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Abstract
This paper aims to prove fixed point results for interpolative w-Hardy-Rogers type
contraction mappings in quasi-partial b-metric spaces. We also provide an illustrative
example to support our results. The results proved here will be utilized to show the
existence of the solution of a nonlinear matrix equation as an application.

Keywords Fixed point · Interpolation · w-Hardy-Rogers type · Quasi-partial
b-metric space · Non-linear matrix equation

Mathematics Subject Classification 47H10 · 54H25

1 Introduction and preliminaries

In 1989, Bakhtin [5] introduced the concept of b-metric space. Later, Czerwik [9]
proved the results on b-metric spaces by weakening the triangle inequality coefficient
and generalized Banach’s contraction principle [6] to these spaces. Since then,
several researchers have published their work in fixed point theory for various classes
of the single and multivalued maps in b-metric space. For more literature on it, one
can see [8, 22, 31, 43] and the references therein. In 2004, Ran and Reurings [40]
followed by Nieto and Rodríguez-López [37] in 2006 introduced the study of fixed
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point theorems for partially ordered sets along with the application in the matrix and
ordinary differential equations. For more applications, we refer the reader to
[7, 19, 32, 42] and the references therein.

Matthew [34] introduced non-zero self-distance, which is applied in computer
networking, data structure, and computer programming languages. The non-self
distance generalizes the metric to partial metric axioms, accommodating both metric
and topological properties of abstract spaces. Some of these properties are complete
spaces, Cauchy sequences and contraction fixed point theorem, which generalizes the
Banach contraction principle. Motivated by the work of Matthew [34], Karapinar
et al. [22] initiated the concept of quasi-partial metric space and proved results for the
existence of fixed points of self-mapping for this space. Later, Gupta and Gautam
[16, 17] further generalized the quasi-partial metric space concept to the class of
quasi-partial b-metric spaces. Furthermore, Gautam and Verma [12] discussed fixed
point results via implicit mapping in quasi-partial b-metric space.

Recently, Karapinar [24] modified the classical Kannan [20, 21] contraction
phenomena to an interpolative Kannan contraction one to maximize the rate of
convergence of an operator to a unique fixed point. However, Karapinar and Agarwal
[25] found a little gap in their work [24] about the assumption of the fixed point
being unique. They provided a counter example to verify that the fixed point need not
be unique and invalidate the assumption of a unique fixed point. Since then, several
results for variants of interpolative mapping proved for single and multivalued in
various abstract spaces. Aydi et al. [3] proved an interpolative Ćirić-Reich-Rus type
contractions via the Branciari distance. Karapinal et al. [26] proved an interpolative
Ćirić-Reich-Rus type contractions fixed point result on partial metric space. In 2019,
Karapinar [23] proved the results for interpolative Hardy-Rogers type contractions in
metric space. More information can be found in [2, 11] and the references therein.
Thereafter, Muhammad et al. [36] proved the results on the fixed point theorem of the
rational interpolative-type operator by using Dass-Gupta contraction mapping in
metric space. In 2021, Gautam et al. [15] proved an Interpolative Chatterjea and
cyclic Chatterjea contraction on quasi-partial b-metric space.

Furthermore, Errai et al. [10] gave some new results of interpolative Hardy-Rogers
and Ćirić-Reich-Rus type contraction. Mishra et al. [35] proved the common fixed
point theorems for interpolative Hardy-Rogers and Ćirić-Reich-Rus and Hardy-
Rogers type contraction on quasi partial b-metric space. Aydi et al. [4] proved x-
interpolative Ćirić-Reich-Rus-type contractions. For more literature, we refer the
reader to [1, 38, 46] and the references therein. Finally, Karapinar et al. [27] proved
the fixed point theory in the setting of ða; b;w;/Þ-interpolative contractions.
Karapınar [28] gave the results for interpolative Kannan-Meir-Keeler type contrac-
tion. Khan et al. [30] proved the result on the interpolative (/, w)-type Z-contraction.
Karapinar et al. [29] proved new results on Perov-interpolative contractions of
Suzuki type mappings, Pant and Shukla [39] proved new fixed point results for
Proinov-Suzuki type contractions in metric spaces. Recently, Gautam et al. [13, 14]
extended some results to interpolative type contractions.

We describe some definitions and theorems, which will help to develop our main
results.

The property of quasi-partial b-metric space introduced in [16] is as follows:
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Definition 1 [16] A quasi-partial b-metric space on a non empty set M is a mapping
qpb : M�M ! Rþ such that for some real number s� 1 and all r; 1; f 2 M:

(QPB1) qpbðr; 1Þ ¼ qpbðr; 1Þ ¼ qpbð1; 1Þ ) r ¼ 1;
(QPB2) qpbðr; rÞ� qpbðr; 1Þ;
(QPB3) qpbðr; rÞ� qpbð1; rÞ; and
(QPB4) qpbðr; 1Þ� s½qpbðr; fÞ þ qpbðf; 1Þ� � qpbðf; fÞ.

A quasi-partial b-metric space is a pair ðM; qpbÞ such that M is a non-empty set and
ðM; qpbÞ is a quasi partial b-metric on M. The number s is called the coefficient of
ðM; qpbÞ.

For a quasi-partial b-metric space ðM; qpbÞ, the function dqpb : M�M ! Rþ

defined by dqpbðr; 1Þ ¼ qpbðr; 1Þ þ qpbð1;rÞ � qpbðr; rÞ � qpbð1; 1Þ is a b-metric
on M.

We defined Rþ a set of all positive real number.

Lemma 1 [16] Every quasi-partial metric space is a quasi-partial b-metric space,
but the converse need not be true.

The following are fundamental convergence properties of quasi- partial b- metric
spaces.

Definition 2 [16] Let ðM; qpbÞ be a quasi partial b- metric space, then:

(i) a sequence frig � M converges to a point r 2 M if and only if

qpbðr; rÞ ¼ lim
i!1

qpbðri; rÞ ¼ lim
i!1

qpbðr; riÞ;

(ii) a sequence frig of elements ofM is called a Cauchy sequence if and only if

lim
i;j!1

qpbðri; rjÞ and lim
i;j!1

qpbðrj; riÞ

exists and is finite,
(iii) the quasi-partial b-metric space ðM; qpbÞ is said to be complete if every

Cauchy sequence frig � M converges with respect sqpb , to a point r 2 M

such that

lim
i;j!1

qpbðri; rjÞ ¼ qpbðrj; riÞ:

Lemma 2 [16] Let ðM; qpbÞ be a quasi-partial b-metric space and ðM; dqpbÞ be the
corresponding b-metric space. Then ðM; dqpbÞ is complete if ðM; qpbÞ is complete.
Lemma 3 [16] Let ðM; qpbÞ be a quasi-partial b-metric space. Then the following
hold:

(i) if qpbðr; 1Þ ¼ 0, then r ¼ 1.
(ii) if r 6¼ 1, then qpbðr; 1Þ[ 0 and qpbð1; rÞ[ 0

123

Fixed point Results for Interpolative w-Hardy-Rogers type... 389



Examples of quasi-partial b-metric space are given in [16] and [12] as follows:

Example 1 [12, 16] Following are the examples on quasi-partial b-metric space:

(i) Let M ¼ ½0; 1�. Define qpb : M�M ! Rþ as qpbðr; 1Þ ¼j r� 1 j þr. It
is easy to show that ðM; qpbÞ is a quasi-partial b-metric space.

(ii) Let M ¼ ½0;1Þ. Define qpb : M�M ! Rþ as qpbðr; 1Þ ¼ lnðr; 1Þ. Then
ðM; qpbÞ is a quasi-partial b-metric space.

(iii) Let M ¼ ½0; p4�. Define qpb : M�M ! Rþ as qpbðr; 1Þ ¼ sin rþ sin 1.
Then ðM; qpbÞ is a quasi-partial b-metric space.

(iv) Let M ¼ ½0; 1�. Define qpb : M�M ! Rþ as qpbðr; 1Þ ¼ ðr� 1Þ2 þ r.
ðM; qpbÞ is a quasi-partial b-metric space.

(v) Let M ¼ ½0;1Þ. Define qpb : M�M ! Rþ as qpbðr; 1Þ ¼ er þ e1. Then
ðM; qpbÞ is a quasi-partial b-metric space.

The notion of an almost altering distance function introduced by Popa [44].

Definition 3 [44] A function w : ½0;1Þ ! ½0;1Þ is almost altering distance if

(W1) w is continuous;
(W2) wðtÞ ¼ 0 if and only if t ¼ 0.

Example 2 Following function satisfies the conditions imposed in Definition 3 on
the function w:

wðtÞ ¼
t; for t ¼ ½0; 1�;

1

2t þ 1
for t 2 ð1;1Þ:

8>><
>>:

Now, we introduce some preliminary results:
The following results for interpolative Kannan contraction has been proved in [24]

as follows:

Definition 4 [24] Let ðM; .Þ be a metric space, the mapping j : M ! M is said to
be interpolative Kannan contraction mappings if

.ðjr;j1Þ� k½.ðr; jrÞ�a:½.ð1; j1Þ�1�a; ð1Þ
for all r; 1 2 M with r 6¼ jr, where k 2 ½0; 1Þ and a 2 ð0; 1Þ.
Theorem 1 [24] Let ðM; .Þ be a complete metric space and j be an interpolative
Kannan type contraction. Then j has a unique fixed point in M.

Karapinar et al. [25] gave a counterexample to Theorem 1, showing that the fixed
point may not be unique. Then prove the following Theorem.
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Theorem 2 [24] Let ðM; .Þ be a complete metric space. j : M ! M be a mapping
such that

qðjr; j1Þ� k½qðr; jrÞ�a:½qð1; j1Þ�1�a; ð2Þ
for all r; 1 2 MnFixðjÞ where FixðjÞ ¼ fr 2 M; jr ¼ rg. Then j has a fixed point
in M.

Further, Karapinar et al. [23] introduced the concept of interpolative Hardy-
Rogers type contractions as follows:

Definition 5 [24] Let ðM; .Þ be a metric space. We say that the self mapping
j : M ! M is an interpolative Hardy-Rogers type contraction if there exists k 2
½0; 1Þ and a; b; c 2 ð0; 1Þ with aþ bþ c\1, such that

qðjr; j1Þ� k qðr; 1Þ½ �b: qðr; jrÞ½ �a: qð1; j1Þ½ �c: 1

2
ðqðr; j1Þ þ qð1; jrÞÞ

� �1�a�b�c

;

ð3Þ
for all r; 1 2 MnFixðjÞ.

Using Definition 5, Karapinar et al. [23] proved the following theorem:

Theorem 3 Let ðM; qÞ be a complete metric space and j be an interpolative Hardy-
Rogers type contraction. Then j has a fixed point in M.

In this paper, motivated by the results of Gupta and Gautam [16, 17], Karapinar
et al. [23], Muhammad et al. [36], Gautam et al. [15] and Mishra et al. [35], we prove
a fixed point theorem for interpolative w-Hardy-Rogers type contraction mappings in
quasi-partial b-metric space and obtain a fixed point results of such mappings. Some
examples are provided to demonstrate our results. Finally, some applications to non-
linear matrix equations are given to validate the usefulness of the result.

2 Main results

We commence this section by introducing the concept of interpolative Hardy-Rogers
type contractions in quasi partial b-metric space.

The following definition is the extended version of Definition 5 from metric space
to quasi partial b-metric space setting.

Definition 6 Let ðM; qpb; sÞ be a quasi partial b- metric space. We say that the self
mapping j : M ! M is an interpolative w-Hardy-Rogers type contraction if there
exists s� 1, d 2 ½0; 1sÞ and a; b; c 2 ð0; 1Þ with aþ bþ c\1, such that

wðqpbðjr; j1ÞÞ� d
h
qpbðr; 1Þ

ib
:
h
qpbðr; jrÞ

ia
:
h
qpbð1; j1

ic
:

h 1

s2
ðqpbðr; j1Þ þ qpbð1; jrÞÞ

i1�a�b�c
ð4Þ

for all r; 1 2 MnFixðjÞ.
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We prove the following theorem.

Theorem 4 Let ðM; qpb; sÞ be a complete quasi partial b-metric space and j be an
interpolative Hardy-Rogers type contraction. Then j posses a fixed point in M.

Proof Let r0 be an arbitrary point in M. Define frig � M by ri ¼ ri�1 for all
i� 1, if there exists i0 2 N with ri ¼ riþ1, then ri is a fixed point of M. This
complete the proof. Suppose now that ri 6¼ riþ1, for all i 2 N. Then
qpbðri; riþ1Þ[ 0 for i 2 N. By taking r ¼ ri�1, 1 ¼ ri and , using (4) we get

qpbðri; riþ1Þ ¼wðqpbðjri�1; jriÞ\qpbðjri�1; jriÞ;
� d

h
qpbðri�1; riÞ

ib
:
h
qpbðri�1; jri�1Þ

ia
:
h
qpbðri; jriÞ

ic
h 1

s2

h
qpbðri�1; jriÞ þ qpbðri; jri�1Þ

ii1�a�b�c
;

� d
h
qpbðln�1; liÞ

ib
:
h
qpbðri�1; riÞ

ia
:
h
qpbðri; riþ1Þ

ic
;

h 1

s2

h
qpbðri�1; riþ1Þ þ qpbðri; riÞ

ii1�a�b�c
ð5Þ

By (QPSb4) and (5) we get

� d
h
qpbðri�1; riÞ

ib
:
h
qpbðri�1; riÞ

ia
:
h
qpbðri; riþ1Þ

ic
h 1

s2

h
s
�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�

� qpbðri; riÞ þ qpbðri; riÞ
ii1�a�b�c

� d
h
qpbðri�1; riÞ

ib
:
h
qpbðri�1; riÞ

ia
:
h
qpbðri; riþ1Þ

ic
h 1
s

h�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�
Þ
ii1�a�b�c

: ð6Þ

Suppose that

qpbðri�1; riÞ\qpbðri; riþ1Þ;
for some i� 1. Thus

1

s

�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�
� qpbðri; riþ1Þ: ð7Þ

Consequently, using (7) in (6), we obtain
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qpbðri; riþ1Þ� d
h
qpbðri�1; riÞ

ib
:
h
qpbðri�1; riÞ

ia
:
h
qpbðri; riþ1Þ

ic
h
qpbðri; riþ1Þ

i1�a�b�c
;

� d
h
qpbðri�1; riÞ

ibþa
:
h
qpbðri; riþ1Þ

i1�a�b
;

h
qpbðri; riþ1Þ

iaþb
� d

h
qpbðri�1; riÞ

iaþb
:

ð8Þ

Since qpbðri�1; riÞ\qpbðri; riþ1Þ is a contradiction. Equation 8 is equivalently to

qpbðri; riþ1Þ� dqpbðri�1; riÞ: ð9Þ
By induction in (9), we get

qpbðri; riþ1Þ� dqpbðri�1; riÞ;
� d2qpbðri�1; riÞ;
� . . .. . .

� diqpbðr0; r1Þ:
Therefore, limi!1 qpbðri; riþ1Þ ¼ 0.

Now, we prove that qpbðri; riþ1Þ is a Cauchy sequence. Let i; j 2 N, for any
positive integers such that j[ i, using (QPSb4) we have

qpbðri; rjÞ� s½qpbðri; riþ1Þ þ qpbðriþ1; rjÞ� � qpbðriþ1; riþ1Þ;
¼ sqpbðri; riþ1Þ þ sqpbðriþ1; rjÞ � qpbðriþ1; riþ1Þ;
� sqpbðri;riþ1Þ þ s2qpbðriþ1; riþ2Þ þ � � � þ si�j�1qpbðrj�1; rjÞ
� ½sdi þ s2diþ1 þ s3diþ2 þ � � � þ sj�i�1dj�1�qpbðr0; r1Þ;
� sdi½1þ sdþ s2d2 þ � � � þ sj�idj�i�1�qpbðr0; r1Þ;

� sdi

1� sd
qpbðr0; r1Þ: ð10Þ

Since d 2 ½0; 1sÞ, we conclude that sdi

1�sd qpbðr0; r1Þ ! 0 as i ! 1. Therefore, frig is
a Cauchy sequence in M. Thus qpbðri; rjÞ ! 0 as i; j ! 1.

Similarly, suppose that r ¼ ri and 1 ¼ ri�1 in (4), we have
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qpbðriþ1; riÞ ¼wðqpbðjri; jri�1ÞÞ\qpbðjri; jri�1Þ;
� d

h
qpbðri; ri�1Þ

ib
:
h
qpbðri; jriÞ

ia
:
h
qpbðri�1; jri�1Þ

ic
h 1

s2

h
qpbðri; jri�1Þ þ qpbðri�1; jriÞ

ii1�a�b�c
;

� d
h
qpbðri; ri�1Þ

ib
:
h
qpbðri; riþ1Þ

ia
:
h
qpbðri�1; riÞ

ic
;

h 1

s2

h
qpbðri; riÞ þ qpbðri�1; riþ1Þ

ii1�a�b�c
ð11Þ

By (QPSb4), Lemma 3, Definition 2 and (11) we get

� d
h
qpbðri; ri�1Þ

ib
:
h
qpbðri; riþ1Þ

ia
:
h
qpbðri�1; riÞ

ic
h 1

s2

h
s
�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�

� qpbðri; riÞ þ qpbðri; riÞ
ii1�a�b�c

� d
h
qpbðri�1; riÞ

ib
:
h
qpbðri; riþ1Þ

ia
:
h
qpbðri�1; riÞ

ic
h 1
s

h�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�ii1�a�b�c
ð12Þ

Suppose that,

qpbðri�1; riÞ\qpbðri; riþ1Þ;
for some i� 1. Therefore,

1

s

�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�
� qpbðri�1; riÞ: ð13Þ

Consequently, using (13) in (12), we obtain

qpbðriþ1; riÞ� d
h
qpbðri�1; rnÞ

ib
:
h
qpbðri; riþ1Þ

ia
:
h
qpbðri�1; riÞ

ic
h
qpbðri�1; riÞ

i1�a�b�c
;

� d
h
qpbðri; riþ1Þ

ia
:
h
qpbðri�1; riÞ

i1�a
;

h
qpbðriþ1; riÞ

i1�a
� d

h
qpbðri�1; riÞ

iaþb
:

ð14Þ

Since qpbðri�1; riÞ\qpbðri; riþ1Þ is a contradiction. Equation 14 implies that

qpbðriþ1; riÞ� dqpbðri; ri�1Þ: ð15Þ
There exists d 2 ½0; 1sÞ such that
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qpbðriþ1; riÞ� dqpbðri; ri�1Þ:
Through repeating the above procedure and (15) i-times, we conclude that

qpbðriþ1; riÞ� dqpbðri; ri�1Þ;
� d2qpbðri; ri�1Þ;
� . . .. . .

� diqpbðr1; r0Þ: ð16Þ
Therefore, limi!1 qpbðriþ1; riÞ ¼ 0, for i� 1.

Now, we show that qpbðriþ1; riÞ is a Cauchy sequence. Let i; j 2 N, for any
positive integers such that i[ j, using (QPSb4) we have

qpbðri;riÞ� s½qpbðri; ri�1Þ þ qpbðri�1; rjÞ� � qpbðri�1; ri�1Þ;
¼ sqpbðri; ri�1Þ þ sqpbðri�1; rjÞ � qpbðri�1; ri�1Þ;
� sqpbðri; ri�1Þ þ s2qpbðri�1; ri�2Þ þ � � � þ sj�i�1qpbðri�1; riÞ
� ½sdi�1 þ s2di�2 þ s3di�3 þ � � � þ sj�i�1d j�qpbðr1; r0Þ;
� sdi�1½1þ sd�1 þ s2d�2 þ � � � þ sj�i�2dj�iþ1�qpbðr1; r0Þ;

� sdi�1

1� sd�1 qpbðr1; r0Þ: ð17Þ

RSince d 2 ½0; 1sÞ, we conclude that sdi�1

1�sd�1 qpbðr1; r0Þ ! 0 as i ! 1. Therefore,

frig is a Cauchy sequence in M. Thus, qpbðri; rjÞ ! 0 as i; j ! 1. h

Since ðM; qpbÞ is complete, frig converges to some point f 2 M with
qpbðf; fÞ ¼ 0. By Lemma 3 and Definition 2, we have

qpbðf; fÞ ¼ lim
i!1

qpbðri; fÞ ¼ lim
i;j!1

qpbðri; rjÞ:

Suppose that ri 6¼ jri for each i� 1 and the increasing property of w we have

qpbðriþ1; jfÞ ¼ wðqpbðjri; jfÞÞ\qpbðjri; jfÞ:
By taking r ¼ ri and 1 ¼ f in inequality (4), one gets
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qpbðjri; jfÞ� d
h
qpbðri; fÞ

ib
:
h
qpbðri; jriÞ

ia
:
h
qpbðf; jfÞ

ic
h 1

s2

h
s
�
qpbðri�1; riÞ þ qpbðri; riþ1Þ

�

� qpbðri; riÞ þ qpbðri; riÞ
ii1�a�b�c

� d
h
qpbðri; fÞ

ib
:
h
qpbðri; jriÞ

ia
:
h
qpbðf; jfÞ

ic
h 1
s

h�
qpbðri; jfÞ þ qpbðf; jriÞ

�ii1�a�b�c
ð18Þ

Suppose that,

qpbðri; jfÞ\qpbðf; jriÞ;
for some i� 1. Therefore,

1

s

�
qpbðqpbðri; jfÞ þ qpbðf; jriÞ

�
� qpbðf; jriÞ: ð19Þ

Consequently, using (19) in (18) as i ! 1 we get

qpbðjri; jfÞ� d
h
qpbðri; fÞ

ib
:
h
qpbðri; jriÞ

ia
:
h
qpbðf; jfÞ

ic
h
qpbðf; jriÞ

i1�a�b�c
;

qpbðf; jfÞ� d
h
qpbðf; fÞ

ib
:
h
qpbðf;jfÞ

ia
:
h
qpbðf; jfÞ

ic
h
qpbðf; jfÞ

i1�a�b�c
;

� d
h
qpbðf; jfÞ

i1�b
;

h
qpbðf; jfÞ

i
� d

h
qpbðf; jfÞ

i1�b
; ð20Þ

we find that qpbðf; jfÞ ¼ 0, which is a contradiction. Hence, jf ¼ f.
By using the condition imposed in Definition 6, we formulate the following

corollaries:

Corollary 1 Let ðM; qpbÞ be a complete quasi partial b-metric space. Assume that
j : M ! M satisfy the conditions of Theorem 4 if any of the following contractions
is applied:

(i) The following contraction is called Reich-Rus-Ćirić type contraction
mapping

wðqpbðjr; j1ÞÞ�K
h
qpbðr; 1Þ

ib
:
h
qpbðr; jrÞ

ia
:
h
qpbð1; j1

i1�a�b
; ð21Þ

for all r; 1 2 MnFixðjÞ, where K 2 ½0; 13Þ and aþ b\1.
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(ii) The following results for Chatterjea type contraction mappings

wðqpbðjr; j1ÞÞ�P
h
qpbðr; j1Þ

ia
:
h 1

s2
qpbð1; jr

i1�a
; ð22Þ

for all r; 1 2 MnFixðjÞ, where P 2 ½0; 1sÞ and a 2 ð0; 1Þ.

We demonstrate our results with an example below.

Example 3 Let M ¼ f�; e; h; fg. Define complete quasi partial b-metric as

qpbðr; 1Þ ¼ ðr� 1Þ2 þ r with wðtÞ ¼ 1
2tþ1 and s ¼ 2, that is

The geometrical representation of M defined by qpb : M�M ! M given in
Table 2 below.

We define self mapping T on M as

j :
f � e h

� e � e

� �
;

shown in Tables 1 and 2. Thus, � and e are two fixed points of j. To see this, consider
the following cases

Case 1
For ðr; 1Þ ¼ ð�; �Þ we have

qpbðr; 1Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ 0þ � ¼ �;

qpbðjr; j1Þ ¼ qpbðj�; j�Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ �;

qpbðr; jrÞ ¼ qpbð�; j�Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ �;

qpbð1; j1Þ ¼ qpbð�; j�Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ �;

qpbðr; j1Þ ¼ qpbð�; j�Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ �;

qpbð1; jrÞ ¼ qpbð�; j�Þ ¼ qpbð�; �Þ ¼ ð�� �Þ2 þ � ¼ �:

Using all of the above inequalities in (4) and the property of w, we obtain

Table 1 The partial quasi partial b-metric for an element in M

qpbðr; 1Þ f � e h

f f ðf� �Þ2 þ f ðf� eÞ2 þ f ðf� hÞ2 þ f

� ð�� fÞ2 þ � � ð�� eÞ2 þ � ð�� hÞ2 þ �

e ðe� fÞ2 þ e ðe� �Þ2 þ e e ðe� hÞ2 þ e

h ðh� fÞ2 þ h ðh� �Þ2 þ h ðh� eÞ2 þ z h
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wð�Þ� d
h
�
ib
:
h
�
ia
:
h
�
ic
:
h 1

s2
ð�þ �Þ

i1�a�b�c
;

� d
h
x
ibþaþc

:
h 2�
s2

i1�a�b�c
;

1

2�þ 1
� d

h
�
ibþaþc

:
h 2�
s2

i1�a�b�c
:

ð23Þ

Case 2
For ðr; 1Þ ¼ ðe; eÞ we have

qpbðr; 1Þ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ 0þ e ¼ e;

qpbðjr; j1Þ ¼ qpbðje; jeÞ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ e;

qpbðr; jrÞ ¼ qpbðe; jeÞ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ e;

qpbð1; j1Þ ¼ qpbðe; jeÞ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ e;

qpbðr; j1Þ ¼ qpbðe; jeÞ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ e;

qpbð1; jrÞ ¼ qpbðe; jeÞ ¼ qpbðe; eÞ ¼ ðe� eÞ2 þ e ¼ e:

Using all of the above inequalities in (4) and the property of w, we obtain

wðyÞ� d
h
y
ib
:
h
y
ia
:
h
y
ic
:
h 1

s2
ðeþ eÞ

i1�a�b�c
;

� d
h
e
ibþaþc

:
h 2e
s2

i1�a�b�c
;

1

2eþ 1
� d

h
e
ibþaþc

:
h 2e
s2

i1�a�b�c
: ð24Þ

By choosing the appropriate values of �; e; d; a; b and c inM, using (23) and (24), we
conclude that all assumptions of Theorem 4 are satisfied. It is observed that a self-
mapping j has more than one fixed point in M. Thus, j posses a fixed point.

3 An application to non linear matrix equations

In this section, we prove the existence of the solution for the non-linear matrix
equation. We use one application to utilize the results obtained in Theorem 4 where a
fixed point solution is applied in quasi partial b-metric space setting. In literature, the
non-linear matrix equation initiated by Ran and Reurings [40, 41] proved a fixed
point theorem in partially ordered sets and some applications to matrix equations.

Table 2 The geometrical/
cartesian product form for an
element in M

qpb : M�M f � e h

f ðf; fÞ ðf; �Þ ðf; eÞ ðf; hÞ
� ð�; fÞ ð�; �Þ ð�; eÞ ðe; hÞ
e ðe; fÞ ðe; �Þ ðe; eÞ ðe; hÞ
h ðh; fÞ ðh; �Þ ðh; eÞ ðh; hÞ
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The Hermitian solution of the equation X ¼ QþNX�1N	 is the matrix equation
arising from the Gaussian process. The equation admits both positive definite
solution and negative definite solution if and only if N is non-singular. If N is
singular, no negative definite solution exists. Non-linear matrix equations play an
important role in several problems that arise in the analysis of control theory [45, 47]
and system theory [48–50].

The main concern of this section is to apply Theorem 4 to study the following
non-linear matrix equations which are motivated by Jain et al. [18], Lim et al.
[32, 33], Ran and Reurings [40, 41] and several others.

r ¼ Qþ
Xn
i¼1

N	
i jðrÞNi; ð25Þ

Q ¼ r�N	
1jðrÞN1 � . . .�N	

njðrÞNn; ð26Þ
where HðnÞ is a set of n� n Hermitian matrices, pðnÞ is a set of n� n positive
definite matrices and pðnÞ 
 HðnÞ, Q 2 pðnÞ, Ni is n� n matrices and j; pðnÞ !
pðnÞ is a continuous order preserving map such that jð0Þ ¼ 0.

The set HðnÞ equipped with the trace norm k:ktr is a complete partial b- metric
space [40] and partially ordered with partial ordering �, where r � 1)1 � r.

The following lemmas are inspired by Ran and Reurings [40, 41] will be useful
for development of our results.

Lemma 4 [40] If r; 1 � 0 are n� n matrices, then

0� trðr; 1Þ� k1kjtrðrÞj: ð27Þ

Lemma 5 [40] If r; 1 � In, then

krk\1: ð28Þ

We prove our results by establishing a fixed point for a self mappings for the
following non-linear matrix equation in quasi-partial b metric space.

r ¼Qþ
Xn
i¼1

N	
i jðrÞNi; ð29Þ

where Q 2 pðnÞ, Ni is n� n matrices, N	
i stands for conjugate transpose of

Ni 2 HðnÞ and j; pðnÞ ! pðnÞ is a continuous order preserving map such that
jð0Þ ¼ 0.

Theorem 5 Consider the class of non-linear matrix Equation 29 and suppose the
following condition holds.

(i) there exists Q 2 pðnÞ with
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Q ¼Qþ
Xn
i¼1

N	
i jðQÞNi;

(ii) for all r; 1 2 pðnÞ,

r� 1)
Xn
i¼1

N	
i jðrÞNi �

Xn
i¼1

N	
i jð1ÞNi;

(iii) there exists d 2 ð0; 12Þ for which
Pn

i¼1 N
	
iNi\dIn andPn

i¼1 N
	
i jðQÞNi [ 0 such that for all l� m we have

r� 1)

(iv) there exists r; 1 2 PðnÞ and d 2 ð0; 12Þ such that

kjr� j1ktr � 1� d
h
kr� 1ktr

ib
:
h
kr� jrktr

ia
:
h
k1� j1ktr

ic
:

h 1

s2
ðkr� j1ktr þ k1� jrktrÞ

i1�a�b�c
: ð30Þ

Then, the non linear matrix equation (29) has a solution in pðnÞ 
 HðnÞ.

Proof Define j : pðnÞ ! pðnÞ by

jðrÞ ¼Qþ
Xn
i¼1

N	
i jðrÞNi; ð31Þ

for all r 2 pðnÞ. Then the fixed point of the mapping j is a solution of the matrix
equation (29).

We define a quasi partial b-metric qpb : pðnÞ ! pðnÞ ! Rþ by

qpbðr; 1Þ ¼kr� 1k2tr þ krktr:
Let r; 1 2 pðnÞ with r � 1, then jðrÞ � jð1Þ. So for qpbðr; 1Þ[ 0 and by using
ðiÞ � ðivÞ we have

qpbðjr; j1Þ ¼kjr� j1ktr)kjr� j1k1;
¼ kjr� j1k2 þ kjrk;

¼ k
Xn
i¼1

N	
i jðrÞNi �

Xn
i¼1

N	
i jð1ÞNik

þ kQþ
Xn
i¼1

N	
i jðrÞNik:

ð32Þ
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qpbðr; 1Þ ¼ kr� 1ktr)kr� 1k1;
¼ kr� 1k2 þ krk:

ð33Þ

qpbðr; jrÞ ¼ kr� jrktr)kr� jrk1;
¼ kr� jrk2 þ krk;

¼ kr� Q�
Xn
i¼1

N	
iTðrÞNik2 þ krk:

ð34Þ

qpbð1; j1Þ ¼ k1� j1ktr)k1� j1k1;
¼ k1� j1k2 þ k1k;

¼ kr� Q�
Xn
i¼1

N	
i jðrÞNik2 þ krk:

ð35Þ

qpbðr; j1Þ ¼ kr� j1ktr)kr� j1k1;
¼ kr� j1k2 þ krk;

¼ kr� Q�
Xn
i¼1

N	
i jð1ÞNik2 þ krk:

ð36Þ

qpbð1; jrÞ ¼ k1� jrktr)k1� jrk1;
¼ k1� jrk2 þ k1k;

¼ kr� Q�
Xn
i¼1

N	
i jðrÞNik2 þ k1k:

ð37Þ

Using (32, 33, 34, 35, 36, 37) in (30) we obtains

k
Xn
i¼1

N	
i NiðjðrÞ�jð1ÞÞkþ

kQþ
Xn
i¼1

N	
i jðrÞNik�d

h
kr�1k2þkrk

ib
:

h
kr�Q�

Xn
i¼1

N	
i jðrÞNik2þkrk

ia
:

h
kr�Q�

Xn
i¼1

N	
i jðrÞNik2þkrk

ic
:

h 1
s2
ðkr�Q�

Xn
i¼1

N	
i jð1ÞNik2þkrkþ

kr�Q�
Xn
i¼1

N	
i jðrÞNik2þk1kÞ

i1�a�b�c
: ð38Þ

This implies that
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kjr� j1k1 � 1� d
h
kr� 1k1

ib
:
h
kr� jrk1

ia
:
h
k1� j1k1

ic
:

h 1

s2
ðkr� j1k1 þ k1� jrk1Þ

i1�a�b�c
: ð39Þ

Consequently by the property of w we get

wðqpbðjr; j1ÞÞ� d
h
qpbðr; 1Þ

ib
:
h
qpbðr; jrÞ

ia
:
h
qpbð1; j1

ic
:

h 1

s2
ðqpbðr; j1Þ þ qpbð1; jrÞÞ

i1�a�b�c
; ð40Þ

Therefore, from
Pn

i¼1 N
	
i jðQÞNi [ 0, we have Q� jðQÞ. Thus, by using Theo-

rem 4 we conclude that j posses a fixed point in pðnÞ and pðnÞ 2 M. h
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