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Abstract

For a complex-polynomial P(z) of degree n having no zero in |z| < 1, it is known that
maxy;—|P'(z)| < § maxp—|P(z)|. Under same hypothesis, V. K. Jain proved that if
a € C with |af < § then for |z] =1,

1
[2P(2) = aP(2)| < 3 {|n — | + |o]}max|P(z)].
In this paper, we obtained an extension of this inequality to mth derivative which also
contains a refinement of this inequality. Our result not only generalize some well-
known inequalities but also shows that the inequality of Jain holds for wider range of

o.

Keywords Polynomials - Bernstein’s inequality - Inequalities in the
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1 Introduction and statement of results

Let P(z) be a polynomial of degree n then according to Bernstein’s inequality (for
details see [9, p. 508]),
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max|P'(z)| <n max|P(z)|. (1)

lzl=1 lzl=1

The inequality is sharp and equality in (1) holds if P(z) = az", a # 0. Bernstein-
type inequalities played a fundamental role in the area of Approximation Theory and
Polynomial Approximations [4, 8].

Smirnov [10, p. 356] obtained a generalized version of Bernstein’s inequality. For
z € C with |z] > 1, by Q| denote the image of the disc {t € C : |¢| <|z[} under the
mapping Y (¢) = t/(1 + ¢), then the Smirnov’s result can be stated as:

If P(z) be a polynomial of degree at most 7 and F(z) a polynomial of degree n such
that F(z) has all its zeros in |z| <1 and |P(z)| <|F(z)| for |z| = 1, then

|zP'(z) — noP(z)| < |zF'(z) — noF (z)]

for all o € Q. For o € €y, this inequality becomes equality if and only if P = eF,
0eR.

The Bernstein’s inequality follows from above inequality by taking o = 0 and
F(z) = 2/ max;—; |P(z)|.

If the polynomial P(z) has no zero in |z|<1, then the inequality (1) can be
improved and the same was conjectured by Erdos [5] and later Lax [7] proved that if
P(z) does not vanish in |z| <1, then inequality (1) can take the form:

max|P' (z)| < 2 max|P(z)].

|z]=1 2 |z=1

The above result is sharp and equality holds if P(z) = a + bz", where |a| = |b| # 0.
Aziz and Dawood [2] refined the above Erdo—Lax theorem by involving minimum

of |P(z)| and proved that If the polynomial P(z) has no zero in |z| <1, then

maxl ()| <  (maxlP(e)] - minlp(a)]). @)

If T is an operator on the space of polynomials, then the Bernstein’s inequality
gives us the exact constant C, in the inequality

max|T[P](z)| < C,max|P(z)]|

lzl=1 |=1=1

d
for the operator 7' = —. In this case C, = n.

dz
It is interesting to charaterise C, for different operators defined on the space of

complex-polynomials of degree at most n (for some well-known operators, refer to

[9, P. 538]). Jain [6], studied the operator T,[P](z) := zP'(z) — aP(z) and proved that
if P(z) is a polynomial of degree n and o € C with |o| <n/2, then

Ilrlla)lc|zP’(z) —aP(z)|<|n— oc|1‘n|a)l<|P(z)|. (3)

That is, for this operator C, = |n — . One can easily observe that Bernstein’s
inequality is a special of Jain’s result and follows by taking o« = 0.
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Jain improved the inequality (3) and proved that if P(z) is an nth-degree
polynomial with no zero in the unit disk |z| <1, then for any o« € C with |«| <n/2,

max|zP(2) ~ aP()] < 3 {In — o] + o JmaP(2) | 4)

The result is sharp and equality holds if P(z) = a + bz", where |a| = |b| # 0.

In this paper, we first present the following sharp estimate for minimum modulus
of a polynomial involving mth and (m — 1)th derivatives of a polynomial P(z) with
zeros in closed unit disc.

Theorem 1.1 Let P(z) be a non-constant polynomial of degree n having all zeros in
|z| < 1. Then for every o€ C and m € N with R(a) < =2+ and m <n,

min|zP™ (z) — aP™ V) (2)| > "

= Goma (o DiminlPG)L - (5)

The inequality is sharp and equality holds if P(z) = ae”’z",a > 0.

By taking o = 0 in inequality (5), we obtain the following estimate for minimum
modulus of mth derivative of P(z).

Corollary 1.1 Let P(z) be a polynomial of degree n having all zeros in |z| < 1, then

min|P") —mm
min| P (2) > ¢ minlP(e) |

The inequality is sharp and equality holds if and only if P(z) = ae"’z",a > 0

The above Corollary reduces to a result due to Aziz and Dawood [2] for m = 1.
The next Corollary is obtained by taking m = 1 in Theorem 1.1

Corollary 1.2 Let P(z) be a polynomial of degree n having all zeros in |z| < 1. Then
for every o € C with R(x) < %,

‘n‘nn|zP (z) —aP(z)| > |n — oc|‘rr|1irll\P(z)|.

The inequality is sharp and becomes equality if P(z) = ae'z",a > 0

Next, we extend inequality (4) to mth-derivative of P(z) which among other things
shows that this inequality of Jain also holds for wider range of «.

Theorem 1.2 Let P(z) be a non-constant polynomial of degree n and has no zero in
|z| <1. Then for every o € C with R(a) < =2+ and |z| = 1,
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2P (2) — aP" D (2)|

= 2(11—’177?'1—#1)' [{|°‘ —(r=m+ D]+ 5m1|°<|}r‘§‘1g>l<lP(z)l

~{la= (= m+ )] o minl ()
where 9,1 denotes Kroneker delta. The inequality is sharp and equality holds if
Piz)y=2"+1.
For m = 1, we obtain following result from Theorem 1.2.
Corollary 1.3 Let P(z) be a polynomial of degree n and has no zero in |z| <1. Then
for every o € C with R(a) < 5 and |z| = 1,

2P (2) ~ aP(@)| < 5 [(1n = o] + [amaxlP(@)] = (1 — o] ~ [aminlPC)] .

The inequality is sharp and equality holds if P(z) =z" + 1.
If we take o = 0 in above inequality, we shall get inequality (2).
Remark 1.1 Since R(«) < 4 then |n — of > || This implies that

(In = of + IM\)I‘foIP(Z)I = (In = of = [of)min|P(z)]

|=1=1

< (In = af + |#)max|P(z)]

This shows that Corollary 1.3 not only gives a refinement of inequality (4) but also
shows that this inequality holds for all o belonging to the half-plane |n — o > |o|.

For m >2, 6,1 = 0. By using this fact in Theorem 1.2, we obtain the following
Corollary.

Corollary 1.4 Let P(z) be a polynomial of degree n and has no zero in |z| <1. Then
Jor every o € C with R(a) < "2+ 'm>2 and |z] = 1,

P (z) — oaP" V(2 mla—(n—m+1) max|P(z)| — min|P(z
(o) —apn (o) < 2L D o) minfpa) ).

The inequality is sharp and equality holds if P(z) = z" + 1.

2 Lemmas
For the proof of our theorems, we need the following Lemmas.

The first lemma is a generalized version of Walsh’s Coincidence theorem, due to
Aziz [1], for the case when the circular region is a circle.
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Lemma 2.1 Let G(z1,z2,...,2,) be a symmetric n-linear form of total degree m,
m<n, in zy,z3,...,z, and let C : |z| <r be a closed circular disc containing the n
points wi,wy, ..., w,. Then in C there exists atleast one point f such that

G(B,B,..., B) = Glwi,wa, ..., wy).

Lemma 2.2 Let P € P, and have all zeros in |z| <r where r > 0, if a € C with
R(or) < 2L then all the zeros of Ty, [P)(z) = zP™ (z) — PV (z) are also in
<7

Proof Let w be any zero of the polynomial T}, ,[P](z), then
wP™ (w) — aP" D (w) = 0. (6)

This expression is linear and symmetric in the zeros of P(z). By Lemma 2.1, w will
also satisfy the equation obtained by replacing P(z) in (6) by (z — )", where f is a
suitable complex number with |f| <r. This implies

nn—1)...(n—m+1)(w—pB)""w
—an(n—1)...(n—m+2)(w=p""" =0

or

nn—1)..n—m+2)w—B)"{(n-m+w—aw—p3}r=0  (7)

Since (o) < =2+, then 3%( z ) < 1. This implies that

n—m+1
o o
< —
n—m+1|"n—m+1
or
lof < oo — (n—m+ 1) (8)

Equation (7) implies that
(w—=p)=0o0r (n—m+1)w—a(w— ) =0.

Equivalently,

o

ALy ey

This further implies by using (8) that,
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1] < LlBl

w| = or (w| = .
i = 18] or o] = e B <

Thus,
= w|<|pI<r

Hence, it follows that all the zeros of T}, ,[P](z) also lie in |z| <. This completes the
proof. O

A proof of Lemma 2.2 also follows from a result due to [3].

A linear operator 7 on the space of complex-polynomials of degree at most # is
called a B,-operator (see [9, p. 538]) if for every polynomial P(z), of degree at most
n, having all its zeros in |z| < 1, then the polynomial 7TP](z) also has all its zeros in
|z < 1.

The next two lemmas can be found in [9, p. 538, 539].

Lemma 2.3 Let h(z) be an nth-degree polynomial with all zeros in |z| <1 and g a
polynomial of degree at most n, such that |g(z)| <|h(z)| for |z| = 1, then for any B,
operator T, we have

Tlgl(2)| < |T[A)(2)] for |z] > 1

Moreover, |T[g|(z)| = |T[h](z)| at some point z outside the closed unit disc if and
only if g(z) = é%h(z), 0 € R.

Lemma 2.4 Let P(z) be a polynomial of degree n and Q(z) =z"P(1/z) and
¢,(z) = 2", then for any B,-operator T
TP+ ITIQIE) < (T[N E)] + |T[¢,(2)]) max|P()], |z =1

lz]=1

3 Proof of main results

Proof of Theorem 1.1 If P(z) has a zero on |z| = 1, then the Theorem is trivially true.
Therefore, suppose all the zeros of P(z) lie in |z| <1. Let k = minj,|_;|P(z)|, then
k>0 and k <|P(z)| for |z| = 1. By Rouche’s theorem, the polynomial g(z) =
P(z) — Akz" has all its zeros in |z] <1 for every 4 € C with |4| < 1. Invoking Lemma
2.2, we conclude that, for any o € C with R(a) < ”’zﬂ, the zeros of the polynomial

Zg(m)(z) _ (xg(M*l)(Z) = {ZP(m)(Z) — OCP(m,l)(Z)}
n! —m+1
G )

lie in |z| <1. This implies that for any o € C with (o) < 2=2+L
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|
2P (2) — aP" V)| > P ”;'+ il (n=mt DIl (9)
for |z| > 1. If inequality (9) were not true, then there exists a point z = zy with |zg| > 1
such that

n—m+1)

0P (z0) — aP" V) (z0)| <k oo = (n — m + 1)]|z0]"

n!
(n—m+1)!

If we take,
Z()P(m) (Zo) - OCP(mil)(Zo)

A= |
s (ot (n = m+ 1)}z

then || <1 and for this choice of 4, zog!™ (z9) — ag" ) (z9) = 0. This contradicts to
the fact that all zeros of zg™ (z) — ag™ ) (z) lie in |z| < 1. Hence, the inequality (9)
is valid.

That is for any o« € C with R(a) < 22+, we have

!
min|zP™ (z) — P V()| > — " |y n—m+ 1)| min|P(z)|.
minjzP") (2 Q= Gyl ) minlP )
This completes the proof. O

Proof of Theorem 1.2 Let k = min;_;|P(z)|. If P(z) has no zero on unit circle
|z] = 1, then by minimum modulus principal, k <|P(z)| for |z| < 1. This implies that
for any complex number 4 with |4] < 1, the polynomial g(z) = P(z) — Ak has no zero
in |z| <1. Now, if P(z) has a zero on |z| = 1 then g(z) = P(z). Thus, in any case the
polynomial g(z) = P(z) — Ak does not vanish in the disc |z] <1.

Let h(z) = 2"g(1/Z) = q(z) — kJz", where g(z) = 2" P(1/Z), then all the zeros of &
(2) lie in |z] <1. Moreover |g(z)| = |h(z)| for |z| = 1, then by Lemmas 2.2 and 2.3,
for the B,-operator T}, ,, we have

Tnalg) (@) <[Twalhl(@)] for |z[>1.

This implies,
|zg(m>(z) - ocg(m_l)(z)| < |zh<m)(z) - och(m_l)(z)| for |z|>1.

Equivalently, for |z| > 1, we have
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{ZP(m)(Z) — ocP(’"’l)(z)} + )»Otk5m1’

< {2 @) - ") | (10)

—kin(n—1)...(n —m+2){(n —m+1) — a}z" !

Since all the zeros of ¢(z) lie in |z| <1, so by Theorem 1.1, for any « € C with
R(o) <=2+l and |z =1,

2¢") (2) — ag"~ ni!ocf n—m min
g™ (z) — ag 1()l_(n_erl)!l ( +1)] Flﬂl()\
n! .
:mW*(”*erl)\lfzfllgﬂp(zﬂ
:(n_2!+1)!|a_(n—m+1)k

This allows us to choose the argument of 4 such that

m m— o n! n—m
{Zq( )(Z>—O(q( ])(Z)}—kim{(n—m—i-l)—a}z +1
= |2q" (z) — ag" V()| — k|Z |m|("—m+1)—°‘||z|n_m+l-
For this argument of 4, the inequality (10) reduces to,
1zP™ (z) — aP™ D (2) + kJotdm |
<lzq" () — 2" (2)| - II( oo = (n—m+1)|k

+1)

for |z| = 1. Using triangle inequality in left-hand side of above inequality then letting
|A| = 1, for |z| = 1, we obtain

2P (z) — aP" D (2)] — 24" (2) — 2g" D ()]

Next, applying Lemma 2.4 to P(z) with T = T, ,, (as defined in Lemma 2.2), we
get for |z| =1,

(11)

2P (z) - ocP(’”‘”( )+ \Zq“”)( ) — qu<’”—1>(z)|

It is not difficult to see that T, ,[1](z) = —0pma and if ¢,(z) =z" then
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Tnal®,)(z) = = m+1 i {(n—m+ 1) — a}z"""*+D Using these values in (12), we
have for |z| = 1
2P (2) — 2PV (2)] + 24" (2) — 2g" ) (2)]

n!
< {mKn —m+1) — o+ 6m1|oc|}r|§ﬁ>§lP(Z)|-

(13)

Note that §,,; = (n+!+l)!5’"1 as 0,1 =0 for m > 1. Finally the conclusion of

Theorem 1.2 is obtained by adding inequalities (11) and (13). This completes the
proof. O
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