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Abstract
Let P(z) be a polynomial of degree n having all its zeros in |z| < 1, then according to
Turan (Compositio Mathematica 7:89-95, 2004)

n
P(2)| > = P(z)].
max |[P(2)] 2 S max |P(z)]

In this paper, we shall use polar derivative and establish a generalisation and an
extension of this result. Our results also generalize variety of other results.
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1 Introduction

Let P, denote the class of all complex polynomials of degree at most n. Let B =
{z;|z| = 1} denotes the unit disk and B_ and B, denote the regions inside and
outside the disk B respectively. If P € P,, then according to the well known result
of Bernstein [4]

/
< .
mag P )] < P2 S

Inequality (1) is best possible and equality holds for the polynomial P(z) = 17",
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where / is a complex number. If we restrict ourselves to the class of polynomials
having no zeros in B U B_, then it was conjectured by Erdos and later on proved by
Lax [6] that

, n
m < —m
zean |P (Z)| -2 ze%?x |P(Z)|7 (2)

and if P has no zero in BU B, then it was proved by Turan [8] that
n
/
> —= .
max [P'(z)] > 5 max |P(z)] 3)

The inequalities (2) and (3) are also best possible and equality holds for polynomials
which have all zeros on B.

If P(z) is a polynomial of degree n and o a complex number, then the polar
derivative of P(z) with respect to o, denoted by D,P(z) is defined by

D,P(z) = nP(z) + (¢ — 2)P'(2).

Clearly D,P(z) is a polynomial of degree at most n — 1 and it generalizes the
ordinary derivative in the sense that

D,P
lim 2:P)

o°L—00 [0 4

=P'(2).

As an extension of (1), Aziz and Shah [3] used polar derivative and established that
if P(z) is a polynomial of degree n, then for every real or complex number o with
|| > 1 and for z € B,

ID.P(2)| < nla| ma |P(2). @)

Aziz [1] extended inequality (2) to the polar derivative and proved that if p is a
polynomial of degree n having all zero in z € BU B, then for o € C with |o| > 1

max |P(z)]. (5)

ZEB

n(la| +1)
< - 1 7
max [D,P(2)] < =5

If we divide the two sides of (4) and (5) by |o| and let |¢| — oo, we get inequalities
(1) and (2) respectively.
Shah [7] extended (3) to the polar derivative and proved the following result:

Theorem 1.1 If P € P, and has all zeros in z € BU B_, then for |o| > 1

n(lof — 1)
max [D,P(z)] > ——5——max |P(z)]. (6)

Theorem (1.1) generalizes (3) and to obtain (3), divide both sides of
Theorem (1.1) by || and let |o| — oo.
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2 Main results
In this paper we obtain some more general results. First we prove the following
generalization of Theorem (6).

Theorem 2.1 If P € P, and P(z) = Z;;o ;7 has all its zeros in BUB_, then for
o€ C with |a|>1 and z € B,

L Vel = Vel
Vil

D.P(2)| > P(2)]- (7)

2

The result is sharp and equality holds for the polynomial P(z) = ¢,z" + ¢ with
|co| = lea| # 0.

Remark 2.1 Since P(z) has all its zeros in BU B_, therefore |c,| > |col, it follows
that Theorem 2.1 is an improvement of inequality (6)

Remark 2.2 If we divide the two sides of Theorem 2.1 by || and let |o| — oo, we
get a result due to Dubinin [5].

Theorem 2.2 If P € P, and P(z) = Y7 ;2 has all its zeros in BU B_, then for
o€ Cwith |a|>1,0<I<1 and z € B,

max [D,P(2)| > §{<|a| — 1) max [P(Q)| + (Jo] + 1>1m}

8
(A =1) {” leal = Im — |C0}{max|P( )| - lm} o
2 «/|C,1\—lm Z€B ’

where m = mingep |P(2)].
Dividing both sides of (8) by || and let |«| — oo, we get the following result:

Corollary 2.1 [f P € P, and P(z) = > ¢;@ has all its zeros in BU B_, then for
0<I<1andz€ B,

P> { Vel = zm—ﬂcF}
2 V|Cn‘ Im

1 . Vlen| = Im — +/|co| in
2 Vlen| — Im

P
max [P(z))|

+

3 Lemmas

For the proof of above Theorems, we need the following lemmas.
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Lemma 3.1 If P € P, and P(2) has all its zeros in BUB_ and Q(z) = 2"P(L), then
for z € B,

Q@) <IP' ().

Lemma 3.1 is a special case of a result due to Aziz and Rather [2].
We also need the following result which is due to Dubinin [5].

Lemma 3.2 If P € P, and P(2) has all zeros in BU B_, then
P'(z) _n+1  1y/l|eo
Pz~ 2 2\/]al|

Inequality (10) is sharp and equality holds for polynomials which have all zeros on
B.

Re

(10)

4 Proofs of the theorems

Proof of Theorem (2.1) If Q(z) = Z"F(;), it can be easily seen that |Q'(z)| =

|nP(z) — zP'(z)| for z € B. Also P(z) has all its zeros in z € BU B_ so by Lemma
3.1, we have

IP'(2)| >0 (2)]

: (11)
= |nP(z) — zP'(z)| for z € B.
Now for every complex o with |«| > 1, we have for z € B,
ID,P(2)| = [nP(z) + (o — 2)P'(2)|
> |of|[P'(2)] = [nP(2) — 2P'(2)].
This gives with the help of (11) that
ID2P(2)| = (|| — 1)P'(2). (12)
By Lemma 3.2, we have for each z on B at which P(z) does not vanish,
/
ReZP (2) > n+1 1 |c0|'
P(z) 2 2 /]ca]
This gives
P P’ 11
(2) > Re? (2) S+t 1 |col (13)
P(z) P(z) 2 2]

Combining (12) and (13), we get for z € B,
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DPE) 2 (1~ 1|52 :EZ]IP(Z)I- (14)
That is
(l¢| = 1) leal = /| ol
D,(P > P(z 15
D))z P2 o s SO ) (15)

This completes proof of Theorem 2.1.

Proof of Theorem (2.2) Since P € P, and by hypothesis P(z) has all its zeros in

BUB_, if P(z) has a zero on B, then m = ‘Ir‘un |P(z)| = 0 and the result follows from

Theorem 2.1. So, assume that all the zeros of P(z) lie in B_ so that m > 0. Now
m < |P(z)| for z € B.

If / is any complex number such that |1| <1, then |mAz"| <|P(z)| for z € B. Since
all zeros of P(z) lie in B_, it follows by Rouche’s Theorem that all the zeros of
F(z) = P(z) — Amz" also lie in B_.

Let G(z) = 2"F(2), it can be easily seen that

|G'(2)| = [nF(z) — zF'(z)| for zé€B.
Also F(z) has all its zeros in z € B_, so by Lemma 3.1 ,we have
|F'(2)] >1G'(2)]
= |nF(z) — zF'(z)| for z€B.
Now for every complex o with |x| > 1, we have for z € B,
IDLF (2)] = |nF (2) + (& = 2)F'(2)]
> [of|[F'(2)] — |nF(2) — 2F'(2)-
This gives with the help of (16) that
ID.F(2)] > (Jof = DF'(2). (17)

Since the polynomial F(z) = co + c12+ c22% 4+ - -+ + cu127' + (¢, — Am)Z" does
not vanish in |z] <1, we have by Lemma 3.2

RZF/(Z)>I’Z+171 \/c
¢ F(z) — 2 2/lea
This gives
F'(z) F(z) _n+1 1 +/]col
o Fe =2 2 el (18)

Combining (17) and (18), we get for |z| = 1,
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1
] e LA (19
That is
|D,(P(z) — imZ")| > (MZ_ D n+ c”m |P(z) — imZ"|.  (20)

|D1P(Z) _ /lmnocz"fl\ > ‘OC|2 \/ |Cn | M'm'}' V |C0‘| ) _ /lmz”|
¢yl — |Alm

(21

It follows by a simple consequence of Laguerre Theorem on the polar derivative of
a polynomial that for every o with |o| > 1 ,the polynomial

D,(P(z) — imz") = D,P(z) — Amnoz"" (22)
has all its zeros in B_. Thus, we have
D (P(2)| = dmnlal|z"™" for |2 > 1. (23)
Now choosing the argument of A suitably in the left hand side of (21) such that
ID,P(z) — Jmno"™"| = |D,P(z)| — mn|A||al|z]""
which is possible by (23), we get for z € B

fea] — [7m F} _ i
——rr | (P@I = A}

D)~ mnfa] >

(24)

From (24), one can easily obtain for z € B and for any « € C with |x| > 1 that
n
> — —
max |D,P(z)| > 5 {(fx| 1) max |P(2)| + (|| + 1)lm}

25
+ (A = 1) {'C"'_lm \/k_o}{male )|—lm} >
2 NI ’

ZEB
where 0 </< 1. That completes proof of Theorem 2.2.
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