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Abstract

The primary goal of this research is to find a common solution to the equilibrium
problem for pseudomonotone bi-functions satisfying the Lipschitz-type condition as
well as the fixed point problem for yy—strongly quasi-nonexpansive mappings in the
context of real Hilbert space by combining two different approaches. A viscosity-type
extragradient algorithm is presented for solving the problems listed above. Further-
more, with a set of reasonable assumptions, a strong convergence theorem is pre-
sented. The fundamental advantage of the suggested approach is that it does not
require the use of a linesearch procedure or the knowledge of Lipschitz-type con-
stants in advance, which is a significant advantage. Moreover, we give a numerical
example to support and justify our proposed algorithm. In this sense, the findings of
this study generalise and extend certain previously published findings.
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1 Introduction

Throughout the paper, we let H be a real Hilbert space and /C be a non-empty subset
of H which is closed and convex.

Recall that in a fixed point problem one needs to find a point 3 € K in such a way
that

S3 =3, (L.1)

where S : L — H be a mapping. We indicate the solution set of problem (1.1) by
A={3€K:83=3}. Many researchers have studied problem (1.1) and have
established various iterative methods to tackle it; see for example [5, 9, 11]. In 2000,
Moudafi [25] considered problem (1.1) and proposed well known viscosity
approximation method for finding a solution of problem (1.1) as follows: Take
up € H, and formulate an iterative sequence {u, } as follows:

Up+1 = lpn¢(u”) + (1 - wn)Su’” n Z 0’ (12)

where ¢ : H — H is a contraction map and sequence {y,} € (0, 1). He demon-
strated that the sequence formulated by (1.2) converges strongly to a unique solution
3e k.

On the other hand, a problem in which one needs to find an element 3 € X in such
a way that

g(3,v)>0, Vvek, (1.3)

where g : K x K — R be a real valued nonlinear bi-function with g(3,3) = 0 for all
3 € K. The problem (1.3), was first suggested by Fan [15] and further established by
Blum and Oettli [2]. Problem (1.3) is now known as equilibrium problem. The
solution set of problem (1.3) is represented by I' = {3 € £ : g(3,v) >0, Vv € K}.
Many problems such as medical imaging problems, transportation problems, and
financial engineering problems can be converted to find solution of problem (1.3),
see, for example [14, 21, 28, 29] and the references therein.

In recent years, many iterative algorithms for solving the problem (1.3) have been
developed, including the proximal point algorithm (TPPA) [12, 13], the normal S-
iteration algorithm [20] the subgradient algorithm (TSA) [3], the extragradient
algorithm (TEA) [17], subgradient extragradient algorithm [10, 19] and the gap
function algorithm (TGFA) [24]. The explicit extragradient algorithm (TEEA) for
solving problem (1.3) for pseudomonotone bi-functions satisfying Lipschitz-type
condition (LTC) in real Hilbert space was introduced by Hieu et al. [30] in 2019
which is defined as following. Choose uy € K and 79 > 0, n € (0, 1), compute the
sequences {w,} and {u,} by
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w, = arg Ivréli? {g(un, v) + ||Mn V|| }
(1.4)
Up+1 = arg min {g(wn,v) + ||”n v|® 2

where the step size 7, is given as

2 2
T . n(llun — Wn” + ||u,,+1 - Wn” )
n+1 — MIng 7,, .
2 maX{O,g(Mn, ”n+1) - g(”m Wn) - g(an unJrl)}

They proved the sequence {u,} generated by (1.4) converges weakly to some point
3el.

In this paper, we consider a problem of approximating a common solution of
equilibrium problem for pseudomonotone bi-function satisfying Lipschitz-type
condition (LTC) and fixed point problem for /—strongly quasi-nonexpansive
mappings in real Hilbert space. i.e., Find 3 € K such that

3€Q:=I'Nn A. (1.5)

Inspired and motivated by the work in [25] and Hieu et al. [30], the main goal of this
paper is to present a viscosity-type extragradient algorithm which is a combination of
extragradient method and viscosity approximation method with a new step size rule
for solving problem (1.5) and discuss its convergence analysis. The fundamental
advantage of the suggested approach is that it does not require the use of a linesearch
procedure or the knowledge of Lipschitz-type constants in advance, which is a
significant advantage. In this sense, the findings of this study generalise and extend
certain previously published findings.

The following is how this paper is organised: In Sect. 2, we review some of the
fundamental definitions and auxiliary results that were used throughout the paper.
Our suggested algorithm and its convergence are presented in Sect. 3, and some
consequences of our primary findings are discussed in Sect. 4. Moreover, we give a
numerical example to support and justify our proposed algorithm in the last section.

2 Preliminaries

Let the inner product and induced norm equipped in Hilbert space H are denoted by
(-,+) and | ||, respectively. These convergences are represented by — and —
symbols, respectively, when the sequence {u,} C H converges weakly and strongly.
We start with some definitions about the monotonicity of bi-function
g KxK—=R:

Definition 2.1 [2, 16, 26] The bi-function g is said to be

(i) y—strongly monotone on I if there exists y > 0 such that
gu,v) +gvu) < = ylu—v|?, YuveK;

(ii) monotone if
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1358 S. Husain, M. Asad

g(u,v) +g(v,u) <0, Vu,veK;

(iii)  y—strongly pseudomonotone on K if there exists y > 0 such that

g(u,v) >0=g(v,u) < — yllu — v||2, Yu,vek;

(iv) pseudomonotone if
g(u,v)>0=g(v,u) <0, Vu,vek,
(v) satisfying the Lipschitz-type condition (LTC) on K if there exists two
positive real numbers 4, 4, such that

g(u,w) Sg(u,v) +g(Va W) + /{1”” - VHz + /12”‘)7 W||27 Vu,v,w e K.

Definition 2.2 [18] The metric projection Py (u) of u onto a closed, convex subset X
of 'H is defined as follows:

Pr(u) = in {||v — ul|}.
k() = arg min {[v —u|}

Lemma 2.1 [22] Let Pic(u) : H — K be the metric projection from H onto K. Then

@ = PeO)IP + [Pe(v) = VP <llu =], Vuek,veH,
(i) w=Pru) <= u—wv—w)<0, Vvelk.

Lemma 2.2 [18] Suppose that S : H — H is a nonlinear mapping. Then I — S is
said to be demiclosed at zero if for any {u,} € H, the following holds:

u, —3 and (I —S)u, — 0=3 € A.

Definition 2.3 Let S : H — H be a mapping with A # . Then S : H — H is said
to be

(1) firmly nonexpansive if
[|Su — Sv||* < (Su— Sv,u—v), Yu,veH,
or comparatively

St = SUIP < lu = vl — I1(7 = S)u — (1 = SV, Vuv €,

(i) directed if
(w—Su,u—Su)<0, VYweA ueH,

or comparatively
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[Su —w|)? < |lu—w|* = |lu—Sul|’, VYweA ueH,
(iii) Y —strongly quasi-nonexpansive with y > 0 if
1St — wi* < |lu —w||* — |lu—Sul|*, YweA ueH,
or comparatively

“1-y
2

(Su—u,u—w) < |u—Sul®, YweA ueH,

(iv)  quasi-nonexpansive
|Su —w||<|lu—w|, YweA uecH,
(v)  f—demicontractive with § € [0, 1)
1Su — w|* < |lu—w|* + Bllu— Sul®>, VweA ucH,
or comparatively

ﬁ_

1
5 lu—Sul)®, YweA, ueH. (2.1)

(u—w,Su—u) <

Recall that the proximal mapping prox,, is defined by

. 1
prox,,, (u) = arg min{g; (v) + 7 lu—v|)?:ve Kk},

where g; : K — R with a parameter T > 0 is a proper, convex and lower semicon-
tinuous function .

One can observe the following property of the proximal mapping prox.,, :
Lemma 2.3 [1] For all u € H, v € K and t© > 0, the following implication holds:

t{&1(v) — g1(proxe, (1))} = (u — prox,,, (u), v — prox,, (u)).

Remark 2.1 If u = prox,, (u) then

ucargmin{g (v):ve K} :={ueck: g ZI‘}leiIIClgl(V)}.

Lemma 2.4 [23] Let a sequence {b,} C R such that there exists a subsequence {n;}
of {n} such that b,, <b,,,, for all i € N. Then there exists an increasing sequence
{m;} C N such that m; — oo and the following properties are satisfied by all
sufficiently large numbers | € N :
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1360 S. Husain, M. Asad

by, < b1 and by < by
In fact, m; := max{j <I:b; <bj,}.
Lemma 2.5 [27,31] Let {b,} be a sequence of non negative real numbers such that
b1 < (1 =4,)by + 0,00, V>0,

where ¥, € (0, 1) and J, C R satisfies the following conditions:

(1) EZC:O lpn = 005
(i)  lim supd, <0. Then lim b, = 0.

Lemma 2.6 [1] For every u,v € H and y € R, the following relations are true:

() I+ (1 =) = glfull® + (1= )P = (1 =) flu— v,
(i) [ju+v)* < ull® +2(v,u+v).

Assumption 2.1 [30] Let a bi-function g: /X x K — R satisfies the following
conditions:

Gl: g is pseudomontone on a feasible set K and for all u € K, g(u;u) = 0;

G2: g satisty the Lipschitz-type condition (LTC) on H with positive constants 4,
and A,;

G3:  lim supg(u,,v) <g(3,v) for every v € K and {u,} C K satisfy u, — 3;

G4: g(u,") is convex and subdifferentiable on /C for every u € K.

3 Main result

In this section, we provide our main algorithm and discuss its convergence analysis
under some mild assumptions. Let S : L — H be a y—strongly quasi-nonexpansive
operator such that / — S is demiclosed at zero. Suppose that g : L x K — R be a bi-
function satisfying Assumptions 2.1 and ¢ : H — H be a contraction mapping with
constant ¢ € [0, 1). The following is the main algorithm that has been presented:

Algorithm 1 (4 Viscosity-type Extragradient Algorithm)
Initialization: Choose uy € K and 79 >0, y € (0,1). Let sequence {y,} €
(0, 1) satisfies the following conditions:

lim y, =0 and > 4, = oc. (3.1)
n—oo =0

Iterative steps: Given u, and 7, are known for n > 0.
Step 1: Compute
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i 1 2
W, = arg min {g(un,v) +ﬁ (|t — |7}

If u, = w,; STOP. Otherwise go to step 2.
Step 2: Compute

1 2
n = i ns A I%n — d
vy = arg min {g(wn,v) + o, lun —v||°} an

Upt1 = lpnd)(un) + (1 - lpn)SVn-

and set

([l = wall* + [[ve = wall) } (3.2)

Tyl = MiNg 7,
! { 2max{07g(un7vn) _g(unawn) —g(Wn,Vn)}

Set n := n + 1 and return back to Iterative steps.

Remark 3.1 Under the Assumption 2.1 (G2), there exist positive constants 1; & 4,
such that
g (tn, Vi) — g(ttn, W) — (W i) < A1 ||un — Wn”z + Aallve — WnH2
<max{Zi, A2 }(|lun — Wn”2 + v = WnHZ)-
Thus, from the definition of the sequence {1, }, this sequence is bounded from below
by {‘co, N B } Moreover, the sequence {t,} is non-increasing monotone.
2max{21, 12}
Thus, there exists T € R such that lim 7, = 7. In fact, from (3.2), if g(u,,v,) —
n—oo
g(un, wy) — g(wy, vy) <0 than 1,41 := 1,.
Consequently, we have the following outcomes:

Theorem 3.1 Let a bi-function g: K x K — R satisfying the Assumptions 2.1.
Thus, for each 3 € Q =T N A # O, we have

2 2 Nn 2 2
o =517 < =51 = (1= 22 ) iy =l = =) (33)

n+

Proof In view of Lemma 2.3 and the definition of sequence {v,} that
(ty — Vs Vi — V) > Tu€(Wn, Vi) — Tug(wy,v), Vv e K. (3.4)
From the equation (3.2), we obtain

7’/(H“n - WnHZ + [[va — Wn||2)

2Tn+1

g(um Vn) - g(umwn> *g(wnavn) S

i

which after multiplying both sides by 7, > 0, implies that
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_nfn(H”n_WnH2+||Vn_Wn||2) (3.5)

)

r,,g(wn,v,,)ZTn(g(u,,,v,,) _g(umwn)) 27
n+1

combining relations (3.4) and (3.5), we obtain
<Ll,, —VnyVn — V> 2 Tn{g(unv V,,,) - g(um Wn)}

o
27,41

3.6
(= wall> + [0 — al) = Tag ). O

Similarly, from Lemma 2.3 and the definition of the sequence {w,}, we also obtain
Ty (g(u,,, V) — gy, w,,)) > Wy — Uy, Wy — V). (3.7)
From the relations (3.6) and (3.7), we obtain

<un —Vn,Vn — V> Z <Wn — Uy, Wy — Vn>

NTn 3.8
) (””n _Wn||2+ ||Vn_Wn||2) — T,8(Wn, V). (3:8)
T;H—l
Thus, by multiplying both sides of relation (3.8) by 2, we obtain
2ty — Vyy vy — V) = 2{Wy — thy, Wy — V)
nTt 3.9
Iy — w2+ = wal) — 2z, )
Tn+1
We have the following equalities:
2ty — Vv = v) = |[uy — VH2 —lva = “n”2 — v = V”z; (3.10)
2 2 2
2wy =y, Wy — Vi) = [ty — Wi [|” A+ [V = wa|” = [|ttw — val|” (3.11)
Combining the relations (3.9), (3.10) and (3.11), we obtain
2 2 NTn 2 2
v, = v <l|lu, —v|IF =1 —— Uy — Wyl||” + ||V — Wy
I =1 < =1 = (1= 2 ) =l o —nl?)

—21,g(wy,v), VYveK,Vn>0.

For each 3 € I', we have that g(3,w,) >0 and by Assumptions 2.1 (Gl) that
g(w,,3) <0. Then using v = 3 € K in relation (3.12), we obtain

n+1

T
o= <l = 17 = (1= 22l =l = o = walF). V3 € . V20

O

Theorem 3.2 Let a bi-function g : K x K — R satisfying Assumptions 2.1. Thus,
Jor each 3€ Q:=T NA#J, the sequence {u,} generated by Algorithm 1 is
bounded.

Proof 1t is given that 3 € Q. Since lim 7, =17 > 0,

n—oo
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lim <1— Tn > —1-y>0.
n—0o0 Tn+1
Thus, there exists ny > 1 such that

NTn

Tn+1

1- >0, Vn>n. (3.13)

From the Theorem 3.1 and relation (3.13), we obtain
v = 3117 < llun — 311 (3.14)

From the definition of {u,.;} and due to the fact that ¢ is a contraction with
&€ 0, 1), we have

ttn1 — 3l = W, b (un) + (1 = ,)Sv, — 3|
= 1Y, (P(un) = 3) + (1 =) (Sva — 3)|
<Yl (un) =3l + (1= ,) (1S — 3] (3.15)
<Y llg(un) — dG) + ¥, lldG) =3l + (1= ,)[lva =3l
<Y Lllun =3l + WlloG) — 3l + (1= ¥,)lve = 3.

Combining relations (3.1), (3.13) and (3.15), we obtain
unr = 3l < Wullun =3l + ¥, lld(3) = 3l + (1 = )l — 3|

$(3) —3
= (= + 9l — ol + 1 - 1283
Smax{|u,, 3, 126) — 3l ||<15( ) =3l }
—<
continuing in the same way, we obtain
?(3) —3
s =l < g = ], 12231
Thus, we conclude that the sequence {u,} is bounded. O

Theorem 3.3 Let a bi-function g : K x K — R satisfying Assumptions 2.1. Thus,
for each 3€ Q:=TNA#Q, the sequence {u,} generated by Algorithm 1
converges strongly to 3, where 3 = Pod(3).

Proof By using Lemma 2.1 (ii), we have
(0(3) —3,v—3)<0, Vvel. (3.16)

By Lemma 2.6 (i) and Theorem 3.1, we obtain
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llwer =317 = [ad(un) + (1 = ,)Sv, = 3]1°
= [, (S(ua) = 3) + (1 = ,)(Svu — 3)|
= Yl (un) = 317 + (1= Y, )1Sv = 311* = ¥, (1 = ) (1) — Svall®
<l un) = 3l + (1= ) llve — 317 = ¥, (1 = W) () — Swi*

<Uallblen) — 32+ (1 =) [uun N (1 - "—) (e = wall

n+

v wnnﬂ (1= ) ) — Sl

<Ulltn) = 5+ (1= bl =517 = (1 =) (1= 22 ) iy =

n+1
v = wall?) = (1= )1 p () — Swal.

(3.17)
The rest of the proof shall be divided into two cases:
Case I: Assume that there is a fixed number N; € N such that
lutnsr = 3 < lw = 3ll, ¥n =M. (3.18)

Thus, above relation implies that lim ||u, — 3| exists and let lim |ju, — 3| = 1.
n—00 n—00

From (3.17), we obtain

(1w, (1 I ) (it — > = v — )

Tn+1

Sl un) =31 + Nt = 31> = llwnr = 31 = Wl = 317 = ¥, (1 = )| (un) = Sva*.

Since lim |ju, — 3|| = and lim ¥, = 0, then from (3.13) and the above relation we

obtain

lim [|u, — w,|| = nlir{.lc [[va = wall = 0. (3.19)

n—oQ

It follows from the above relation that

lim ||lu, — v,|| < lim ||u, — w,|| + lm ||w, —v,|| = 0. (3.20)

n—o0

We can also obtain

l|ttns1 — VnH2 = l//nH(:b(”n) - Vn||2 + (1 - ‘//n)HSVn - Vn||2

3.21
(1= )l (atn) — Sva2 (3:21)

and
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et =311 = [Iva = 3117 = llatas1 = vall?

= 2{Un1 — Vi, Vo — 3)

=2, (p(un) = v, vn — 3) + 2(1 = ¥, ){Sv — Vi, vu — 3)
<2, (1) = v, v = 3) = (L) (1 =5, [[v — Sval -

From relations (3.21) and (3.22), we obtain

st = 3017 = v = 31 S Wl b () = vall* = (1 = ¥, b 2ta) — Svall?
20, (D (tn) — Vs v — 3) — (1 =, [|ve — Svia |-

(3.22)

Therefore

Y =) v = Svall® <P lld(un) = val* = v, (1 = )b () — Sva
+2‘pn<¢(uﬂ) Vi, Vn — 3) - ||un+1 - 3”2 + an - 3”2

Using relation (3.18) and the fact that lim ||u, — 3|| exists, we obtain
n—o0o

nlggo [Svn = wall = 0. (3.23)

Next, we show that lim ||u, 11 — u,|| = 0. Consider
n—o0

HunJrl - unH - ||un+1 - SVn + SVn —Vpt+ Yy — un”
< ttnr — Sval| 4 |8V = vl + ||V — wa|
<Yl (un) — Svall + 1Sve — vall + [[ve — ta|-

By using relations (3.1), (3.20) and (3.23), we obtain
Tim a1 — w| = 0. (3.24)

Since, the sequences {u,}, {w,} and {v,} are bounded. Then there exists a subse-
quence {u, } of {u,} such that {u, } — 3 € H. Thus, by relation (3.23) and
Lemma 2.2, we can conclude that 3 € Fix(T). Next, we need to show that 3 € I'.
Since ||u, — wy|| — 0, we also have that {w,, } — 3. Passing to the limit in relation
(3.3) as k — oo and using Assumptions 2.1 (G3), the relation (3.19) and the fact that
nlingc T, = T > 0, we obtain

g(3,v) = lim supg(wy,,v)

L i X (3.25)
> — lim sup ([|v, — v[|" = [jus —v||*), VveK.
2‘6,, k—00

On the other hand, by the triangle inequality, we have
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2 2
[V = vII™ =l < va = wnll (Ilvn = sl + lletn = v1]).-

Thus, from the boundedness of the sequence {u,} and the relation (3.20), we get for
each v € K

lim {[|lv, — v||* = [|un — v||*| = 0. (3.26)
n—oo

Combining the relations (3.25) and (3.26), we get g(3,v) >0 forallve Ksoj €T
Therefore 3 € Q := I’ N A. Next, we consider

lim sup (¢(3) — 3,u, — 3) = lim sup (¢(3) — 3, un, —3)

e koo (3.27)
=($(3) —33—3 <0.

We have lim ||u,41 — u,|| = 0. We can deduce that
n—o0

lim sup (¢(3) — 3, Un+1 — 3)

< lim sup (¢(3) — 3, tns1 — Un)
A (3.28)
+ nango sup (¢(3) — 3, un — 3)

<0.

From Lemma 2.6 (ii) and relation (3.3), we have

[ttt — 3117

= (W) + (1 = ,)Sv, — 3]

= Y, (bun) —3) + (1 = ,)(Svu — 3)|I?

< (U=, 21180 = 311 + 200, (b un) — 3, (1 = 1,) (Svu — 3) + ¥, (b (un) — 3))
(1= )2 lva = 311> + 20, (b () — ) + $(3) — 3, a1 — 3)
(1=, Vi = 311 + 20, (b)) — D(3), st — 3) + 20, (D(3) — 3, a1 — 3)
(U=, Ve = 3P + 20, — 3,1 — 3) + 20, (D(3) — 3. st — 3)
(49,7 = 20l = 311 + 20, Ellun — 311 + 20, (b(3) — 3, tni1 — 3)
= (1 =20, lltn — 31> + W, Mot — 3117 + 200, €|t — 31> + 200, ((3) — 3 ttns1 — 3)

-3l — 3 Un+1 —
= (1= 20,0 = )l o+ 20,01 - )| Pyl =3 e =5

IN A

(3.29)
It follows from relations (3.28) and (3.29), that
: Ul = 31° | ($(3) = 341 — %>]
lim su . + =~ | <0. (3.30)
e P T(1 ¢ ¢

Choose n>N, € N (N, > Ni) large enough such that 2y, (1 — ¢)<1. By using
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relations (3.29) and (3.30) and applying Lemma 2.5, we conclude that lim u, — 3.
Case II: Assume that there is a subsequence {n;} of {n} such that

||u’li _3||§||uni+] _5”7 Vie N.
Thus, by Lemma 2.4, there is a sequence {nm;} C N as klim my, = oo such that
llttm, = 3l < Ntmes1 =3Il and  [Jug — 3/ <[l =3I, YEeN.  (3.31)

Similar to Case I, the relation (3.17) provides that

11T
(1- wm»(l —ﬂ) (num v+ e —wmknz) (3.32)

Tg+1
2 2 2 2
S Ul D Qm) = 3117 + lotm, = 311" = lltmesr = 3I1° = o lltm, — 3l (3.33)
— P (1= Y b tt) — Svi |
By the relations (3.1), (3.13) and (3.31), we obtain
Jim [fu, — Wy || = H [}y, —wi, || = 0. (3.34)
Also, we can obtain as similar to Case I
kll)n;lo HSmG - mGH =0 (335)
and
Jim {Ju 1 = || = 0. (3.36)
We have to use the same justification as in Case I, such that
Jim sup (¢(3) — 3, m+1 —3) <O (3.37)
By using relations (3.29) and (3.31), we obtain
2 2
||umk+l - 3” < [1 - 2lpm/c(1 - 5)] ||umk - 3”
2
my || Umy — 3 — 3 Unm -
24, (1- 9 [l// ,le|<1 3 é)all L (06) 13_ gﬂ 3)}
(3.38)

S [1 — 2!#,,,,{(1 — é)] ||umk+1 _ 3HZ
2
+2lﬁmk(1 — é)|:‘/jmk||umk _3” <¢(3) — 3 Umy+1 _3>:|

21-9 1-¢

It follows that
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‘//m,(”um/( - 3”2 n (D(3) = 3 tm1 —3) . (3.39)

2(1-9) 1-¢
By the relations (3.1) and (3.31), relations (3.37) and (3.39) implies that

2
[ttt = 3lI” <

lim w1 — 3]* = 0.
k—o0

Thus, the above relation implies that

Jlim fluge — 3" < lim s, — 3" <0. (3.40)
Consequently, the sequence {u,} converges strongly to 3 € Q :=T NA. U

4 Applications

Application to pseudomonotone equilibrium problems:
Set S =1 in Algorithm 1, then we have the following strong convergence
algorithm for pseudomonotone equilibrium problem:

Corollary 4.1 Assume that g : KK x K — R is satisfying Assumption 2.1. Let the
sequence {u,},{w,} and {v,} be generated in the following manner: Choose ug €
K, and 19 > 0, n € (0, 1). Compute

Wp = proxr,,g(u,,) (un)?

Vn = pI'OXTng(Wn)(l/ly,),

Upy1l = lpnd)(un) + (1 - l//n)vn’

and set

n(|Jun — WnHZ + [[ve — Wn||2)
2max{0,g(un,vn) — g(up,wy) — g(wn,v,,)} '

Tptl = min{rn,
Then the sequences {u,},{w,} and {v,} converge strongly to the solution 3 of I.

Application to pseudomonotone variational inequality problems:
Recall that in the problem of classical variational inequality, one needs to find a
point 3 € K such that

<A(3)’V_3>207 VVGIC,

where A : H — H is an operator. We denote the solution set of classical variational
inequality by the symbol VI(A, K). Set the bi-function g(u,v) := (A(u),v — u) for
all u,v € K in Algorithm 1, we have
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w, = arg rvrg}? {g(un,v) + T

. 1 2
= argmin {(A(u,),v = ) + 5, = [}

_ . 1 2 7,2, 2 Tﬁ 2
= argmin {(A(uw), v =) 5~ =7} + 5 A = 1A

. 1 T,
= argmin{o—[lv = (un — e A(un))[*} — > A ) [
= Pic(up — 10 A(up)).
Similarly,

Vy = P/C(Mn - THA(V”))'

Assumption 4.1 Assume that A is satisfying the following assumptions:
Ap: A is pseudomonotone on /C, that is, for all u,v € I,
(A(u),v —u) > 0=(A(v),u —v) <0.

and VI(A, K) is non-empty.
Ay : A s Lipschitz continuous on C with L > 0, that is, for all u,v € K,

[AQ) = AW)[| < Llju = v]|.

Az o lim sup (A(u,), v —u,) < (A(3),v —3) for every v € K and {u,} C K sat-
isfying u, — 3.

Many researchers have studied variational inequality problem [8] and have
established various iterative methods to tackle it; see for example [4, 6, 7, 32]. We
have the following strong convergence theorem about the pseudomonotone
variational inequality problem [8]:

Corollary 4.2 Assume that A:IK — H is satisfying Assumptions 4.1. Let the
sequences {u,},{w,} and {v,} be generated in the following manner: Choose uy €
H and 9 > 0, n € (0, 1). Compute

Wy = PIC(un - TnA(un))7
Vn = PIC(un - TnA(Wn))v
Upt1 = lpnd)(un) + (1 - ‘//n)vm

and set
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Number of iterations

Fig. 1 Graphical representation of the sequence {u,} for initial value uy = 0.3 and different choices of
step size 7o.

T e ) }

Tnrl = n’lin{’[m21‘1’121){{07 <A(un)7vn - W"> - <_,4(Wn),vn - Wn>}

Then the sequences {u,}.{w,} and {v,} strongly converge to the solution 3 of
VI(A,K).

5 Numerical illustrations

In this section, we provide a numerical example to support and justify our proposed
algorithm. All codes are written in Matlab (2021a).

Example 5.1 Suppose that H = R with the inner product (u,v) :=u-v, Yu,ve
H. and the induced norm ||u|| := |u|, Vu € H.Let K:={uecH: |u|<1} be the
unit ball and defined an operator A : K — H by

Afu) = (e + [u]) /2.

Clearly, A is 1—Lipschitz continuous and pseudomonotone operator on K. We
consider a contraction mapping g(u) = u/2 for all u € H with ¢ = 1/2. The solution
set of variational inequality problem (VI) is given by VI(A, K) = {0} # . More-

over, with respect to corollary 4.2, we take y, = n=0.33 uy=0.3.

l+n’
Numerical results of the sequence {u, } generated by Corollary 4.2 for initial value
up = 0.3 and different choices of step size 7.

@ Springer



Viscosity-type extragradient algorithm for finding... 1371

Numerical results for initial value uy = 0.3.

Number of iterations 790 =0.1 790 =0.2 70 =0.5
1 0.300000 0.300000 0.300000
15 0.026389 0.009698 0.002684
30 0.004712 0.000538 0.000033
45 0.000955 0.000033 0.000000
69 0.000082 0.000000 0.000000
75 0.000045 0.000000 0.000000
90 0.000010 0.000000 0.000000
121 0.000000 0.000000 0.000000

Remark 5.1 In view of the above graphical representation (Fig. 1) of the sequence
{u,} , we see that the proposed algorithm work better when the value of the step size
T is larger.
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