z € X.

In addition to the distinctive feature of mapping three points instead of the
conventional two, a crucial condition was emphasized to prevent the mapping from
having points with the least period two. Furthermore, instead of ensuring the
uniqueness of the fixed point, it guarantees the existence of exactly two fixed points.
The Banach contraction principle significantly reduces to a noteworthy subclass
within this category of mappings.

Remark 1.2 1t is crucial to note that the requirement for x,y,z € X to be pairwise
distinct is essential in Definition 1.1. Without this condition, one can observe that the
definition becomes equivalent to that of the contraction mapping.

In [37], the authors introduced a three point analogue of Kannan type mappings,
specifically referred to as the generalized Kannan type mappings, and established
several fixed point theorems under various conditions. It is crucial to emphasize that
these generalized Kannan type mappings are independent from the conventional
Kannan type mappings.

Definition 1.3 ([37]) Let (X, d) be a metric space with |[X| > 3. We say that T :
X — X is a generalized Kannan type mapping on X if there exists 4 € [0, %) such that
the inequality

d(Tx,Ty) +d(Ty, Tz) + d(Tx, Tz) < A(d(x, Tx) + d(y, Ty) + d(z, Tz)) (1.3)
holds for all three pairwise distinct points x,y,z € X.

In the next definition, we introduce three-point analogue of the CRR type
mappings.
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Definition 1.4 Let (X, d) be a metric space with |[X| > 3. We shall say that T :
X — X is a generalized CRR type mapping on X if there exist o, 2> 0, 20 + 32—1 <1
such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz)
< oa(d(x,y) +d(y,z) + d(z,x)) (1.4)
+ Ad(x, Tx) +d(y, Ty) + d(z, Tz))
holds for all three pairwise distinct points x,y,z € X.

The fixed-point theorem for such mappings is built upon the proof strategy
essentially used in CRR’s fixed point theorem. However, a fundamental difference
lies in the definition of these mappings, which involves the mapping of three points
in the space, as opposed to the conventional two-point mapping. Furthermore, a
condition is introduced to preclude these mappings from having periodic points of
prime period 2.

In Sect. 2, we study connection between generalized CRR type mappings and
CRR type mappings. Additionally, we provide an example of a discontinuous
generalized CRR type mapping.

In Sect. 3, we prove the main result of this paper Theorem 3.1, which is a fixed
point theorem for generalized CRR type mappings. It is noteworthy that this theorem
asserts that the number of fixed points is at most two. Furthermore, it is demonstrated
that the generalized CRR type mappings are continuous at fixed points.

In Sect. 4, we explore fixed point theorems for asymptotically regular generalized
CRR-type mappings. The condition of asymptotic regularity facilitates an extension
of the requirement for the positive parameter 2o + % <lin(14)toac [0,%) and
2 €[0,1), as demonstrated in Theorem 4.3. The additional condition of continuity
enables the derivation of a fixed point theorem applicable to the class of generalized
F-CRR-type mappings, as presented in Theorem 4.5. Furthermore, we extend the
permissible values of the parameter A to the set [0, c0), as outlined in Corollary 4.8.

In Sect. 5, similar to the results proved in [38], we obtain two other fixed point
theorems for generalized CRR type mappings. In the first scenario, we relax the
requirement for the completeness of the metric space X. We assume that 7 : X' — X
is continuous at a specific point x* € X, and there exists a point xo € X such that the
sequence of iterates x, = Tx,_;, n=1,2,..., possesses a sub-sequence (x,,)
converging to x*, as stated in Theorem 5.1. In the second scenario, we suppose
the additional condition that the mapping 7T is continuous throughout the entire space,
not just at the point xy, besides relaxing the completeness assumption. Furthermore,
Condition (1.4) is required only on an everywhere dense subset of the space, as
presented in Theorem 5.2.

2 Some properties of generalized CRR type mappings

In the next result, we delve into the connections between generalized CRR-type
mappings and CRR-type mappings.
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Proposition 2.1 CRR type mappings with 2a —l—%(b +¢) <1 are generalized CRR
type mappings.

Proof Let (X, d) be a metric space with [X| >3, T:X — X be a CRR type
mapping with 2a —l—%(b + ¢) < 1. First of all note that the last inequality implies
a+b+c<l1, ie., Tis indeed CRR type mapping. Let x,y,z € X be pairwise
distinct. Consider inequality (1.1) for the pairs y, z, and z, x and:

d(Ty,Tz) < ad(y,z) + bd(y, Ty) + cd(z, Tz), (2.1)

d(Tz,Tx) < ad(z,x) + bd(z, Tz) + cd(x, Tx). (2.2)

Summarizing the left and the right parts of inequalities (1.1), (2.1) and (2.2) we
obtain

d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz)
<a(d(x,y) +d(y,z) +d(zx) + (b + c)(d(x, Tx) +d(y, Ty) + d(z, T2)).
Hence, we get the desired assertion. O

Example 2.2 Let us construct an example of discontinuous generalized CRR type
mapping. Let X =[0,1], d be the Euclidean distance on X, T: X — X be a
discontinuous mapping such that 7x = % for all x € [0,1) and T(1) = §. Let us show
first that T'is a CRR type mapping with the coefficients a = i, b=c= é. It is easy to
see that (1.1) holds for all x,y € [0,1). Without loss of generality consider that
x €[0,1) and y = 1. Consider (1.1) for such x and y:

x 1 1 1, ox 1[0 1
A R I . VT L
4 g‘ d0-90+5( 4>+8( 8)

Multiplying both parts on 64 and simplifying, we get

[16x — 8| < 23 — 10x.

Ifx e [0,%), then we get 8 — 16x < 23 — 10x or 0 < 6x + 15, which clearly holds. If
x €[5, 1), then we get 16x — 8 < 23 — 10x or 26x < 31, which clearly holds for
such x. Thus, (1.1) holds for all x,y € [0,1] and T is a CRR type mapping. Further,

3 1 3/1 1 1 3
2a+2(b+c)=2(4> +2<8+8> :§+§<1.

By Proposition 2.1 T'is a generalized CRR type mapping.

Example 2.3 Let us construct an example of generalized CRR type mapping, which
is not a CRR type mapping. Let X = {x,y,z}, d(x,y) = 1,d(x,z) = 10,d(y,z) = 10
and let 7 : X — X be such that Tx = x, Ty = y, Tz = x. It is clear that (1.4) holds
with the coefficients & = % and 4 = 0, but (1.1) does not hold for any a <1, since x
and y are two fixed points of 7.
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Example 2.4 Let X = [0, 1], d be the Euclidean distance on X, 7 : X — X be such
that Tx = % for all x € [0, 1]. Let us show that T'is a CRR type mapping but not a
generalized CRR type mapping. Clearly (1.1) holds with a = 1%, b=c=0,a+
b+c<l1 forall x,y € X:

9

9
=y < =|x— 0
o~ l 10"“ v+

9
X ——x

10

9
0y ——y|.
Consider (1.4):

9 LY E
2 (e — _ —zZ) <allx— - - — ).
10(|x V+l—zl+x—z) <alx—y+y—z|+|x Z|)+/1(10+ T 10)

It is clear that this inequality does not hold even with o =} and 2 =3, e.g., for the

pointsx:O,y:%,z:I.

Thus, the previous two examples show that the classes of CRR type mappings and
generalized CRR type mappings are independent of each other.

Proposition 2.5 Let (X, d) be a metric space and let T : X — X be a generalized
CRR type mapping with some o, 2. > 0. If x is an accumulation point of X and T is
continuous at x, then the inequality

d(y, T
d(Tx, Ty) < ad(x,y) + 1 <d(x, Tx) + ()/,2 y)) (2.3)
holds for all points y € X.

Proof Letx € X be an accumulation point and let y € X. If y = x, then clearly (2.3)
holds. Let now y # x. Since x is an accumulation point, then there exists a sequence
z, — x such that z,, # x, z, # y and all z, are different. Hence, by (1.4) the inequality

d(Tx,Ty) + d(Ty, Tz,) + d(Tx, Tz,)
< a(d(x,y) +d,z,) + d(zy,x))
+ A(d(x,Tx) + d(y, Ty) + d(zu, Tz,))

holds for all » € N. Since z, — x and T'is continuous at x we have 7z, — Tx. Since
every metric is continuous we have d(z,, 7z,) — d(x, Tx). Hence, we get

d(Tx, Ty) +d(Ty, Ix) < a(d(x,y) + d(v,x)) + A(d(x, Tx) + d(y, Ty) + d(x, Tx)),
which is equivalent to (2.3). Ol

Corollary 2.6 Let (X, d) be a metric space, T : X — X be a continuous generalized
CRR type mapping with some o, 2. > 0 and let all points of X be accumulation points.
Then T is a CRR type mapping with b = c.

Proof According to Proposition 2.5, inequality (2.3) holds as well as the inequality
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d(Tx, Ty) < ad(x,y) + i(d(y, Ty) +M> (2.4)

Summarizing the left and the right parts of (2.3) and (2.4) and dividing both parts of
the obtained inequality by 2, we get

(T, T9) < () + 2 (dly, ) +d(x, T)). (2.5)

Since 20 +3 € [0,1), we have o+ 3 € [0,1) and «+3£ € [0,1). Setting a = «,
b= 37)', we get a +2b<1 and, comparing (2.5) with (1.1), we obtain the desired
assertion. ([

3 The main result

Let 7 be a mapping on the metric space X. A point x € X is called a periodic point of
period n if T"(x) = x. The least positive integer n for which 7"(x) = x is called the
prime period of x, see, e.g., [39, p. 18]. In particular, the point x is of prime period 2 if
T(T(x)) = x and Tx # x.

The following theorem is the main result of this paper.
Theorem 3.1 Let (X, d), |X| > 3, be a complete metric space and let the mapping
T : X — X satisfy the following two conditions:

(1) T does not possess periodic points of prime period 2, i.e., T(T(x)) # x for all
X € X such that Tx # x.
(ii) Tis a generalized CRR type mapping on X.

Then T has a fixed point. The number of fixed points is at most two.

Proof Let xo € X, Txo = x1, Tx; = x3, ..., Ix; = X411, .... Suppose that x, is not a
fixed point of the mapping 7 for every n = 0,1, .... Since x,_; is not fixed, then
Xu—1 # Xy = Tx,_1. By condition (i) x,+1 = T(T(x,—1)) # x,—1 and by the suppo-
sition that x, is not fixed we have x, # x,,1 = Tx,. Hence, x,_1, x, and x,; are
pairwise distinct. Let us set in (1.4) x = x,_1, ¥ = X, Z = X,+1- Then
d(TX,,,l, Txn) + d(Txm Tanrl) + d(Txnfh Txn+l)
< a(d(xnflaxn) + d(xnaxn+1) + d(xn+laxn71))
+ ;L(d(xn—l ) Txn—l) + d(xny Txn) + d(xn-H ) Txn-H ))

and

d(Xn, Xn41) + d(Xns1, Xn12) + d(Xni2,%0)
< Of(d(xn—lvxn) + d(xn7xn+l) + d(xn+17xn—1))
}~<d(xnfl;xn) + d(xn;anrl) + d(xn+l;xn+2))~

Using the triangle inequality d(x,1,X,—1) < d(Xp11,%,) + d (X0, X0—1), We get
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d(xn7xn+1) + d(xn-H ;xn+2) + d(xn+2axn)
< O5(‘1()‘7r1717)‘7n> + d(xnvanrl) + d(xn+17xn) + d(xnyxnfl))
i(d(x,,,l,x,,) + d(xnaanrl) + d(xn+1 axn+2))~

Hence,
(1 - )L)d(xnﬁ—l:xn-%—Z) (20( + ;)( (xn—laxn) + d(xnyxn+l)) - d(xmxn+l) - d(xn+27xn)-

Keeping in view of the triangle inequality d(x,+1,X5+2) < d(Xu, Xns1) + d(Xni2, %),
we get

(1 - ;“)d(er-laer-Z) (ZO‘ + /“)(d(xn—lvxn) + d(xnvxn-&-l)) - d(xn+17xn+2)'

Further,
(2 = A)d(Xps1,%n12) < 200+ A)(d(Xp-1,%0) + d(Xn, Xn11)),
2004 A
d(xn+l 7xn+2) < ﬁ (d(xnfl ,x,,) + d(xnaxthl))
and
2 20( + )L,
. 022) < 2 (). d s )

Let y = ( ) . Using the relation (20 +3%) € [0,1), we get 7 € [0, 1). Further,

d(xn+17xn+2) < Y max{d(xnflvxn)v d(xmanrl )} (3 1)

Set a, = d(xp—1,%,), n=1,2,..., and let a = max{a;,ay}. Hence, by (3.1), we
obtain

a1 <a, o < a, az < ya, as < ya, as < ya c16<y2a7 a7<y3a,....
Since y <1, it is clear that the inequalities
ay<a, ap <a, a3 < 2a, as < ya, as < V%a, as < yza, a7 < y%a,
also hold. That is,
an <7 'a (3.2)

forn =3,4,.
Letp € N , p = 2. By the triangle inequality, for » > 3 we have

d (%, xn+p> < d(Xn, Xn1) +d(Xnr1, Xni2) + .0+ d(xﬂJrP*l) xn+p)

= dpit + pin o+ Gy < a(yT +VT*1+ .

:ay%’l(l—l—y%—!- —|—y )*ay"T

Since by the supposition 0 < y<1, then 0 < /y? <1 and d(x,, Xu4p) < ay'T lfﬁ.
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Hence, d(x,, X,1p) — 0as n — oo for every p > 0. Thus, (x,) is a Cauchy sequence.
By the completeness of (X, d), this sequence has a limit x* € X.

Recall that any three consecutive elements of the sequence (x,) are pairwise
distinct. If x* # x; for all k € {1,2,...}, then inequality (1.4) holds for the pairwise
distinct points x*, x,_; and x,. Suppose that there exists the smallest possible £ €
{1,2,...} such that x* = x;. Let m > k be such that x* = x,,. Then the sequence (x,)
is cyclic starting from & and can not be a Cauchy sequence. Hence, the points x*, x,,_
and x, are pairwise distinct at least when n — 1 > k.

Let us prove that 7Tx* =x*. If there exists k € {1,2,...} such that x; = x*,
then suppose n — 1 > k. By the triangle inequality and inequality (1.4), we have

d(x*, Tx*) < d(x*,x,) +d(xy, Tx") = d(x*, x,) + d(Tx,—1, Tx*)
<d(x",x,) +d(Txy—1, Ix") + d(Txy—1, Tx,) + d(Tx,, Tx*)
< d(x*,x,) + oa(d(xy—1,X") + d(xp—1, %) + d(xn,x¥))
+ Ad(xp—1, Txy—1) + d(xn, Tx,) + d(x*, Tx")).
Hence,
(1 = A)dx*, Tx") < (1 4+ 0)d(x*,x,) + (o0 + A)d (xn—1, %) + Ad(xn, Xp11) + 0d (xXp—1,x%)

and

d(x*, Ix") < % (1 + a)d(x*,x,) + (o + A)d (x5—1, %)

1
+ Ad(Xp, xp11) + ocd(x,,,l,x*)).

(3.3)

Since all the distances in the right side tend to zero as n — oo, we obtain

d(x*, Tx*) = 0.
Suppose that there exists at least three pairwise distinct fixed points x, y and z.
Then Tx = x, Ty = y and Tz = z, which contradicts to (1.4). O

Remark 3.2 Suppose that under the supposition of the theorem the mapping 7 has a
fixed point x*, which is a limit of some iteration sequence xg,x; = Txg,x» = Txy,...
such that x, # x* for all n =1,2,.... Then x* is the unique fixed point. Indeed,
suppose that 7 has another fixed point x** # x*. It is clear that x, # x** for all
n=1,2,.... Hence, we have that the points x*, x** and x,, are pairwise distinct for all
n=1,2,.... Consider inequality (1.4) for the points x*, x** and x,:

d(Tx*, Tx"™) + d(Tx*, Tx,) + d(Tx*, Tx,)
< o(d(x*,x™) +d(x*,x,) +d(x*", x,)) + A(d(x*, Tx") + d(xn, Txy) + d(x™, Tx™)).

Further,

d(X*7X**) + d(X*7xn+l) + d(X**aanrl)
L o(d(x*, X)) + d(x*,x,) + d(x*", x,)) + Ad (X, Xpy1)-

Taking into consideration that d(x*,x,) — 0, d(x*,x,+1) — 0, d(x**,x,41) —
d(x*,x*) and d(x,,x,11) — 0 and letting n — oo, we obtain the inequality
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d(x*, x**) < od(x*,x**) or 1 o, which leads to contradiction, since by Defini-
tion 1.4 the inequality o < holds

Corollary 3.3 Setting A = 0 in (1.4) implies that Theorem 3.1 entails Theorem 2.4
from [36] for mappings contracting perimeters of triangles with the coefficient
o€ [0,9).

Similarly, setting oo =0 in (1.4), we get that Theorem 3.1 implies exactly
Theorem 3.2 from [37] for generalized Kannan type mappings.

It is well-known that CRR-type mappings are continuous at fixed points [14]. The
following proposition demonstrates that generalized CRR-type mappings also exhibit
this desirable property.

Proposition 3.4 Generalized CRR type mapping are continuous at fixed points.

Proof Let (X, d) be a metric space with |[X| >3, T : X — X be a generalized CRR
type mapping and x* be a fixed point of 7. Let (x,) be a sequence such that x,, — x*,
Xp # xu11 and x, # x* for all n. Let us show that Tx, — Tx*. By (1.4), we have

d(Tx*, Tx,) + d(Txy, Txpy1) + d(Txpgr, TXY)
< ad(x", xn) + d (X, Xnp1) + d(Xp1,X7))
+ Ad(x*, Tx") + d(x,, Txy) + d(Xp11, TXng1))-

Using d(x,, Xp+1) < d(xn,x*) + d(x*, x,41), we get
d(Tx", Tx,) + d(Txp, Txps1) + d(Txpiq, Tx¥)
< 20(d(x*,x,) + d (X1, X)) + A(d (X", Tx") + d(xy, Txn) + d (X1, Txnt1))-
Hence,
d(Tx", Tx,) + d(Txpy1, Tx¥)
< 2a(d(x*,x,) + d(xpg1,x%)) + Ad (X0, Txp) + d(Xnt1, Tonr1))-
By the triangle inequality we have

( Txn) +d(Txn+1> Tx* )
20(d(x", Xn) + d(xn41,x7))
—&—)»(d(xn, x*) +d(x*, Txy) + d(xpp1,x°) + d(x*, Txug1))-

Further,
24
A(Tx", Tn) + d(Txsr, Tx) < 1“_*2 (A0, x") + drns1,2°)).

Since d(x,,x*) — 0 and d(x,.1,x*) — 0 we have
d(Tx*, Tx,) + d(Txy41, Ix*) — 0

and, hence, d(Tx*, Tx,) — 0.
Let now (x,) be a sequence such that x, — x*, and x,, # x* for all n, but x,, = x,,1
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is possible. Let (x,,) be a subsequence of (x,) obtained by deleting corresponding
repeating elements of (x,), i.e., such that x,, # x,,,, for all k. It is clear that x,, — x*.
As was just proved Tx,, — Tx* = x*. The difference between Tx,, and Tx, is that T,
can be obtained from T¥, by inserting corresponding repeating consecutive ele-
ments. Hence, it is easy to see that Tx, — Tx*.

Let (x,) be a sequence such that x,, = x* for all n > N. Then, clearly, Tx, — Tx".
Let (x,) now be an arbitrary sequence such that x,, — x* but not like in the previous
case. Consider a subsequence (x,, ) obtained from (x,) by deleting elements x* (if
they exist). Clearly, x,, — x*. It was just shown that such 7x,, — Tx*. Again, we see
that Tx, can be obtained from T¥,, by inserting in some places elements 7x* = x*.
Again, it is easy to see that Tx, — Tx*. |

4 Asymptotic regularity

The concept of asymptotic regularity enables an extension of the parameters within
the class of mappings for which the fixed-point theorems hold.

Definition 4.1 Let (X, d) be a metric space. A mapping 7 : X — X satisfying the
condition

lim d(T""'x, T"x) = 0 (4.1)

for all x € X is called asymptotically regular [40].

Remark 4.2 Let (X, d) be a metric space, T : X — X be a self-mapping and let
x0 € X, T(xo) =x1, T(x1) = x2, and so on. If T is asymptotically regular and the
sequence (x,) does not possess a fixed point of 7, then all the points x;, i > 0, are
pairwise distinct. Indeed, otherwise the sequence (x,) is cyclic starting from some
number and Condition (4.1) does not hold.

Theorem 4.3 Let (X, d) be a complete metric space with |X| >3 and let the
mapping T : X — X be asymptotically regular generalized CRR type mapping with
the coefficients o € [0,1) and J. € [0,1). Then T has a fixed point. The number of
fixed points is at most two.

Proof Let xo € X, T(xo) = x1, T(x1) = x, and so on. Suppose that (x,) does not
possess a fixed point of 7. Let us prove that (x,) is a Cauchy sequence. It is sufficient
to show that d(x,,x,4,) — 0 as n — oo for all p > 0. If p = 1, then this follows
from the definition of asymptotic regularity. Let p > 2. By Remark 4.2 the points x,,,
Xn+p—1» Xn4p are pairwise distinct. Using repeated triangle inequality, inequality (1.4)
and asymptotic regularity, we get
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d (X, Xn1p) < d(Xp, Xpg1) + d(Xnp1, Xnipr1) +dXnipi1s Xngp)
< d(xp, Xns1) + d(xn+laxn+p+l) + d(xn+p+laxn+p) + d<xn+lvxn+p)
< d (X, Xnt1) + o(d (X0, Xntp) + d Xy Xnp—1) + d (X, Xpsp-1))
+ Ad(xp, Txy) + d(Xnp, Txnip) + d(Xpip—1, TXnip—1))
< d (X, Xnp1) + O‘(d(xnaxn+p) + d(xn+p7xn+p—l) + d(xnvxn+p) + d(xn+pvxn+p—l))
+ 2(d (%, Txn) + d(Xpsp, Tnsp) + d(Xpsp1, T p-i))-

Hence,
1+ 42 2004 A
d(xnaanrp) < md(xn»xwrl) + md(anrpyanrpfl)
A
+ md(xn+paxn+p+1) — 0,

as n — oo. Thus, (x,) is a Cauchy sequence. Since the points x*, x,,, x,,+1 are pairwise
distinct for all n > 0, the rest of the proof follows from the proof given in Theo-
rem 3.1. U

Below we show that the assumption of continuity for the mappings T allows us to
obtain fixed point theorems for more general classes of mappings than generalized
CRR type mappings even with the coefficient A € [0, 1).

We now provide a more general version of generalized CRR type mappings and
introduce the following definitions. First, we define the class F of functions F :
RT x RT x R" — R satisfying the following conditions:

)  £(0,0,0) = 0;
(i)  F is continuous at (0, 0, 0).

Definition 4.4 Let (X, d) be a metric space with |[X| > 3. We shall say that T :
X — X is a generalized F-CRR type mapping on X if there exist o € [O,%) and

F € F such that the inequality
d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz) (42)
< o(d(x,y) +d(y,2) + d(z,x)) + F(d(x, Tx),d(y, Ty), d(z, Tz)) '

holds for all three pairwise distinct points x,y,z € X.

Theorem 4.5 Let (X, d) be a complete metric space with |X| >3 and let the
mapping T : X — X be a continuous, asymptotically regular generalized F-CRR
type mapping. Then T has a fixed point. The number of fixed points is at most two.

Proof Let xo € X, T(xo) =x1, T(x1) = x2, and so on. Suppose that (x,) does not
possess a fixed point of 7. Let us prove that (x,) is a Cauchy sequence. It is sufficient
to show that d(x,,x,,,) — 0 as n — oo for all p > 0. If p = 1, then this follows
from the definition of asymptotic regularity. Let p > 2. By Remark 4.2 the points x;,,
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Xntp—1, Xnyp are pairwise distinct. Using repeated triangle inequality, inequality (4.2)
and asymptotic regularity, we get
d(xn;anrp) < d(xm xn+1) + d(x;z+17xn+p+1) + d(xn+p+17xn+p)
< d(xp, Xns1) +d(Xni1, Xnipi1) + dXnipi1 Xnsp) + d(Xnt1,Xn1p)
< d(xn;xn+l) + Oc(d(xnaxn-o—p) + d(xn+177xn+17—l) + d(xmxn-‘rp—l ))
+ F(d(xnv Txn)7 d(xn+p; Txn+p)7 d(xn+p717 Txn+p71))
< d(xnaanrl) + a(d(xmxn+p) + d(x,1+p7x,1+p,1) + d(xmanrp) + d(x,,er,x,,er,l))
+ F(d(xmxm—l )7 d(x;z+p7x;z+p+l ); d(xn+p—l 7xn+p))~
Hence,
d(xnvxnﬂl)
1
S m [d(xnvanrl) + 2“d(xn+paxn+p71)
+F(d(xmxn+l)7 d(xn+17axn+p+l)v d(xn+p—1 7xn+p)ﬂ - Oa

as n — oo. Thus, (x,) is a Cauchy sequence. By the completeness of (X, d), this
sequence has a limit x* € X. Now

d(Tx",x") < d(Tx",x,) + d(xp,x") = d(Tx", Txp—1) + d(x,,x7).

Since T is continuous letting n — oo, we obtain 7x* = x*. The rest of the proof
follows from reasoning similar to the last paragraph of the proof of Theorem 3.1. [

Let B represent the class of functions f : [0, 00) — [0, c0) that meet the following

condition: lim sup f(¢) < co.
t—0

Definition 4.6 Let (X, d) be a metric space with |[X| > 3. We shall say that T :
X — X is a generalized B-CRR type mapping on X if there exist o € [0,%) and
P, By, B3 € B such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz) < a(d(x,y) + d(y,z) + d(x,2))
+ ﬁl (d(xv Tx))d(x, Tx) + ﬁz(d(% Ty))d(% Ty) + ﬁ3(d(za TZ))d(Zv TZ)

holds for all three pairwise distinct points x,y,z € X.

(4.3)

Corollary 4.7 Let (X, d) be a complete metric space with |X| >3 and let the
mapping T : X — X be a continuous, asymptotically regular generalized B-CRR
type mapping. Then T has a fixed point. Moreover, the number of fixed points is at
most two.

Proof Set F(x,y,z) = f,(x)x+ fy(x)x+ p5(x). Then F(0,0,0)=0 and
limOF(x,y,z) =0 since limsup f5;(f) <oco for i =1,2,3. Hence, this assertion
t—0

XYs2—

follows from Theorem 4.5. ([

@ Springer



Three point analogue of Ciri¢-Reich-Rus...

By setting f3,(¢) = f,(¢) = B5(¢) = A > 0in (4.3), we get a generalized CRR type
mapping with the coefficients « € [0,1) and 2 € [0, 00). Hence, we immediately
obtain the following.

Corollary 4.8 Let (X, d) be a complete metric space with |X| >3 and let the
mapping T : X — X be a continuous asymptotically regular generalized CRR type
mapping with the coefficients o. € [0,3) and 4 € [0, 00). Then T has a fixed point. The
number of fixed points is at most two.

Remark 4.9 1t is noteworthy to mention that the continuity requirement for the
mapping 7 in Corollary 4.8 can be further relaxed. Corollary 4.8 remains applicable
when the continuity assumption on the mapping 7 is replaced with various weaker
continuity notions, such as orbital continuity, xp-orbital continuity, almost orbital
continuity, weak orbital continuity, 7-orbitally lower semi-continuity, or k-continuity.
Interested readers can find more information on these weaker continuity notions in
[41].

Let U denote the class of functions ¢ : [0,00) — [0, 00) satisfying:

(@ o(t)<tforall t >0,
(b) ¢ is upper semi-continuous.

Definition 4.10 Let (X, d) be a metric space with |[X| > 3. We shall say that T :
X — X is a generalized (¢ — F)-CRR type mapping on X if there exist ¢ € U and
F € F such that the inequality

d(Tx,Ty) + d(Ty, Tz) + d(Tx, Tz) )
< pmax{d(x.),d(7,2), d(z,x)} + F(d(x, Tx), (7. Ty),d(z, T2))
holds for all three pairwise distinct points x,y,z € X.

Theorem 4.11 Let (X, d) be a complete metric space with |X| >3 and let the
mapping T : X — X be a continuous, asymptotically regular generalized (¢ — F)-
CRR type mapping. Then T has a fixed point. The number of fixed points is at most
two.

Proof Let xo € X, T(xo) = x1, T(x1) = x, and so on. Suppose that (x,) does not
possess a fixed point of 7. Let us prove that (x,) is a Cauchy sequence. Suppose the
converse. Then there exists & > 0, so that for each i =1,2,... there are some
integers n; = n;(i), p; = p:(i) € N such that n; > i and

d(xn,»axnﬁ—p,) Z & (45)

Let for each i the integer p; be the smallest number (possibly p; = 1) such that (4.5)
holds. Thus, we may assume that

d(xn,-?xnﬂrp,*l) <e.

Hence, for each i € N, we have
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& < d(xn; Xnap,) < d (X Xnp—1) + d(Xnip—1, Xnip,)

< &+ d(xnﬂrp,vfl s xn,-+pi)>
and it follows from the asymptotic regularity that

1im (X, X, 4p,) = &-

1—00

Note that p; > 1 for all i > N, where N is a sufficiently large integer. Indeed,
otherwise (4.5) contradicts to the asymptotic regularity. Since by assumption (x,)
does not possess a fixed point of 7, by Remark 4.2, the points x,,, X, 4p,—1, Xn,+p, are
pairwise distinct for i > N. Using repeated triangle inequality and inequality (4.4),
we get

d(Xn;s Xnp) < d (s Xn1) + d (X1, Xt pie1) + d(Xpit 15 Xgp,)
S A, Xn41) + X1, Xnap1) + dCnpiits X, ) + A, X))
< d(Xy, Xn41) + @ max{d (v, Xn1p,), d Xnpy s Xnpy—1) s d (X, Xypi—1)
+ F(d(xn;, Txn, ), d (X4 s Tniipy) s @ Xtpi—1s Tnypy—1))
< d (X Xn41) + @max{d(xnwxnﬁpf)7 d(xnﬁpnxnﬁpﬁl)?d(xnwxnﬁpf)
+ d(xmﬂ?l » Xni+pi—1 )} + F(d(xnm Tx”i)’ d(xni+!7i7 Txn,-+pi)v d(xn,-+p1*17 Txp4pi—1 ))

N

Letting i — oo, using asymptotic regularity and upper semi-continuity of ¢, we
obtain
0<e= ilirglc A%y, Xptp,) < Hmsup @(d(xn,, Xn1p,) < @(€) <,
- i—00

which is a contradiction. Hence, (x,) is a Cauchy sequence. The rest of the proof
follows from the proof given in Theorem 4.5. O

5 Fixed-point theorems in incomplete metric spaces

The following theorem is an analogue of Theorem 1 from [38]. Note that in this
theorem, we omit the completeness of the metric space and have two new conditions
(i) and (iv).

Theorem 5.1 Let (X, d), | X| > 3, be a metric space and let the mapping T : X — X
satisfy the following four conditions:

(i) T does not possess periodic points of prime period 2.
(i) Tis a generalized CRR type mapping on X.
(iii)  Tis continuous at x* € X.
(iv) There exists a point xo € X such that the sequence of iterates x, = Tx,_,
n=1,2, .., has a subsequence x,,, converging to x*.

Then x* is a fixed point of 7. The number of fixed points is at most two.
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Proof Since T is continuous at x* and x,, — x* we have Tx,, = x,,4+1 — Tx". Note
that x,, 1 is a subsequence of x, but not obligatory the subsequence of x,,. Suppose
x* # Tx*. Consider two balls B; = Bi(x*,r) and B, = B,(Tx*,r), where
r< %d(x*, Tx*). Consequently, there exists a positive integer N such that i > N
implies

Xy, € By and x,.41 € Bs.
Hence,
d(xniaxni+]) >r (51)

for i > N.
If the sequence (x,) does not contain a fixed point of the mapping 7, then we can
apply considerations of Theorem 3.1. By (3.2) for n = 3,4,... we have

d(xn—l 7xn) g V%71a7

where a = max{d(xo,x1),d(x;,x2)} and y = (220 + 1))/(2 — 1) € [0, 1). Hence,

nrl
d(xnivxl11+1) <77 a

But the last expression approaches 0 as i — oo, which contradicts to (5.1). Hence,
Ix* = x*.

The existence of at most two fixed points follows form the last paragraph of
Theorem 3.1. O

In the following theorem, we suppose that T'is a generalized CRR type mapping,
not defined on the entire space X, but on an everywhere dense subset of X.
Additionally, we assume that 7T is continuous on X, but not only at the point x*. This
can be compared with Theorem 2 from [38].

Theorem 5.2 Let (X, d), | X| > 3, be a metric space and let the mapping T : X — X
be continuous. Suppose that

(i) T does not possess periodic points of prime period 2.
(ii) Tis a generalized CRR type mapping on (M, d), where M is an everywhere
dense subset of X.
(i)  There exists a point xo € X such that the sequence of iterates x, = Tx,_1,
n=1,2, ..., has a subsequence x,,, converging to x*.

Then x* is a fixed point of 7. The number of fixed points is at most two.

Proof The proof will follow from Theorem 5.1, if we can show that T is a
generalized CRR type mapping on X. Let x, y, z be any three pairwise distinct points
of X such that x,y € M, z € X\M and let (c,) be a sequence in M such that ¢, — z,
Cn # X, ¢y #y forall nand ¢; # ¢;, i #j. Then
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d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz) <
d(Tx, Ty) + d(Ty, Tc,) + d(Tcy, Tz) + d(Tx, Te,) + d(Tey, Tz)
< ofd(x,y) +d(r, ) + d(en )
+ A(d(x, Tx) + d(y, Ty) 4+ d(cn, Tcy)) + 2d(Tc,, Tz)

(using the inequality
d(cn, Tey) < d(cyyz) +d(z,T2) + d(Tz, Tcy), (5.2)
we get)

< a(d(x,y) +d(y, cn) + d(cn, x))

+ Ad(x, Tx) + d(y, Ty) + d(z, Tz)) + 2d(cy, z) + 2d(Tz, Tc,) + 2d(Tcy, Tz).
Letting n — oo, we get d(c,,z) — 0 and d(Tc,, Tz) — 0. Hence, inequality (1.4)
follows.

Let now x € M, y,z€ X \ M, and let (b,), (c,) be sequences in M such that
b, — y and ¢, — z. (Here and below we consider that the points x, y, z and all
elements of sequences converging to these points are pairwise distinct.) Then

d(Tx,Ty) + d(Ty, Tz) + d(Tx, Tz) < d(Tx, Tb,) + d(Tb,, Ty)

+d(Ty, Tb,) + d(Tb,, Tc,) + d(Tcy, Tz) + d(Tx, Tc,) + d(Tcy, Tz)
< a(d(x,b,) + d(by, cy) + d(cy, X))
+ A(d(x, Tx) + d(by, Th,) + d(cn, Tcy)) + 2d(Th,, Ty) 4+ 2d(Tc,, Tz)

(using the inequality
d(bn, Tby) < d(bn,y) +d(y, Ty) + d(Ty, Tb,) (5.3)
and inequality (5.2) we get)

< ofd(x,by) + d(by, cy) + d(cy, X))
+ Ad(x, Tx) + d(y, Ty) + d(z, Tz)) + 2d(Tb,, Ty) + 2d(Tc,, Tz)
+ Ad(by,y) +d(Ty, Th,) + d(cy,z) + d(Tz, Tcy)).
Again, letting n — oo, we get inequality (1.4).

Let now x,y,z € X \ M, and let (a,), (b,) and (c,) be sequences in M such that
a, — x, b, — y and ¢, — z. Then
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d(Tx, Ty) + d(Ty, Tz) + d(Tx, Tz)
< d(Tx, Ta,) + d(Ta,, Th,) + d(Th,, Ty)
+d(Ty, Tb,) + d(Tb,, Tc,) + d(Tcy, Tz)
+d(Tx, Ta,) + d(Tay,, Tc,) + d(Tc,, Tz)
< a(d(an, by) + d(by, cn) + d(cn, an))
+ AMd(ay, Ta,) + d(by, Th,) + d(cy, Tcy))
+2d(Tay, Tx) + 2d(Tbh,, Ty) + 2d(Tcy, Tz)

(using the inequality
d(ay, Ta,) < d(ay,x) +d(x, Tx) + d(Tx, Ta,)
and inequalities (5.2) and (5.3) we get)

< “(d(ambn) + d(bnzcn> + d(c,,,an))
+ AMd(x,Tx) +d(y, Ty) + d(z, Tz))
+2d(Tay,, Tx) + 2d(Tb,, Ty) + 2d(Tcy, Tz)
+ A(d(an,x) + d(Tx, Ta,) 4+ d(b,,y) + d(Ty, Tb,) + d(cs, z) + d(Tz, Tcy)).

Again, letting n — oo, we get inequality (1.4). Hence, T is a generalized CRR type
mapping on X, which completes the proof. O
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