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Abstract
Let A be a unital C�-algebra and X be a unital Banach A-bimodule. In this paper, we

characterize n-Jordan multipliers T : A �! X through the action on zero product.

We prove that each continuous linear mapping T from group algebra L1ðGÞ into

unital Banach A-bimodule X which satisfies a related condition is an n-Jordan
multiplier.

Keywords n-Jordan multiplier � Bilinear maps � C�-algebra � Unital
A-bimodule

Mathematics Subject Classification Primary 47B47 � 47B49 � Secondary
15A86

1 Introduction and preliminaries

Let A be a Banach algebra and X be an A-bimodule. A linear map T : A �! X is

called left multiplier [right multiplier] if for all a; b 2 A,

TðabÞ ¼ TðaÞb; ½TðabÞ ¼ aTðbÞ�;

and T is called a multiplier if it is both left and right multiplier. Also, T is called left
Jordan multiplier [right Jordan multiplier] if for all a 2 A,
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Tða2Þ ¼ TðaÞa; ½Tða2Þ ¼ aTðaÞ�;

and T is called a Jordan multiplier if T is a left and a right Jordan multiplier.

It is clear that every left (right) multiplier is a left (right) Jordan multiplier, but

the converse is not true in general, as was demonstrated in [9, Example 2.6].

Concerning the characterization of Jordan multiplier, see [12] and [13].

A linear map D from Banach algebra A into an A-bimodule X is called derivation
[Jordan derivation] if

DðabÞ ¼ DðaÞbþ aDðbÞ; ½Dða2Þ ¼ DðaÞaþ aDðaÞ�; a; b 2 A:

Note that every derivation is a Jordan derivation, but the converse is fails in general

[4, 10]. It is proved by Johnson in [10, Theorem 6.3] that every Jordan derivation

from C�-algebra A into any A-bimodule X is a derivation.

Characterizing homomorphisms, derivations and multipliers on Banach algebras

through the action on zero products have been studied by many authors. We refer

the reader to [2, 3, 8, 9, 14] for a full account of the topic and a list of references.

Let A be a unital Banach algebra with unit eA. An A-bimodule X is called unital if
eAx ¼ xeA ¼ x, for all x 2 X, and it is called symmetric if ax ¼ xa for every a 2 A
and x 2 X. For example, A� is an unital A-bimodule with the following actions.

ða � f ÞðbÞ ¼ f ðbaÞ; ðf � aÞðbÞ ¼ f ðabÞ; a; b 2 A; f 2 A�:

Moreover, if A is commutative, then A� is symmetric.

Recall that a bounded approximate identity for Banach algebra A is a bounded net

ðeaÞa2I in A such that aea �! a and eaa �! a, for all a 2 A. For example, it is

known that the group algebra L1ðGÞ, for a locally compact group G, and C�-algebras
have a bounded approximate identity bounded by one [6]. If A has a bounded

approximate identity ðeaÞa2I , then A-bimodule X is unitary if eax �! x and

xea �! x, for all x 2 X.

Definition 1.1 [7] Let A be a Banach algebra, X be a right A-module and let

T : A �! X be a linear map. Then T is called left n-Jordan multiplier if for all

a 2 A,

TðanÞ ¼ Tðan�1Þa:

The right n-Jordan multiplier and n-Jordan multiplier can be defined analogously.

The two following results concerning characterization of n-Jordan multiplier

presented by the first author in [15].

Theorem 1.2 [15, Theorem 2.3] Let A be a unital Banach algebra and X be a unital
Banach left A-module. Suppose that T : A �! X is a continuous linear map such
that

a; b 2 A; ab ¼ eA ¼) TðabÞ ¼ aTðbÞ: ð1Þ

Then T is a right n-Jordan multiplier.
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Lemma 1.3 [15, Lemma 2.1] Let A be a Banach algebra, X be a left A-module and
let T : A �! X be a right Jordan multiplier. Then T is a right n-Jordan multiplier
for each n� 2.

Let A be a Banach algebra and X be a arbitrary Banach space. Then the

continuous bilinear mapping / : A� A �! X preserves zero products if

ab ¼ 0 ¼) /ða; bÞ ¼ 0; a; b 2 A: ð2Þ

The study of zero products preserving bilinear maps was initiated in [1] for a very

special setting and then it was studied in [2] for the general case. Motivated by (2)

the following concept was introduced in [2].

Definition 1.4 A Banach algebra A has the property ðBÞ if for every continuous

bilinear mapping / : A� A �! X, where X is an arbitrary Banach space, the

condition (2) implies that /ðab; cÞ ¼ /ða; bcÞ, for all a; b; c 2 A.

Let JðAÞ denote the subalgebra of A generated by all idempotents in A. If

A ¼ JðAÞ, then we say that the Banach algebra A is generated by idempotents.

Some examples of Banach algebras with the property that A ¼ JðAÞ, are the

following:

(a) The Banach algebra C(X), where X is a compact Hausdorff space.

(b) Topologically simple Banach algebras containing a non-trivial idempotent.

(c) W�-algebras. Indeed, the linear span of projections is norm dense in a W�-
algebra. Following [11], we recall that a C�-algebra A is called a W�-algebra
if it is a dual space as a Banach space, see also [6]. Note that every W�-
algebra is unital.

Another classes of Banach algebras A with the property that A ¼ JðAÞ are given in

[2]. By Examples 1.3 and Theorem 2.11 of [2] we have the following.

Remark 1.5

(i) Every C�-algebra A has the property ðBÞ.
(ii) Let A ¼ L1ðGÞ for a locally compact group G. Then A has the property ðBÞ.
(iii) Let A be a unital Banach algebra that is generated by idempotents, then A

has the property ðBÞ.

Consider the following condition on a linear map T from Banach algebra A into a

Banach A-bimodule X which is closely related to the condition (1).

a; b 2 A; ab ¼ 0 ¼) aTðbÞ ¼ 0: ðMÞ

A rather natural weakening of condition ðMÞ is the following:

a; b 2 A; ab ¼ ba ¼ 0 ¼) aTðbÞ þ bTðaÞ ¼ 0: ðJMÞ

In this paper we investigate whether those conditions characterizes n-Jordan mul-

tipliers. We prove that when A is a unital C�-algebra and X is a symmetric unital A-
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bimodule, condition ðJMÞ implies that T is of the form Dþ w, where D : A �! X is

a (Jordan) derivation and w : A �! X is a (Jordan) multiplier.

2 Characterization of n-Jordan multipliers

Since all results which are true for left versions have obvious analogue statements

for right versions, we will focus in the sequel just the right versions.

Theorem 2.1 Let A be a unital C�-algebra and X be a unital left A-module. Suppose
that T : A �! X is a continuous linear map satisfying ðMÞ. Then T is a right n-
Jordan multiplier.

Proof Define a continuous bilinear mapping / : A� A �! X by /ða; bÞ ¼ aTðbÞ.
Then /ða; bÞ ¼ 0 whenever ab ¼ 0. Hence the property ðBÞ gives

abTðcÞ ¼ /ðab; cÞ ¼ /ða; bcÞ ¼ aTðbcÞ; a; b; c 2 A:

Taking b ¼ c and a ¼ eA, we conclude that Tðb2Þ ¼ bTðbÞ for all b 2 A. Therefore,
T is a right Jordan multiplier and hence it is a right n-Jordan multiplier by

Lemma 1.3. h

We mention that Theorem 2.1 is also true for non-unital case, because every C�-
algebra A has a bounded approximate identity.

Moreover, by Remark 1.5 it is true for group algebra and for each unital Banach

algebra that is generated by idempotents.

In view of Theorem 2.1, the following question can be raised. Dose Theorem 2.1

remain valid with condition ðMÞ replaced by ðJMÞ?

Theorem 2.2 [3, Theorem 2.2] Let A be a C�-algebra and X be a Banach space and
let / : A� A �! X be a continuous bilinear mapping such that

ab ¼ ba ¼ 0 ¼) /ða; bÞ ¼ 0; a; b 2 A:

Then

/ðax; byÞ þ /ðya; xbÞ ¼ /ða; xbyÞ þ /ðyax; bÞ;

for all a; b; x; y 2 A.

Our first main result is the following.

Theorem 2.3 Let A be a unital C�-algebra and X be a symmetric unital left A-
module. Suppose that T : A �! X is a continuous linear map satisfying ðJMÞ. Then
there exist a Jordan derivation D and a Jordan multiplier w such that T ¼ Dþ w.

Proof Define a bilinear mapping / : A� A �! X by

/ða; bÞ ¼ aTðbÞ þ bTðaÞ;

for all a; b 2 A. Then ab ¼ ba ¼ 0 implies that /ða; bÞ ¼ 0. Hence by Theorem 2.2,
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/ðax; byÞ þ /ðya; xbÞ ¼ /ða; xbyÞ þ /ðyax; bÞ; ð3Þ

for all a; b; x; y 2 A. Replacing a, b by eA in (3), we get

/ðx; yÞ þ /ðy; xÞ ¼ /ðeA; xyÞ þ /ðyx; eAÞ;

for all x; y 2 A. This meanes that

xTðyÞ þ yTðxÞ þ yTðxÞ þ xTðyÞ ¼ Tðxyþ yxÞ þ xyTðeAÞ þ yxTðeAÞ: ð4Þ

Replacing y by x in (4) and since X is symmetric, we arrive at

Tðx2Þ ¼
�
xTðxÞ þ TðxÞx

�
� x2TðeAÞ: ð5Þ

Define w : A �! X via wðaÞ ¼ aTðeAÞ. Then clearly w is a Jordan multiplier. Now

let D ¼ T � w. Then D is a Jordan derivation. Indeed, from (5), we get

Dða2Þ ¼ Tða2Þ � wða2Þ
¼ ðaTðaÞ þ TðaÞaÞ � 2a2TðeAÞ
¼ a
�
TðaÞ � aTðeAÞ

�
þ
�
TðaÞ � aTðeAÞ

�
a

¼ aDðaÞ þ DðaÞa:

Consequently, T ¼ Dþ w. This finishes the proof. h

Recall that the Banach algebra A is called weakly amenable if H1ðA;A�Þ ¼ f0g,
i.e., each derivation from A into the dual module A� is inner.

It is known-that each C�-algebra and every commutative Banach algebra with the

property that A ¼ JðAÞ are weakly amenable [6].

Corollary 2.4 Let A be a commutative unital C�-algebra and X be a symmetric
unital left A-module. Suppose that T : A �! X is a continuous linear mapping such
that the condition ðJMÞ holds. Then T is an n-Jordan multiplier.

Proof By Theorem 2.3, T ¼ Dþ w where D : A �! X is a Jordan derivation and

w : A �! X is a Jordan multiplier. It follows from Johnson’s theorem that D is a

derivation and hence by [6, Theorem 2.8.63] D is zero. Therefore T is an n-Jordan
multiplier by Lemma 1.3. h

Next we generalize Corollary 2.4 and give the affirmative answer to the

preceding question.

Theorem 2.5 Let A be a W�-algebra and X be a unital left A-module. If T : A �! X
is a continuous linear map satisfying ðJMÞ, then T is a right n-Jordan multiplier.

Proof Let p be an idempotent in A. Since pðeA � pÞ ¼ ðeA � pÞp ¼ 0, we have

pTðeA � pÞ þ ðeA � pÞTðpÞ ¼ 0:

So TðpÞ ¼ pTðpÞ, for every idempotent p 2 A. Let Asa denote the set of self-adjoint

elements of A and let x 2 Asa. Then by Lemma 1.7.5 and Proposition 1.3.1 of [11],
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x ¼
Xn

k¼1

kkpk;

where fkkg are real numbers and fpkg is an orthogonal family of projections in A,
i.e., self-adjoint idempotents. Since pipj ¼ pjpi ¼ 0 for i 6¼ j, condition ðJMÞ
implies that piTðpjÞ þ pjTðpiÞ ¼ 0 for all i, j with i 6¼ j. Hence

Tðx2Þ ¼ T
Xn

k¼1

k2kp
2
k

 !

¼
Xn

k¼1

k2kTðp2kÞ

¼
Xn

k¼1

kkpk

 !
Xn

k¼1

kkTðpkÞ
 !

¼ xTðxÞ;

for all x 2 Asa. Taking x, y self-adjoint elements in A, we get

xTðxÞ þ yTðyÞ þ Tðxyþ yxÞ ¼ Tðx2 þ y2 þ xyþ yxÞ
¼ T

�
ðxþ yÞ2

�

¼ ðxþ yÞTðxþ yÞ
¼ xTðxÞ þ yTðyÞ þ xTðyÞ þ yTðxÞ:

Thus, Tðxyþ yxÞ ¼ xTðyÞ þ yTðxÞ for all x; y 2 Asa. Now each arbitrary element

a 2 A, can be written as a ¼ xþ iy for x; y 2 Asa. Therefore

Tða2Þ ¼ T
�
x2 � y2 þ iðxyþ yxÞ

�

¼ Tðx2Þ � Tðy2Þ þ iTðxyþ yxÞ
¼ xTðxÞ � yTðyÞ þ i

�
xTðyÞ þ yTðxÞ

�

¼ aTðaÞ

Consequently, Tða2Þ ¼ aTðaÞ for all a 2 A. Now by Lemma 1.3, T is a right n-
Jordan multiplier. h

Now we turns to the C�-algebra case. First note that the linear span of projections

are dense in a unital C�-algebra of real rank zero [5], hence the conclusion of

Theorem 2.5 also holds for such C�-algebras.
It is well known that on the second dual space A�� of a Banach algebra A there are

two multiplications, called the first and second Arens products which make A�� into
a Banach algebra [6]. If these products coincide on A��, then A is said to be Arens

regular.

It is shown [6] that every C�-algebra A is Arens regular and the second dual of

each C�-algebra is a W�-algebra. Therefore by extending the continuous linear map

T : A �! X to the second adjoint T�� : A�� �! X�� and applying Theorem 2.5, we

get the following result.
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Corollary 2.6 Let A be a unital C�-algebra and X be a unital left A-module.
Suppose that T : A �! X is a continuous linear map satisfying ðJMÞ, then T is a
right n-Jordan multiplier.

Theorem 2.7 [8, Corollary 3.6] Let A be Banach algebra, X be a Banach space and
/ : A� A �! X be a continuous bilinear mapping such that

a; b 2 A; ab ¼ ba ¼ 0 ¼) /ða; bÞ ¼ 0;

then

/ða; xÞ þ /ðx; aÞ ¼ /ðax; eAÞ þ /ðeA; xaÞ;

for all a 2 A and x 2 JðAÞ. In particular, if A is generated by idempotents, then

/ða; bÞ þ /ðb; aÞ ¼ /ðab; eAÞ þ /ðeA; baÞ; a; b 2 A:

By using Theorem 2.7 we can obtain the following result.

Theorem 2.8 Let A be a unital Banach algebra which is generated by idempotents
and X be a symmetric unital left A-module. Suppose that T : A �! X is a continuous
linear map satisfying ðJMÞ. Then there exist a Jordan derivation D and a Jordan
multiplier w such that T ¼ Dþ w.

Corollary 2.9 Let A be a commutative unital Banach algebra such that A ¼ JðAÞ
and X be a symmetric unital left A-module. Suppose that T : A �! X is a continuous
linear map satisfying ðJMÞ. Then T is an n-Jordan multiplier.

Proof By Theorem 2.8, T ¼ Dþ w where D : A �! X is a Jordan derivation and

w : A �! X is a Jordan multiplier. Since A is commutative and X is symmetric, D is

actually a derivation. Now from Theorem 2.8.63 of [6] it follows that D ¼ 0 and

hence T is an n-Jordan multiplier by Lemma 1.3. h

Let A ¼ L1ðGÞ for a locally compact abelian group G. Then A is commutative

and it is weakly amenable [6], but neither it is C�-algebra nor generated by

idempotents. Therefore Corollary 2.4 and Corollary 2.9 cannot be applied for it.

The next result shows that analogous of Corollary 2.4 is also true for group

algebra.

Theorem 2.10 Let A ¼ L1ðGÞ for a locally compact abelian group G. Suppose that
X is a symmetric unital left A-module and T : A �! X is a continuous linear map
satisfying ðJMÞ. Then T is an n-Jordan multiplier.

Proof Define a bilinear mapping / : A� A �! X by

/ða; bÞ ¼ aTðbÞ þ bTðaÞ;

for all a; b 2 A. Then ab ¼ 0 implies that /ða; bÞ ¼ 0. Hence by [2, Theorem 2.11],
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/ðab; cÞ ¼ /ða; bcÞ; a; b; c 2 A: ð6Þ

On the other hand, /ða; bÞ ¼ /ðb; aÞ for all a; b 2 A. Thus, it follows from (6) that

/ðc; abÞ þ /ðab; cÞ ¼ /ða; bcÞ þ /ðcb; aÞ; ð7Þ

for all a; b; c 2 A. Let ðeaÞa2I be a bounded approximate identity for A. Replacing a

by ðeaÞ in (7) and using the continuity of /, we get /ðc; bÞ þ /ðb; cÞ ¼ /ðea; bcÞ þ
/ðcb; eaÞ for all b; c 2 A. Now by applying the same method of the proof of The-

orem 2.3, there exist a Jordan derivation D and a Jordan multiplier w such that

T ¼ Dþ w. Since A is weakly amenable, D ¼ 0. Consequently, T is an n-Jordan
multiplier by Lemma 1.3. h
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