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Abstract
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2 M. Arshad et al.

1 Introduction

The theory of fixed points takes an important place in the transition from classical
analysis to modern analysis. One of the most remarkable works on fixed point of
functions defined in metric spaces was done by Banach [6]. This classical principle
has been generalized by several authors in different directions (see
[1, 2, 4, 7-10, 13-15, 19, 23-25]). A classical generalization was given by Meir
and Keeler [15]. They studied the fixed point of the class of mappings satisfying the
condition that for each & > 0, there exists d(g) > 0 such that ¢ <d(x,)) <¢+ d(¢)
implies d(fx,f7) <e for any x,7 € M. Subsequently, many authors extended and
improved this condition and established fixed point results (see
[5, 11, 12, 16-18, 20, 21]).

Jungck and Rhoades [10] introduced the notion of weakly compatible mapping
and showed that compatible mappings are weakly compatible but converse does not
hold in general. In this paper, we study and establish the fixed point results for four
mappings based on Meir—Keeler—Khan type contraction in complete metric spaces
via a-admissible weakly compatible mappings. Our results extend the results proved
by Redjel et al. [20]. Moreover, we present some consequences of our new results.
In the sequel, the following definitions will be used.

Let ¥ be the family of nondecreasing functions ¥ : [0, +00) — [0, 400) such
that Y07 Y/"(r) < + oo, for all 7 > 0, where Y" is the n — h iterate of .

Lemma 1.1 [3] Let y € Y. Then
1. Y(r)<t, forall t > 0,
2. ¥(0)=0.

Definition 1.2 Let S and f be two self-maps on M. If Sx = fx, for some x € M, then
x is called coincidence point of S and f.

Definition 1.3 [10] Let S and f be two self-mappings defined on a set M. S and f are
said to be weakly compatible if they commute at coincidence points. That is, if
Sx = fx, for some x € M, then Sfx = fSx.

On the other hand, Samet et al. [22] introduced the notions of o — i/ contractive
mapping using «— admissible mapping in a metric space and proved a fixed point
results for o,y contractive mappings in a complete metric space.

Definition 1.4 [22] Letf : M — M and o : M x M — [0, c0) be two mappings. The
mapping f is said to be an ¢-admissible if the following condition satisfied:

for all x,y € M, a(x,y) > 1 implies a(fx,f7) > 1. (1.1)

Recently, Patel et al. [17] introduced criteria of o-admissible for four self-
mappings as follows:

Definition 1.5 [17] Let 7, 3,S,f : M — M be four self-mappings of a non-empty
set M and let o: T(M) U 3J(M) x T(M) U J(M) — [0,00) be a mapping. A pair
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Common fixed points for generalized... 3

(S,f) is called an a-admissible with respect to T and 3, if for all x,5 € M,
a(Tx,39) > 1 or a(3x,Ty) > 1, implies

a(Sx,f7) > 1 and o(fx,Sy) > 1. (1.2)

Fisher [8] proved the following revised version the result given by Khan [13].

Theorem 1.6 [8] Let f be a self map on a complete metric space (M,d) satisfying
the following:

d(x, fx)d(x,f7) +d(3,£2)d (3, fx)
d(x,f9) +d(3,fx)
if d(x,f7) +d(3,fx) # 0 and d(fx.f7) =0, if d(x.f3) + d(3.fx) = 0. Then [ has a

unique fixed point t € M. Moreover, for every ty € M, the sequence {f"ty} con-
verges to t.

d(fx.f7) < u ,ne o 1] (1.3)

Definition 1.7 [20] Let (M, d) be a metric space and f : M — M be a self mapping.
fis called (o, )-Meir—Keeler—-Khan mapping, if there exist ¥ € ¥ and «:
M x M — [0,00) satisfying the following condition: For each ¢ > 0, there exists
d(¢) > 0 such that

d(x.f ()5, F () + 3, () (2, F(x))
8§¢< d(x.f() +df ()

> <e+d(e)
implies

o(x, 2)d(f (x),f(9)) <& (1.4)

2 Main results

In this section, we introducing the class of common fixed point result for two pairs
of weakly compatible self mappings in complete metric spaces satisfies (o, )-
Meir—Keeler—Khan type contractive via a-admissible mappings.

Definition 2.1 Let (M, d) be a complete metric space. The self-mappings 7, 3, S, f :
M — M are said to be (a,)-Meir—Keeler—Khan type, if there exists iy € ¥ and
a: T(M)U3I(M) x T(M)U 3I(M) — [0,00) satisfying the following condition:For
each ¢ > 0, there exists d(¢) > 0 such that,

e<y (d(Tx, $x)d(Tx,f7) + d(33,£7)d(35, 5x)
- d(Tx,f7) + d(37,5x)

> <e+6(e)
implies

o(Tx,37)d(Sx,f7) <e. (2.1)
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4 M. Arshad et al.

Remark 2.2 1t is easy to see that if 7,3,S.f : M — M are (a,)-Meir—Keeler—
Khan type mappings, then

(2.2)

o(Tx, 3))d(Sx,17) < ¥ (d(Tx, Sx)d(Tx,f) +d(3y,£7)d(3y, Sx)) 7

d(Tx,f3) + d(3y, 5x)
for all x,7 € M.

Theorem 2.3 Let (M, d) be a complete metric space and T, 3, S, f : M — M be an
(o0, )-Meir—Keeler—Khan ~ type mappings such that f(M) C T(M) and
S(M) C 3(M). Assume that:

1. The pair (S,f) is a-admissible with respect to T and 3 (shortly o 5-admissible);
2. There exists xo € M such that o(Txo, Sxp) > 1;

3. Oneof T,3,S and f is continuous.

4. (S, T) and (f,3) are weakly compatible pairs of self-mappings.

Then 7,3, S and f have a common fixed point z € M.

Proof By assumption (2), there exists xo € M such that a(7xg, Sxg) > 1. Define the
sequences {x,} and {7,} in M such that

Jon = Sxop = Ixopp1 and  Jopg1 = fonpr = Txopg. (2.3)

This can be done, since f(M) C T(M) and S(M) C I(M). Since (S.f) is ar3-
admissible, we have

o(Txo, Sxo) = o(Txg, Ix1)

implies a(Sxo,fx1)>1 and o fxo,Sx;)

>1
> 1,
which gives

o(3xy, Txp) > 1 =0a(g0,71) > 1.
Again by (1), we have

a(Jxr,fx ) = a(3xy, Txp ) > 1 implies a(fxy,Sx;) >1 and  a(Sxy,fxz) > 1,
which gives,
o(Txz, Ix3) = (g1, 2) > 1.

Inductively, we obtain

%(Jons Jon1) 21, n=0,1,2,.... (2.4)

That is o(Txo,, Ixzp+1) > 1 and o(Sxa,41, Tx2n12) > 1. By (2.2) and (2.4), we have
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Common fixed points for generalized... 5

d(92ns Jans1) = d(Sxon, fongr ) < o(Toxon, Ixp41)d(SX2n, fX2n41 )
<y <d(TX2n, Sx20)d(Tx o, fXons1 ) + d(Sxopg 1, fons1 )d(Ix2n41, szn)>
- d(Txon, fxons1) 4 d(SIx2ps1, Sx2,)
<y (d(fx2n17 Sx20)d(fran—1,frons1) + d(Sxon, fonr1 )d(Sxan, szn)>
- d( fxon—1,fxons1 ) + d(Sxan, Sx24)
<y <d(fxzn—1,szn)d(fxzn—l,fx2n+1 ))

d( fxon—1,fms1)
<yd( fron—1,S%2n)
S lpd(]2n717.72n)7 for all ne N

Now,

d(gon—1,02n) = d(fon—1,8x20) < o(SIx2p—1, T2 )d( fXon—1, SX20)

( \stn lafx2n 1 )d(3x2n—l7sx2n) + d(TXZm Sx2n)d(Tx2n 7fx2n—l ))
d(Jxan—1,8x2,) + d(Tx2n, fron—1)

<y ( (Sx2n—2, fon—1 )d(Sx2p—2, S%24) + d( fron—1, Sx2)d( ftan—1, fXon—1 ))
- d(Sx2p—2,8%24) + d( fxon—1,fx2n—1)
d(Sx2p—2,fX2n-1) <Y (J2n-2, Jon—1)-
That is

d(Jany Jns1) WA (Gan1, 920) <Y (G202, J20-1)-

Continuing in this manner, we obtain

d(]2n7.]2n+l) S l//znd(Jo,]l)-
We can write above inequality as
d(gny gns1) <W"d(g0, 1)

Now, we show that {7, } is a Cauchy sequence. By the properties of the function 1,
for any ¢ > 0 there exists n(¢) € N such that > V"' (d(g0, 1)) <e. Let n,m €

N with n > m > n(¢), using the triangle inequality, we get

d(Jms Jn) Zd]k7]k+l Ztﬁ (J0;1))
ZW (70,71))

We deduce that {j,} is a Cauchy sequence in a complete metric space (M, d). There
is exists z € M such that lim 3, =z and sequentially, Sxs,, JIx2.41, fXonil,

n—oo

n>n(e)

Txyp12 — 7, as n — o0. By assumption (3)
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6 M. Arshad et al.

lim Sin = lim S.x2n+] = lim fX2n+1 = lim TX2n+2 =Z.
n—00 n—o0 n—00 n—00

Since f(M) C T(M), there exists u € M such that z = Tu. By (2.2) and (2.4), we
have

d(Su,z) <d(Su, froni1 ) + d(frons1,2)

o(Tu, Ixzn11)d(Su, fonyr ) + d(fxangr, )

d(Tu, Su)d(Tu, fron+1) + d(SIxonr1, 2011 )d(Sx211, Su)
< d(Tu, fxoni1) + d(Sxant1, Su) )

IN
<

+d(foni1,2)
<y (d(z, Su)d(z,fxans1 ) + d(Sxon, fons1 )d(Sxon, Su)>
- d(z, fxony1) + d(Sxan, Su)
+d(fxoni1,2).

Letting lim in above inequality, we get

n—oo

(z,Su)d(z,z) + d(z,z)d(z, Su)
d(z,z) +d(z,Su)

d(Su,z) <y (d ) +d(z,2) = 0.

That is Su = z. Thus Tu = Su = z. Therefore u is a coincidence point of T and S.
Since the pair of mappings S and T are weakly compatible, we have

STu = TSu,
Sz =Tz

Since S(M) C 3(M), there exists a point v € M such that z = Jv. By (2.2) and
(2.4), we have

d(zfv) = d(Su,fo) < o(Tt, 0)d(Su, fo)

<y d(Tu, Su)d(Tu, fv) + d(3v,fv)d(3v, Su)

: d(Tu o) + d( v, Su)

d(z,2)d(z,fv) +d(z,fv)d(z,z
oy (AEDER +AEMED) )
d(z,fv) +d(z,2)

That is d(z,fv) = 0. Thus, z = fv. Therefore fv = Jv = z. So v is coincident point of
3 and f. Since, the pair of maps 3 and f are weakly compatible

Jfv =f3v,
Iz =/z.

Now, we show that z is a fixed point of S. By (2.2) and (2.4), we get
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Common fixed points for generalized... 7

d(Sz,z) = d(Sz,fv) < a(Tz, Iv)d(Sz,fv)
v (d(Tz, S2)d(Tz,fv) + d(3v,fv)d(3Jv, Sz))
d(Tz,fv) +d(3v, Sz)
)d(z, SZ))
)

<

IN

" (d(Sz, Sz)d(Sz,z) + d(z,z
d(Sz,z) +d(z, Sz
d(Sz,z) <0.

So, d(Sz,z) = 0. Thus, Sz = z. Hence,

Now, we show that z is a fixed point of f. By using (2.2) and (2.4), we get

d(z,fz) = d(Sz,fz) < o(Tz, 32)d(Sz, fz)
<y (a’(Tz, S2)d(Tz,fz) + d(3z,fz)d(3z, Sz))
- d(Tz,fz) + d(3z, Sz)
(d (z,2)d(z,fz) + d(fz, f2)d(fz, 2)
<y
d(z.fz) +d(fz,2)
Thus, d(z,fz) = 0. That is, z = fz. Therefore, fz = 3z =z. Thus, Sz=Tz =fz =
Jz=1z
Hence, z is a common fixed point of 7,3, S and f. O

) =0 =0

Theorem 2.4 Let (M, d) be a complete metric space and T, 3, S, f : M — M be an
(o, )-Meir—Keeler—-Khan ~ type  mappings such that f(M) C T(M) and
S(M) C 3(M). Assume that:

1. The pair (S,f) is a-admissible with respect to T and 3 (shortly ar 35-admissible);

2. There exists xo € M such that o(Txg, Sxp) > 1;

3. If {} is a sequence in M such that a(ju, Jut1) > 1 for alln € N and 3, — z €
M as n — oo, then a(jn,z) > 1, for all n € N.

Then 7,3, S and f have a common fixed point z € M provided (S, T) and (f, 3)
are weakly compatible pairs of self-mappings.

Proof Following the proof of Theorem 2.3, we obtain the sequence {j,} in M
defined by:

Jon = Sxop = JIxop1 and Joni1 = frontr = Txont,
for all n >0, which converges to some z € M. Sequentially,
Sx2ny Ixont15 foonyt, Thoniz — 2,

as n — oo. Since f(M) C T(M), there exists u € M such that z = Tu. By (3) and
(2.4), we have
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8 M. Arshad et al.

d(Su,z) = d(Su, fxoni1) < o(Tu, Ixz,11)d(Su, foni1)
< lﬁ(d<TM’ Su)d(Tu, fxon1) + d(Ixns1, oot )d(sz,H_l,Su))
- d(Tu, fxons1 ) + d(Ixzp41,Su)
<y (d(z, Su)d(z, fxoni1 ) + d(Sxan, fon1 )d(Sxop, Su)> .
- d(z,fxans1 ) + d(Sxzn, Su)

Letting lim in above inequality we end up with
n—oo

d(z,Su)d(z,2) + d(z,2)d(z, Su)) <0.

d(Su,z) S'P( d(z,z) + d(z, Su)

Thus Su = z, so, Tu = Su = z, Therefore u is a coincidence point of 7 and S. Since
the pair of mappings S and T are weakly compatible, we have

STu = TSu,
Sz =Tz

Similarly, as S(M) C 3(M), we obtain d(z,fv) =0. Thus, z=fv. There-
fore fv = Jv = z. So v is coincident point of J and f. Since, the pair of maps (3J,f)
are weakly compatible so,

Iy = £,
Jz=fz.
We can easily show that z is fixed point of S and f and the proof is completed. []

For the uniqueness of the fixed point of a generalized (o, 1 )-Meir—Keeler—Khan
type contractive mapping, we will consider the following hypothesis:

(H) For all common fixed points x and j of 7,3, S and f, there exists v € M such
that a(x,v) > 1 and a(y,v) > 1.

Theorem 2.5 Adding the condition (H) to the statement of Theorem 2.3 or 2.4, we
obtain the uniqueness of the common fixed point of S, T, f and 3.

Proof The existence of a fixed point is proved in Theorem 2.3 (respectively
Theorem 2.4). To prove a uniqueness assume that w is another common fixed point
of T,3,S and f such that z # w. By condition (H), there exists v € M such that
a(Tz,v) > 1 and a(3w,v) > 1. Define a sequence {v,} in M by

~ ~
vo=38vo=3vi, Vv, =8v2 = Jvauq
and
vi=ft=Tva, Va1 = fooupt = Tvansa,

for all n> 0. Since the pair (S,f) is or,3 -admissible, we obtain
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Common fixed points for generalized... 9

o(z,v2,)>1 and oa(w,vy,)>1, for all n.

Now, by Remark 2.2, we have

d(z,vant1) = d(Sz, foaus1 ) < (T2, Ivani1)d(Sz, frant ),
<y <d(Tz, S2)d(Tz, frons1 ) + d(Ivansi, front1 ))d(Ivanst, SZ))
- d(Tz, foans1) + d(Ivant1,Sz) ’
<y <d(SZ, S2)d(Sz, fvant1) + d(Ivani 1, fvans1 )d(Ivanst, SZ)).
- d(SZafV2n+l ) + d(SVZn-H 5 SZ)

By triangle inequality, we have

d(Ivans1, font1 ) <d(Sz, foont1 ) + d(Ivantr, 8z),
<y <d(3vzn+1 SVons1 )d(Ivania, SZ))
=\ d(Sz, foons1 ) +d(Ivans1,82) )’
<d(3Ivany1, 82),
<Wd(z,v2).

Iteratively, this inequality implies

d(z,vans1) < lﬁznﬂ(d(z, vg)), for all n.

Putting n — oo, in above inequality, we obtain

lim d(van,z) = 0. (2.5)
lim d(va,,w) = 0. (2.6)
n—oo

From (2.5), (2.6) we get z = W. O

Now, we give an example to support Theorem 2.3.

Example 2.6 Let M = [2,20] and (M, d) be usual metric space. Define 7, J, S and f
as follows:

S(x) =2, for all x.

2, if x € [2,5) U][6,20],
flx) = .
x+1, if x € [5,6).
, if x € [2,7],
T(x) = {x .1 x €[2,7)
7, if x € (7,20].
2, if x =2,
3(x) = 3, if x € (2,5)U|[6,20],
x+3, if x € [5,6).

Note that f(M) C T(M), and S(M) C 3(M), we note Sx = Tx for which x =2
implies STx = TSx and fx = Jx implies fIx = Jfx, thus the pairs{S, T} and {f, I}
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10 M. Arshad et al.

are weakly compatible. Consider ¢ = %and suppose that () = %, then 7,3, S and f
satisfy the (o, /)-Meir—Keeler—Khan contractive condition with the mapping o :
TM)U3I(M) x T(M)U I(M) — [0,00) defined by

1, if u,v €[2,5)U19,20],
o(u,v) = 1 .
(1) — otherwise.
10

Clearly x = 2 is our unique common fixed point. Indeed, hypothesis (2) is satisfied
with xo =2 € M with «(2,2) > 1. Then, all the conditions of Theorem 2.3 are
satisfied.

Corollary 2.7 [20] Let (M, d) be a complete metric space and let f : M — M be an
(o, ) -Meir—Keeler—Khan mapping. Assume that:

1. fis an o-admissible mapping.
2. There exists xo € M such that a(xo,f(x0)) > 1;
3. fis continuous.

Then f has a fixed point in M, that is, there exists u € M such that f(u) = u.

Proof Immediately by taking S =f = 3 = T in the Theorem 2.3. O

Corollary 2.8 [20] Let (M, d) be a complete metric space and let f : M — M be an
(o, )-Meir—Keeler—Khan mapping. Assume that:

1. fis an a-admissible.

2. There exists xo € M such that o(xo,f(xp)) > 1.

3. If {x,} is a sequence in M such that o(x,,x,+1)>1 for all n € N and x, —
X € M as n — oo, then a(x,,x) > 1, for all n € N. Then there exists u € M such
that f(u) = u.

In the Theorem 2.4, if we take /(¢) = At, where 4 € ]0, 1] and «(Tx, Jy) = 1, for
all x, 5 € M, we obtain the following result.

Corollary 2.9 Let (M, d) be a complete metric space and T, 3, S,f : M — M be the
mappings satisfies the following condition:
For ¢ > 0, there exists 8 > 0 such that,

< <d(Tx7 Sx)d(Tx.f3) + d(39,1)d(3y, Sx)
= d(Tx.f) + (3, %)
implies d(Sx,fj) <e.

) <640 27

Then T, 3, S and f have a unique common fixed point 7 € M. Moreover, for all x, the
sequence {fxo } converge to z.

Proof Let yu €]0,1[ and choose /g € ]0, 1] with 2y > u. Fix & > 0. If we take 0 =
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Common fixed points for generalized... 1

8(1 — %). Assume that
M 40

Alg S d(TX, Sx)d(Tx7f.]) + d(;sjvfj)d(‘s.]v SX) < ig + 57
Ao d(Tx,f7) + d(3Jy, Sx) Ao

From (1.3), it follows that

d(Tx, Sx)d(Tx,f ) + d(33,f7)d(37, Sx)
d(Tx,fy) + d(3y, Sx)

Gorli%)
=ul—e+e[-———) ) ==
20 JT—

Hence (2.7) is satisfied which makes Theorem 1.6 an immediate consequence of
Corollary 2.9. ]

d(Sx,f) <p

3 Consequences

In this section, following the idea of Samet [21], we will show that Corollary 2.9
allows us to obtain an integral version of Fisher’s result. Our first new result is the
following:

Theorem 3.1 Let (M,d) be a complete metric space and T,3,S,f : M — M, and
let 1 € ]0, 1 [ Assume that there exists a function p from [O, 0 [ into it self satisfying
the following conditions;

1. p(0) =0and p(t) > 0 for all t > 0;

2. p is nondecreasing and right continuous;

3. for every ¢ > 0, there exists 8 > 0 such that

i ( d(Tx,f7) + d(37, 5%) ) <3ere

A

1 1
implies p(zd(ij])) < 76 for all x,y) € M.

L

Then inequality (2.7) is hold.

Proof Fix ¢ > 0, since p(/l a) > 0, by (3) there exists § > 0 such that

1 d(Tx,Sx)d(Tx,f7) +d(3,f7)d (3, Sx) 1
g (E 8) <p( d(Tx,f7) + d(37, 5%) ) <”(I 8) h

implies p G (d(SxJJ))) <p G c) .

From the right continuity of p there exists 0 > 0 such that;

(3.1)
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12 M. Arshad et al.
ls+5' < ls +B
P\ P\ '

1 d(Txa S)C)d(T)C,f]) +d(3]7f])d(3]7 SX) 1 ’
PR d(Tx,f7) + d(37, 5x) <78to

For all x,y € M, such that

Since p is nondecreasing, we have

1 d(Tx, $X)d(Tx,£7) + d(37,£7)d(3, S)
p( ) <”( d(Tx,f7) + d(37, Sx) )

A
1 ) 1
<p(—8+5)<p<78>+ﬂ.
A A
Then by (3.1), we have
ld(S )] < !
r\7 x.f7) | <p 78 )

d(Sx,f7) <e.

which implies that

Then (2.7) is satisfied.
We denote by E the set of all mappings g : [0, +o00[— [0, +oo[ satisfying:

1. g continuous and nondecreasing;
2. g(0) =0 and g(¢) > O for all > 0.

O

Corollary 3.2 Let (M,d) be a complete metric space and let T,3,S,f : M — M be
the mappings, let g € E be such that for ¢ > 0 there exist 8 >0, with

1 (d(rx, Sx)d(Tx.f7) + d(33,£7)d(3, Sx>> 1
i d(Tx,f7) + d(37,5x) J

1 1
implies g(zd(ijj)) < ¢

e+ 0

Then (2.7) is satisfied.

Proof Since every continuous function g : [0, +oo[— [0, +o0] is right continuous,
the proof follows immediately from Theorem 3.1. U

Corollary 3.3 Let (M, d) be a complete metric space and let T, 3, S and f be four
mappings from M into itself. Let ¢ be a locally integrable function from [0, +o0]
into itself such that
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t
/ o(u)du >0, forall r>0.
0

Assume that for each ¢ > 0, there exists 8 > 0 such that

d(Tx,Sx)d(Txf9)+d(37.f7)d(39,5%)

A(Txf ) +d(3,5%) 1 ,
£</ (p(t)dt<zs—|—5,
0

o =

implies that

1(Sx.f3) 1
/ p(t)dt< —e. (3.2)
0 Vs

Then (2.7) is satisfied. Now we are able to obtain an integral version of Khan result.

Corollary 3.4 Let (M,d) be a complete metric space and T, 3, S,f : M — M be self
mappings. Let ¢ be locally integrable function from [0, +oo[ into it self such that
fé @(u)du > 0, for all t > 0 and let A € )0, 1]. Assume that T,3, S and f satisfies the
following condition. For all x,7 € M,

d(Tx,Sx)d(Txf9)+d(352)d(3,5%)

%d(Sx,fx) A(Txf7)+d(37,5%)
/ (t)dt < ,u'/ o(t)dt,
0 0

where, '€ |0, 1[. Then T, 3, S and f have an unique common fixed point. Moreover,
for any x € M, the sequence {j'(x)} converges to z.

w

Proof Let ¢ > 0. it is easy to observe that (3.2) is satisfied. Take d = £ (l - 1),

then (2.7) is satisfied, which proved the existence and uniqueness of a common fixed
point. O
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