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Abstract

Time delay and randomness are the two essential aspects of nonlinear systems,
which precariously affect the control and synchronization of nonlinear systems. This
paper considers the synchronization of a new nine-dimensional stochastic hyper-
chaotic system with time delay. This work advances a feedback control method to
synchronize stochastic time-delay hyperchaotic systems based on the Lyapunov
stability theory and linear matrix inequalities (LMIs) approach. Sufficient conditions
are derived to guarantee the global asymptotical stability in the error system’s mean
square; consequently, the drive system synchronizes with the response system.

Keywords Hyperchaotic system - Lyapunov exponent - Lyapunov—Krasovskii
functional - Linear matrix inequalities - Synchronization

Mathematics Subject Classification 34D06 - 37D45 - 37H05 - 93D20

1 Introduction
1.1 Background and motivation
The concept of a dynamical system is a mathematical formulation for any fixed law

that depicts the time response of a point’s position. The hypothesis of the dynamical
system manages the long-term subjective conduct. It concentrates the idea of the
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movement of a framework that is regularly mechanical or general physical
phenomena, such as electronic circuits, planetary circles, financial aspects, and
somewhere else. Most dynamical systems exhibit chaotic behavior due to
nonlinearity, sensitivity to initial conditions, and non-periodicity. A chaotic system
refers to the random irregular motion in a deterministic model. The behavior of
chaotic systems is characterized by uncertainty, non-repeatable and unpredictable.
Chaos is an intrinsic property of nonlinear dynamic systems and exhibits bifurcation
under specific parameters; for more details, see [5, 19, 20]. In 1963, when designing
a three-dimensional model for atmospheric convection, Lorenz [14] accidentally
discovered the first chaotic system. Rossler [21] discovered a three-dimensional
chaotic system with more simple algebra than the Lorenz system in 1976. There are
also many well-known three-dimensional chaotic systems, such as Sprott systems
[22], Chen system [4], Lii—Chen system [11] and so on. With the wide application of
chaos theory in recent years, people have conducted extensive research on chaos
theory and achieved many new results.

In 1990, Pecora and Carroll [18] first discovered chaos synchronization in
electronic circuits, which increased chaos synchronization control research widely
used in many fields, such as communication encryption, engineering optimization,
and statistical prediction. Synchronization is coupling the motion of a drive and
response system to standard behavior. Synchronization of the chaotic systems,
hyperchaotic systems, and the unified chaotic systems have been reported in many
papers, see [3, 16].

In control systems, the time delay due to sensor and actuator dynamics, signal
transmission, and digital computations is an essential factor influencing stability and
control performance. Time delay estimation in a control system is a challenging
problem. It is even more complicated when the system dynamics are nonlinear and
unknown. Time delays are regularly encountered in various industrial systems that
must be controlled, because states of the system depend on the present time and a
time in the past and frequently used in various fields such as communication,
electronics, hydraulic and nonlinearity, sensitivity to initial conditions, and non-
periodicity for theoretical and practical significance see [8, 12, 13].

In the meantime, stochastic modeling has arisen to strike an essential position in
many branches of science and engineering. Also, in practice, noise perpetually
inevitably exists in various practical systems since it is very difficult to reach an
exact mathematical model of an object or process due to gradually changing
parameters and environmental noise refer [15, 23]. In the stochastic framework,
synchronization analysis for nonlinear chaotic time-delay stochastic systems has
realized important research interests. However, to the best of the authors’
knowledge, the problem of synchronization for the stochastic systems with time
delay and nonlinear disturbances has not been fully investigated, which remains
challenging. The above facts motivate the present study.

1.2 Literature review

Abadneh [1] presented a new 4-D chaotic system and produced two equilibrium
points at the origin. The fundamental characteristics of the system has been
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investigated by using equilibrium points, stability, and bifurcation diagram.
Furthermore, an optimal controller has been established to make the system
trajectories to the zero equilibrium. Vaidyanathan et al. [25] studied a new three-
dimensional chaotic system with two nonlinearities. The quadratic and quartic
nonlinearity have been examined in particular when building the new chaotic model.
Authors estimated the feedback control laws using adaptive control theory to achieve
global synchronization of identical chaotic systems with unknown parameters. In
order to improve the further complexity of chaotic system, Huang et al. [9]
introduced a new four-dimensional chaotic system based on Sprott B chaotic system.
The use of a new sliding mode controller to construct a fractional-order chaotic
system that rapidly enters a predefined motion state and maintains stability was
proposed in [24]. In [27] Yu et al. investigated the circuit implementation of seven-
dimensional hyperchaotic system with five nonlinear terms. Fan et al. [7] analyzed
the stabilization problem of a class of double-wing chaotic system and also
implemented the circuit for the proposed work. The presented work in [10] realized
the four-dimensional chaotic system with multiscroll attractor via passive control
approach. The authors in [17] investigated the PID type terminal sliding mode
control method for machine and grid side converter modified controllers to reinforce
the nonlinear relationship between the state-variable and control input BTB-
converter. This control method reduces the reaction time of the BTB converter
controllers and enhances their robustness to parameter uncertainty and external
disturbances. Recently, Alattas et al. [2] investigated the nonsingular integral-type
controllers to synchronize the N-dimensional hyperchaotic systems. This method
proposed for a broad spectrum of hyper-chaotic systems allows for faster
convergence while avoiding chattering and unstable fluctuations. The authors of
[26] discussed an adaptive terminal sliding mode control for synchronizing chaotic
systems based on a new sliding manifold with fast reaching conditions and
highlighted its application to medical image encryption techniques.

1.3 Contribution

Through the above discussions, we find that most of the chaotic systems studied in
the existing literature are deterministic and do not consider the influence of stochastic
factors and time delay on the system. In addition, when introducing the stochastic
factor, it is natural to consider the expected value of the solution of the system, which
is crucial to prove the synchronization of the system and will bring analytical
difficulties. The main contributions of this paper are summarized as follows

1. High-dimensional hyperchaotic systems have more complex dynamic behav-
iors, better randomness, and unpredictability to the best of the authors’
knowledge. The high-dimensional hyperchaotic system is used in secure
communication, image encryption, text encryption, and voice encryption for
larger keyspace and higher security. Due to the facts, a novel nine-dimensional
hyperchaotic system is developed by introducing new system parameters with
eleven nonlinear terms. The nonlinearity could increase the essence of the
unpredictability of the future from the past.
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2. Different from the existing literature, this paper addresses the globally
asymptotic synchronization in the mean square sense of the proposed nine-
dimensional hyperchaotic system with stochastic and time delay via LMIs
framework.

3. Based on the state feedback controller and time delay, a suitable new Lyapunov
functional is constructed by superimposing the triple and quadruple integral
terms to show the delay information and attain the faster feasibility.

4. The derived sufficient conditions guarantee the globally asymptotic synchro-
nization in terms of solvable LMIs by employing the Lyapunov stability theory.

1.4 Paper organization

The rest of this paper is summarized as follows: Sect. 2 presents the model
description and problem formulation of a nine-dimension stochastic time-delayed
hyperchaotic system. In Sect. 3, some sufficient conditions are demonstrated for the
proposed hyperchaotic system via the LMI approach. Also, numerical simulation is
given in Sect. 3.1 to show the effectiveness of this paper. Finally, Sect. 4 states the
conclusion and future direction of the proposed work followed the conclusion
section.

2 Model description and problem formulation

Yu et al. [27] proposed a 7-D hyperchaotic system given as follows:

% = aoxa(1) — 1 (1)) + x4(1) — x5(1) — x7(0)

% =cxi (1) — xa(r) — x1(1)x3(1) — x6(7)

% = — bxs(1) + x1(1)x2(1)

% = duxy (1) — x3(1)x3(1) (1)
% = exy(1) + x2(1)x3 (1)

% =fui (1) +x2(1)x3 (1)

% =i (1),

where x1(t),x2(¢),...,x7(¢) refer state vectors of (1), (a, b, ¢, d, e, f, r) denote
system parameters. Fora =10, b =8/3,¢c=28,d=—1,e=8,f=1,and r =5,
system (1) exhibits hyperchaotic behavior. Based on this work, we include six non-
linear terms and two state vectors to the above system (1). The novel 9-D hyper-
chaotic system is given as follows:
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% = a(x(1) = x1(2)) + xa(t) — (x5(2) +27(1) + x3(2)) + x0(1)

% =cxi(t) — xa(t) — x1(£)x3(t) — xe(2)

% = — bx3(1) + x1(t)x2(1)

ddits = ex7(t) 4 x2(1)x3(t) + x1(£)x3(2) — x1(£)x2(1) (2)
% =i (£) + xa2(t)x3 (1)

% = rix;(t) + x1(1)x3(2)

% _ rsz(l) +x2(I)X3(t) + X (t)X3 (t) — X1 (l‘)xz(t)

B o),

where x(1) = [x1(2),x2(1), ..., xo()]" € R? refer to the state vectors of (2), a, b, ¢, d,
e, f, r1, r, and r3 denote system parameters. For a = 100, b = 8/3, ¢ =28,
d=-10, ¢=280, f =100, and (r,r2,13) = (5,15,30), system (2) exhibits
hyperchaotic behavior. The following Figs. 1, 2, 3 and 4 depict the chaotic attractor
for system (2). Figure 5 denotes the time response of the state vectors
x1(8),x2(2), . . ., x9(¢) for system (2). Figure 6 clearly depicts that the system (2) has
three positive Lyapunov exponents and six negative Lyapunov exponents. The
fractal dimension is also a typical characteristic of chaos and is calculated by
utilizing Lyapunov exponents in the following Kaplan—Yorke dimension formula

[6]. A=u+ >, % where each J; denote Lyapunov exponent, u refers to the

M#Jrl ‘ ’
first u Lyapunov exponent is non-negative.
In this manuscript, by observing the values of nine Lyapunov exponents, one can
determine the value of pu is 3. Now the Kaplan—Yorke dimension can be expressed
as follows:

(0.0232 + 0.0134 + 0.0161)

A=3
+ 10.0796)

~ 3.6021.

In view of Kaplan—Yorke dimension, the value of fractal dimension takes the
fractional value. Hence, system (2) rush into hyperchaotic in nature.
The equation of stability for system (2) is given as follows:
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Fig. 1 Chaotic attractors for the system (2): x;(¢) — xa2(2), x1(2) —x3(2), x1(t) — xa(2), x1(r) — x5(2),

x1(8) = x6(), x1 (1) = 27(2), x1 (1) — x(2), x1 (1) — x9(2), x2() — x3(¢)

x4(8)

x,(8)

x4(t)

a0

Fig. 2 Chaotic attractors for the system (2): xa(#) — x4(2), x2(t) — x5(2), x2(2) — x6(2), x2(t) — x7(2),

X2 (1) = x5 (1), x2(t) — x9(1), x3(t) — x4 (1), x3(2) — x5(t), x3(¢) — x6(t)
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Fig. 3 Chaotic attractors for the system (2): x3(¢)
)C4(l) - XG(I), X4(l‘) - X7(Z), X4(t) - Xg(t), X4(t) - X9(t),
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Fig. 4 Chaotic attractors for the system (2): xs(¢)
x6 (1) — x5 (1), X6 () — xo(t), x7(2) — x3(2), 27 (1) — xo(2),
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Fig. 5 Time response for the nine-dimensional hyperchaotic system (2)
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Fig. 6 Trajectory for Lyapunov exponent of the proposed nine-dimensional hyperchaotic system (2)
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a(xy(1) = x1 (1)) + x4 (t) — (x5(2) 4 x7(1) + x3(2)) + x0(2) = 0
exi (1) — xa(t) — x1 (£)x3(r) — x6(2) =0
—bxs(t) + x1()x2(1) =0

dxy(t) — x2(0)x3(t) =0

ex7(t) + x2()x3(2) + 21 (1)x3(2) — x1(£)x2(2) = 0 (3)
Jxr () + x2(1)x3(1) = 0

rixi(t) +x1(t)x3(r) =0

rax2(t) + x2(£)x3(t) + x1 ()x3 (1) — x1(£)x2(2) =0

r3x1(t) =0

Solving the above equations described in (3), one can have the equilibrium point
0(0,x*,0,0,ax*, —x*,0,0,0), x* € R’ which is independent of the system param-
eters except a. The Jacobian matrix at () is given by

—a a 0 1 -1 0 -1 -1 1

c -1 0 0 0 -1 0 0 0

x* 0 -b 0 O 0 0 0 0

0 0 —xd 0 0 0 0 0
JI=1—-x" 0 x* 0 0 0 e 0 0
f 0 x 0 0 0 0 0 0

r 0 0 0 0 0 0 0 0

—x* x* 0O O 0 0 0o 0
| 3 0 0 0 0 0 0 0 0]

For the proposed system parameters, the characteristic polynomial of | ¢ — /1| is
—I23(9(x*)7 23 +369(x) 227 +3015(x*)*A—450(x*)* — 637 2* — 82x* 27 — 236x" 27—
160x* 1+32° + 34177 — 4257 — 6308527 + 188910/* 4821800/ — 88000).  When
x* =0, the characteristic equation can be rewritten as:

341 63085 821800 88000
—)P—Tis + 141977 +Tz6 — 6297015 — 3 JAEE 3 B=0. (4

Solving the above Eq. (4), one can obtain the following nine eigenvalues:

A = 17871, Ay =4.753, 73 = 0.105,
A4 =0, 15=0, 46 =0,
J7=—=8/3, Ag = —10, g = —123.730.
From the above eigenvalues, one can conclude that Eq. (4) has three positive and

three negative eigenvalues. The remaining three eigenvalues are zero. Hence, it can
be shown as @ is an unstable saddle point when x* = 0. Assume that ¥ is the

domain in the smooth surface R® and 77 (¢) is the volume of ¥(r).
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/ V “/ dxldxzdxgdx4dx5dx6dx7dx8dx9 (5)

¥ (1)
From Eq. (5), one can calculate the dissipation of hyperchaotic system.

_Oxp | Oxp axg Oxy; Ox5 Oxg Ox7 Oxg Oxo
Vol o T "ok T on T Tox Ton T ax dm(6)

——a—1-b+d=>5.

We have, a = 100, b = 8/3, and d = —10 which implies that § = —% <0. Sub-
stitute (6) into (5), one can have
dv (1) 341

dt :_TW() @

341

where 77(f) is the 9-D hyperchaotic system. Solving (7), ¥ (t) = e~ 5 ¥7(0), if
V - ¥ <0 then system (2) is dissipative. Hence, system (2) satisfies the principle of
hyperchaotic state. For our convenience, system (2) can be rewritten as:

x<t) = Ax(t> +f(tax(t)>7 (8)

where x(t) = (x; (1), x2(1), .., xo(¢))" is the state variable, A € R*® is the linear
parameter matrix, and f(z,x(¢)) is the non-linear term. Since every real-time
dynamical model will be affected by the environmental noise. In nature, the
deterministic model (8) may affect by the external noise that could be captured by
incorporating the model into stochastic differential systems involving Brownian
motion. Hence, studying the hyperchaotic system involving Brownian motion for
real-time phenomena is necessary. In this proposed work, the following stochastic
delay differential equation is considered to analyze the synchronization of the
hyperchaotic system. Let T > 0 be the delay term. Let C([—7, 0]; R") be the family
of continuous functions ¢ from [—t,0] to R". Let L}, ([—7,0]; R") be the family of
all Fo-measurable C([—1,0]; R")-valued random variables y = {y(0)| —t<0<0}

such that sup E|y(6)]* <oc.
0€[—1,0]

dx(t) =[Ax(t) + Bx(t — ) + £ (t, x(t), x(t — ©)))dr + g(t, x(t), x(t — ©))dW (1),
xo =y, 1 € L ([-7,0];R"), —1<1<0,

where x(t) is the state of the system, A,B € R%*? are the linear parameter matrices,
W(t) = (wi(1),wa(t), ..., wo(r))" is the 9-D Brownian motion defined on the
complete  probability space (Q,%,P) which satisfies E[dW(r)] =0,
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E[dW?(t)] = dt. f(1,-,-) and g(t,-,-) are Lipschitz functions satisfy respectively

f(2,0,0) =0 and £(,0,0) = 0. To illustrate the concept of synchronization, we
consider system (9) as a drive system. The response system is defined by

dy(r) = [Ay(t) + By(t — ©) + £ (t,y(2), y(t — 7)) + u(t)]dt + g(2, y(1), y(t — 7))AW (1),
Yo=1% X€E L%-O([—‘E,O]; Rn)a _TSISOa
(10)

where y(t) = (v1(t),y2(1),...,yo(r))" is the state variable of response system,
A, B € R%* are the linear parameter matrices, f (,y(1), y(r — 7)) and g(z, y(z), y(t —
7)) are two non-linear functions and u(?) is the control input. t is the delay term.
Define the synchronization error vector of the drive and response system as
e(r) = y(t) — x(1), where e(r) = (e, (1), e2(t), ..., eq(t))". One can obtain the fol-
lowing error dynamics of proposed hyperchaotic system:

de(t) = |[Ae(r) + Be(t — 1) + f(t,e(t),e(t — 7)) + u(t)]dt + g(t,e(t),e(t — 7))dW (1),
(11)
where f(tve(t)ae(t - T)) :f(tvy(t)ay(t - T)) _f(tax(t)ax(t - T))’ and g(tve(t)a

e(t—1)) = g(t,y(t),y(t — 1)) — g(t,x(¢),x(t — 7)) represent nonlinear functions.
For simplicity, Eq. (11) can be rewritten as

de(r) = f(1)dt + g(1)aw (1), (12)

where f(t) = Ae(t) + Be(t — 7) + f(t,e(t),e(t — 1)) + u(t) is the drift term and
g(t) = g(t,e(r),e(t — 1)) is the diffusion term. In this work, we endorse the state
feedback controller as u(t) = —Ke(t), where K € R"™" is the control gain to be
designed.

Figure 7 clearly depicts the unsynchronized response for the drive and response
systems (9) and (10) respectively.
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Fig. 7 Time response for the error dynamics (11)
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To facilitate the following discussions, we restate the following definitions and
assumptions.

Definition 1 [28] The error system (11) is said to be globally asymptotically
stable in mean square if for any given initial condition such that

lim Ele(r)||” — 0, (13)

where E(-) is the mathematical expectation.

Assumption 1 If there exist positive constant u and positive definite matrix Q > 0
such that f(z,e(z), e(t — 1)) satisfies the following quadratic inequality:

ST (0, elt), et — ) QF (1, elt), elt — 7)) < 1" (1)Qe). (14)

Assumption 2 There exist positive constants o, o, and positive definite matrix
QO > 0 such that

Trace(g" (1)Q3(1)) < aye’ (t)Qe(t) + ae’ (t — 7)Qe(t — 7). (15)

3 Main results

This section presents an LMI approach to solve the global asymptotic synchro-
nization in the mean square for nine-dimensional hyperchaotic systems using a
feedback controller. The following theorem shows a synchronization scheme to
ensure that the controlled response system (10) can precisely track the drive system
(9), which is formulated by employing the feasibility of an LMI.

Theorem 1 By considering the Assumptions (1) and (2), the error system (11) is
globally asymptotically stable in mean square, for a given positive scalar t, any

scalar u>0, there exist  positive definite diagonal matrix
P = diag(p1,p2,---pn) >0, positive definite matrices
Ri = (rik)ysn >0, i=1,2,...,13, and  control  gain matrix K=

diag(ky, ka, ... k,) such that

[Ql]gw [92]9x1 [93}%9
Y T [Q | <O, (16)

where
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Yy ¥, ¥; 0 0 0 0 0 0
* Yy O 0 0 0 0 0 0
* * Y5 0 0 0 0 0 0
* * *x Y¢ 0 0 O 0 0
Q= % * * x Y7 0 0 0 0 |,
* * * * x Yg¢ 0 0 0
* * * * * *x Y9 0 0
* % % % % % x WY Py
| * * * * * * * * Y1 |
- T
92:000000001?},
T = _33& - 16£1°,Q3 = [0]g0, Q4 = {401510 0000O0TO0TO0 O,
s 0 O 0 0 0 0 0 07
« Y4 ¥s 0 0 0 0 0 0
* * Ye¢ Y17 O 0 0 0 0
* * * Ys P9 O 0 0 0
Qs =| = * * x Yy O 0 0 0 1,
* * * * * Y Y¥Yn O 0
* * * * * * VYys Wy 0
* * * * * * * Y5 Wi
| * * * * * * * * ¥y
with
2 3
W, = P(A—K)+(A—K)'P+R, + R, —%R7 +%R10 +P+ (’Rys,
2 3
'1U2 = PB, 'flg, :P, IP4 = —R +P, Ts = —R13, SU(, =R +‘L'R5 —ERg +ER11,
2 ‘53 4
V7= —Ry, Y3 =R3 +1Rs — ER9 + gRlz, Y9 =—R3, Vo= —;R4,
Vi = 6L§4, Vi =— 1254 —6?, 13 = —71605107 Yy = —ﬁ, Vs = 6§,
T T3 T T T T
12R5 6Rg 12Rg 36Ry 16R;;
Ye=—-F5 "5 VYr="7FVYs=—"FT "5
T T T T T
Vi = 40Ru 20 = — 160Ry
I 7
qulz—ﬁ,q’22=6—lz6, ‘1’232—%—6—?7 2421259,
T T T T
s — ~ 36Ry  16Ry, Wy — @7 Wy — 160R12.

T4 73 73
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Proof Consider the Lyapunov—Krasovskii functional as follows:
5
a0 =S A, (17)
i=1

where

Ay = e (t)Pe(t).

t

Ay = / e’ ($)R1e(s)ds + /fT(s)sz(s)der / &7 (s)R38(s)ds.

-1 -7

t

A3 = /0 / e’ (s)Rae(s)dsd0 + /0 / ST (s)Rsf (s)dsd0 + /0 / g" (s)Rsg(s)dsd0.

—T t+0 —T (40 2t oive
0 0 ¢ 0 0
g 4:/ / / ' (s)Rye(s)dsd0df + / / / F1()Rsf (s)dsd0dp
- f t+0 0B oihe
0 0 t
+ / / &7 (5)Rog(s)dsdOdp.
-t B t+0
0 0 0 0 0 0 ¢
%5:/// / eT(s)Rme(s)dsdeﬁdé—i—/ / FT(s)R11f (5)dsdOdpds
T o0 05 B v
0 0 0 ¢
+ / / / &7 (5)R128(s)dsd0d pds.
-t 0 B t+0
Using Ito’s process, we have
dA(t) =dA '\ +d Ay +dAH 3 +dH 4+ dAs. (18)

By using Assumption (1), one can have the following inequality:
12T (DR se(r) — £ (1, (1), elt — D)Rif (1 e(t), et = 1)) =0, (19)
Using the above inequality (19) and Assumption (2) with a; = op = 1, we have
A"y < 2" (H)P(A — K)e(t) + 2¢” (t)PBe(t — 1) + 2e" (1) Pf(t,e(t), e(t — 1))
+ el (1)Pe(t) + e (t — t)Pe(t — 1) + p*e” (t)Ryze(r)
—f1(t,e(t),e(t — 1)) Riaf (1, e(1), e(r — 7))]dt + 2" (1) Pg(1)dW (7).
(20)
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Aty =" (ORie(r) + 1T (ORAf (1) + & (1)R38(1) — [T (1 = T)R1e(t — 7)
+F7 (6 = DRof (1 — ) + &7 (¢t — DRsg(t — 7).

Using second version of Wirtinger’s inequality [23] for single integral, one can have
the following inequality:

(21)

@ty < ORse() 471 ORS0) + 7 ORsg0) 1 ([ o)) T4R4( | / e(5as
t 0 t

froma( ] [ eona) 3] [ o' )
[ commfon( ] ] o) (] o) 500
[mwauifw></ww@%uf>
 Jowa) o)

=1 -7 t—1 t—1T

g/mwwMow;Ufmwwﬁw
_;‘_3 / g g(s)dsd())T3Rf,< / g ()dsdH)

(22)

Using second version of Wirtinger’s inequality [23] for double integral, one can
obtain the following inequality:
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A4 <

0 t

S omen s ndo s fomso (/| s

(] o) 3 (] ] o 4R7<//0/0 )
] o] o) ] ] frou)
(] froua) (] fsosa (] 1o
3] o) ] ] fromsa) 3 (] ] o)

J j J dxdﬁdé) 4Rg< / / | //: fls dsd/sd(s)
/

_1_12( /0 / g(s)dsdﬁ>T6R9( /0 ()dsd/f> +%( /0 / §(S)dsd[;)r
-t t+f —T t+p -t t+p
X4R9< /0 j ,+,: g(s)dsdﬁd(s) +%< /0 /0 | /; g(s)dsdﬁd(3>T4R9< /0 | 4 g(s)dsdﬂ)
) t - t
,%( /( j / &(s )dsdﬂd(5>]4R9< /0 j J g(s)dxdﬁdc5>.

(23)

Using second version of Wirtinger’s inequality [23] for triple integral, one can
obtain the following inequality:
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45 < S (€ (OR0e) + 7 ORFD) + & (ORngl) ( /0 /0 / s dsdﬁdé)
ST 5 P
x 16R o /0/0 / e(s)dxdﬁd5>+j—4('/0/o te(s)dsdﬁa’é)T
710 6o’+oﬁ i o t:ﬁ 0 r
% 10Ry / / / / e(s)dsdﬁdédv)+:—4< / / / els dsdﬁdédv)
710 ‘0 ’ {Hﬂ 0 : 0" ;) " r
x 10R;o // e(s )dd[ﬁdb) 1_6</// e(s)dsdﬁdb'dv)
117 oy 011
10 ‘ e( )dsdﬁdbdv) 13(// /f dsd/fd())

|
4
>
T
=
|
4
=2
-
T
=

/ £s )dsdﬁd5> ;( /0 /0 ~(s)dsatﬁd(s)T
+8 5
/ /0 / (s)dsdﬁdadV> %( / / / / fls dsdﬂd()dv) (24)

—T v 8 1+ —r\ot+/}
0 0 0

(
(
(
(
(
(
coons( [ [ ] fosuts) ([ [ ] [ o)
(
(
(
(
(

-—‘

|
—- i’\o

T

\/Ov/t'
-t d 1+f - v 4§ I+/i
/O/Q

x 10R;; /O / f(s)dsdﬁdb’dv)—i( / / / dsdﬂdb)
p

-t v J t+f -1 § t+f
t

9 T
x 16R1» / ! J é(s dsdﬁdé) < /{ [ | +/,; dsdﬁd5>
000 00
o) + )
x 10R|, [ //H/B g(s)dsdpdodv [ ‘/;s/t+/ﬁ g(s)dsdpdddv

t 0o 0 0 1«

0o 0
x 10R}, / / ] g(s dsd/idé) ( / / / | +/ﬂ (s dsd/i’dédv)
0
/

J] | soanss

-t v § t+f

=

X 10R12

Substituting Egs. (20)—(24) in Eq. (18), we have the following inequality that
dA () < LA (t)dt + 2" (t)Pg(t)dW (1), (25)
where XX (1) = Zle dA;, and each d#'; is defined in Egs. (20)—(24). Taking

mathematical expectation on both sides of Eq. (25), we have
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5| 50 | <z et (26)

where

00 = [ 70— ) 70,00 = ) 50) &) 70 =) &0 =) (/ )

/’f@d&)"(/ o) (J [eom)” (] [ o) (] [ somar)

1=t —T 4 —T 1+

0 00 ;00
/ e(s dvdﬁdé) (/5/H/ f(x)dsd/i’dé) (///g(x)dsd/i’db)

-1 T

le dsd[;’dbd») (/0 / / / fis dsd[)’dbdv)

-1 +p -t v 5 1+

. T
< / dsd/fdéd») ] .
+B

From Eq. (26), it is clear that LMI (16) holds, then system (11) is asymptotically
stable. Also from Eq. (26) and Ito formula, it is obvious to see that

1+

(
(
(/.

—-
“t~—c <\o S~

3=}

/
1

T

EA (1) — EA (1) / LA (s (27)

From the definition of Lyapunov functional (17), there exist positive constant 4 such
that

JE|e(D)|* <EA (1) <EX (1o) + E / LA (s)ds

fo

t
gE%mﬁ+mmE/ﬂd®W%,

where Anax is the maximum eigenvalue of @ <0. Hence, system (11) is globally
asymptotically stable in mean square. This completes the proof. O

Remark 1 Different from the existing literature, the second version of Wirtinger’s
inequality in [23] is introduced in this paper to deal with (22)—(24). Also one can
observe that by introducing some new Lyapunov functional with inclusion of triple
and quadruple integral terms leading the reduction of conservativeness.
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3.1 Numerical simulation

In this section, numerical example is provided to validate the effectiveness of the
synchronization criteria. Consider the 9-D stochastic time-delayed hyperchaotic
error system (11). Let

-75 75 0 075 -075 0  —075 —075 075]
21 —075 0 0 0  -075 0 0 0
0 0 -2 0 0 0 0 0 0
0 0 0 -75 0 0 0 0 0
A=| 0 0 0 0 0 0 60 0 0 |, and
75 0 0 0 0 0 0 0 0
375 0 0 0 0 0 0 0 0
0 1125 0 0 0 0 0 0 0
225 0 0 0 0 0 0 0 0 |
[—25 25 0 025 —025 0  —025 —025 025]
7 —025 0 0 0 —025 0 0 0
0  —06667 O 0 0 0 0 0
0 0 0 -25 0 0 0 0 0
B=| 0 0 0 0 0 0 20 0 0
25 0 0 0 0 0 0 0 0
125 0 0 0 0 0 0 0 0
0 375 0 0 0 0 0 0 0
175 0 0 0 0 0 0 0 0

be the system parameters matrices. Let 7 = 0.2 seconds and assume that the Lip-
schitz constant as u = 500 with step size 4 = 0.001. By using LMI toolbox, one can
obtain feasible control gain matrix K is given as follows:

(1603 0 0 0 0 0 0 0 0
0 1761 0 0 0 0 0 0 0
0 0 1449 0 0 0 0 0 0
0 0 0 1329 0 0 0 0 0
K=1| 0 0 0 0 2268 0 0 0 0
0 0 0 0 0 2465 0 0 0
0 0 0 0 0 0 1524 0 0
0 0 0 0 0 0 0 1548 0
L0 0 0 0 0 0 0 0 1628 ]

Figures 8 and 9 depict the synchronized phase portraits for the state variables
(x1(¢),x3(¢)) and (y1(#),y3(t)). One can see that the chaotic attractors for the
proposed system (8) are different when the dynamical system includes the Brownian
motion and delay term. Furthermore, the same feedback control gain matrix K will
synchronize the chaotic attractor of the drive and response system with and without
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— 0,5
-,

x4(8), ¥ 5(8)

X thy,0)

Fig. 8 Synchronized chaotic attractor for the states (x;(¢),x3(¢)) and (yi(r),y3(r)) with delay and
stochastic term in system (11)
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L I m——
‘ / 7 4/777// N} \\
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/ = Y ——\\\\ i . '/ i
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I

|/
4

\ ! ! ! " ! | ! \

X0y,

Fig. 9 Synchronized chaotic attractor for the states (x(z),x3(r)) and (yi(¢),y3(r)) without delay and
stochastic term in system (11)

stochastic and time-delayed nature. Figures 10 and 11 demonstrate the time

responses of the drive and response system with and without stochastic terms,
respectively. Also, Fig. 12 shows the time responses for the proposed hyperchaotic
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Fig. 10 Synchronized time response for drive system (9) and response system (10) without delay and
stochastic term

x,0) &y,
s =

x,(0) & y,(t)
x,() & y, (1)
3

8

i

X,(0) & y,(©)
x,() & y (1)
xg(t) & yg(t)

g o

0 0.2 04 06 08 1 0 02 04 06 08 1

x,(t) &y, ()

xg(t) &y, (6)
xo(t) & y,(t)

Fig. 11 Synchronized time response for drive system (9) and response system (10) with delay and
stochastic term

system and the stochastic time-delayed hyperchaotic system in comparison.
Figure 13 depicts the time response for the error dynamics of the system (11)
excluding the stochastic time delay. Figure 14 depicts the time response for the error
dynamics of the proposed nine-dimensional stochastic time-delayed hyperchaotic
system (11). Hence, one can easily verify that the rate of convergence for system
(11) without delay and noise is highly faster than the (11).
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T
= = = with delay & stochastic (x,(t)
- = - with delay & stochastic (y, (1)

With stochastic
(randomness)

- = =without delay & stochastic (x (1)

- - - without delay & stochastic (y, (1) -

State response

L 1 l 1 1 | 1 L 1
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
tsec

-30

Fig. 12 Comparative time response of system (11) including and excluding time delay and stochastic
term

T T T T T
b

0.5
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~

A
069 0.691 0.692 0.693 0.694 0,6951:696 0.697 0.698 0.699 0.7

Y - ]

Error response
-

R

IS

0.005 q.01 0.015 0.02 0.025 0.03 0.0%5 0.04 0.045 q.05 | | | |

|
01 02 03 0.4 05 06 07 08 09 1
tsec

Fig. 13 Time response for error system (11) without delay and stochastic term

Remark 2 The parameters (b, c, d, e, f) are chosen from the literature [27] for a
fixed time scale. The system (2) exhibits hyperchaotic nature only by fixing the
parameter values r; =5, r, = 15, r3 =30 and a >30.2. In this paper, one can
assume the parameter value for a as 100 with initial condition
(10.1,10.3,10.5,10.7,10.9,—10.7,—10.5, —10.3, —10.1). For this fixed parame-
ters, the control gain matrix K is estimated by using LMI toolbox. The
aforementioned control gain matrix K will stabilize the error system (11) with
and without stochastic disturbances included in the proposed framework.
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Fig. 14 Time response for error system (11) with delay and stochastic term

Remark 3 The synchronization of drive and response systems is guaranteed if the
stochastic disturbance is considered in both drive and the response systems.
Figures 13 and 14 depict that the convergence rate of the error system (11) is less
when excluding the stochastic term. Hence, one can conclude that the stabilization
of the error system (11) without stochastic term yields less conservativeness than the
system (11) with stochastic disturbance.

4 Conclusions

A new nine-dimensional hyperchaotic system has been designed and analyzes the
behavior of the proposed method by Lyapunov exponent, fractal dimension,
equilibrium stability, and dissipation. The proposed framework has nine equations
with only one equilibrium point. A new LMIs criterion was employed to
synchronize drive and response systems with stochastic and time delay via the
Lyapunov stability theory and the Linear Matrix Inequality approach. A feedback
controller guarantees the globally asymptotic stability of proposed error dynamics in
the mean square sense. Furthermore, the numerical simulation demonstrates the
effectiveness of the proposed nine-dimensional hyperchaotic system with and
without stochastic and time delay.

5 Future direction
In the future, the proposed synchronization work will be extended into the
fractional-order hyperchaotic neural network with non-instantaneous impulses. Also

implementing the proposed work as a circuit model and study the synchronization to
secure communication will be undertaken.
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