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Abstract

Let us consider two nonempty compact subsets 4 and B of a metric space X and a
continuous mapping f : AUB — AUB satisfying f(4) C B, f(B) CA. In this
manuscript, we provide sufficient conditions for the existence of a point xy € 4
holding the condition that d(xo, fxo) = inf{d(a,b) : a € A,b € B}. When 4 = B, our
main result reduces to the well-known fixed point theorem for continuous mapping
(Lemma 1) in metric spaces.

Keywords Fixed point - ¢—close mapping - P—property - UC—property - Best
proximity point

1 Introduction

A topological space X is said to have the fixed point property if every continuous
function f: X — X has at least one point x € X such that x = f(x). Using
intermediate value theorem, it is easy to see that a closed and bounded interval [a, b]
in R has fixed point property. More generally, in 1910, Brouwer [2] proved that the
closed unit ball B={x € R": ||x|| <1} in R" has fixed point property. Since the
fixed point property is a topological property, one can generally say that every
nonempty closed bounded convex subset of a finite dimensional normed linear space
has fixed point property. For different proofs of Brouwer’s fixed point theorem one
may refer [3, 4].

Due to the wide applications in Economics, Game Theory, etc., Brouwer’s
theorem has attracted many researchers to obtain interesting generalizations of it.
Schauder’s fixed point theorem [5] is one of such novel generalizations of Brouwer’s
Theorem. In 1930, Schauder extended Brouwer’s theorem to infinite dimensional

Communicated by S Ponnusamy.

A. Dhana Lakshmi contributed equally to this work.

Extended author information available on the last page of the article

@ Springer


http://orcid.org/0000-0001-6912-4712
http://crossmark.crossref.org/dialog/?doi=10.1007/s41478-022-00508-9&amp;domain=pdf
https://doi.org/10.1007/s41478-022-00508-9

1658 S. Raj and A.D. Lakshmi

spaces. It states that every nonempty compact convex subset of a normed linear space
has fixed point property. The following elementary fixed point lemma is used to
prove the Schauder fixed point theorem. (See [6]).

Lemma 1 [1] Let X be a compact metric space. Suppose that for each ¢ > 0, there
exists a continuous function g, : X — X satisfying:

1. d(x,g(x))<e, forall x € X,
2. g:(X) has the fixed point property.

Then X has the fixed point property.

One may refer [6] for the proof of Lemma 1. In [1], the author used the Lemma 1
and established a Brouwer type fixed point theorem which ensures the existence of a
fixed point for a continuous function on a nonempty star-like compact subset of R

Now, let us consider two nonempty compact subsets 4 and B of a metric space X
and a continuous mapping 7:A4UB — AUB satisfying the cyclic condition
T(A) CB, T(B) C A. Let dist(4, B) := inf{d(a,b) : a € A,b € B}. If
dist(4,B) > 0, then there is no x € AUB which satisfies x = T(x), since
0<dist(4, B) <d(x, T(x)). In this juncture, any x € 4 U B satisfying the condition
d(x, T(x)) = dist(4, B) is an optimal solution to the minimization problem

min_ d(x, T(x)).
A point x € AU B satisfying d(x, T(x)) = dist(4, B) is known as a best proximity
point of 7. If dist(4, B) = 0, then the best proximity points of 7 are nothing but the
fixed points of 7. In this context, best proximity point theorems are considered as
generalized fixed point theorems. The following example shows that, in general, the
cyclic continuous mapping on 4 U B need not have best proximity point.

Example 1 Consider R? with usual metric. Let A4:={(x,y):x€
{=2,1},0<y<1} and B := {(x,y) : x € {—1,2}, 0<y<1}. Then 4 and B are
nonempty compact subsets of R with dist(4,B) =1. Let T: AUB — AUB be a
mapping defined by T(x,y) = (—x,y), for all (x,y) € AUB. Clearly T is a
continuous mapping satisfying 7(4) C B, T(B) C 4. Since d((x,y),T(x,y))>2,
for all (x,y) € AU B, T has no best proximity point.

Hence, it is of interest to investigate sufficient conditions to ensure the existence of
at least one best proximity point of a cyclic continuous mapping. In this manuscript,
first we prove that every pair (4, B) of compact subsets of a metric space having
P—property (Definition 1) also satisfies the UC —property (Definition 2). Using this
geometric idea, we provide sufficient conditions for the existence of best proximity
points of a cyclic continuous mapping on a pair of compact subsets. Our main result
serves as a generalization of Lemma 1, by considering 4 = B = X in our main result.
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2 Preliminaries

This section provides few known results and standard notations which we use in our
main results. Let 4 and B be two nonempty subsets of a metric space X. Let us fix the
following notations :

Ao :={x € A4: d(x,y) = dist(4, B), for some y € B},
By :={y € B: d(x,y) = dist(4, B), for some x € A}.

In general, the sets 4y and By may be empty. If 4y and By is nonempty, then the pair
(4o, Bo) is known as the proximal pair associated with the given pair (4, B) of
subsets. It is easy to see that if 4, B are compact subsets of X, then 4y, By are
nonempty subsets of 4, B respectively. For any subset 4 of X and x € X, the distance
between the set 4 and x is defined as dist(x, 4) := inf{d(x,a) : a € 4}.

Let A be a nonempty compact subset of X. We recall the metric projection
mapping P4 : X — 24 such that P4(x) := {a € 4 : d(x,a) = dist(x,4)}, where 2
denotes the set of all nonempty subsets of 4. i.e., P4 is a multivalued mapping.
Suppose that 4, B are nonempty compact subsets of X. Then, let us define a mapping
P:AUB — 2824 called projection operator as follows:

[ Pe(x), ifxeAd,
() := {PA(x), if x € B.

Thus, P(4y) C By and P(By) C Ay. We use the following P—property to restrict the
above operator P to be a single valued mapping on 4y U By.

(1)

Definition 1 [7] A pair (4,B) of nonempty subsets of a metric space X is said to have
P—property if and only if for any x1,x, € 4 and y;,), € B with

d(x1,y1) = dist(4, B) _

d(Xz,yz) _ diSt(A,B) :>d(x1,x2) = d(YlaJ’Z)~

It is well-known fact, see [8], that every pair (4, B) of nonempty closed convex
subsets of a strictly convex Banach space has P—property. Also, for any nonempty
subset 4 of a metric space X, the pair (4, A) has P—property. Suppose that 4 and B
are nonempty compact subsets of a metric space X such that the pair (4, B) has
P—property. Then it is easy to verify the following facts.

1. Ay, By are nonempty compact subsets of 4, B respectively (the P—property is not
necessary to prove this statement).

2. the projection operator P : A9 U By — Ay U By is single valued and P(4y) C By
and P(By) C Ay.

3. Letxy € Ay and yo € By. Then d(xg,y0) = dist(4, B) if and only if xo = P(y0).

We use the following UC—property in our main result.

Definition 2 [9] Let 4,B be nonempty subsets of a metric space X. The pair (4,B) is
said to satisfy UC—property if the following holds:
If {x,} and {z,} are sequences in 4 and {y,} is a sequence in B such that
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lim d(x,,y,) = dist(4,B) and lim d(z,,y,) = dist(4,B), then lim d(x,,z,) =0

n—oo n—oo n—oo

holds.

In [9], the authors proved that if dist(4,B) =0, then the pair (4, B) has
UC—property. Also, every pair (4, B) of nonempty closed convex subsets of a
uniformly convex Banach space has UC—property.

Let 4 and B be two nonempty subsets of a metric space X. A mapping 7T :
AUB — AUB is said to be a relatively nonexpansive mapping if it satisfies the
following conditions:

. T(4) CBand T(B) C 4,
2. d(T(x), T(y))<d(x,y), forallx € 4 and y € B.

It is worth mentioning that a relatively nonexpansive need not be continuous. Also, it
is easy to see that if d(xg,0) = dist(4, B), then d(T(x), T(y)) = dist(4, B). In [10],
the authors introduced a geometric notion called proximal normal structure and
provided sufficient conditions for the existence of best proximity points for relatively
nonexpansive mappings.

3 Main results

We begin our main results with the following proposition.

Proposition 1 Let A and B be two nonempty compact subsets of a metric space X
such that the pair (A, B) has P—property. Then (4, B) has UC—property.

Proof Let {x,} and {z,} be sequences in 4 and {y,} be a sequence in B such that
lim d(x,,y,) = dist(4,B) and lim d(z,,y,) = dist(4, B). Suppose d(x,,z,) # O.

Then there is an ¢ > 0 and subsequences {x,, }, {z,, } such that d(x,,, z,, ) > ¢, for all
k € N. Since 4 and B are compact, without loss of generality, let us assume that
Xy, — X, z, —z and the corresponding y, — y. Then d(x,z)>¢ and
d(x,y) = dist(4, B), d(z,y) = dist(4,B), which contradict the P—property of
(4, B). Hence (4, B) has UC—property. O

Proposition 2 Let A and B be two nonempty compact subsets of a metric space X.
Suppose that the pair (A, B) has P—property. Then, the projection operator P :
Ay UBy — Ao U By is a continuous single valued mapping and satisfy P(Ao) C By
and P(By) C A.

Proof Let us show that P is continuous.

Let xo € 4o and {x,} be a sequence in 4, such that x,, — xo as n — oo. Then, for
each ne€ N, there exist yo,y, € By such that d(xp,)0) = dist(4,B) and
d(xn,yn) = dist(4,B). Thus, P(xo) = yo and P(x,) = y,, for all n € N. Then, by
P—property, we have
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d(P(x,), P(x0)) = (. 70) = (s x0) = 0.

Hence P(x,) — P(xg). i.e., P is continuous on Ay. Similarly, P is continuous on By
also. O

Let us define a new notion called ¢—close mapping.

Definition 3 Let 4 and B be nonempty subsets of a metric space X such that 4y # 0.
Let ¢ > 0. A mapping & : AUB — AU B is said to be ¢—close mapping if

1. h(A()) - BO and h(B()) - A(),
2. d(x,h(x)) <dist(4, B) + ¢, for all x € 49 U By.

Let us give some examples of ¢—close mappings.

Example 2 Let A and B be nonempty compact subsets of a metric space X such that
the pair (4, B) has P—property. Then the mapping defined in (1) is e—close mapping,
for any ¢ > 0.

Example 3 Let A and B be nonempty weakly compact convex subsets of a strictly
convex Banach space. Then the mapping defined in (1) is é—close mapping, for any
e>0.

Example 4 Let A:={(0,0)} and B:={(x,y) € R>: x> +)? =1}. Clearly,
dist(4,B) = 1 and Ay = 4, By = B. Then any mapping 4 : 4 U B — A U B satisfying
h(A) C B,h(B) C A4 is an ¢—close mapping.

Now, we define a new class of e—perturbed cyclic mapping.

Definition 4 Let 4 and B be two nonempty subsets of a metric space X with 4y # 0.
Let ¢ > 0. A relatively nonexpansive mapping 7: AUB — AUB is said to be
e¢—perturbed mapping if T(xo) € B(yo,¢) and T(yy) € B(xo,¢), whenever
d()C()7 y()) = diSt(A,B).

Example 5 Let 4 := {(0,x) :x € R} and B := {(1,y) : y € R}. Let ¢ > 0 be given.
Let 7:4UB — AU B be mapping defined by

(l,y+§), if x =0,

(0,y+§), ifx = 1.

T(x,y) =

Then T is a e—perturbed mapping.

Proposition 3 Let A and B be nonempty subsets of a metric space X such that the
pair (A, B) has P—property. Let ¢ > 0. Then every ¢e—perturbed mapping is e—close.

Proof Let T:4UB— AUB be an ¢—perturbed mapping. Being relatively
nonexpansive, it satisfies the condition T(4y) C By and T(By) C 4p. Now, let
Xo € Ag. By P—property, there is unique yy € By such that d(xg,yp) = dist(4,B) =
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d(T()C()), T(yo)) and T(yo) S B(Xo, F) Then, d()(?()7 T(Xo)) Sd(){o, T(y()))
+d(T (), T(xo)) <&+ dist(4, B). i.e., Tis ¢—close. d

The following example shows that a cyclic continuous mapping on a pair (4, B) of
nonempty compact subsets need not be e—close.

Example 6 Let 4:= {(0,x):0<x<1} and B:= {(l,x) : 0<x<1}. Clearly, 4
and B are nonempty compact convex subsets of R* such that 4y = 4, By = B. Let
h:AUB — AU B be a mapping defined as

huv) {(1,1), if u=0,
u,v) = ,
(0,0), ifu=1.

Then h(4) C B, h(B) C 4 and h is continuous. But, for any 0 <e<(v/2 — 1), h is
not an ¢é—close mapping.

Definition 5 A pair (4,B) of nonempty subsets of a metric space is said to have the
best proximity point property if every cyclic continuous mapping 4 : AUB — AUB
has at least one best proximity point on 4 U B.

Now, let us state our main result.

Theorem 1 Let A and B be nonempty compact subsets of a metric space X such that
the pair (A,B) has the P—property. Assume that, for each ¢ > 0, there is a
continuous, e—close function h; : A\UB — A U B such that the pair (h:(Bo),h.(4o))
has best proximity point property. Then, for any cyclic continuous function h :
AU B — AU B satisfying h(Ao) C By, h(By) C Ao has at least one best proximity
point in AU B.

Proof Let h: AUB — AU B be a continuous mapping satisfying 4(4y) C By and
h(By) C A4p. Let ¢ > 0 be fixed. Then there is a ¢—close mapping 4, : AUB — AU B
satisfying  h.(4o) C Bo, ho(Bo) C Ay and d(x, h.(x))<dist(4,B) +¢, for all
x € Ay U By.

Note that 4,(P(h(40))) C h:(P(Bo)) C h:(A4o), where P is the mapping given in
(1). Also, in similar manner we have h.(P(h(By))) C h.(By).

Consider the mapping f := h, o Poh: Ay UBy — h.(4o) U h.(By). By Proposi-
tion 2, the mapping f is continuous. Restricting f to %,(4o) U h.(By), we get
f: hg(AO) U hg(BO) — hg(AO) U hg(BO).

Now, f(h(4o)) Cf(Bo) = ho(P(h(Bo))) C hs(Bo). Similarly,
F(h(Bo)) € f(4o) = h(P(h(40))) C hy(Ao). Thus, f : hy(Ao) U h,(Bo) — hy(Ao) U
he(By) is a cyclic continuous function satisfying f(h.(4o)) C h.(By) and
f(h(By)) C h(4p). By assumption, there is x, € h(By) such that
d(x,,f(x.)) = dist(4, B). i.e., for each ¢ > 0, there is x, € h.(Bo) such that

d(xg, ho(P(h(x,)))) = dist(4, B). (2)

Since A, is ¢—close, we have
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d(P(h(x.)), he(P(h(x;)))) <dist(4,B) + . (3)

Hence, from (2) and (3), we have d(x;,h.(P(h(x.)))) — dist(4,B) and
d(P(h(x;)), he(P(h(x;)))) — dist(4, B) as ¢ — 0. By applying UC—property, we get

d(xz, P(h(x;))) — 0 as ¢ — 0. 4)

By the compactness of A4y, without loss of generality, there is xo € 4y such that
X; — Xo as ¢ — 0. From the continuity of P o h, we have P(h(x;)) — P(h(x)). By
4), we have d(xo,P(h(x))) =0. e, xo=P(h(xo)) and hence
d(xo, h(X())) = diSt(A,B). (|

Let us illustrate the above theorem with the following example.

Example 7 Consider R? with usual metric. Let 4 = {(0,x) : 0<x<1} and B =
{(1,x) : 0<x < 1} be nonempty compact subsets R> with 49 = 4, By = B. For each
& > 0, define

Pux) = {PB(x), if x €4, 5)

Py(x), ifxeB.

It is easy to see that P, is a single valued continuous and ¢—close mapping satisfies
Theorem 1. Hence, any cyclic continuous function on 4 U B has best proximity point.

Now, let 4 be a nonempty compact subset of a metric space X. Then the pair (4, 4)
has both P—property and UC—property. Also, Ag = A4 and dist(4,4) = 0. Using
these fact in Theorem 1, we obtain the following fixed point theorem.

Corollary 1 Let A be a nonempty compact subset of a metric space X. Suppose that
for each ¢ > 0, there exists a continuous function g, : A — A satisfying:

1. d(x,g.(x))<e, for all x € 4,
2. g:(A) has the fixed point property.

Then every continuous function /' : 4 — A has at least one fixed point in 4.
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