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Abstract

In this paper, we obtain some inequalities for the Berezin number of operators on
reproducing kernel Hilbert spaces. These inequalities improve on some earlier related
inequalities. In addition, related Berezin number inequalities are also given.

Keywords Berezin number - Reproducing kernel Hilbert space - Inequality

Mathematics Subject Classification Primary 47A63

1 Introduction and terminologies

Throughout this paper, B(H) denotes the C*- algebra of all linear bounded operators
acting on a non trivial complex Hilbert space H with inner product (.,.) and
associated norm ||.||. Let Q be a nonempty set. A functional Hilbert space H = H(Q)
is a Hilbert space of complex valued functions, which has the property that point
evaluations are continuous, i.e., for each 4 € Q the map /' +— /(1) is a continuous
linear functional on H. The Riesz representation theorem ensues that for each A € Q
there exists a unique element k; € H suchthat /(1) = (f, k;) for all f € H. The set
{k; : 2€ Q} is called the reproducing kernel of the space H. If {e,}, ., is an
orthonormal basis for a functional Hilbert space H, then the reproducing kernel of H
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oo R
is given by k;(z) = > e,(A)es(z) (see [8]). For A€ Q, let k;, = Hlf?}l\ be the
n=0 ‘

normalized reproducing kernel of H. Let 4 a bounded linear operator on H, the
Berezin symbol of 4, which firstly have been introduced by Berezin [3, 4] is the

function 4 on Q defined by
A() = <Al€i,l&>.
The Berezin set and the Berezin number of the operator 4 are defined respectively
by:
Ber(4) = {<AI€A,1&> Ll Q},
and

Ber(4) := sup{‘<Al€;~,I€;~>‘ VS Q}.

It is clear that the Berezin symbol 4 is the bounded function on Q whose value lies in
the numerical range of the operator 4 and hence for any 4 € B(H),

Ber(4) C W(A) and ber(4) < w(4),
where

W(A) = {(Ax.x) s x € H, ] = 1,
is the numerical range of the operator 4 and

o(d4) = {[(dx, )] : x € H, [lx]| = 1},

is the numerical radius of 4.
Moreover, the Berezin number of an operator A4 satisfies the following properties:

(i) ber(4) <|4]|.
(i) ber(od) = |o|ber(A4) for all & € C.
(i) ber(4 + B) <ber(4) + ber(B) for all 4,B € B(H).

Notice that, in general, the Berezin number does not define a norm. However, if H is
a reproducing kernel Hilbert space of analytic functions, (for instance on the unit disc
D={zeC:|z<l1|}), then ber(.) defines a norm on B(H(D)) (see [9, 10]).

The Berezin symbol has been studied in detail for Toeplitz and Hankel operators
on Hardy and Bergman spaces. A nice property of the Berezin symbol is mentioned
next. If A(2) = B(2) for all 2 € Q, then 4 = B. Therefore, the Berezin symbol
uniquely determines the operator. The Berezin symbol and Berezin number have
been studied by many mathematicians over the years, a few of them are [2, 5-7, 14—
16].
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In this paper we introduce some refnements of Berezin number inequalities on
reproducing kernel Hilbert spaces. Some of the obtained results refinement the
following paper [1, 5, 12].

2 Main results
In this section, we present our results. First, we start with the following lemmas that
will be used to develop new results in this paper.

Lemma 1 [13] Let a; (i = 1,2, ..., n) be apositive real number and r > 1. Then

n r n
<Za,-> <n 'Y d.
i=1 i=1

Lemma 2 [11]Let T € B(H) be positive operator and let x € H such that ||x|| = 1.
Then

(Tx,x)" <(T"x,x)for r>1.

Lemma 3 [11] Let T € B(H) and let f and g be non-negative continuous functions
n [0, +00) such that f(t)g(t) =t for all t € [0,400). Then

(T, ) < (F2ATDx,x) (81T )y, ),

for all x,y € H.
The following Theorem is proved in [12].

Theorem 1 Let A;,X;,B; € B(H) (i=1,2,...,n), r>1 and let f and g be non-

negative continuous functions on [0,+00) satisfying the relation f(t)g(t) =t
(t € [0, +00)). Then

ber’ <iA?‘XiB") <7 ""(f(@?gz (Jx )4+ [B;fz(m)g,-]r)).

i=1 i=1

The first main result in this section is refinement of the above Theorem.

Theorem 2 Let 4;,X;,B; € B(H) (i=1,2,...,n) and let f and g be non-negative
continuous functions on [0, +00) satisfying the relation f(t)g(t) = t (t € [0, +00)).
Then
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7 & * nr_l “ * K
ber (ZAi)(iBi) < 3 ber(Z([A g2<‘X

4l + B 008]))

o )
where
(k) = 5 (e (DA (B2 B s /@.f)z,
for r> 1.

Proof Let k, be the normalized reproducing kernel of H, then

n PO
()
i=1

n

Z<( TX:'B:')IE;VJQ;.>

i=1

<A X:Bi, ks > '

r

r

<>

i=1

n

2

i=1
n

< (S(Pxpsi. 5k, (g Z(I%*I>Af’€27/‘f’9/"~>%)r

n

<XBk,,Ak >

i=1
(by using Lemma 2)

i~/ 2 v pp mi \P/ 2 S\ 47 PAt:
<X B B ) (@ (X ) ik, ik )
(by using Lemma 2)
< (B 0%B) ) (2 D) Kok
(by using Lemma 1)

= [Eumreey ) + (e

X

)40 %8)|
N 2 1 {i(<(32f2(|)¢\)3,»)"k27k/:>%—<(A;‘gz(!X,-*I)Af)"khk;)%)z}

=1

(since v/avh = ath (f \/_)

where a,b>0)

X

[§<<< (X)) 8:) + (47 ( )A)")ze,;,zz;,>]
B (et (e i)

S”z bﬂ(é ([4:*( [BZ‘fZ(IXl-l)B,-]’))
5 (o )"/‘v"&>%—<<Arg2<\x,-*\>Ai>'a,a>%)2_

Now, by taking supremum over /4 € Q, we get the desired inequality. [

X*
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Corollary 1 Let A;,X;,B; € B(H) (i=1,2,...,n),r>1and 0<p<1. Then

err(zn:A:fX,»B,») 5 (2}([%1 P4+ [ bl B ))

=1
inf ’1(13/1)7
el

r—1

where

1 2

_ ro,. A\ roa . 1
(oot a) ko) ([P k) )
1

-

i) -

13

Proof The result follows immediately from Theorem 2 for f'(¢) = #* and g(¢) = ¢!
(0<p<t). O

For 4;=B; =1 (i=1,2,...,n) in Theorem 2 we get the following result.
Corollary 2 Let X; € B(H) (i =1,2,...,n ) and let f and g as in Theorem 2. Then

n r—1 n
berr(;)(l) Snz ber<z:1g2r(’)(i*’) +f2r()(z|))
r—1

T k)
where
1) = 350 D ) (i )
for r> 1.

Remark 1 (1) If we take f(¢) = # and g(t) = ' 7 (0 <p <1) in Corollary 2, then

—1
ber (S50

r—1

- ||k||f1"(k)

where

n(ks) = i(@f‘!”" Uk k) <X,-|2rplé;,,/€;~>%>2,

for r>1.

(2) Taking £ (1) = g(t) = £ (¢ € [0, +0c)) and r = lin Corollary 2, we get
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)

—ber<Z|X| + |x;

1 X
—5 inf 7n (k;.),
2 || =1

=
(]
=~
y
o
3
\_/
[\)»—A

where

i)

For X; =1 (i=1,2,...,n), 7>1and f(t) = g(t) = £ (t € [0, +00)) in Theorem 2
we get the following inequality.

Corollary 3 Let A;,B; € B(H) (i=1,2,...,n) and r > 1. Then

n r—1 n
ber” (ZAi*Bl) < S ber <Z<|A,-|2’+|B,-|2’>)
=1

i=1

- i(<\X:|@,1€i>%—<|x,-|1€;,,za>%)2.

L

r—1

- nz nf ”(k)

A

where

1 << A"k, ka> <\Bz’|2r1€z, ]€A>;> 2.

M:

OF

I

Remark 2 For n =1 in Corollary 2, we get

| —

, o )
ber’(4'B) < Sber(4°4) +(B'B)") 5 inf n(k;_),
k;||=1

where
(k) = ((ark k) (i ari))

In [5] the authors proved the following theorem.

Theorem 3 Let A;,X;,B; € B(H) (i=1,2,...,n), r>1 and let f and g be non-
negative continuous functions on [0,400) satisfying the relation f(t)g(t) =1t
(t € [0, +00)). Then for all r>1, we have.

ber (a1 ) < ™ —er (55 (i (1 D) 88 ) )

i=1 i=1
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In the following theorem we introduce a refinement of the above Theorem.
Theorem 4 Let A;,X;,B; € B(H) (i=1,2,...,n) and let f and g be non-negative

continuous functions on [0, +00) satisfying the relation f(t)g(t) =t (t € [0, +00)).
Then for all r > 1, we have.

ber ($24108) < ver (5162 (3 )4 (537

r—1

n ~
- inf (k)
5 inf (ks

i=1

where

(k) = f(<[A?‘gz(’JQ*!)AZ-]’@»@}%%[B:‘f2<|)¢|>3,-]’/a,/é;.f)z.

Proof Let k; be the normalized reproducing kernel of 7, then
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(o

< (4;X:B:) s, ks

‘ M

M=‘

<XB ks, Ak

k)|
<A X.Biky, k >
ol

<

/\

fj<f (1Xi|)Biky, Bik; > < 2({)(,.*|)A,.1€,«,,A,~1€1>§>
(by using Lemma 3)
r—1 < 2 - . nL 5 2 * 7 I; 5
< (PXDBE B ) (8 (X7 ) Aiks, A )
(by using Lemma 1)
P « 2 . ) rlg/l
< (B (DB K, b (e

(by using Lemma 2)

X*

A o)

:n; {2« (478 (17 )4) 3. k) + (B3 (1) B) ku«;}}
=S (s k)~ (i (0 D) Bk ;>)2
<[y k) + i (i () b))
—n;1§<<(3f(l)(\) Yk =42 (X)) ks ;>)2
(a5 ()80 i )
—2 i<<(3f (1X1)B:) /e,f,/€A>%—<(A:g2(|;g*|)Ai>f;;A,;;2>%)2

(as |a + b| <V2|a + ib|, Ya,b € R)

r—1

< ver (S (o Dl 8] ) ) <"y i (i)

where

M:

n(k;) =

1

S (20 D ) (B2 008)  ))

By taking supremum over 4 € Q, we get
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ber” (inlAj.‘XiBi) < "\/; ber (f:([A;‘gz(lX,-*l)AJ”ri[BZ‘f 2(|)6|)Bf]r))

r—1

2

i=1

léi,_nle ’7(]%)')'

This completes the proof. l

Putting /() = # and g(¢) = t' 7 (0<p <1) in Theorem 4 we get the following
corollary.

Corollary 4 Let 4;,X;,B; € B(H) (i=1,2,...,n) and let f and g be non-negative

continuous functions on [0, +00) satisfying the relation f(t)g(t) =t (¢t € [0, +00)).
Then

. n nrfl n . y Lor nrfl ] R
v (£20) < (B b i) 5 e ),

where

n

1) = 5 ({2 (D) (k) )

for all »> 1.

Proof Taking A; =B;=1 (i=1,2,...,n) in Theorem 4 we deduce the desired
result. U

Next, taking n = 1, » = 1 and £ (1) = g(¢) = 2 in Corollary 4 we get the
following inequality
Corollary 5 Let T € B(H). Then

1 1 N
ber(T) < —=ber(|T"| +i|T]) ~ 5 inf n(k;,),
k —

A

where

M:

()=

l

<<|T*/€A, /€A>%_<‘T|1€b /€;.>%>2,

Now, we are in a position to prove the following result.

Theorem 5 Let T; € B(H) (i = 1,2, ...,n) with the Cartesian decomposition T; =
A; +iB; fori=1,2,....n Then
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ber’( T,~> <27 'S ber (|4 +1Bi])).
= =

I

Proof Let k; be the normalized reproducing kernel of H, then we have

(En)eet)

”

VAN
s N
=
N
i
N
=
<
55
~_—
LS}
_|_
T~
>
=
s
bt
N
~_—
N
N———
—
N——

(by using Lemma 3)
n A~ A\2 A A \2 5
< nrflz <<|A,-|k,1, k;,> +<|B[‘kla k/1> >
i=1
(by using Lemma 1)
<285 ((ilks, k) + (1Bl ) )
i=1
(by using Lemma 1)
<2 S (s, ) + (B K s ))
=l
n A ~
= 2%-‘n’—‘Z<(|A,»|’+|B,~|’)ka,ka>.
=1
Now, taking the supremum over all 2 € Q we get the desired result. O

For n =1 we get the following inequality.

Corollary 6 Let T € B(H) with the Cartesian decomposition T = A+ iB and r > 1.
Then

ber’ (T) <2 'ber((|4|"+|B|")).
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