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Abstract
In this paper, we obtain some inequalities for the Berezin number of operators on
reproducing kernel Hilbert spaces. These inequalities improve on some earlier related
inequalities. In addition, related Berezin number inequalities are also given.
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1 Introduction and terminologies

Throughout this paper, BðHÞ denotes the C�- algebra of all linear bounded operators
acting on a non trivial complex Hilbert space H with inner product :; :h i and
associated norm :k k. Let X be a nonempty set. A functional Hilbert space H ¼ H Xð Þ
is a Hilbert space of complex valued functions, which has the property that point
evaluations are continuous, i.e., for each k 2 X the map f �! f kð Þ is a continuous
linear functional on H. The Riesz representation theorem ensues that for each k 2 X
there exists a unique element kk 2 H suchthat f kð Þ ¼ f ; kkh i for all f 2 H. The set
kk : k 2 Xf g is called the reproducing kernel of the space H. If enf gn� 0 is an

orthonormal basis for a functional Hilbert space H, then the reproducing kernel of H
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is given by kk zð Þ ¼ Pþ1

n¼0
en kð Þen zð Þ (see [8]). For k 2 X, let k̂k ¼ kk

kkk k be the

normalized reproducing kernel of H. Let A a bounded linear operator on H, the
Berezin symbol of A, which firstly have been introduced by Berezin [3, 4] is the

function ~A on X defined by

~A kð Þ :¼ Ak̂k; k̂k
D E

.

The Berezin set and the Berezin number of the operator A are defined respectively
by:

Ber Að Þ :¼ Ak̂k; k̂k
D E

: k 2 X
n o

,

and

Ber Að Þ :¼ sup Ak̂k; k̂k
D E��� ��� : k 2 X

n o
.

It is clear that the Berezin symbol ~A is the bounded function on X whose value lies in
the numerical range of the operator A and hence for any A 2 BðHÞ,

Ber Að Þ � W Að Þ and ber Að Þ�x Að Þ,
where

W Að Þ ¼ Ax; xh i : x 2 H, xk k ¼ 1f g,
is the numerical range of the operator A and

x Að Þ ¼ Ax; xh ij j : x 2 H, xk k ¼ 1f g,
is the numerical radius of A.

Moreover, the Berezin number of an operator A satisfies the following properties:

(i) ber Að Þ� Ak k.
(ii) ber aAð Þ ¼ aj jber Að Þ for all a 2 C.
(iii) ber Aþ Bð Þ� ber Að Þ þ ber Bð Þ for all A;B 2 BðHÞ.

Notice that, in general, the Berezin number does not define a norm. However, if H is
a reproducing kernel Hilbert space of analytic functions, (for instance on the unit disc
D ¼ z 2 C : z\1j jf g ), then ber :ð Þ defines a norm on BðH Dð ÞÞ (see [9, 10]).

The Berezin symbol has been studied in detail for Toeplitz and Hankel operators
on Hardy and Bergman spaces. A nice property of the Berezin symbol is mentioned

next. If ~A kð Þ ¼ ~B kð Þ for all k 2 X, then A ¼ B. Therefore, the Berezin symbol
uniquely determines the operator. The Berezin symbol and Berezin number have
been studied by many mathematicians over the years, a few of them are [2, 5–7, 14–
16].
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In this paper we introduce some refnements of Berezin number inequalities on
reproducing kernel Hilbert spaces. Some of the obtained results refinement the
following paper [1, 5, 12].

2 Main results

In this section, we present our results. First, we start with the following lemmas that
will be used to develop new results in this paper.

Lemma 1 [13] Let ai (i ¼ 1; 2; :::; n) be apositive real number and r� 1. Then

Pn
i¼1

ai

� �r

� nr�1Pn
i¼1

ari .

Lemma 2 [11] Let T 2 B Hð Þ be positive operator and let x 2 H such that xk k ¼ 1.
Then

Tx; xh ir � Trx; xh ifor r� 1.

Lemma 3 [11] Let T 2 B Hð Þ and let f and g be non-negative continuous functions
on 0;þ1½ Þ such that f tð Þg tð Þ ¼ t for all t 2 0;þ1½ Þ. Then

Tx; yh ij j2 � f 2 Tj jð Þx; x� �
g2 T�j jð Þy; y� �

,

for all x; y 2 H.
The following Theorem is proved in [12].

Theorem 1 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n), r� 1 and let f and g be non-
negative continuous functions on 0;þ1½ Þ satisfying the relation f tð Þg tð Þ ¼ t
(t 2 0;þ1½ Þ). Then

berr
Pn
i¼1

A�
i XiBi

� �
� nr�1

2
ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþ B�
i f

2 Xij jð ÞBi

	 
r� �� �
.

The first main result in this section is refinement of the above Theorem.

Theorem 2 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n) and let f and g be non-negative
continuous functions on 0;þ1½ Þ satisfying the relation f tð Þg tð Þ ¼ t (t 2 0;þ1½ Þ).
Then
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berr
Pn
i¼1

A�
i XiBi

� �
� nr�1

2
ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþ B�
i f

2 Xij jð ÞBi

	 
r� �� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

;

where

g k̂k
� �

¼Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
r
k̂k; k̂k

D E1
2� B�

i f
2 Xij jð ÞBi

	 
r
k̂k; k̂k

D E1
2

� �2

,

for r� 1.

Proof Let k̂k be the normalized reproducing kernel of H, then

Pn
i¼1

A�
i XiBi

� �
k̂k; k̂k


 �����
����
r

¼ Pn
i¼1

A�
i XiBi

� �
k̂k; k̂k

D E����
����
r

�Pn
i¼1

A�
i XiBik̂k; k̂k

D E��� ���r
¼Pn

i¼1
XiBik̂k;Aik̂k
D E��� ���r

� Pn
i¼1

f 2 Xij jð ÞBik̂k;Bik̂k
D E1

2
g2 X �

i

�� ��� �
Aik̂k;Aik̂k

D E1
2

� �r

ðby using Lemma 2Þ
� nr�1Pn

i¼1
f 2 Xij jð ÞBik̂k;Bik̂k
D Er

2
g2 X �

i

�� ��� �
Aik̂k;Aik̂k

D Er
2

ðby using Lemma 2Þ

� nr�1Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2

A�
i g

2 X �
i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

ðby using Lemma 1Þ

¼ nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
kk; kk

� �þ A�
i g

2 X �
i

�� ��� �
Ai

� �r
kk; kk

� �� �� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
kk; kk

� �1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
kk; kk

� �1
2

� �2� �

(since
ffiffiffi
a

p ffiffiffi
b

p
¼ aþ b

2
�

ffiffiffi
a

p � ffiffiffi
b

p� �2
2

where a; b� 0)

¼ nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �rþ A�
i g

2 X �
i

�� ��� �
Ai

� �r� �
k̂k; k̂k

D E� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

� �2
" #

� nr�1

2
ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþ B�
i f

2 Xij jð ÞBi

	 
r� �� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

� �2
" #

:

Now, by taking supremum over k 2 X, we get the desired inequality. h
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Corollary 1 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n), r� 1 and 0� p� 1. Then

berr
Pn
i¼1

A�
i XiBi

� �
� nr�1

2
ber

Pn
i¼1

A�
i X �

i

�� ��2 1�pð Þ
Ai

h ir
þ B�

i Xij j2pBi

h ir� �� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

;

where

g k̂k
� �

¼Pn
i¼1

A�
i X �

i

�� ��2 1�pð Þ
Ai

h ir
k̂k; k̂k

D E1
2� B�

i Xij j2pBi

h ir
k̂k; k̂k

D E1
2

� �2

.

Proof The result follows immediately from Theorem 2 for f tð Þ ¼ tp and g tð Þ ¼ t1�p

0� p� 1ð Þ. h

For Ai ¼ Bi ¼ I (i ¼ 1; 2; :::; n) in Theorem 2 we get the following result.

Corollary 2 Let Xi 2 B Hð Þ (i ¼ 1; 2; :::; n ) and let f and g as in Theorem 2. Then

berr
Pn
i¼1

Xi

� �
� nr�1

2
ber

Pn
i¼1

g2r X �
i

�� ��� �þ f 2r Xij jð Þ
� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

g2r X �
i

�� ��� �
k̂k; k̂k

D E1
2� f 2r Xij jð Þk̂k; k̂k
D E1

2

� �2

,

for r� 1.

Remark 1 (1) If we take f tð Þ ¼ tp and g tð Þ ¼ t1�p 0� p� 1ð Þ in Corollary 2, then

berr
Pn
i¼1

Xi

� �
� nr�1

2
ber

Pn
i¼1

Xij j2rpþ X �
i

�� ��2r p�1ð Þ
� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

X �
i

�� ��2r p�1ð Þ
k̂k; k̂k

D E1
2� Xij j2rpk̂k; k̂k
D E1

2

� �2

,

for r� 1.

(2) Taking f tð Þ ¼ g tð Þ ¼ t
1
2 t 2 0;þ1½ Þð Þ and r ¼ 1in Corollary 2, we get
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berr
Pn
i¼1

Xi

� �
� 1

2
ber

Pn
i¼1

Xij j þ X �
i

�� ��� �

� 1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

X �
i

�� ��k̂k; k̂kD E1
2� Xij jk̂k; k̂k
D E1

2

� �2

.

For Xi ¼ I (i ¼ 1; 2; :::; n), r� 1 and f tð Þ ¼ g tð Þ ¼ t
1
2 t 2 0;þ1½ Þð Þ in Theorem 2

we get the following inequality.

Corollary 3 Let Ai;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n) and r� 1. Then

berr
Pn
i¼1

A�
i Bi

� �
� nr�1

2
ber

Pn
i¼1

Aij j2rþ Bij j2r
� �� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

Aij j2rk̂k; k̂k
D E1

2� Bij j2rk̂k; k̂k
D E1

2

� �2

.

Remark 2 For n ¼ 1 in Corollary 2, we get

berr A�Bð Þ� 1

2
ber A�Að Þrþ B�Bð Þrð Þ � 1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼ A�Að Þrk̂k; k̂k
D E1

2� B�Bð Þrk̂k; k̂k
D E1

2

� �2

.

In [5] the authors proved the following theorem.

Theorem 3 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n), r� 1 and let f and g be non-
negative continuous functions on 0;þ1½ Þ satisfying the relation f tð Þg tð Þ ¼ t
(t 2 0;þ1½ Þ). Then for all r� 1, we have.

berr
Pn
i¼1

A�
i XiBi

� �
� nr�1ffiffiffi

2
p ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþi B�
i f

2 Xij jð ÞBi

	 
r� �� �
.
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In the following theorem we introduce a refinement of the above Theorem.

Theorem 4 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n) and let f and g be non-negative
continuous functions on 0;þ1½ Þ satisfying the relation f tð Þg tð Þ ¼ t (t 2 0;þ1½ Þ).
Then for all r� 1, we have.

berr
Pn
i¼1

A�
i XiBi

� �
� nr�1ffiffiffi

2
p ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþi B�
i f

2 Xij jð ÞBi

	 
r� �� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
r
k̂k; k̂k

D E1
2� B�

i f
2 Xij jð ÞBi

	 
r
k̂k; k̂k

D E1
2

� �2

.

Proof Let k̂k be the normalized reproducing kernel of H, then
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Pn
i¼1

A�
i XiBi

� �
k̂k; k̂k


 �����
����
r

¼ Pn
i¼1

A�
i XiBi

� �
k̂k; k̂k

D E����
����
r

�Pn
i¼1

A�
i XiBik̂k; k̂k

D E��� ���r
¼Pn

i¼1
XiBik̂k;Aik̂k
D E��� ���r

� Pn
i¼1

f 2 Xij jð ÞBik̂k;Bik̂k
D E1

2
g2 X �

i

�� ��� �
Aik̂k;Aik̂k

D E1
2

� �r

ðby using Lemma 3Þ
� nr�1Pn

i¼1
f 2 Xij jð ÞBik̂k;Bik̂k
D Er

2
g2 X �

i

�� ��� �
Aik̂k;Aik̂k

D Er
2

ðby using Lemma 1Þ

� nr�1Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2

A�
i g

2 X �
i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

ðby using Lemma 2Þ

¼ nr�1

2

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

� �r
k̂k; k̂k

D E
þ B�

i f
2 Xij jð ÞBi

� �r
k̂k; k̂k

D E� �� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

� �2

� nr�1ffiffiffi
2

p Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E
þ i A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E� �� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

� �2

¼ nr�1ffiffiffi
2

p Pn
i¼1

A�
i f

2 Xij jð ÞAi

� �rþi B�
i g

2 X �
i

�� ��� �
Bi

� �r� �
k̂k; k̂k

D E� �

� nr�1

2

Pn
i¼1

B�
i f

2 Xij jð ÞBi

� �r
k̂k; k̂k

D E1
2� A�

i g
2 X �

i

�� ��� �
Ai

� �r
k̂k; k̂k

D E1
2

� �2

(as aþ bj j �
ffiffiffi
2

p
aþ ibj j, 8a; b 2 R)

� nr�1ffiffiffi
2

p ber
Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþi B�
i f

2 Xij jð ÞBi

	 
r� �� �
� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

.

where

g kkð Þ ¼Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
r
kk; kk

� �1
2� B�

i f
2 Xij jð ÞBi

	 
r
kk; kk

� �1
2

� �2
.

By taking supremum over k 2 X, we get
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berr
Pn
i¼1

A�
i XiBi

� �
� nr�1ffiffiffi

2
p ber

Pn
i¼1

A�
i g

2 X �
i

�� ��� �
Ai

	 
rþi B�
i f

2 Xij jð ÞBi

	 
r� �� �

� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

:

This completes the proof. h

Putting f tð Þ ¼ tp and g tð Þ ¼ t1�p 0� p� 1ð Þ in Theorem 4 we get the following
corollary.

Corollary 4 Let Ai;Xi;Bi 2 B Hð Þ (i ¼ 1; 2; :::; n) and let f and g be non-negative
continuous functions on 0;þ1½ Þ satisfying the relation f tð Þg tð Þ ¼ t (t 2 0;þ1½ Þ).
Then

berr
Pn
i¼1

Xi

� �
� nr�1ffiffiffi

2
p ber

Pn
i¼1

g2r X �
i

�� ��� �þ if 2r Xij jð Þ� �� �
� nr�1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

g2r X �
i

�� ��� �
k̂k; k̂k

D E1
2� f 2r Xij jð Þk̂k; k̂k
D E1

2

� �2

,

for all r� 1.

Proof Taking Ai ¼ Bi ¼ I (i ¼ 1; 2; :::; n) in Theorem 4 we deduce the desired
result. h

Next, taking n ¼ 1, r ¼ 1 and f tð Þ ¼ g tð Þ ¼ t
1
2 in Corollary 4 we get the

following inequality

Corollary 5 Let T 2 B Hð Þ. Then

ber Tð Þ� 1ffiffiffi
2

p ber T �j j þ i Tj jð Þ � 1

2
inf
k̂kk k¼1

g k̂k
� �

,

where

g k̂k
� �

¼Pn
i¼1

T�j jk̂k; k̂k
D E1

2� Tj jk̂k; k̂k
D E1

2

� �2

,

Now, we are in a position to prove the following result.

Theorem 5 Let Ti 2 B Hð Þ (i ¼ 1; 2; :::; n) with the Cartesian decomposition Ti ¼
Ai þ iBi for i ¼ 1; 2; :::; n. Then
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berr
Pn
i¼1

Ti

� �
� 2

r
2�1nr�1Pn

i¼1
ber Aij jrþ Bij jrð Þð Þ.

Proof Let k̂k be the normalized reproducing kernel of H, then we have

Pn
i¼1

Ti

� �
k̂k; k̂k


 �����
����
r

¼ Pn
i¼1

Tik̂k; k̂k
D E����

����
r

� Pn
i¼1

Tik̂k; k̂k
D E��� ���� �r

¼ Pn
i¼1

Aik̂k; k̂k
D E

þ i Bik̂k; k̂k
D E��� ���� �r

¼ Pn
i¼1

Aik̂k; k̂k
D E��� ���2þ Bik̂k; k̂k

D E��� ���2� �1
2

 !r

� Pn
i¼1

Aij jk̂k; k̂k
D E2

þ Bij jk̂k; k̂k
D E2� �1

2

 !r

ðby using Lemma 3Þ

� nr�1Pn
i¼1

Aij jk̂k; k̂k
D E2

þ Bij jk̂k; k̂k
D E2� �r

2

ðby using Lemma 1Þ
� 2

r
2�1nr�1Pn

i¼1
Aij jk̂k; k̂k

D Er
þ Bij jk̂k; k̂k
D Er� �

ðby using Lemma 1Þ
� 2

r
2�1nr�1Pn

i¼1
Aij jrk̂k; k̂k

D E
þ Bij jrk̂k; k̂k
D E� �

¼ 2
r
2�1nr�1Pn

i¼1
Aij jrþ Bij jrð Þk̂k; k̂k

D E
.

Now, taking the supremum over all k 2 X we get the desired result. h

For n ¼ 1 we get the following inequality.

Corollary 6 Let T 2 B Hð Þ with the Cartesian decomposition T ¼ Aþ iB and r� 1.
Then

berr Tð Þ� 2
r
2�1ber Aj jrþ Bj jrð Þð Þ:
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