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Abstract
Let MðzÞ ¼ Amzm þ Am�1zm�1 þ � � � þ A1zþ A0 be a matrix polynomial, whose
coefficients Ak 2 Cn�n, 8 k ¼ 0; 1; . . .;m, satisfying the following dominant property

kAmk[ kAkk; 8 k ¼ 0; 1; . . .;m� 1;

then it is known that all eigenvalues k of M(z) locate in the open disk

kj j\1þ kAmkkAm
�1k:

In this paper, among other things, we prove some refinements of this result, which in
particular provide refinements of some results concerning the distribution of zeros of
polynomials in the complex plane.

Keywords Matrix polynomial · Polynomial eigenvalue problem · Bounds
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1 Introduction

Let Cn�n be the set of all n� n matrices whose entries are in C. By matrix
polynomial, we mean the matrix-valued function of a complex variable of the form
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MðzÞ ¼ Amz
m þ Am�1z

m�1 þ � � � þ A1zþ A0; ð1Þ
where Ai 2 Cn�n for all i ¼ 0; 1; 2; . . .;m. If Am 6¼ 0, M(z) is called a matrix poly-
nomial of degree m. A number k is called an eigenvalue of the matrix polynomial M
(z), if there exits a nonzero vector X 2 Cn, such that MðkÞX ¼ 0. The vector X is
called an Eigenvector of M(z) associated to the eigenvalue k. It should be noted that
each finite eigenvalue of M(z) is a root of the characteristic polynomial detðMðzÞÞ.
The polynomial eigenvalue problem is to find an eigenvalue k and a non-zero vector
X 2 Cn such that MðkÞX ¼ 0. For m ¼ 1, it is actually the generalized eigenvalue
problem

AX ¼ kBX ;

and in addition, if B ¼ I , we have the standard eigenvalue problem

AX ¼ kX :

Computing eigenvalues of a matrix polynomial is a hard problem. There are iterative
methods to compute these eigenvalues (for reference see [5]). Moreover, when
computing pseudospectra of matrix polynomials, which provide information about
the global sensitivity of the eigenvalues, a particular region of the (possibly exten-
ded) complex plane must be identified that contains the eigenvalues of interest, and
bounds clearly help to determine such region (for details see [6]). Therefore, it is
useful to find the location of these eigenvalues. Note that, if A0 is singular, then 0 is
an eigenvalue of M(z), and if Am is singular, then 0 is an eigenvalue of the matrix
polynomial zmMð1=zÞ. Therefore, to locate the eigenvalues of these matrix polyno-
mials, we always assume that A0 and Am are non-singular.

Notations:
For a matrix A 2 Cn�n, the notation A� 0 means “A is positive semidefnite”, that

is for every vector X 2 Cn we have X �AX � 0. By A[ 0, we mean “A is positive
definite”, that is X �AX [ 0 for every X 2 Cn. Also in this paper for any two matrices
A;B 2 Cn�n, the notation A�B means A� B� 0. Throughout this paper, :k k
denotes a subordinate matrix norm.

In the theory of distribution of zeros of polynomials with complex coefficients, we
have the following result due to Cauchy [4, p. 123]

Theorem A Let PðzÞ ¼ a0 þ a1zþ a2z2 þ � � � þ amzm be a polynomial of degree m
and

M ¼ max
am�1

am

����
����; am�2

am

����
����; am�3

am

����
����; . . .; a1

am

����
����; a0

am

����
����

� �
;

then all the zeros of P(z) lie in the circle jzj\1þM.

As an application of Theorem A, Dehmer [3] proved the following (also see [4,
Theorem 27.2])

123

822 W. M. Shah, S. Singh



Theorem B Let PðzÞ ¼ a0 þ a1zþ a2z2 þ � � � þ amzm, am 6¼ 0, m� 1 be a complex
polynomial of degree m, such that jamj[ jaij for all i ¼ 0; 1; . . .;m� 1, then all the
zeros of P(z) lie in the disk jzj\2.

Trính et al. [2] extended this result to the matrix polynomials and proved the
following:

Theorem C Let MðzÞ ¼ A0 þ A1zþ � � � þ Amzm be a matrix polynomial, whose
coefficients Ai 2 Cn�n satisfying the following dominant property

kAmk[ kAik 8 i ¼ 0; 1; 2; . . .;m� 1:

Then each eigenvalue k of M(z) locate in the open disk

jkj\1þ kAmkkA�1
m k: ð2Þ

In the same paper, they proved the direct extension of Theorem A to matrix
polynomial in the form of the following result:

Theorem D Let MðzÞ ¼ A0 þ A1zþ � � � þ Amzm be a matrix polynomial of degree
m, whose coefficients Ak 2 Cn�n.

Then each eigenvalue k of M(z) satisfies

jkj\1þM; ð3Þ
where

M ¼ max
0� k�m�1

kAkkkA�1
m k:

In this paper, we obtain an annulus containing all the eigenvalues of the matrix
polynomial M(z) and use it to obtain a refinement of Theorem D. In this direction, we
have the following:

Theorem 1.1 Let MðzÞ ¼ Amzm þ Am�1zm�1 þ � � � þ A1zþ A0 be a matrix polyno-
mial of degree m, where Ak 2 Cn�n and A0;Am are invertible. If a1; a2; . . .; am are m
non-zero real or complex numbers, such that

Pm
k¼1 jak j � 1, then each eigenvalue k

of M(z) satisfies r1 � jkj � r2, where

r1 ¼ min
1� k�m

ak
kAkkkA�1

0 k
����

����
1=k

and

r2 ¼ max
1� k�m

1

ak
kAm�kkkA�1

m k
����

����
1=k

:
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Remark 1 If we take n ¼ 1 and let Ai ¼ ½ai�; i ¼ 0; 1; . . .;m, we get a result due to
Aziz and Qayoom [1] for the zeros of a polynomial with real or complex coefficients.

Now as a refinement of Theorem D, we have the following:

Theorem 1.2 Let

MðzÞ ¼ Amz
m þ Apz

p þ Ap�1z
p�1 þ � � � þ A1zþ A0

¼ Amz
m þ

Xp
k¼0

Akz
k ; 0� p�m� 1

be a matrix polynomial of degree m, whose coefficients Ak 2 Cn�n ðk ¼
0; 1; 2; . . .; p;mÞ and let

M ¼ max
0� k� p

kAkkkA�1
m k;

then every eigenvalue k of M(z) satisfies

jkj � fð1þMÞpþ1 � 1g
1
m: ð4Þ

For p ¼ m� 1, we have the following:

Corollary 1 Let

MðzÞ ¼ Amz
m þ Am�1z

m�1 þ � � � þ A1zþ A0

be a matrix polynomial of degree m, whose coefficients Ak 2 Cn�n ðk ¼
0; 1; 2; . . .;mÞ and let

M ¼ max
0� k�m�1

kAkkkA�1
m k;

then every eigenvalue k of M(z) satisfies

jkj � fð1þMÞm � 1g1
m: ð5Þ

This result is a refinement of Theorem D.

Remark 2 A result of Aziz and Qayoom [1] for the distribution of zeros of
polynomials with real or complex coefficients is a special case of Theorem1.2, when
we take n ¼ 1 and Ai ¼ ½ai�, forall; i ¼ 0; 1; 2; . . .;m.

In particular, if kAmk[ kAik, 8 i ¼ 0; 1; 2; . . .; p, then from Theorem 1.2, we get
the following:

Corollary 2 Let
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MðzÞ ¼ Amz
m þ Apz

p þ Ap�1z
p�1 þ � � � þ A1zþ A0

¼ Amz
m þ

Xp
k¼0

Akz
k ; 0� p�m� 1

be a matrix polynomial of degree m, whose coefficients Ak 2 Cn�n ðk ¼
0; 1; 2; . . .; p;mÞ and let kAmk[ kAik, 8 i ¼ 0; 1; 2; . . .; p, then each eigenvalue k of
M(z) satisfies

jkj � fð1þ kAmkkA�1
m kÞpþ1 � 1g

1
m
: ð6Þ

If in Corollary 2, we choose p ¼ m� 1, we get the following:

Corollary 3 Let

MðzÞ ¼ Amz
m þ Am�1z

m�1 þ � � � þ A1zþ A0

be a matrix polynomial of degree m, whose coefficients Ak 2 Cn�n ðk ¼
0; 1; 2; . . .;mÞ and let kAmk[ kAik, 8 i ¼ 0; 1; 2; . . .;m� 1, then each eigenvalue k
of M(z) satisfies

jkj � fð1þ kAmkkA�1
m kÞm � 1g

1
m: ð7Þ

This result is a refinement of Theorem C.

2 Lemmas

Before proving the main results, let us first prove the following lemma:

Lemma 1 Let MðzÞ ¼ Amzm þ Apzp þ � � � þ A1zþ A0, 0� p�m� 1 be a matrix
polynomial of degree m, where Ak 2 Cn�n and Am is invertible. If a1; a2; . . .; apþ1 are

pþ 1 non-zero real or complex numbers, such that
Ppþ1

k¼1 jak j � 1, then each
eigenvalue k of M(z) lie in the disk

jkj � max
1� k� pþ1

1

ak
kAp�kþ1kkA�1

m k
����

����
1

m�pþk�1

:

Proof Let

r ¼ max
1� k� pþ1

1

ak
kAp�kþ1kkA�1

m k
����

����
1

m�pþk�1

:

This implies
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rm�pþk�1 � 1

jak j kAp�kþ1kkA�1
m k;

or

akj j � kAp�kþ1kkA�1
m k 1

rm�pþk�1
;

therefore, we have

Xpþ1

k¼1

akj j �
Xpþ1

k¼1

kAp�kþ1kkA�1
m k 1

rm�pþk�1

¼ kA0kkA�1
m k 1

rm
þ � � � þ kApkkA�1

m k 1

rm�p
:

This implies

Xpþ1

k¼1

akj j �
Xp
j¼0

kAjkkA�1
m k 1

rm�j
: ð8Þ

Let k be any eigenvalue of M(z) and X be corresponding unit eigenvector. If possible,
suppose that jkj[ r, then we have by using (8)

kMðkÞXk ¼ kðAmk
m þ Apk

p þ � � � þ A1kþ A0ÞXk

� jkjmkA�1
m k�1

n
1�

Xp
j¼0

kAjkkA�1
m k 1

jkjm�j

o

[ jkjmkA�1
m k�1

n
1�

Xp
j¼0

kAjkkA�1
m k 1

rm�j

o

� jkjmkA�1
m k�1

n
1�

Xpþ1

k¼1

jak j
o

� 0:

Therefore kMðkÞXk[ 0 for jkj[ r. Hence our supposition is wrong and thus each
eigenvalue k of M(z) lies in

jkj � r ¼ max
1� k� pþ1

1

ak
kAp�kþ1kkA�1

m k
����

����
m�pþkþ1

:

h

3 Proofs of theorems

Proof of 1.1 We have MðzÞ ¼ A0 þ A1zþ � � � þ Amzm. Let k be an eigenvalue of M
(z) and X 2 Cn be the corresponding eigenvector of M(z). We first show that each
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eigenvalue k of M(z) lie in jkj � r2:
We have

r2 ¼ max
1� k�m

1

ak
kAm�kkkA�1

m k
����

����
1
k

: ð9Þ

Applying the case when p ¼ m� 1, we have from Lemma 1 that each eigenvalue k
of M(z) lies in

jkj � r ¼ max
1� k�m

1

ak
kAm�kkkA�1

m k
����

����
k

¼ r2:

Hence we conclude that jkj � r2.
Now, consider the matrix polynomial

M �ðzÞ ¼ zmM
1

z

� �
¼ A0z

m þ A1z
m�1 þ � � � þ Am:

Proceeding similarly as above, we have each eigenvalue k of M �ðzÞ satisfies

jkj � max
1� k�m

1

ak
kAkkkA�1

0 k
����

����
1
k

¼ 1

min
1� k�m

ak
kA�1

0 kkAkk
����

����
1
k

¼ 1

r1
:

Replacing z by 1/z and noting that MðzÞ ¼ zmM � 1
z

� �
, we conclude that if k is an

eigenvalue of M(z), then

jkj � r1 ¼ min
1� k�m

ak
kA�1

0 kkAkk
����

����
1
k

:

This completes the proof of theorem. h

Proof of 1.2 We have

M ¼ max
1� k� pþ1

kAp�kþ1kkA�1
m k;

therefore

kAp�kþ1kkA�1
m k�M for k ¼ 1; 2; 3; . . .; pþ 1: ð10Þ

Now let us choose
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ak ¼ ð1þMÞm
ð1þMÞpþ1 � 1

( )
kAp�kþ1kkA�1

m k
ð1þMÞm�pþk�1

( )
for k ¼ 1; 2; 3; . . .;m: ð11Þ

This implies

1

ak
kAp�kþ1kkA�1

m k ¼
ð1þMÞm�pþk�1 ð1þMÞpþ1 � 1

h i
ð1þMÞm for k ¼ 1; 2; 3; . . .;m:

ð12Þ
Since Ap�kþ1 ¼ 0 for k ¼ pþ 2; pþ 3; . . .;m, therefore ak ¼ 0; for k ¼ pþ 2; pþ
3; . . .;m: Hence from (11), we have by using (10)

Xm
k¼1

jak j ¼
Xpþ1

k¼1

jak j

¼
Xpþ1

k¼1

ð1þMÞm
ð1þMÞpþ1 � 1

( )
kAp�kþ1kkA�1

m k
ð1þMÞm�pþk�1

( )�����
�����

¼ ð1þMÞm
ð1þMÞpþ1 � 1

Xpþ1

k¼1

kAp�kþ1kkA�1
m k 1

ð1þMÞm�pð1þMÞk�1

� ð1þMÞm
ð1þMÞpþ1 � 1

Xpþ1

k¼1

M

ð1þMÞm�p
1

ð1þMÞk�1

¼ ð1þMÞm
ð1þMÞpþ1 � 1

 !
M

ð1þMÞm�p

� �Xpþ1

k¼1

1

ð1þMÞk�1

¼ ð1þMÞm
ð1þMÞpþ1 � 1

 !
M

ð1þMÞm�p

� � 1� 1
ðMþ1Þpþ1

1� 1
ðMþ1Þ

 !

¼ ð1þMÞm
ð1þMÞpþ1 � 1

 !
M

ð1þMÞm�p

� � ð1þMÞpþ1 � 1

ð1þMÞpM
¼ 1:

That is

Xm
k¼1

jak j � 1:

Now by Lemma 1 and with the help of (12), we have that each eigenvalue k of M(z)
satisfies
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jkj � r2 ¼ max
1� k� pþ1

1

ak
kAp�kþ1kkA�1

m k
� � 1

m�pþk�1

¼ max
1� k� pþ1

ð1þMÞm�pþk�1 ð1þMÞpþ1 � 1
h i

ð1þMÞm

8<
:

9=
;

1
m�pþk�1

¼ 1þMð Þ max
1� k� pþ1

ð1þMÞpþ1 � 1

ð1þMÞm
( ) 1

m�pþk�1

¼ 1þMð Þ ð1þMÞpþ1 � 1

ð1þMÞm
( )1

m

¼ ð1þMÞpþ1 � 1
	 
1

m
:

This completes the proof of theorem. h
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