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Abstract
The purpose of this paper is to establish some coupled fixed point theorems using a

contractive condition of rational type with monotone property in the frame work of

partially ordered metric space. The existence and uniqueness of the result is also

presented for the coupled fixed point to the mappings. The result presented over

here generalize and extend several well-know results in the literature.
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1 Introduction

In mathematics fixed point theory is one of the famous and traditional theories in

solving large number of applications. The Banach contraction principle is one of the

most important result and plays a central role in finding a unique solutions of the

results in analysis. It is a very popular tool for solving the existence problems in

many different fields of mathematics. Several authors have extended the Banach

contraction principle in the literature [1–6] using either ordinary or rational

contraction conditions or by imposing some weaker conditions on different spaces
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like rectangular metric spaces, pseudo metric spaces, fuzzy metric spaces, quasi

metric spaces, quasi semi-metric spaces, probabilistic metric spaces, D-metric

spaces, G-metric spaces, F-metric spaces, cone metric spaces, and so on.

The extension of Banach contraction principle over a partially ordered sets are

studied by Wolk [7] and Monjardet [8] for obtaining fixed points under certain

conditions of the mapping. The existence of fixed points in partially ordered metric

spaces with some applications to linear and nonlinear matrix equations can be seen

from Ran and Reurings [9]. Later the results on fixed point theorems in partially

order sets and applications to ordinary differential equations are investigated by

Nieto et al. [10–12]. The vast information on the existence and uniqueness of fixed

points in partially ordered metric spaces can be seen from the work of authors

[10–34].

The main aim of this paper is to prove the existence and uniqueness of some

coupled fixed point results for a rational type contraction mapping together with

monotone property in metric space endowed with a partial order. The presented

result is an extensions of, the result of Singh and Chatterjee [35] contraction for

taking two mappings in partial order metric space.

2 Preliminaries

Definition 1 Let ðX; �Þ be a partially ordered set. A self-mapping f : X ! X is

said to be strictly increasing if f ðxÞ\f ðyÞ; 8x; y 2 Xwith x\y and is also said to be

strictly decreasing if f ðxÞ[ f ðyÞ; 8x; y 2 Xwith x\y.

Definition 2 Let ðX; �Þ be a partially ordered set and f is self mapping defined

over X is said to be strict mixed monotone property if f(x, y) is strictly increasing in

x and as well as strictly decreasing in y.

i.e for any x1; x2 2 X with x1\x2 ) f ðx1; yÞ\f ðx2; yÞ and also

for any y1; y2 2 X;with y1\y2 ) f ðx; y1Þ[ f ðx; y2Þ:

Definition 3 Let ðX; �Þ be a partially ordered set and f : X � X ! X be a

mapping. A point ðx; yÞ 2 X � X is said to be coupled fixed point to f if

f ðx; yÞ ¼ x and f ðy; xÞ ¼ y.

Definition 4 The triple ðX; d; �Þ is called partially ordered metric spaces (POMS)

if ðX; �Þ is a partially ordered set and (X, d) is a metric space.

Definition 5 If (X, d) is a complete metric space, then triple ðX; d; �Þ is called a

partially ordered complete metric spaces (POCMS).

Definition 6 A partially ordered metric space ðX; d; �Þ is called ordered complete

(OC) if for each convergent sequences fxng1n¼0; fyng
1
n¼0 � X, the following

condition holds:
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• if fxng is a non-decreasing sequence in X such that xn ! x implies xn � x; 8n 2
N that is, x ¼ supfxng.

• if fyng is a non-increasing sequence in X such that yn ! y implies y� yn; 8n 2 N
that is, y ¼ inffyng.

3 Main results

In this section, we prove some coupled fixed point theorems in the context of

ordered metric spaces.

Theorem 1 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

dðf ðx; yÞ; f ðl; tÞÞ� a
dðx; f ðx; yÞÞ 1þ dðl; f ðl; tÞÞ½ �

1þ dðx; lÞ
þ b½dðx; f ðx; yÞÞ þ dðl; f ðl; tÞÞ�
þ cdðx; lÞ

ð1Þ

where a; b; c 2 ½0; 1Þ with 0� aþ 2bþ c\1, and if there exists two points x0; y0 2
X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled fixed point ðx; yÞ 2 X � X
(i.e there exists x; y 2 X such that f ðx; yÞ ¼ x and f ðy; xÞ ¼ y).

Proof Let x0; y0 2 X such that x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ. Now define two

sequences fxng; fyng in X as

xnþ1 ¼ f ðxn; ynÞ and ynþ1 ¼ f ðyn; xnÞ; for all n� 0: ð2Þ

Now, we have to show that for all n� 0,

xn\xnþ1 ð3Þ

and

yn [ ynþ1 ð4Þ

for this, we use the method of mathematical induction. Suppose n ¼ 0, since

x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, and from (2), we have x0\f ðx0; y0Þ ¼ x1 and

y0 [ f ðy0; x0Þ ¼ y1 and hence the inequalities (3) and (4) holds for n ¼ 0. Suppose

that the inequalities (3) and (4) holds for all n[ 0 and by using the strict mixed

monotone property of f, we get

xnþ1 ¼ f ðxn; ynÞ\f ðxnþ1; ynÞ\f ðxnþ1; ynþ1Þ ¼ xnþ2 ð5Þ

and
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ynþ1 ¼ f ðyn; xnÞ[ f ðynþ1; xnÞ[ f ðynþ1; xnþ1Þ ¼ ynþ2 ð6Þ

and hence the inequalities (3) and (4) holds for all n� 0 and we obtain that

x0\x1\x2\x3\ � � �\xn\xnþ1\ � � � ð7Þ

and

y0 [ y1 [ y2 [ y3 [ � � � [ yn [ ynþ1 [ � � � ð8Þ

From hypothesis, we have as xn\xnþ1, yn [ ynþ1 and from (2),

dðxnþ1; xnÞ ¼ dðf ðxn; ynÞ; f ðxn�1; yn�1ÞÞ

� a
dðxn; f ðxn; ynÞÞ 1þ dðxn�1; f ðxn�1; yn�1ÞÞ½ �

1þ dðxn; xn�1Þ
þ b½dðxn; f ðxn; ynÞÞ þ dðxn�1; f ðxn�1; yn�1ÞÞ� þ cdðxn; xn�1Þ

which implies that

dðxnþ1; xnÞ� a
dðxn; xnþ1Þ 1þ dðxn�1; xnÞ½ �

1þ dðxn; xn�1Þ
þ b½dðxn; xnþ1Þ þ dðxn�1; xnÞ� þ cdðxn; xn�1Þ

Finally, we arrive at

dðxnþ1; xnÞ�
bþ c

1� a� b

� �
dðxn; xn�1Þ ð9Þ

Similarly by following above, we get

dðynþ1; ynÞ�
bþ c

1� a� b

� �
dðyn; yn�1Þ ð10Þ

So, from (9) and (10), we have

dðxnþ1; xnÞ þ dðynþ1; ynÞ�
bþ c

1� a� b

� �
dðxn; xn�1Þ þ dðyn; yn�1Þ½ �

Now let us define a sequence fSng ¼ fdðxnþ1; xnÞ þ dðynþ1; ynÞg, by induction we

get

0� Sn � kSn�1 � k2Sn�2 � k3Sn�3 � � � � � knS0

where k ¼ bþc
1�a�b\1 and so,

lim
n!1

Sn ¼ lim
n!1

dðxn; xn�1Þ þ dðyn; yn�1Þ½ � ¼ 0

from this we get limn!1 dðxn; xn�1Þ ¼ 0 and limn!1 dðyn; yn�1Þ ¼ 0. Using trian-

gular inequality for m� n, we have
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dðxm; xnÞ� dðxm; xm�1Þ þ dðxm�1; xm�2Þ þ � � � þ dðxnþ1; xnÞ

and

dðym; ynÞ� dðym; ym�1Þ þ dðym�1; ym�2Þ þ � � � þ dðynþ1; ynÞ

and hence

dðxm; xnÞ þ dðym; ynÞ� Sm�1 þ Sm�2 þ � � � þ Sn

� km�1 þ km�2 þ � � � þ kn
� �

S0

� kn

1� k
S0

as n ! 1, dðxm; xnÞ þ dðym; ynÞ ! 0, which shows that both the sequences fxng
and fyng are Cauchy sequences in X. So, by completeness of X, there exists a point
ðx; yÞ 2 X � X such that xn ! x and yn ! y. Again by the continuity of f, we have

x ¼ lim
n!1

xnþ1 ¼ lim
n!1

f ðxn; ynÞ ¼ f ð lim
n!1

xn; lim
n!1

ynÞ ¼ f ðx; yÞ

and

y ¼ lim
n!1

ynþ1 ¼ lim
n!1

f ðyn; xnÞ ¼ f ð lim
n!1

yn; lim
n!1

xnÞ ¼ f ðy; xÞ

and hence we have x ¼ f ðx; yÞ and y ¼ f ðy; xÞ. Since fxng is an increasing sequence

in X and converges to a point x in X as it is a Cauchy sequence, then x ¼ supfxng, i.e
xn � x; 8n 2 N and suppose there exists no number n0 2 N such that xn0 ¼ x,
because of x ¼ xn0 ¼ xn0þ1 ¼ x. By the strict monotone increasing nature of f over
the first variable, we have

f ðxn; ynÞ\f ðx; ynÞ ð11Þ

Similarly, since fyng is a decreasing, Cauchy sequence in a complete metric space

X and is converging to a point y in X. Then we have y ¼ inffyng, i.e yn � y; 8n 2 N
and by the strict monotone decreasing nature of f, we have

f ðx; ynÞ\f ðx; yÞ ð12Þ

From Eqs. (11) and (12), we obtain

f ðxn; ynÞ\f ðx; yÞ ) xnþ1\f ðx; yÞ; 8n 2 N: ð13Þ

Since xn\xnþ1\f ðx; yÞ; 8n 2 N and x ¼ supfxng then we have x� f ðx; yÞ. Now let

z0 ¼ x and znþ1 ¼ f ðzn; ynÞ then the sequence fzng is a non decreasing sequence as

z0 ¼ f ðz0; y0Þ and converges to a point say z in X, from which we have z ¼ supfzng.
Since for all n 2 N; xn � x ¼ z0 � f ðz0; y0Þ� zn � z then from (1), we have

123

Coupled fixed point theorems with rational expressions... 1089



dðxnþ1; znþ1Þ ¼ dðf ðxn; ynÞ; f ðzn; ynÞÞ

� a
dðxn; f ðxn; ynÞÞ 1þ dðzn; f ðzn; ynÞÞ½ �

1þ dðxn; znÞ
þ b½dðxn; f ðxn; ynÞÞ þ dðzn; f ðzn; ynÞÞ� þ cdðxn; znÞ

On taking limit as n ! 1 to the above inequality, we get

dðx; zÞ� c dðx; zÞ

but c\1, we get dðx; zÞ ¼ 0. Hence x ¼ z ¼ supfxng which intern implies that

x� f ðx; yÞ� x gives that x ¼ f ðx; yÞ. Again by following the above argument, we get

y ¼ f ðy; xÞ. So, f has a coupled fixed point in X � X. h

For the existence and uniqueness of a coupled fixed point of f over a complete

partial ordered metric space X, we furnish the following partial order relation.

ðl; tÞ� ðx; yÞ , x� l; y� t; for any ðx; yÞ; ðl; tÞ 2 X � X:

Theorem 2 Along the hypothesis stated in Theorem 1 and suppose that for every
ðx; yÞ; ðr; sÞ 2 X � X, there exists ðu; vÞ 2 X � X such that (f(u, v), f(v, u)) is
comparable to (f(x, y), f(y, x)) and (f(r, s), f(s, r)) then f has a unique coupled
fixed point in X � X, i.e there exists a unique point ðx; yÞ 2 X � X such that x ¼
f ðx; yÞ and y ¼ f ðy; xÞ.

Proof As we know from Theorem 1, the set of coupled fixed points of f is non

empty. Suppose that (x, y) and (r, s) are two coupled fixed points of the mapping f,
then x ¼ f ðx; yÞ; y ¼ f ðy; xÞ; r ¼ f ðr; sÞ and s ¼ f ðs; rÞ. Now we have to show that

x ¼ r; y ¼ s for the uniqueness of a coupled fixed point of f.
From hypothesis we have there exists ðu; vÞ 2 X � X such that (f(u, v), f(v, u)) is

comparable to (f(x, y), f(y, x)) and (f(r, s), f(s, r)). Put u ¼ u0 and v ¼ v0 and let

u1; v1 2 X then u1 ¼ f ðu0; v0Þ and v1 ¼ f ðv0; u0Þ. Similarly by induction from

Theorem 1, we can define two sequences fung and fvng from unþ1 ¼ f ðun; vnÞ and
vnþ1 ¼ f ðvn; unÞ for all n 2 N. Like above, define the sequences fxng, fyng, frng and
fsng by setting x ¼ x0, y ¼ y0, r ¼ r0 and s ¼ s0. So by Theorem 1, we have that

xn ! x ¼ f ðx; yÞ, yn ! y ¼ f ðy; xÞ, rn ! r ¼ f ðr; sÞ and sn ! s ¼ f ðs; rÞ for all

n� 1. But ðf ðx; yÞ; f ðy; xÞÞ ¼ ðx; yÞ and ðf ðu0; v0Þ; f ðv0; u0ÞÞ ¼ ðu1; v1Þ are compa-

rable and hence we have x� u1 and y� v1. Next to show that (x, y) and ðun; vnÞ are
comparable, i.e to show that x� un and y� vn for all n 2 N. Suppose the inequalities
holds for some n� 0, then from the nature of strict fixed monotone property of f, we
have unþ1 ¼ f ðun; vnÞ� f ðx; yÞ ¼ x and vnþ1 ¼ f ðvn; unÞ� f ðy; xÞ ¼ y and hence

x� un and y� vn for all n 2 N.
Then from Theorem 1, we get
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dðx; unþ1Þ ¼ dðf ðx; yÞ; f ðun; vnÞÞ

� a
dðx; f ðx; yÞÞ 1þ dðun; f ðun; vnÞÞ½ �

1þ dðx; unÞ
þ b½dðx; f ðx; yÞÞ þ dðun; f ðun; vnÞÞ� þ cdðx; unÞ

which implies that

dðx; unþ1Þ�
bþ c
1� b

� �
dðx; unÞ:

Similarly, we can get

dðy; vnþ1Þ�
bþ c
1� b

� �
dðy; vnÞ:

Suppose D ¼ bþc
1�b\1 then from above equations, we get

dðx; unþ1Þ þ dðy; vnþ1Þ� D dðx; unÞ þ dðy; vnÞ½ �
� D2 dðx; un�1Þ þ dðy; vn�1Þ½ �
� � �
� Dn dðx; u0Þ þ dðy; v0Þ½ �

Taking limit as n ! 1 to the above equation, we get

limn!1 dðx; unþ1Þ þ dðy; vnþ1Þ ¼ 0. From this we have limn!1 dðx; unþ1Þ ¼ 0 and

limn!1 dðy; vnþ1Þ ¼ 0.

Similarly, we can also prove that limn!1 dðr; unÞ ¼ 0 and limn!1 dðs; vnÞ ¼ 0.

Finally, we arrive at

dðx; rÞ� dðx; unÞ þ dðun; rÞ and dðy; sÞ� dðy; vnÞ þ dðvn; sÞ:

On taking n ! 1 to the above inequalities, we obtain dðx; rÞ ¼ 0 ¼ dðy; sÞ. Hence
x ¼ r and y ¼ s, this shows the uniqueness of f. This completes the proof. h

Theorem 3 Along the hypothesis stated in Theorem 1 and if x0, y0 are comparable
then f has a coupled fixed point in X � X, i.e there exists a point ðx; yÞ 2 X � X such
that x ¼ f ðx; yÞ and y ¼ f ðy; xÞ.

Proof Suppose (x, y) is a coupled fixed point of f, then from Theorem 1, we can get

two sequences fxng and fyng such that xn ! x and yn ! y.
Suppose x0 � y0, we have to claim that xn � yn; 8 n� 0. From the strict monotone

property of f, we have xnþ1 ¼ f ðxn; ynÞ� f ðyn; xnÞ ¼ ynþ1. So, from the contraction

condition of Theorem 1, we have
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dðxnþ1; ynþ1Þ ¼ dðf ðxn; ynÞ; f ðyn; xnÞÞ

� a
dðxn; f ðxn; ynÞÞ 1þ dðyn; f ðyn; xnÞÞ½ �

1þ dðxn; ynÞ
þ b½dðxn; f ðxn; ynÞÞ þ dðyn; f ðyn; xnÞÞ� þ cdðxn; ynÞ

On taking limit as n ! 1, we get

dðx; yÞ� c dðx; yÞ

which is contradiction since c\1 and hence dðx; yÞ ¼ 0. So,

f ðx; yÞ ¼ x ¼ y ¼ f ðy; xÞ. Similarly, we can also show that f ðx; yÞ ¼ x ¼ y ¼ f ðy; xÞ
for considering y0 � x0. Therefore (x, y) is a coupled fixed point of f in X � X. h

4 Applications

In this section, we state some applications of the main result for a self mapping

involving the contractions of integral type.

Let us consider the set of all functions v defined on ½0;1Þ satisfying the

following conditions:

1. Each v is Lebesgue integrable mapping on each compact subset of ½0;1Þ.
2. For any �[ 0, we have

R �

0
v[ 0.

Theorem 4 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

Z ðdðf ðx;yÞ;f ðl;tÞÞ

0

uðtÞdt� a
Z dðx;f ðx;yÞÞ 1þdðl;f ðl;tÞÞ½ �

1þdðx;lÞ

0

uðtÞdt

þ b
Z dðx;f ðx;yÞÞþdðl;f ðl;tÞÞ

0

uðtÞdt

þ c
Z dðx;lÞ

0

uðtÞdt

ð14Þ

for all x; y; l; t 2 X with x� l and y� t, uðtÞ is a function satisfies the above
conditions defined on ½0;1Þ and a; b; c 2 ½0; 1Þ with 0� aþ 2bþ c\1, and if there
exists two points x0; y0 2 X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled
fixed point ðx; yÞ 2 X � X (i.e there exists x; y 2 X such that f ðx; yÞ ¼ x and
f ðy; xÞ ¼ y).

Similarly, we get the following coupled fixed point results in partially ordered

metric spaces, by taking b ¼ 0, a ¼ 0, c ¼ 0 and a ¼ b ¼ 0 in the above Theorems

of Sect. 3.
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Theorem 5 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

Z ðdðf ðx;yÞ;f ðl;tÞÞ

0

uðtÞdt� a
Z dðx;f ðx;yÞÞ 1þdðl;f ðl;tÞÞ½ �

1þdðx;lÞ

0

uðtÞdt þ c
Z dðx;lÞ

0

uðtÞdt ð15Þ

for all x; y; l; t 2 X with x� l and y� t, uðtÞ is a function satisfies the above
conditions defined on ½0;1Þ and a; c 2 ½0; 1Þ with 0� aþ c\1, and if there exists
two points x0; y0 2 X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled fixed
point ðx; yÞ 2 X � X.

Theorem 6 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

Z ðdðf ðx;yÞ;f ðl;tÞÞ

0

uðtÞdt� b
Z dðx;f ðx;yÞÞþdðl;f ðl;tÞÞ

0

uðtÞdt þ c
Z dðx;lÞ

0

uðtÞdt ð16Þ

for all x; y; l; t 2 X with x� l and y� t, uðtÞ is a function satisfies the above
conditions defined on ½0;1Þ and b; c 2 ½0; 1Þ with 0� 2bþ c\1, and if there exists
two points x0; y0 2 X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled fixed
point ðx; yÞ 2 X � X.

Theorem 7 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

Z ðdðf ðx;yÞ;f ðl;tÞÞ

0

uðtÞdt� a
Z dðx;f ðx;yÞÞ 1þdðl;f ðl;tÞÞ½ �

1þdðx;lÞ

0

uðtÞdt

þ b
Z dðx;f ðx;yÞÞþdðl;f ðl;tÞÞ

0

uðtÞdt
ð17Þ

for all x; y; l; t 2 X with x� l and y� t, uðtÞ is a function satisfies the above
conditions defined on ½0;1Þ and a; b 2 ½0; 1Þ with 0� aþ b\1, and if there exists
two points x0; y0 2 X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled fixed
point ðx; yÞ 2 X � X.

Theorem 8 Let ðX; d; �Þ be an ordered complete partially ordered metric space.
Suppose that a continuous self mapping f : X � X is a strict mixed monotone
property on X satisfying the following condition

Z ðdðf ðx;yÞ;f ðl;tÞÞ

0

uðtÞdt� c
Z dðx;lÞ

0

uðtÞdt ð18Þ

for all x; y; l; t 2 X with x� l and y� t, uðtÞ is a function satisfies the above
conditions defined on ½0;1Þ and c 2 ½0; 1Þ with 0� c\1, and if there exists two
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points x0; y0 2 X with x0\f ðx0; y0Þ and y0 [ f ðy0; x0Þ, then f has coupled fixed point
ðx; yÞ 2 X � X.

5 Conclusions

We have proved a coupled fixed point for two mappings over a partially order

metric spaces satisfying certain rational contraction condition along with monotone

property. The existence and uniqueness of the result is presented in this article. This

article generalized and extended many existed results in the literature.
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