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Abstract
The notion of non-linear contraction via implicit function was first introduced by

Popa. Sub-sequentially, Aydi extended and proved fixed point results for a-implicit

contraction in quasi b-metric space. In this paper, we have obtained some new fixed

point results for the implicit contraction in the setting of quasi-partial b-metric

space. The results are validated with the application based on them.
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Mathematics Subject Classification 54H25 � 47H10

1 Introduction

Metric fixed point theory came into existence with the elegant result of contraction

mapping principle given by Banach [6] in 1922. Researchers have generalized this

result by refining the contraction condition and replacing the metric space with a

generalized abstract space [8, 15, 21]. In 1997, Popa [17] introduced the concept of an

implicit relation in contractive condition. In 2012, Berinde [7] obtained some

constructive fixed point theorems for almost contractions satisfying an implicit

relation. Several classical and common fixed point theorems which were unified via

self-mappings satisfying implicit relation were proved in [1–5, 11–13, 16, 18–20, 22].
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In 2012, Karapinar [14] introduced the notion of quasi-partial metric space and

discussed the existence of fixed points of self-mapping on this space. Gupta and

Gautam [9, 10] further generalized the quasi-partial metric space to the class of quasi-

partial b-metric space. The aim of this paper is to determine a fixed point satisfying an

implicit relation in the setting of quasi-partial b-metric space. Some examples are also

given to verify the validity of our results.

2 Preliminaries

We begin the section with some basic definition and concept.

Definition 1 [14] A quasi-partial metric on a non-empty set X is a function

q : X � X ! Rþ, satisfying the following conditions:

ðQPM1Þ If qðx; xÞ ¼ qðx; yÞ ¼ qðy; yÞ, then x ¼ y
ðQPM2Þ qðx; xÞ� qðx; yÞ
ðQPM3Þ qðx; xÞ� qðy; xÞ
ðQPM4Þ qðx; yÞ þ qðz; zÞ� qðx; zÞ þ qðz; yÞ for all x; y; z 2 X.

A quasi-partial metric space is a pair (X, q) such that X is a non-empty set and q is a

quasi-partial metric on X.

Definition 2 [9] A quasi-partial b-metric on a non-empty set X is a mapping qpb :
X � X ! Rþ such that for some real number s� 1 and for all x; y; z 2 X

ðQPb1Þ qpbðx; xÞ ¼ qpbðx; yÞ ¼ qpbðy; yÞ ) x ¼ y
ðQPb2Þ qpbðx; xÞ� qpbðx; yÞ
ðQPb3Þ qpbðx; xÞ� qpbðy; xÞ
ðQPb4Þ qpbðx; yÞ� s½qpbðx; zÞ þ qpbðz; yÞ� � qpbðz; zÞ.

A quasi-partial b-metric space is a pair ðX; qpbÞ such that X is a non-empty set and

qpb is a quasi-partial b-metric on X. The number s is called the coefficient of

ðX; qpbÞ.

Let qpb be a quasi-partial b-metric on the set X. Then dqpbðx; yÞ ¼ qpbðx; yÞ þ
qpbðy; xÞ � qpbðx; xÞ � qpbðy; yÞ is a b-metric on X.

Example 1 Let X ¼ ½0; 1�. Define qpb : X � X ! Rþ as qpbðx; yÞ ¼ ðx� yÞ2 þ x. It
can be shown here that ðX; qpbÞ is a quasi-partial b-metric space.

qpbðx; xÞ ¼ qpbðx; yÞ ¼ qpbðy; yÞ ) x ¼ y as x ¼ ðx� yÞ2 þ x ¼ y gives x ¼ y.

Again qpbðx; xÞ� qpbðx; yÞ as x�ðx� yÞ2 þ x and similarly qpbðx; xÞ� qpbðy; xÞ
as x�ðy� xÞ2 þ y for 0\x\y.

Also qpbðx; yÞ� s½qpbðx; zÞ þ qpbðz; yÞ� � qpbðz; zÞ
As ðx� yÞ2 þ xþ z� s½ðx� zÞ2 þ xþ ðz� yÞ2 þ z� for fixed s ¼ 2.

It can be observed that

ðx� yÞ2 þ xþ z�ðx� zþ zþ yÞ2 þ xþ z� 2½ðx� zÞ2 þ xþ ðz� yÞ2 þ z�.
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So (QPb4) holds. Thus ðX; qpbÞ is a quasi-partial b-metric space with s ¼ 2.

Example 2 Let X ¼ ½1;1Þ. Define qpb : X � X ! Rþ as qpbðx; yÞ ¼ ex þ ey.
Then ðX; qpbÞ is a quasi-partial b-metric space.

Let qpbðx; xÞ ¼ qpbðx; yÞ ¼ qpbðy; yÞ ) ex þ ex ¼ ex þ ey ¼ ey þ ey ) ex ¼ ey,
which implies x ¼ y.
Let x; y 2 X. Without loss of generality, for x� y we have 2ex � ex þ ey.

Thus qpbðx; xÞ� qpbðx; yÞ.
Similarly, qpbðx; xÞ� qpbðy; xÞ.
For ðQPb4Þ, we have

qpbðx; yÞ ¼ ex þ ey � s½ex þ ey� since s� 1, ex, ey, ez [ 0

� sex þ sey þ 2ezðs� 1Þ since ðs� 1Þ� 0,

� s½ex þ ez þ ez þ ey� � 2ez

qpbðx; yÞ� s½qpbðx; zÞ þ qpbðz; yÞ� � qpbðz; zÞ:

Lemma 1 [9] Let ðX; qpbÞ be a quasi-partial b-metric space. Then the following
hold:

• If qpbðx; yÞ ¼ 0, then x ¼ y.
• If x ¼ y, then qpbðx; yÞ[ 0 and qpbðy; xÞ[ 0.

Proof is similar as for the case of quasi-partial b-metric space [9].

Definition 3 [9] Let ðX; qpbÞ be a quasi-partial b-metric. Then

• A sequence fxng � X converges to x 2 X if and only if

qpbðx; xÞ ¼ lim
n!1

qpbðx; xnÞ ¼ lim
n!1

qpbðxn; xÞ.
• A sequence fxng � X is called a Cauchy sequence if and only if lim

n;m!1
qpbðxn; xmÞ and lim

n;m!1
qpbðxm; xnÞ exist (and are finite).

• The quasi-partial b-metric space ðX; qpbÞ is said to be complete if every Cauchy

sequence fxng � Xconverges with respect to sqpb to a point x 2 X such that

qpbðx; xÞ ¼ lim
n;m!1

qpbðxn; xmÞ ¼ lim
m;n!1

qpbðxm; xnÞ.

Lemma 2 [9] Let ðX; qpbÞ be a quasi-partial b-metric space. The following
statements are equivalent:

• ðX; qpbÞ is Cauchy.
• ðX; dqpbÞ is Cauchy.

Lemma 3 [9] Let ðX; qpbÞ be a quasi-partial b-metric space. The following
statements are equivalent:

• ðX; qpbÞ is complete.
• ðX; dqpbÞ is complete.

Definition 4 Let ðX; qpbÞ be a quasi-partial b-metric space and T : X ! X be a

given mapping. T is said to be sequentially continuous at z 2 X if for each sequence
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fxng in X converging to z, we have

Txn ! Tz, i.e., lim
n!1

qpbðTxn; TzÞ ¼ qpbðTz; TzÞ:
T is said to be sequentially continuous on X if T is sequentially continuous at

each z 2 X.

Lemma 4 Let ðX; qpbÞ be a quasi-partial b-metric space and fxng be a convergent
sequence in X to a point z 2 X such that lim

n!1
qpbðxn; zÞ ¼ 0 ¼ lim

n!1
qpbðz; xnÞ and

qpbðz; zÞ ¼ 0, y 2 X, then

• z is unique and

• 1
s qpbðz; yÞ� lim

n!1
qpbðxn; yÞ� sqpbðz; yÞ.

Proof Suppose that there exist z0 2 X such that lim
n!1

qpbðxn; z0Þ ¼ 0.

Since qpbðz; z0Þ � s½qpbðz; xnÞ þ qpbðxn; z0Þ� � qpbðxn; xnÞ.
Letting n ! 1, we obtain, z ¼ z0

1
s qpbðz; yÞ� 1

s ½qpbðz; xnÞ þ qpbðxn; yÞ� � 1
s qpbðxn; xnÞ

1
s qpbðz; yÞ� lim

n!1
qpbðxn; yÞ.

Also qpbðxn; yÞ� sðqpbðxn; zÞ þ qpbðz; yÞÞ � qpbðz; zÞ
lim
n!1

qpbðxn; yÞ� sqpbðz; yÞ. h

3 Implicit relation

Here, we have defined Implicit relation in a different manner:

Definition 5 Let FQ be the family of lower semi continuous functions F : R5 ! Rþ

such that

(F1) : F is non-increasing in variable t1 and t5.
(F2) : For all u; v� 0, s� 1, there exist h 2 ½0; 1Þ such that Fðu; v; v; u; sðuþ

vÞÞ� 0 implies u� hv.
(F3) : Fðt; t; 0; 0; tÞ[ 0 8 t[ 0.

Example 3 Let F : R5 ! Rþ. Define Fðt1; t2; t3; t4; t5Þ ¼ t1 � amaxft2; t3; t4; t5g,
where a 2 ½0; 1

2sÞ. Then F satisfies an implicit relation.

(F1) : F is non increasing in variable t1 and t5.
(F2) : Let u; v� 0 such that

Fðu; v; v; u; sðuþ vÞÞ ¼ u� amaxfv; v; u; sðuþ vÞg� 0 ) u� aðsðuþ vÞÞ� 0,

where a 2 ½0; 1
2sÞ.

Thus u� hv with h ¼ sa
ð1�saÞ\1.

ðF3Þ: Fðt; t; 0; 0; tÞ ¼ tð1� aÞ[ 0 8 t[ 0.

So F 2 FQ satisfies an implicit relation with a 2 ½0; 1
2s
Þ.

Example 4 Let F 2 FQ. Define F : R5 ! Rþ as Fðt1; t2; t3; t4; t5Þ ¼ t1 � a1t2 �
a2t3 � a3t4 � a4t5 where ai � 0; i ¼ 1; 2; 3; 4. Also if we have
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• 0\a1 þ a2 þ a3 þ 2sa4\1,

• 0\a1 þ a4\1,

then F satisfies an implicit relation.

(F1) Here F is non increasing in variable t1 and t5.
(F2) For all u; v[ 0, we have

Fðu; v; v; u; sðuþ vÞÞ ¼ uð1� a3 � sa4Þ � vða1 þ a2 þ sa4Þ.
Without loss of generality, if Fðu; v; v; u; sðuþ vÞÞ� 0, then u� hv, where

h ¼ a1þa2þsa4
1�a3�sa4

.

By first assumption 0\a1 þ a2 þ a3 þ 2sa4\1, we have h 2 ½0; 1Þ. Thus (F2) is
satisfied.

(F3) By 0\a1 þ a4\1, it can be observed that Fðt; t; 0; 0; tÞ ¼ tð1� a1 �
a4Þ[ 0 for all t[ 0.

4 Main result

Let us discuss the main result.

Theorem 1 Let ðX; qpbÞ be a complete quasi-partial b-metric space and T : X ! X
is continuous self map for all x 2 X. Suppose that

F½qpbðTx; TyÞ; qpbðx; yÞ; qpbðx; TxÞ; qpbðy; TyÞ; ðqpbðx; TyÞ þ ðqpbðy; TxÞÞ� � 0:

ð1Þ

For some F 2 FQ and if F satisfies Fðu; 0; v; v; 2suÞ� 0 for all u; v� 0, there exist

b 2 ½0; 1
s
Þ such that u� bv, then z is a unique fixed point of T. i.e., Tz ¼ z with

qpbðz; zÞ ¼ 0.

Proof Let x0 be an arbitrary point in X. Define fxng in X by xn ¼ Txn�1 for all

n ¼ 1; 2; 3; . . .. If there exist n0 2 N with xn0 ¼ xn0þ1 , then xn0 is a fixed point of T.

Suppose that xn 6¼ xnþ1, for all n 2 N by (1),

F½qpbðTxn�1; TxnÞ; qpbðxn�1; xnÞ;
qpbðxn�1; Txn�1Þ; qpbðxn; TxnÞ; ðqpbðxn�1; TxnÞ þ ðqpbðxn; Txn�1ÞÞ� � 0

F½qpbðxn; xnþ1Þ; qpbðxn�1; xnÞ; qpbðxn�1; xnÞ; qpbðxn; xnþ1Þ; ðqpbðxn�1; xnþ1Þ
þ ðqpbðxn; xnÞÞ� � 0:

ð2Þ

By (QPb4),

qpbðxn�1; xnþ1Þ þ ðqpbðxn; xnÞ� s½qpbðxn�1; xnÞ þ qpbðxn; xnþ1Þ�: ð3Þ

By (3) and (F1) we obtain,

F½qpbðxn; xnþ1Þ; qpbðxn�1; xnÞ;
qpbðxn�1; xnÞ; qpbðxn; xnþ1Þ; sqpbðxn�1; xnÞ þ sqpbðxn; xnþ1Þ� � 0.

By (F2), there exist h 2 ½0; 1Þ such that

qpbðxn; xnþ1Þ� hqpbðxn�1; xnÞ which implies
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qpbðxn; xnþ1Þ� hqpbðxn�1; xnÞ� . . .� hnqpbðx0; x1Þ.
Let n;m 2 N;m[ n

qpbðxn; xmÞ � sqpbðxn; xnþ1Þ þ s2qpbðxnþ1; xnþ2Þ þ . . .þ sm�n�1qpbðxm�1; xmÞ
� ½shn þ s2hnþ1 þ . . .þ sm�n�1hm�1�qpbðx0; x1Þ

�
Pm�1

i¼n sihiqpbðx0; x1Þ
�

P1
i¼n s

ihiqpbðx0; x1Þ

qpbðxn; xmÞ ! 0 as n;m ! 1: ð4Þ

This implies fxng is a right Cauchy sequence. h

Similarly, by (2)

F½qpbðTxn; Txn�1Þ; qpbðxn; xn�1Þ; qpbðTxn�1; xn�1Þ; qpbðTxn; xnÞ; ðqpbðTxn; xn�1Þ
þqpbðxn; Txn�1ÞÞ� � 0

F½qpbðxnþ1; xnÞ; qpbðxn; xn�1Þ; qpbðxn; xn�1Þ; qpbðxnþ1; xnÞ; ðqpbðxnþ1; xn�1Þ
þ qpbðxn; xnÞÞ� � 0:

ð5Þ

By ðQPb4Þ,

qpbðxnþ1; xn�1Þ þ ðqpbðxn; xnÞ� s½qpbðxnþ1; xnÞ þ qpbðxn; xn�1Þ�: ð6Þ

By (6) and (F1) we obtain,

F½qpbðxnþ1; xnÞ; qpbðxn; xn�1Þ; qpbðxn; xn�1Þ; qpbðxnþ1; xnÞ; sðqpbðxnþ1; xnÞþ
qpbðxn; xn�1ÞÞ� � 0.

By (F2), there exist h 2 ½0; 1Þ such that

qpbðxnþ1; xnÞ� hqpbðxn; xn�1Þ� . . .� hnqpbðx1; x0Þ.
Let n;m 2 N;m\n

qpbðxn; xmÞ � sqpbðxn; xn�1Þ þ s2qpbðxn�1; xn�2Þ þ . . .þ sm�n�1qpbðxmþ1; xmÞ
� ½shn�1 þ s2hn�2 þ . . .þ sm�nþ1hm�qpbðx1; x0Þ

�
Pn�1

i¼m sihiqpbðx1; x0Þ
�

P1
i¼m sihiqpbðx1; x0Þ

qpbðxn; xmÞ ! 0 as n;m ! 1:

ð7Þ

This implies fxng is a left Cauchy sequence. Since ðX; qpbÞ is complete, fxng
converges to some point z 2 X with qpbðz; zÞ ¼ 0.

Therefore, qpbðz; zÞ ¼ lim
n!1

qpbðxn; zÞ ¼ lim
n;m!1

qpbðxn; xmÞ.
By (4) and (7) we get,

qpbðz; zÞ ¼ lim
n!1

qpbðxn; zÞ ¼ lim
n;m!1

qpbðxn; xmÞ ¼ 0

lim
n!1

qpbðxnþ1; zÞ ¼ lim
n!1

qpbðxn; zÞ ¼ 0

lim
n!1

qpbðTxn; zÞ ¼ lim
n!1

qpbðTxn�1; zÞ ¼ 0.

Using the sequential continuity, xn ! z in ðX; qpbÞ.
lim
n!1

qpbðxnþ1; TzÞ ¼ lim
n!1

qpbðTxn; TzÞ ¼ lim
n!1

qpbðTz; TzÞ.
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On the other side, lim
n!1

qpbðxn; zÞ ¼ 0 ¼ qpbðz; zÞ.
By Lemma 4,

1

s
qpbðz; TzÞ� lim

n!1
qpbðxnþ1; TzÞ� sqpbðz; TzÞ

1

s
qpbðz; TzÞ� qpbðTz; TzÞ� sqpbðz; TzÞ:

ð8Þ

For x ¼ y ¼ z,
F½qpbðTz; TzÞ; qpbðz; zÞ; qpbðz; TzÞ; qpbðz; TzÞ; ðqpbðz; TzÞ þ ðqpbðz; TzÞÞ� � 0

F½qpbðTz; TzÞ; 0; qpbðz; TzÞ; qpbðz;TzÞ; ðqpbðz; TzÞ þ ðqpbðz; TzÞÞ� � 0.

By (8),

F½qpbðTz; TzÞ; 0; qpbðz; TzÞ; qpbðz;TzÞ; 2sðqpbðTz;TzÞ�� 0.

Since F satisfies qpbðTz; TzÞ� bqpbðz; TzÞ� bsqpbðTz; TzÞ 8 b 2 ½0; 1sÞ
which holds unless qpbðTz; TzÞ ¼ 0, we deduce that qpbðz; TzÞ ¼ 0.

Therefore, Tz = z. Hence z is a fixed point of T.

Suppose there exists another fixed point z0 6¼ z of T such that qpbðz0; z0Þ ¼ 0.

By (1) we obtain,

F½qpbðTz; Tz0Þ; qpbðz; z0Þ; qpbðz; TzÞ; qpbðz0; Tz0Þ; qpbðz; Tz0Þ þ qpbðz0; TzÞ� � 0,

F½qpbðz; z0Þ; qpbðz; z0Þ; qpbðz; zÞ; qpbðz0; z0Þ; qpbðz; z0Þ þ qpbðz0; zÞ� � 0,

F½qpbðz; z0Þ; qpbðz; z0Þ; 0; 0; qpbðz; z0Þ þ qpbðz0; zÞ� � 0.

Since F satisfies property ðF3Þ, so it is a contradiction. Hence z ¼ z0.

Example 5 Let X ¼ ½0; 1�. Define qpb : X � X ! X as qpbðx; yÞ ¼ ðx� yÞ2 þ x with
s ¼ 2. Also if we have F 2 FQ such that

Fðt1; t2; t3; t4; t5Þ ¼ t1 � aðt3 þ t4Þ � bt5;

where a 2 ½0; 1Þ, b 2 ½0; 1Þ.
Consider a self map T : X ! X such that Tx ¼ x for all x 2 X, where T is

sequentially continuous on ðX; qpbÞ.
Let fxng be a sequence in X such that xn ! x in ðX; qpbÞ as n ! 1 and T is

continuous on (X, |.|) which implies jTxn � Txj ! 0 as n ! 1. Then

lim
n!1

qpbðTxn; TxÞ ! qpbðTx; TxÞ
F½qpbðTx; TyÞ; qpbðx; yÞ; qpbðx; TxÞ; qpbðy; TyÞ; ðqpbðx; TyÞ þ ðqpbðy; TxÞÞ�
¼ qpbðTx; TyÞ � aðqpbðx; TxÞ þ ðqpbðy; TyÞÞ � bðqpbðx; TyÞ þ qpbðy; TxÞÞ�
¼ qpbðx; yÞ � aðqpbðx; xÞ þ ðqpbðy; yÞÞ � bðqpbðx; yÞ þ ðqpbðy; xÞÞ
¼ ðx� yÞ2 þ x� aðxþ yÞ � bððx� yÞ2 þ xþ ðy� xÞ2 þ yÞ.
For a ¼ 1

2
, b ¼ 1

3
, it can be observed that

ðx� yÞ2 þ x� aðxþ yÞ � bððx� yÞ2 þ xþ ðy� xÞ2 þ yÞ� 0.

Then the conditions of Theorem 1 are satisfied and 0 is the unique fixed point of

T as shown in Fig. 1.
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Let us define Modified Implicit Relation here.

Definition 6 Let FQ be the family of lower semi continuous functions F : R5 ! Rþ

such that

(F1) : F is non-increasing in variable t1 and t5.
(F2) : For all u; v� 0, s� 1, there exist h 2 ½0; 1Þ such that Fðus ; v; v; u; sðuþ
vÞÞ� 0 implies u� hv.
(F3) : Fðt; t; 0; 0; tÞ[ 0 8 t[ 0.

Theorem 2 Let ðX; qpbÞ be a complete quasi-partial b-metric space and T : X ! X
be a continuous function for all x 2 X. Assume there exists F 2 FQ such that

F½qpbðTx; TyÞ; qpbðx; yÞ; qpbðx; TxÞ; qpbðy; TyÞ; ðqpbðx; TyÞ þ ðqpbðy; TxÞÞ� � 0.
Then z is a unique fixed point of T with qpbðz; zÞ ¼ 0.

Proof Following the proof of Theorem 1, the sequence fxng is Cauchy and

converges to some z 2 X in ðX; qpbÞ. We shall show that z = Tz. Taking x ¼ xn and
y = z in (1),

F½qpbðTxn; TzÞ; qpbðxn; zÞ; qpbðxn;TxnÞ; qpbðz; TzÞ; ðqpbðxn; TzÞ þ ðqpb
ðz; TxnÞÞ� � 0

F½qpbðxnþ1; TzÞ; qpbðxn; zÞ; qpbðxn; xnþ1Þ; qpbðz; TzÞ; ðqpbðxn; TzÞþ
ðqpbðz; xnþ1ÞÞ� � 0

1
s qpbðz; TzÞ� lim

n!1
qpbðTz; TzÞ� sqpbðz; TzÞ.

Letting n ! 1,

F½1s qpbðz; TzÞ; 0; 0; qpbðz; TzÞ; sqpbðz; TzÞ þ 0Þ� � 0: By (F2), it follows that

qpbðz; TzÞ� 0, which implies that z ¼ Tz. h

Corollary 1 Let ðX; qpbÞ be a complete quasi-partial b-metric space and T : X ! X
be a mapping such that

qpbðTx; TyÞ� k max fqpbðx; yÞ; qpbðx; TxÞ; qpbðy; TyÞ; qpbððx; TyÞ þ qpbðy;TxÞÞg;
where k 2 ½0; 1

2sÞ: Then there exists z 2 X such that z is a unique fixed point of T. i.e.,

z ¼ Tz with qpbðz; zÞ ¼ 0.

Fig. 1 Zero is the fixed point of
T
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Proof It is sufficient to take F as given in Example 3, i.e., Fðt1; . . .; t5Þ ¼ k max

ft1; . . .; t5g, where k 2 ½0; 1
2sÞ. h

Corollary 2 Let ðX; qpbÞ be a complete quasi-partial b-metric space and T : X ! X
be a mapping such that

qpbðTx; TyÞ� a1qpbðx; yÞ þ a2qpbðx; TxÞ þ a3qpbðy; TyÞ þ a4ðqpbððx; TyÞ þ qpbðy; TxÞÞ;

for all x; y 2 X, there exists z 2 X such that z is a unique fixed point of T. i.e., z ¼ Tz
with qpbðz; zÞ ¼ 0.

Proof It is sufficient to take F as given in Example 4, i.e.,

Fðt1; . . .; t5Þ ¼ t1 � a1t2 � a2t3 � a3t4 � a4t5, where ai � 0; i ¼ 1; 2; 3; 4.
0\a1 þ a2 þ a3 þ 2sa4\1; 0\a1 þ a4\1.

Let us define partial order in modified implied relation. h

Definition 7 Consider FQ be the family of lower semi-continuous function F R5 !
R such that

F1Þ : F is non-increasing in variable t1 and t5 with respect to 	.

F2Þ : For all u 
 0; v 
 0, s[ 1, there exist h 2 ½0; 1� s.t. F½ u
s ; v; v; sðuþ vÞ� 	 0

implies u 	 hv.
F3Þ : Fðt; t; 0; 0; tÞ � 0 8 t[ 0.

Example 6 Let 	 be a partial order with respect to quasi–partial b–metric space

space ðX; qpbÞ and F : R5 ! Rþ(where F 2 FQ) as

Fðt1; t2; t3; t4; t5Þ ¼ t1 � a1t2 � a2ðt3 þ t4Þ � a3t5.

• a1sþ 2a2sþ 2a3s
2\1,

• a1 þ a2\1,

F1Þ : F is non–increasing in variable t1 and t5.
F2Þ : For all u 
 0; v 
 0,

F u
s ; v; v; u; sðuþ vÞ
� �

	 0, then we have,

u 	 ða1þa2þa3sÞ
ð1s�a2�a3sÞ v.

Thus by assumption a1sþ 2a2sþ 2a3s
2\1, ðF2Þ is satisfied.

F3Þ : Since a1 þ a3\1, Fðt; t; 0; 0; tÞ ¼ tð1� a2 þ a3Þ � 0 for all t[ 0.
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5 Application

In this paper, we have discussed metric fixed point theory in quasi-partial b-metric

space to obtain solution of non-linear integral equation defined as

xðtÞ ¼
Z t

0

Kðt; s; xðsÞÞ ds ð9Þ

where t 2 M ¼ ½c; d� and K : M �M � R ! R is a continuous function. Let X ¼
CðM;RÞ with the usual supremum norm i.e., jjxjj1 ¼ maxt2M jxðtÞj:

We define quasi-partial b-metric space qpb : X � X ! Rþ as

qpbðx; yÞ ¼
jjx� yjj1 þ jjxjj1 for all x; y 2 X with x 6¼ y

0 otherwise

�

ð10Þ

with s ¼ 2.

Theorem 3 Suppose the following conditions are satisfied:

(i) Assume that there exist a function P : ½0;M� � ½0;M� ! ½0;þ1Þ with P(t,
�)2 L0 norm for t 2 ½0;M�,

0�Kðt; s; yðsÞÞ � Kðt; s; xðsÞÞ�Pðt; sÞðyðsÞ � xðsÞÞ

Also,

jKðt; s; xðsÞÞj �Pðt; sÞjxðsÞj for all x; y 2 X:

(ii) There exist x0 2 X such that x0ðtÞ�
Rt

0

Kðt; s; x0ðsÞÞ ds for all t 2 ½0;M�:

(iii) Supt2MPðt; sÞ ¼ h� 1
2
then the integral Eq. (9) has a unique solution.

Proof Consider the mapping T : X ! X defined by

TxðtÞ ¼
Z t

0

Kðt; s; xðsÞÞ ds 8x 2 X:

Now, we shall show that T has a unique fixed point.

jTxðtÞj �
Z t

0

jKðt; s; xðsÞÞ dsj �
Z t

0

Pðt; sÞjxðsÞjds ¼ hjjxjj1

and
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jTxðtÞ � TyðtÞj �
Rt

0

jKðt; s; xðsÞÞ � Kðt; s; yðsÞÞjds

�
Rt

0

Pðt; sÞjxðsÞ � yðsÞjds

¼ hjjx� yjj1:

ð11Þ

Thus, jjTxjj1 � kjjxjj1 and jjTx� Tyjj1 � hjjx� yjj1.

Hence,

qpbðTx; TyÞ� h qpbðx; yÞ ð12Þ

is satisfied for all x; y 2 X with x 6¼ y which implies Tx 6¼ Ty. For Tx ¼ Ty, Eq. (11)
is trivial. Therefore by Corollary 2, if Fðt1; t2; t3; t4; t5Þ ¼ t1 � a1t2 � a2t3 � a3t4 �
a4t5 with a1 ¼ a2 ¼ a3 ¼ a4 ¼ 0 then T has a fixed point. i.e., Eq. (12) has a

solution.

Let us consider the space X ¼ Cð½0; 1�; ðRÞÞ by the quasi-partial b-metric space

qpb : X � X ! Rþ defined as

qpbðx; yÞ ¼
jjex þ eyjj1 if x 6¼ y
0 otherwise

�

For each x; y 2 X. Note that ðX; qpbÞ is a complete quasi-partial b-metric space.

From Eq. (11), we have

jTxðtÞ � TyðtÞj �
Z t

0

qðt; sÞjðxðsÞ � yðsÞj ds

�
Z t

0

qðt; sÞðjðxðsÞj þ jyðsÞjÞ ds

¼
Z t

0

qðt; sÞ½ðxðsÞ þ yðsÞ� ds

�
Z t

0

qðt; sÞ½exðsÞ þ eyðsÞ� ds

¼ hjjex þ eyjj1
For all t 2 ½0; 1� and x; y 2 Cð½0; 1�;RÞ with x 6¼ y, we deduce

qpbðTx; TyÞ� hqpbðx; yÞ ð13Þ

For Tx = Ty, Eq. (13) is trivial. Therefore by corollary 2, if Fðt1; t2; t3; t4; t5Þ =

t1 � a1t2 � a2ðt3 þ t4Þ � a3t5 with a1 ¼ a2 ¼ a3 ¼ 0, then Eq. (13) has a solution.

h
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6 Conclusion

In recent decades, one of the significant research work is restudying the differential

and integral equations in the context of metric spaces. In the present study, the

authors have investigated an implicit contraction mapping to obtain fixed point on

quasi-partial b-metric space and have solved a non-linear differential equation by

adopting the approach of fixed point theory. Determining the solution of more

generalized integral equations will be an interesting work for future studies.
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