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Abstract
In this article, we prove a common fixed point results for two pairs of weakly

compatible self-mappings in a complete metric space satisfying a;wð Þ-Meir–Kee-

ler–Khan type contractive condition. We present an example to illustrate main

result. Some other results and consequences are also given. These results generalize

some classical results in the current literature.
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1 Introduction

The theory of fixed points takes an important place in the transition from classical

analysis to modern analysis. One of the most remarkable works on fixed point of

functions defined in metric spaces was done by Banach [6]. This classical principle

has been generalized by several authors in different directions (see

[1, 2, 4, 7–10, 13–15, 19, 23–25]). A classical generalization was given by Meir

and Keeler [15]. They studied the fixed point of the class of mappings satisfying the

condition that for each e[ 0, there exists d eð Þ[ 0 such that e� dðx; |Þ\eþ d eð Þ
implies d fx; f |ð Þ\e for any x; | 2 M. Subsequently, many authors extended and

improved this condition and established fixed point results (see

[5, 11, 12, 16–18, 20, 21]).

Jungck and Rhoades [10] introduced the notion of weakly compatible mapping

and showed that compatible mappings are weakly compatible but converse does not

hold in general. In this paper, we study and establish the fixed point results for four

mappings based on Meir–Keeler–Khan type contraction in complete metric spaces

via a-admissible weakly compatible mappings. Our results extend the results proved

by Redjel et al. [20]. Moreover, we present some consequences of our new results.

In the sequel, the following definitions will be used.

Let W be the family of nondecreasing functions w : ½0;þ1Þ ! ½0;þ1Þ such

that
P1

n¼1 w
n tð Þ\þ1; for all t[ 0, where wn is the n� th iterate of w.

Lemma 1.1 [3] Let w 2 W. Then

1. w tð Þ\t; for all t[ 0;
2. w 0ð Þ ¼ 0:

Definition 1.2 Let S and f be two self-maps on M. If Sx ¼ fx, for some x 2 M; then
x is called coincidence point of S and f.

Definition 1.3 [10] Let S and f be two self-mappings defined on a set M. S and f are
said to be weakly compatible if they commute at coincidence points. That is, if

Sx ¼ fx; for some x 2 M, then Sfx ¼ fSx:

On the other hand, Samet et al. [22] introduced the notions of a� w contractive

mapping using a� admissible mapping in a metric space and proved a fixed point

results for a;w contractive mappings in a complete metric space.

Definition 1.4 [22] Let f : M ! M and a : M �M ! 0;1½ Þ be two mappings. The

mapping f is said to be an a-admissible if the following condition satisfied:

for all x; | 2 M; aðx; |Þ� 1 implies aðfx; f |Þ� 1: ð1:1Þ

Recently, Patel et al. [17] introduced criteria of a-admissible for four self-

mappings as follows:

Definition 1.5 [17] Let T ;I; S; f : M ! M be four self-mappings of a non-empty

set M and let a : TðMÞ [ IðMÞ � TðMÞ [ IðMÞ ! 0;1½ Þ be a mapping. A pair
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S; fð Þ is called an a-admissible with respect to T and I; if for all x; | 2 M;
aðTx;I|Þ� 1 or aðIx; T|Þ� 1; implies

a Sx; f |ð Þ� 1 and a fx; S|ð Þ� 1: ð1:2Þ

Fisher [8] proved the following revised version the result given by Khan [13].

Theorem 1.6 [8] Let f be a self map on a complete metric space ðM; dÞ satisfying
the following:

dðfx; f |Þ� l
d x; fxð Þd x; f |ð Þ þ d |; f |ð Þd |; fxð Þ

dðx; f |Þ þ dð|; fxÞ ; l 2
�
0; 1

�
ð1:3Þ

if dðx; f |Þ þ dð|; fxÞ 6¼ 0 and dðfx; f |Þ ¼ 0; if dðx; f |Þ þ dð|; fxÞ ¼ 0: Then f has a
unique fixed point t 2 M. Moreover, for every t0 2 M, the sequence f nt0f g con-
verges to t.

Definition 1.7 [20] Let (M, d) be a metric space and f : M ! M be a self mapping.

f is called a;wð Þ-Meir–Keeler–Khan mapping, if there exist w 2 W and a :
M �M ! 0;1½ Þ satisfying the following condition: For each e[ 0, there exists

d eð Þ[ 0 such that

e�w
d x; f xð Þð Þd x; f |ð Þð Þ þ d |; f |ð Þð Þd |; f xð Þð Þ

d x; f |ð Þð Þ þ d |; f xð Þð Þ

� �

\eþ d eð Þ

implies

a x; |ð Þd f xð Þ; f |ð Þð Þ\e: ð1:4Þ

2 Main results

In this section, we introducing the class of common fixed point result for two pairs

of weakly compatible self mappings in complete metric spaces satisfies a;wð Þ-
Meir–Keeler–Khan type contractive via a-admissible mappings.

Definition 2.1 Let M; dð Þ be a complete metric space. The self-mappings T;I; S; f :
M ! M are said to be a;wð Þ-Meir–Keeler–Khan type, if there exists w 2 W and

a : TðMÞ [ IðMÞ � TðMÞ [ IðMÞ ! 0;1½ Þ satisfying the following condition:For

each e[ 0, there exists d eð Þ[ 0 such that,

e�w
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\eþ d eð Þ

implies

a Tx;I|ð Þd Sx; f |ð Þ\e: ð2:1Þ
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Remark 2.2 It is easy to see that if T ;I; S; f : M ! M are a;wð Þ-Meir–Keeler–

Khan type mappings, then

a Tx;I|ð Þd Sx; f |ð Þ�w
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

� �

; ð2:2Þ

for all x; | 2 M:

Theorem 2.3 Let (M, d) be a complete metric space and T ;I; S, f : M ! M be an
a;wð Þ-Meir–Keeler–Khan type mappings such that f ðMÞ � TðMÞ and
SðMÞ � IðMÞ. Assume that:

1. The pair S; fð Þ is a-admissible with respect to T and I (shortly aT ;I-admissible);
2. There exists x0 2 M such that a Tx0; Sx0ð Þ� 1;
3. One of T;I; S and f is continuous.
4. (S, T) and ðf ;IÞ are weakly compatible pairs of self-mappings.

Then T;I; S and f have a common fixed point z 2 M.

Proof By assumption (2), there exists x0 2 M such that a Tx0; Sx0ð Þ� 1. Define the

sequences xnf g and |nf g in M such that

|2n ¼ Sx2n ¼ Ix2nþ1 and |2nþ1 ¼ fx2nþ1 ¼ Tx2nþ2: ð2:3Þ

This can be done, since f ðMÞ � TðMÞ and SðMÞ � IðMÞ. Since S; fð Þ is aT ;I-
admissible, we have

a Tx0; Sx0ð Þ ¼ a Tx0;Ix1ð Þ� 1

implies a Sx0; fx1ð Þ� 1 and a fx0; Sx1ð Þ� 1;

which gives

a Ix1; Tx2ð Þ� 1 ¼ a |0; |1ð Þ� 1:

Again by (1), we have

a Ix1; fx1ð Þ ¼ a Ix1; Tx2ð Þ� 1 implies a fx1; Sx2ð Þ� 1 and a Sx1; fx2ð Þ� 1;

which gives,

a Tx2;Ix3ð Þ ¼ a |1; |2ð Þ� 1:

Inductively, we obtain

a |2n; |2nþ1ð Þ� 1; n ¼ 0; 1; 2; . . .: ð2:4Þ

That is a Tx2n;Ix2nþ1ð Þ� 1 and a Ix2nþ1; Tx2nþ2ð Þ� 1. By (2.2) and (2.4), we have
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d |2n; |2nþ1ð Þ ¼ d Sx2n; fx2nþ1ð Þ� a Tx2n;Ix2nþ1ð Þd Sx2n; fx2nþ1ð Þ

�w
d Tx2n; Sx2nð Þd Tx2n; fx2nþ1ð Þ þ d Ix2nþ1; fx2nþ1ð Þd Ix2nþ1; Sx2nð Þ

d Tx2n; fx2nþ1ð Þ þ d Ix2nþ1; Sx2nð Þ

� �

�w
d fx2n�1; Sx2nð Þd fx2n�1; fx2nþ1ð Þ þ d Sx2n; fx2nþ1ð Þd Sx2n; Sx2nð Þ

d fx2n�1; fx2nþ1ð Þ þ d Sx2n; Sx2nð Þ

� �

�w
d fx2n�1; Sx2nð Þd fx2n�1; fx2nþ1ð Þ

d fx2n�1; fx2nþ1ð Þ

� �

�wd fx2n�1; Sx2nð Þ
�wd |2n�1; |2nð Þ; for all n 2 N:

Now,

d |2n�1; |2nð Þ ¼ d fx2n�1; Sx2nð Þ� a Ix2n�1; Tx2nð Þd fx2n�1; Sx2nð Þ

�w
d Ix2n�1; fx2n�1ð Þd Ix2n�1; Sx2nð Þ þ d Tx2n; Sx2nð Þd Tx2n; fx2n�1ð Þ

d Ix2n�1; Sx2nð Þ þ d Tx2n; fx2n�1ð Þ

� �

�w
d Sx2n�2; fx2n�1ð Þd Sx2n�2; Sx2nð Þ þ d fx2n�1; Sx2nð Þd fx2n�1; fx2n�1ð Þ

d Sx2n�2; Sx2nð Þ þ d fx2n�1; fx2n�1ð Þ

� �

�wd Sx2n�2; fx2n�1ð Þ�w |2n�2; |2n�1ð Þ:

That is

d |2n; |2nþ1ð Þ�wd |2n�1; |2nð Þ�w2d |2n�2; |2n�1ð Þ:

Continuing in this manner, we obtain

d |2n; |2nþ1ð Þ�w2nd |0; |1ð Þ:

We can write above inequality as

d |n; |nþ1ð Þ�wnd |0; |1ð Þ:

Now, we show that |nf g is a Cauchy sequence. By the properties of the function w,
for any e[ 0 there exists n eð Þ 2 N such that

P
n� n �ð Þ w

n d |0; |1ð Þð Þ\e. Let n;m 2
N with n[m[ n eð Þ; using the triangle inequality, we get

d |m; |nð Þ�
Xn�1

k¼m

d |k; |kþ1ð Þ�
X

n¼m

wk d |0; |1ð Þð Þ

�
X

k¼n �ð Þ
wk d |0; |1ð Þð Þ\e:

We deduce that |nf g is a Cauchy sequence in a complete metric space M; dð Þ: There
is exists z 2 M such that lim

n!1
|n ¼ z and sequentially, Sx2n, Ix2nþ1; fx2nþ1;

Tx2nþ2 ! z; as n ! 1: By assumption (3)
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lim
n!1

Sx2n ¼ lim
n!1

Ix2nþ1 ¼ lim
n!1

fx2nþ1 ¼ lim
n!1

Tx2nþ2 ¼ z:

Since f Mð Þ � T Mð Þ; there exists u 2 M such that z ¼ Tu. By (2.2) and (2.4), we

have

d Su; zð Þ� d Su; fx2nþ1ð Þ þ d fx2nþ1; zð Þ
� a Tu;Ix2nþ1ð Þd Su; fx2nþ1ð Þ þ d fx2nþ1; zð Þ

�w
d Tu; Suð Þd Tu; fx2nþ1ð Þ þ d Ix2nþ1; fx2nþ1ð Þd Ix2nþ1; Suð Þ

d Tu; fx2nþ1ð Þ þ d Ix2nþ1; Suð Þ

� �

þ d fx2nþ1; zð Þ

�w
d z; Suð Þd z; fx2nþ1ð Þ þ d Sx2n; fx2nþ1ð Þd Sx2n; Suð Þ

d z; fx2nþ1ð Þ þ d Sx2n; Suð Þ

� �

þ d fx2nþ1; zð Þ:

Letting lim
n!1

in above inequality, we get

d Su; zð Þ�w
d z; Suð Þd z; zð Þ þ d z; zð Þd z; Suð Þ

d z; zð Þ þ d z; Suð Þ

� �

þ d z; zð Þ ¼ 0:

That is Su ¼ z: Thus Tu ¼ Su ¼ z: Therefore u is a coincidence point of T and S.
Since the pair of mappings S and T are weakly compatible, we have

STu ¼ TSu;

Sz ¼ Tz:

Since S Mð Þ � I Mð Þ; there exists a point v 2 M such that z ¼ Iv: By (2.2) and

(2.4), we have

d z; fvð Þ ¼ d Su; fvð Þ� a Tu;Ivð Þd Su; fvð Þ

�w
d Tu; Suð Þd Tu; fvð Þ þ d Iv; fvð Þd Iv; Suð Þ

d Tu; fvð Þ þ d Iv; Suð Þ

� �

�w
d z; zð Þd z; fvð Þ þ d z; fvð Þd z; zð Þ

d z; fvð Þ þ d z; zð Þ

� �

�w 0ð Þ:

That is d z; fvð Þ ¼ 0: Thus, z ¼ fv: Therefore fv ¼ Iv ¼ z: So v is coincident point of
I and f. Since, the pair of maps I and f are weakly compatible

Ifv ¼ fIv;

Iz ¼ fz:

Now, we show that z is a fixed point of S. By (2.2) and (2.4), we get
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d Sz; zð Þ ¼ d Sz; fvð Þ� a Tz;Ivð Þd Sz; fvð Þ

�w
d Tz; Szð Þd Tz; fvð Þ þ d Iv; fvð Þd Iv; Szð Þ

d Tz; fvð Þ þ d Iv; Szð Þ

� �

�w
d Sz; Szð Þd Sz; zð Þ þ d z; zð Þd z; Szð Þ

d Sz; zð Þ þ d z; Szð Þ

� �

d Sz; zð Þ� 0:

So, d Sz; zð Þ ¼ 0: Thus, Sz ¼ z: Hence,

Sz ¼ Tz ¼ z:

Now, we show that z is a fixed point of f. By using (2.2) and (2.4), we get

d z; fzð Þ ¼ d Sz; fzð Þ� a Tz;Izð Þd Sz; fzð Þ

�w
d Tz; Szð Þd Tz; fzð Þ þ d Iz; fzð Þd Iz; Szð Þ

d Tz; fzð Þ þ d Iz; Szð Þ

� �

�w
d z; zð Þd z; fzð Þ þ d fz; fzð Þd fz; zð Þ

d z; fzð Þ þ d fz; zð Þ

� �

¼ w 0ð Þ ¼ 0

Thus, d z; fzð Þ ¼ 0: That is, z ¼ fz: Therefore, fz ¼ Iz ¼ z: Thus, Sz ¼ Tz ¼ fz ¼
Iz ¼ z:

Hence, z is a common fixed point of T ;I; S and f. h

Theorem 2.4 Let (M, d) be a complete metric space and T ;I; S, f : M ! M be an
a;wð Þ-Meir–Keeler–Khan type mappings such that f ðMÞ � TðMÞ and
SðMÞ � IðMÞ. Assume that:

1. The pair S; fð Þ is a-admissible with respect to T and I (shortly aT ;I-admissible);
2. There exists x0 2 M such that a Tx0; Sx0ð Þ� 1;
3. If |nf g is a sequence in M such that a |n; |nþ1ð Þ� 1 for all n 2 N and |n ! z 2

M as n ! 1; then a |n; zð Þ� 1; for all n 2 N.

Then T ;I; S and f have a common fixed point z 2 M provided (S, T) and ðf ;IÞ
are weakly compatible pairs of self-mappings.

Proof Following the proof of Theorem 2.3, we obtain the sequence |nf g in M
defined by:

|2n ¼ Sx2n ¼ Ix2nþ1 and |2nþ1 ¼ fx2nþ1 ¼ Tx2nþ2;

for all n� 0; which converges to some z 2 M: Sequentially,

Sx2n;Ix2nþ1; fx2nþ1; Tx2nþ2 ! z;

as n ! 1: Since f Mð Þ � T Mð Þ, there exists u 2 M such that z ¼ Tu. By (3) and

(2.4), we have
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d Su; zð Þ ¼ d Su; fx2nþ1ð Þ� a Tu;Ix2nþ1ð Þd Su; fx2nþ1ð Þ

�w
d Tu; Suð Þd Tu; fx2nþ1ð Þ þ d Ix2nþ1; fx2nþ1ð Þd Ix2nþ1; Suð Þ

d Tu; fx2nþ1ð Þ þ d Ix2nþ1; Suð Þ

� �

�w
d z; Suð Þd z; fx2nþ1ð Þ þ d Sx2n; fx2nþ1ð Þd Sx2n; Suð Þ

d z; fx2nþ1ð Þ þ d Sx2n; Suð Þ

� �

:

Letting lim
n!1

in above inequality we end up with

d Su; zð Þ�w
d z; Suð Þd z; zð Þ þ d z; zð Þd z; Suð Þ

d z; zð Þ þ d z; Suð Þ

� �

� 0:

Thus Su ¼ z; so, Tu ¼ Su ¼ z; Therefore u is a coincidence point of T and S. Since
the pair of mappings S and T are weakly compatible, we have

STu ¼ TSu;

Sz ¼ Tz:

Similarly, as S Mð Þ � I Mð Þ; we obtain d z; fvð Þ ¼ 0: Thus, z ¼ fv: There-

fore fv ¼ Iv ¼ z: So v is coincident point of I and f. Since, the pair of maps ðI; f Þ
are weakly compatible so,

Ifv ¼ fIv;

Iz ¼ fz:

We can easily show that z is fixed point of S and f and the proof is completed. h

For the uniqueness of the fixed point of a generalized a;wð Þ-Meir–Keeler–Khan

type contractive mapping, we will consider the following hypothesis:

(H) For all common fixed points x and | of T;I; S and f, there exists v 2 M such

that a x; vð Þ� 1 and a |; vð Þ� 1:

Theorem 2.5 Adding the condition (H) to the statement of Theorem 2.3 or 2.4, we
obtain the uniqueness of the common fixed point of S, T, f and I:

Proof The existence of a fixed point is proved in Theorem 2.3 (respectively

Theorem 2.4). To prove a uniqueness assume that ŵ is another common fixed point

of T;I; S and f such that z 6¼ ŵ: By condition (H), there exists v 2 M such that

a Tz; vð Þ� 1 and a Iŵ; vð Þ� 1: Define a sequence vnf g in M by

v0 ¼ Sv0 ¼ Iv1 ; v2n ¼ Sv2n ¼ Iv2nþ1

and

v1 ¼ fv1 ¼ Tv2; v2nþ1 ¼ fv2nþ1 ¼ Tv2nþ2;

for all n� 0: Since the pair S; fð Þ is aT ;I -admissible, we obtain
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a z; v2nð Þ� 1 and a ŵ; v2nð Þ� 1; for all n:

Now, by Remark 2.2, we have

d z; v2nþ1ð Þ ¼ d Sz; fv2nþ1ð Þ� a Tz;Iv2nþ1ð Þd Sz; fv2nþ1ð Þ;

�w
d Tz; Szð Þd Tz; fv2nþ1ð Þ þ d Iv2nþ1; fv2nþ1ð Þd Iv2nþ1; Szð Þ

d Tz; fv2nþ1ð Þ þ d Iv2nþ1; Szð Þ

� �

;

�w
d Sz; Szð Þd Sz; fv2nþ1ð Þ þ d Iv2nþ1; fv2nþ1ð Þd Iv2nþ1; Szð Þ

d Sz; fv2nþ1ð Þ þ d Iv2nþ1; Szð Þ

� �

:

By triangle inequality, we have

d Iv2nþ1; fv2nþ1ð Þ� d Sz; fv2nþ1ð Þ þ d Iv2nþ1; Szð Þ;

�w
d Iv2nþ1; fv2nþ1ð Þd Iv2nþ1; Szð Þ
d Sz; fv2nþ1ð Þ þ d Iv2nþ1; Szð Þ

� �

;

�wd Iv2nþ1; Szð Þ;
�wd z; v2nð Þ:

Iteratively, this inequality implies

d z; v2nþ1ð Þ�w2nþ1 d z; v0ð Þð Þ; for all n:

Putting n ! 1; in above inequality, we obtain

lim
n!1

d v2n; zð Þ ¼ 0: ð2:5Þ

lim
n!1

d v2n; ŵð Þ ¼ 0: ð2:6Þ

From 2:5ð Þ; 2:6ð Þ we get z ¼ ŵ: h

Now, we give an example to support Theorem 2.3.

Example 2.6 LetM ¼ 2; 20½ � and M; dð Þ be usual metric space. Define T, I; S and f
as follows:

S xð Þ ¼ 2; for all x:

f xð Þ ¼
2; if x 2 2; 5½ Þ [ 6; 20½ �;

xþ 1; if x 2 5; 6½ Þ:

�

T xð Þ ¼
x; if x 2 2; 7½ �;
7; if x 2 7; 20ð �:

�

I xð Þ ¼
2; if x ¼ 2;

3; if x 2 2; 5ð Þ [ 6; 20½ �;
xþ 3; if x 2 5; 6½ Þ:

8
><

>:

Note that f Mð Þ � T Mð Þ; and S Mð Þ � I Mð Þ, we note Sx ¼ Tx for which x ¼ 2

implies STx ¼ TSx and fx ¼ Ix implies fIx ¼ Ifx; thus the pairs S; Tf g and f ;If g
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are weakly compatible. Consider e ¼ 3
4
and suppose that w tð Þ ¼ 3t

4
; then T ;I; S and f

satisfy the a;wð Þ-Meir–Keeler–Khan contractive condition with the mapping a :
TðMÞ [ IðMÞ � TðMÞ [ IðMÞ ! 0;1½ Þ defined by

a u; vð Þ ¼
1; if u; v 2 2; 5½ Þ [ 9; 20½ �;
1

10
; otherwise:

8
<

:

Clearly x ¼ 2 is our unique common fixed point. Indeed, hypothesis (2) is satisfied

with x0 ¼ 2 2 M with a 2; 2ð Þ� 1: Then, all the conditions of Theorem 2.3 are

satisfied.

Corollary 2.7 [20] Let M; dð Þ be a complete metric space and let f : M ! M be an
a;wð Þ -Meir–Keeler–Khan mapping. Assume that:

1. f is an a-admissible mapping.
2. There exists x0 2 M such that a x0; f x0ð Þð Þ� 1;

3. f is continuous.

Then f has a fixed point in M, that is, there exists u 2 M such that f ðuÞ ¼ u.

Proof Immediately by taking S ¼ f ¼ I ¼ T in the Theorem 2.3. h

Corollary 2.8 [20] Let M; dð Þ be a complete metric space and let f : M ! M be an
a;wð Þ-Meir–Keeler–Khan mapping. Assume that:

1. f is an a-admissible.
2. There exists x0 2 M such that a x0; f x0ð Þð Þ� 1.

3. If xnf g is a sequence in M such that a xn; xnþ1ð Þ� 1 for all n 2 N and xn !
x 2 M as n ! 1; then a xn; xð Þ� 1; for all n 2 N. Then there exists u 2 M such
that f ðuÞ ¼ u.

In the Theorem 2.4, if we take w tð Þ ¼ kt; where k 2 0; 1� ½ and a Tx;I|ð Þ ¼ 1; for
all x; | 2 M, we obtain the following result.

Corollary 2.9 Let M; dð Þ be a complete metric space and T ;I; S; f : M ! M be the
mappings satisfies the following condition:

For e[ 0; there exists d�[ 0 such that,

e� k
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\eþ d�

implies d Sx; f |ð Þ\e:

ð2:7Þ

Then T;I; S and f have a unique common fixed point z 2 M:Moreover, for all x0 the
sequence fx0f g converge to z.

Proof Let l 2�0; 1½ and choose k0 2 0; 1� ½ with k0 [ l. Fix e[ 0. If we take d�¼
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e 1
l � 1

k0

� �
: Assume that

1

k0
e� d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ \
1

k0
eþ d�;

From (1.3), it follows that

d Sx; f |ð Þ\l
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

\l
1

k0
eþ d�

� �

¼ l
1

k0
eþ e

1

l
� 1

k0

� �� �

¼ e:

Hence (2.7) is satisfied which makes Theorem 1.6 an immediate consequence of

Corollary 2.9. h

3 Consequences

In this section, following the idea of Samet [21], we will show that Corollary 2.9

allows us to obtain an integral version of Fisher’s result. Our first new result is the

following:

Theorem 3.1 Let M; dð Þ be a complete metric space and T;I; S; f : M ! M; and

let k 2
�
0; 1

�
. Assume that there exists a function q from

�
0;1

�
into it self satisfying

the following conditions;

1. q 0ð Þ ¼ 0 and q tð Þ[ 0 for all t[ 0;

2. q is nondecreasing and right continuous;

3. for every e[ 0; there exists d�[ 0 such that

1

k
e\q

d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ
d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\
1

k
eþ d�

implies q
1

k
d Sx; f |ð Þ

� �

\
1

k
e; for all x; | 2 M:

Then inequality (2.7) is hold.

Proof Fix e[ 0; since q 1
k e
	 


[ 0; by (3) there exists b[ 0 such that

q
1

k
e

� �

\q
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\q
1

k
e

� �

þ b

implies q
1

k
d Sx; f |ð Þð Þ

� �

\q
1

k
e

� �

:

ð3:1Þ

From the right continuity of q there exists d�[ 0 such that;
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q
1

k
eþ d�

� �

\q
1

k
e

� �

þ b:

For all x; | 2 M; such that

1

k
e\

d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ
d Tx; f |ð Þ þ d I|; Sxð Þ \

1

k
eþ d�:

Since q is nondecreasing, we have

q
1

k
e

� �

\q
d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ

d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\q
1

k
eþ d�

� �

\q
1

k
e

� �

þ b:

Then by (3.1), we have

q
1

k
d Sx; f |ð Þ

� �

\q
1

k
e

� �

;

which implies that

d Sx; f |ð Þ\e:

Then (2.7) is satisfied.

We denote by N the set of all mappings g : ½0;þ1½! ½0;þ1½ satisfying:
1. g continuous and nondecreasing;

2. gð0Þ ¼ 0 and gðtÞ[ 0 for all t[ 0.

h

Corollary 3.2 Let M; dð Þ be a complete metric space and let T;I; S; f : M ! M be

the mappings, let g 2 N be such that for e[ 0 there exist d�[ 0; with

1

k
e\g

d Tx; Sxð Þd Tx; f |ð Þ þ d I|; f |ð Þd I|; Sxð Þ
d Tx; f |ð Þ þ d I|; Sxð Þ

� �

\
1

k
eþ d�

implies g
1

k
d Sx; f |ð Þ

� �

\
1

k
e:

Then (2.7) is satisfied.

Proof Since every continuous function g : ½0;þ1½! ½0;þ1½ is right continuous,
the proof follows immediately from Theorem 3.1. h

Corollary 3.3 Let (M, d) be a complete metric space and let T, I; S and f be four
mappings from M into itself. Let u be a locally integrable function from ½0;þ1½
into itself such that
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Z t

0

u uð Þdu[ 0; for all t[ 0:

Assume that for each e[ 0; there exists d�[ 0 such that

1

k
e�

Z d Tx;Sxð Þd Tx;f |ð Þþd I|;f |ð Þd I|;Sxð Þ
d Tx;f |ð Þþd I|;Sxð Þ

0

u tð Þdt\ 1

k
eþ d�;

implies that

Z 1
kd Sx;f |ð Þ

0

u tð Þdt\ 1

k
e: ð3:2Þ

Then (2.7) is satisfied. Now we are able to obtain an integral version of Khan result.

Corollary 3.4 Let M; dð Þ be a complete metric space and T ;I; S; f : M ! M be self
mappings. Let u be locally integrable function from ½0;þ1½ into it self such that
R t

0
u uð Þdu[ 0; for all t[ 0 and let k 2 0; 1� ½: Assume that T;I; S and f satisfies the

following condition. For all x; | 2 M;

Z 1
kd Sx;fxð Þ

0

u tð Þdt� l�
Z d Tx;Sxð Þd Tx;f |ð Þþd I|;f |ð Þd I|;Sxð Þ

d Tx;f |ð Þþd I|;Sxð Þ

0

u tð Þdt;

where, l�2 0; 1� ½: Then T ;I; S and f have an unique common fixed point. Moreover,
for any x 2 M, the sequence |n xð Þf g converges to z.

Proof Let e[ 0. it is easy to observe that 3:2ð Þ is satisfied. Take d�¼ e
k

1
l�� 1

� �
;

then (2.7) is satisfied, which proved the existence and uniqueness of a common fixed

point. h
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