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Inequalities for the polar derivative of a polynomial

M. H. Gulzar1 • B. A. Zargar1 • Rubia Akhter1

Received: 30 May 2019 / Accepted: 3 January 2020 / Published online: 11 January 2020
� Forum D’Analystes, Chennai 2020

Abstract
Let P(z) be a polynomial of degree n having all its zeros in jzj � 1, then according to

Turan (Compositio Mathematica 7:89–95, 2004)

max
jZj¼1

jP0ðzÞj � n

2
max
jZj¼1

jPðzÞj:

In this paper, we shall use polar derivative and establish a generalisation and an

extension of this result. Our results also generalize variety of other results.
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1 Introduction

Let Pn denote the class of all complex polynomials of degree at most n. Let B ¼
fz; jzj ¼ 1g denotes the unit disk and B� and Bþ denote the regions inside and

outside the disk B respectively. If P 2 Pn, then according to the well known result

of Bernstein [4]

max
z2B

jP0ðzÞj � nmax
z2B

jPðzÞj: ð1Þ

Inequality (1) is best possible and equality holds for the polynomial PðzÞ ¼ kzn;
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where k is a complex number. If we restrict ourselves to the class of polynomials

having no zeros in B [ B�, then it was conjectured by Erdös and later on proved by

Lax [6] that

max
z2B

jP0ðzÞj � n

2
max
z2B

jPðzÞj; ð2Þ

and if P has no zero in B [ Bþ; then it was proved by Turan [8] that

max
z2B

jP0ðzÞj � n

2
max
z2B

jPðzÞj: ð3Þ

The inequalities (2) and (3) are also best possible and equality holds for polynomials

which have all zeros on B.

If P(z) is a polynomial of degree n and a a complex number, then the polar

derivative of P(z) with respect to a, denoted by DaPðzÞ is defined by

DaPðzÞ ¼ nPðzÞ þ ða� zÞP0ðzÞ:

Clearly DaPðzÞ is a polynomial of degree at most n� 1 and it generalizes the

ordinary derivative in the sense that

lim
a!1

DaPðzÞ
a

¼ P0ðzÞ:

As an extension of (1), Aziz and Shah [3] used polar derivative and established that

if P(z) is a polynomial of degree n, then for every real or complex number a with

jaj[ 1 and for z 2 B,

jDaPðzÞj � njajmax
z2B

jPðzÞj: ð4Þ

Aziz [1] extended inequality (2) to the polar derivative and proved that if p is a

polynomial of degree n having all zero in z 2 B [ Bþ then for a 2 C with jaj � 1

max
z2B

jDaPðzÞj �
nðjaj þ 1Þ

2
max
z2B

jPðzÞj: ð5Þ

If we divide the two sides of (4) and (5) by jaj and let jaj ! 1, we get inequalities

(1) and (2) respectively.

Shah [7] extended (3) to the polar derivative and proved the following result:

Theorem 1.1 If P 2 Pn and has all zeros in z 2 B [ B�, then for jaj � 1

max
z2B

jDaPðzÞj �
nðjaj � 1Þ

2
max
z2B

jPðzÞj: ð6Þ

Theorem (1.1) generalizes (3) and to obtain (3), divide both sides of

Theorem (1.1) by jaj and let jaj ! 1.
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2 Main results

In this paper we obtain some more general results. First we prove the following

generalization of Theorem (6).

Theorem 2.1 If P 2 Pn and PðzÞ ¼
Pn

j¼0 cjz
j has all its zeros in B [ B�, then for

a 2 C with jaj � 1 and z 2 B,

jDaPðzÞj �
ðjaj � 1Þ

2
nþ

ffiffiffiffiffiffiffi
jcnj

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p

" #

jPðzÞj: ð7Þ

The result is sharp and equality holds for the polynomial PðzÞ ¼ cnz
n þ c0 with

jc0j ¼ jcnj 6¼ 0:

Remark 2.1 Since P(z) has all its zeros in B [ B�, therefore jcnj � jc0j, it follows

that Theorem 2.1 is an improvement of inequality (6)

Remark 2.2 If we divide the two sides of Theorem 2.1 by jaj and let jaj ! 1, we

get a result due to Dubinin [5].

Theorem 2.2 If P 2 Pn and PðzÞ ¼
Pn

j¼0 cjz
j has all its zeros in B [ B�, then for

a 2 C with jaj � 1, 0� l\1 and z 2 B,

max
z2B

jDaPðzÞj �
n

2
jaj � 1ð Þmax

z2B
jPðzÞj þ jaj þ 1ð Þlm

� �

þ jaj � 1ð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p

( )

max
z2B

jPðzÞj � lm

� �

;

ð8Þ

where m ¼ minz2B jPðzÞj.

Dividing both sides of (8) by jaj and let jaj ! 1, we get the following result:

Corollary 2.1 If P 2 Pn and PðzÞ ¼
Pn

j¼0 cjz
j has all its zeros in B [ B�, then for

0� l\1 and z 2 B,

jP0ðzÞj � 1

2
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p

( )

max
z2B

jPðzÞj

þ 1

2
n�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p

( )

lm:

ð9Þ

3 Lemmas

For the proof of above Theorems, we need the following lemmas.
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Lemma 3.1 If P 2 Pn and P(z) has all its zeros in B [ B� and QðzÞ ¼ znPð1
�zÞ, then

for z 2 B,

jQ0ðzÞj� jP0ðzÞj:

Lemma 3.1 is a special case of a result due to Aziz and Rather [2].

We also need the following result which is due to Dubinin [5].

Lemma 3.2 If P 2 Pn and P(z) has all zeros in B [ B�, then

Re
zP0ðzÞ
PðzÞ � nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p : ð10Þ

Inequality (10) is sharp and equality holds for polynomials which have all zeros on

B.

4 Proofs of the theorems

Proof of Theorem (2.1) If QðzÞ ¼ znP 1
�z

� �
, it can be easily seen that jQ0ðzÞj ¼

jnPðzÞ � zP0ðzÞj for z 2 B. Also P(z) has all its zeros in z 2 B [ B� so by Lemma

3.1, we have

jP0ðzÞj � jQ0ðzÞj

¼ jnPðzÞ � zP0ðzÞj for z 2 B:
ð11Þ

Now for every complex a with jaj � 1; we have for z 2 B;

jDaPðzÞj ¼ jnPðzÞ þ ða� zÞP0ðzÞj

� jajjP0ðzÞj � jnPðzÞ � zP0ðzÞj:

This gives with the help of (11) that

jDaPðzÞj � ðjaj � 1ÞP0ðzÞ: ð12Þ

By Lemma 3.2, we have for each z on B at which P(z) does not vanish,

Re
zP0ðzÞ
PðzÞ � nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p :

This gives

P0ðzÞ
PðzÞ

�
�
�
�

�
�
�
��Re

zP0ðzÞ
PðzÞ � nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p : ð13Þ

Combining (12) and (13), we get for z 2 B,
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jDaPðzÞj � ðjaj � 1Þ nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p

" #

jPðzÞj: ð14Þ

That is

jDaðPðzÞÞj �
ðjaj � 1Þ

2
nþ

ffiffiffiffiffiffiffi
jcnj

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffi
jcnj

p

" #

jPðzÞj: ð15Þ

This completes proof of Theorem 2.1.

Proof of Theorem (2.2) Since P 2 Pn and by hypothesis P(z) has all its zeros in

B [ B�, if P(z) has a zero on B, then m ¼ min
jzj¼1

jPðzÞj ¼ 0 and the result follows from

Theorem 2.1. So, assume that all the zeros of P(z) lie in B� so that m[ 0. Now

m� jPðzÞj for z 2 B.

If k is any complex number such that jkj\1, then jmkznj\jPðzÞj for z 2 B. Since

all zeros of P(z) lie in B�, it follows by Rouche’s Theorem that all the zeros of

FðzÞ ¼ PðzÞ � kmzn also lie in B�.

Let GðzÞ ¼ znFð1
�zÞ, it can be easily seen that

jG0ðzÞj ¼ jnFðzÞ � zF0ðzÞj for z 2 B:

Also F(z) has all its zeros in z 2 B�, so by Lemma 3.1 ,we have

jF0ðzÞj � jG0ðzÞj

¼ jnFðzÞ � zF0ðzÞj for z 2 B:
ð16Þ

Now for every complex a with jaj � 1; we have for z 2 B,

jDaFðzÞj ¼ jnFðzÞ þ ða� zÞF0ðzÞj

� jajjF0ðzÞj � jnFðzÞ � zF0ðzÞj:

This gives with the help of (16) that

jDaFðzÞj � ðjaj � 1ÞF0ðzÞ: ð17Þ

Since the polynomial FðzÞ ¼ c0 þ c1zþ c2z
2 þ � � � þ cn�1z

n�1 þ ðcn � kmÞzn does

not vanish in jzj\1; we have by Lemma 3.2

Re
zF0ðzÞ
FðzÞ � nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcn � kmj

p :

This gives

F0ðzÞ
FðzÞ

�
�
�
�

�
�
�
��Re

zF0ðzÞ
FðzÞ � nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcn � kmj

p : ð18Þ

Combining (17) and (18), we get for jzj ¼ 1,

123

Inequalities for the polar derivative of a polynomial 927



jDaFðzÞj� ðjaj � 1Þ nþ 1

2
� 1

2

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcn � kmj

p

" #

jFðzÞj: ð19Þ

That is

jDaðPðzÞ � kmznÞj� ðjaj � 1Þ
2

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcn � kmj

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcn � kmj

p

" #

jPðzÞ � kmznj: ð20Þ

jDaPðzÞ � kmnazn�1j � ðjaj � 1Þ
2

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � jkjm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � jkjm

p

" #

jPðzÞ � kmznj:

ð21Þ

It follows by a simple consequence of Laguerre Theorem on the polar derivative of

a polynomial that for every a with jaj � 1 ,the polynomial

DaðPðzÞ � kmznÞ ¼ DaPðzÞ � kmnazn�1 ð22Þ

has all its zeros in B�. Thus, we have

jDaðPðzÞj � kmnjajjzjn�1 for jzj � 1: ð23Þ

Now choosing the argument of k suitably in the left hand side of (21) such that

jDaPðzÞ � kmnazn�1j ¼ jDaPðzÞj � mnjkjjajjzjn�1

which is possible by (23), we get for z 2 B

jDaPðzÞj � mnjajjkj � ðjaj � 1Þ
2

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � jkjm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � jkjm

p

" #

jPðzÞj � jkjmf g:

ð24Þ

From (24), one can easily obtain for z 2 B and for any a 2 C with jaj � 1 that

max
z2B

jDaPðzÞj �
n

2
jaj � 1ð Þmax

z2B
jPðzÞj þ jaj þ 1ð Þlm

� �

þ jaj � 1ð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p
�

ffiffiffiffiffiffiffi
jc0j

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcnj � lm

p

( )

max
z2B

jPðzÞj � lm

� �

;

ð25Þ

where 0� l\1. That completes proof of Theorem 2.2.
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