The Journal of Analysis (2020) 28:663-682
https://doi.org/10.1007/s41478-019-00178-0

ORIGINAL RESEARCH PAPER

®

Check for
updates

An n-dimensional cubic functional equation and its
Hyers—Ulam stability

Abasalt Bodaghi'® - Sandra Pinelas? - Govindan Vediyappan3 -
Kokila Gunesekaran®

Received: 8 January 2019 / Accepted: 7 May 2019 / Published online: 20 May 2019
© Forum D'Analystes, Chennai 2019

Abstract

In this article, we introduce and discuss the general solution of a new n-dimensional
cubic functional equation. Furthermore, we establish the generalized Hyers—Ulam
stability of this functional equation in fuzzy normed spaces using direct and fixed
point approach.

Keywords Cubic functional equation - Fixed point - Hyers—Ulam stability - Fuzzy
normed space

Mathematics Subject Classification 39B52 - 39B72 - 39B82

>< Abasalt Bodaghi
abasalt.bodaghi @ gmail.com

Sandra Pinelas
sandra.pinelas @ gmail.com

Govindan Vediyappan
govindoviya@gmail.com

Kokila Gunesekaran

kokilabalachandar@gmail.com

Department of Mathematics, Garmsar Branch, Islamic Azad University, Garmsar, Iran
Departmento de Cie Ncias Exatas e Engenharia, Academia Militar, Lisbon, Portugal

Department of Mathematics, Sri Vidya Mandir Arts and Science College, Uthangarai,
Tamil Nadu 636 902, India

Department of Mathematics, Government Arts and Science College (Men), Krishnagiri,
Tamil Nadu 635 001, India

@ Springer


http://orcid.org/0000-0003-0358-4518
http://crossmark.crossref.org/dialog/?doi=10.1007/s41478-019-00178-0&domain=pdf

664 A.Bodaghi et al.

1 Introduction

The notion of fuzzy sets which is a powerful hand set for modeling uncertainty and
vagueness in various problems arising in the field of science and engineering has
been introduced by Zadeh [30] in 1965. After that, fuzzy theory has become a very
active area of research and a lot of developments have been made in the theory of
fuzzy sets to find the fuzzy analogues of the classical set theory, for example, see
[23]. Some of them are fuzzy linear systems which have many applications in sci-
ence, such as control problems, information, physics, statistics, engineering, eco-
nomics, finance and even social sciences; for instance, refer to [1, 4] and [5].

The study of stability problems for functional equations is related to a ques-
tion of Ulam [28] concerning the stability of group homomorphisms and affirma-
tively answered for Banach spaces by Hyers [16]. Since then, the stability problems
have been extensively investigated for a variety of functional equations and spaces.
Later on, various generalizations and extension of Hyers’ result were ascertained
by Rassias [26], Aoki [2] and Rassias [25] in different versions. The generalized
Hyers—Ulam stability of different functional equations in various fuzzy normed
spaces has been studied by a number of authors, see [3, 6, 11, 12, 20, 21]) and refer-
ences therein.

The famous functional equation in the field of stability of functional equation is
the cubic functional equation

f&x+2y) = 3f(x +y) + 3f () — f(x —y) = 6f (1), (1
which is introduced by Rassias in [24]. He established the solution of the
Ulam-Hyers stability problem for these cubic mappings. It is easy to see that the
function f(x) = ax> satisfies (1). Thus, every solution of the cubic functional equa-
tion (1) is said to be a cubic function. The following alternative cubic functional
equation

JQx+y) +f2x—y) =2f(x +y) + 2f (x — y) + 12f(x), ()
has been introduced by Jun and Kim in [18]. They found out the general solution
and established the Hyers—Ulam stability for the functional equation (2). They also
[17] introduced the cubic functional equation

FO+2y) +f(x=2y) =4f(x +y) +4f (x — y) — 6f (), 3)
and proved the Hyers—Ulam stability problem for (3). Since f(2x) = 8f(x), the last
functional equation is equal to the following:

Jx+2y) +f(x = 2y) = 2f(x) = f(2x0) + 4f (x + y) + 4 (x — y). 4)
Some generalized cubic functional equations of (2) and (7) have been introduced in

[19] and [22], respectively. In [10], Bodaghi et al. introduced a generalization of the
cubic functional equation (4) as follows:

FQ+ny) +f(x—ny) = 2<2cos (%) +n?— 1>f(x)

- %(cos (%r) +n? - 1>f(2x) +n?[f(x +y) +f(x = )],
)
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for an integer n > 1. They determined the general solution and proved the
Hyers—Ulam stability problem for the functional equation (5) related to cubic Jordan
x-derivations (for stability of cubic derivations on Banach algebras and cubic *-deri-
vations on Banach x-algebras see [9] and [29], respectively). The stability of the Eq.
(5) in various spaces was studied in [8]. For the other version of a cubic functional
equation, refer to [7] and [15].

In this paper, we investigate and introduce the general solution and generalized
Hyers—Ulam stability of cubic functional equation

Z f(xi+xj+xk+xl)=(n—3) Z f(x,»+xj+xk)

1<i<j<k<I<n 1<i<j<k<n
<(n—2)(n—3)> Z £(x+x)
1<i<j<n
n® —6n2 + 11n — 54 c
+ ( - ;ﬂx» + ]Z,f&xj),

(6)

where n is a positive integer in N\{0, 1,2, 3} in fuzzy normed space by applying
direct and fixed point methods.

2 Preliminary notations

In this section, we restate the usual terminology, notations and conventions of the
theory of fuzzy normed space.

Definition 2.1 Let X be a real linear space. A function N : X X R — [0, 1] is said
to be fuzzy norm on X if, forall x,y € X and a,b € R,

(N1) N(x,a)=0,fora <0,

(N2) N(x,a) =1, forall @ > 01if and only if x = 0;
(N3) N(ax,b) = N(x —)lfa £0;

(N4) Nx+y,a+b) > min{N(x,a),N(y,b)};

(N5) N(x,-)is a non-decreasing function on R and lim
(N6) For x # 0 and N(x, -) is continuous on R.

N(x,a) =1,

a—o0

The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, a) as the
truth value of the statement the norm of x is less than or equal to the real number a.

Definition 2.2 Let (X, N) be a fuzzy normed linear space.
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666 A.Bodaghi et al.

(i) Letx,beasequence in X. Then x,, is said to be convergent if there exists x € X
such that lim,,_, N (x, —x,1) = 1forall > 0. In that case, x is called the limit

n—co
of the sequence x, and we denote it by N — lim,,_,  x, = x;
(i) A sequence x,, in X is called Cauchy if for each € > 0 and each # > O there exists
ng such that for all n > nyand all p > 0, we have N(x,,, — x,.1) > 1 —¢€;
(iii) If each Cauchy sequence is convergent, then the fuzzy norm is said to be

complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 2.3 A mapping f : X — Y between fuzzy normed spaces X and Y is con-
tinuous at a point x, if for each sequence {x,} converging to x, in X, the sequence
f{x,} converges to f{x,}. If fis continuous at each point of x;, € X, then fis said to
be continuous on X.

We bring the following theorems, of which some result in fixed point theory
[13]. These results play a fundamental role to arrive our purpose in this paper (an
extension of the result was given in [27]).

Theorem 2.4 [Banach’s contraction principle] Let (X, d) be a complete metric space
and consider a mapping T . X — X which is strictly contractive mapping, that is,

(A1) d(Tx,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1, then

(i) The mapping T has one and only fixed point x* = T(x");
(i) The fixed point for each given element x* is globally attractive, that is,

(A2) lim,_, T"x = x*, for any starting point x € X;

(iii)) One has the following estimation inequalities:
(A3) (T"x,x*) < l—d(T” Tx), foralln > 0,x € X.
(Ad) (x,x") < —d(xx ), Vx € X.

Theorem 2.5 [The alternative of fixed point] Suppose that for a complete general-
ized metric space (X, d) and a strictly contractive mapping T : X — X with Lip-
schitz constant L. Then for each given element x € X either

(B1) (T"x, T"™'x) = +o0, for alln > 0, or
(B2) there exists natural number ny such that

() d(T"x, T 'x) < oo, for all n > ny;

(i1) The sequence (T"x) is convergent to a fixed point y* of T;
(iii)  y*is the umqueﬁxea’pomt of Tin the setY = {y € X;d(T™x,y) < o0};
av) dor,y) < d(y, Ty), forall y € L.
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3 Solution of the functional equation (6)

In this part, we discuss the general solution of the functional equation (6). Check-
ing that the mapping f(x) = cx? satisfies the functional equation (6) is long and
tedious. Hence, in the next result, we show that if the mapping f satisfies (6),
then it satisfies the functional equation (2). Therefore, (6) is a cubic functional
equation.

Lemma 3.1 Let X and Y be real vector spaces. If the mapping f . X — Y satisfies
the functional equation (6), then f . X — Y satisfies the functional equation (2).

Proof Let f : X —> Y satisfies the functional equation (6). Replacing (x, ... ,x,)

n—times
by (0, ...,0) in (6), we get
(n(n = 1)(n = 2)(n = 3))f(0) = (n(n — 1)(n — 2)(n — 3))f(0)

n(n = (n=2)(n = 3)
~ 0
< - )f( ) N
.\ <n3 — 61> -g 1ln — 54>nf(0) + nf(0),

for all x € X. The relation (7) implies that 2(n® — 6n? + 11n + 15)f(0) = 0, and

(n—2)—times

—~
hence £(0) = 0. Interchanging (x,,x,, ..., x,) by (x,—x, 0,...,0 ) in (6), we find

— — — —3)2(n —
<(" Dn =) 4)>f(x+(—x))=<—(n D 4)>f(x+(—x))

6 2
—2)(n - 3)?
_ (W%xﬂ_m
3_ g2 _
_ <n 6n 46-1111 54>(f(x) +f(=x)

+8(f(x) +f(=x)),
®)

for all x€X. The equality f(0)=0 and the relation (8) shows that

(%)(f(x) +f(—x)) = 0. Since n# 1,2,3, we have f(—x) = —f(x). This
(n—1)—times

—~N
means that f is a odd mapping. Now, setting (x;,x,,...,x,) by [x, 0,...,0 [in (6),

we get
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<(n — D —2)(n - 3)>f(x) _ ((n — D -2)(n-3) >f(x)

6 2
B ((n - D(n ; 2)(n—3) )f(x)
)]
3_ g2 _
+ (n 6n -glln 54>f(x) +F(2),

for all x € X. It follows from (9) that f(2x) = 8f(x). Switching (x;,x,, ...,x,) by

(n—4)—times

—~ =
2x,y,=v,y, 0,...,0 |in (6), we obtain

FQxX+Y) +(n = D20 + (n— A 2x +2y) + <W

(- 420 + (w>f(2x “y+ <w>f(2x +y)

2 2
+ <(n -4 ; 5)(n —6) )f(Zx) + (01— () + <(n —4Hn-5)

2
— (- 5)n - — (- 5)n—6
N <(n )(n . 5)(n - 6) ) o)+ <(n )(n . )(n )) Fle)

—(n— —
+<(n )(n65)(n 6)>f(y)

=n -3 +f2x+2y)+ (n—4)f2x +y) +f(2x)

+ =AY Qx =) + (= 4yt ) + EE= Do)
n-2)(n-3

- =D et y) +fQx =)+ )
(1= 420 + 12 + (= 4 + (1 = D (=) + (0 — 4]

3 _ 2 —
N <n 6n znn 54>[f(2x) +1O) +f(=y) +fO)],

>f (x+y)

)f (2y)

(10)

for all x,y € X. Using the property f(2x) = 8f(x), the oddness of f and a simple
computation one show that the relation (10) can be converted to

3f2x+y) +f2x —y) = 8f(x +y) + 24f (x), (11)
for all x,y € X. Substituting y by —y in (11), we arrive at

f2x—y) +f2x+y) =8 (x — y) + 24f (), (12)
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for all x,y € X. Plugging (11) into (12), we have

SCx+y)+f2x—y) =2f(x +y) + 2f (x — y) + 12f (),
for all x,y € X. This finishes the proof. O

4 Stability results for (6)-direct method

In this section, we establish the stability of (6) in fuzzy normed space using direct
n—times

—N—
method. Throughout this paper, we denote X X X X --- X X by X". In addition, we
assume that X, (Z, F) and (Y, F’) are linear space, fuzzy normed space and fuzzy
Banach space, respectively. Given f : X — Y, for notational handiness, we define
the difference operators Df : X X X — Y by

Df(x;,xy,...,%,) = Z f(xi+xj+xk+x,)—(n—3) Z f(xi+xj+xk)

1<i<j<k<I<n 1<i<j<k<n

(E2059) $

1<i<j<n

<n —6n? -glln 54>Zf(x) Zf(zx)

Jj=1

for all x;,x,, ...,x, € X.
Theorem 4.1 Let ﬂ3€ {=1,1}and d > 0. Let y : X" —> Z be a multi linear map-
ping with 0 < (g) < land

F'(x(2%x,0,...,0),7) > F/(d y(x,0,...,0),7), (13)
forall x € X and

lim F’(;{(Zﬂkxl,Zﬂkxz, ,Zﬂkxn),ZSﬂkr) =1, (14)

k—o0

for all x|,x,,...,x, € X and all r > 0. Suppose that a mapping f : X — Y satis-
fies the inequality

F(Df(xl,xz, ,xn),r) > F’(;((xl,xz, ,xn),r), (15)
forallr > 0and all x,,x,, ... ,x, € X. Then, the limit

@ Springer
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fQ2x)
23pk

Cx)y=F - klim (16)

exists for all x € X and the mapping C : X — Y is a unique cubic mapping such
that

F(f(x) = C),r) 2 F' (x(x,0,...,0),r | 2° =d |), (17)
forallx € X and allr > 0.

Proof Replacing (xl,x2, ,xn) by (0, ...,0)in (15), we have
F(2(n’ = 6n* + 11n+ 15)f(0), r) > F'(x(0,0, ..., 0),r), (18)
for all » > 0. The relation (18) implies that

r r
F| £(0), >F 0,0,...,0),
<f( ) 2(n3—6n2+11n+15)> <X( ) 2(n3—6n2+11n+15)>

(19)
for all » > 0. Since y(0,0,...,0) = 0, it follows from (19) that f(0) = 0. Interchang-

(n—1)—times

—~
ing(xl,xz,...,xn)by x, 0,...,0 |in (15), we get

(n—1Dn—-2)(n-3) n® —6n* + 11n — 54
F( 5 f(x) = < 3 )f(X) —f(2x}r> 20)
> F'(y(x,0,...,0),r),
for all x € X and all » > 0. Hence,
F@f(x) —f(2x),r) > F'(x(x,0,...,0),7), 3))
for all x € X and all » > 0. For = 1, we have
2
F<f(x) -2 g) > F'(4(x.0,....0).7). 22)
and for § = —1, we have
F(Sf(%) —f(x),r) > F’(;{(%,O, ...,0),r), 23)

for all x € X and all » > 0. Replacing x by 2"x in (22), we obtain
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2n+1
F(f( 8 2 _f(z”x)’§> > F'(7(2'%,0, .., 0), ), 24

for all x € X and all » > 0. Using (13), the property (N3) in (24), we arrive

2n+1
<f( ) _ ), ) > F’(;((x 0,...,0), dl> 25)

for all x € X and all > 0. It is easy to verify from (25) that

fQ*y)  fQ) , r
F< 23(n+1) - 23n ’ 23(n+1) 2 F ()((X, 0,..., 0)’ E)’ (26)

holds for all x € X and all » > 0. Replacing r by d"r in (26), we get

F<f(2"+lx) @

!
23+ 230 23(n+1)> 2 F(y&.0,....0),7), @7)

for all x € X and all » > 0. It is easy to see that

omn 21+1 2[
QD - Z[f( Y x>]’ o8

23n 23Gi+1) 23i

for all x € X. From Egs. (27) and (28), we have

f2"x) w1 @MY fQY) iy
( 23n —f, Z 73 23n> min U; 1{ 23(i+1) 23 ’ 2393 }
> min U/} {F/(x(x,0,...,0),r)} (29)

ZF’(;((x,O,...,O),r)
ZF/(I(X,O,...,O),T’)

for all x € X and all r > 0. Switching x by 2"x in (29) and using (13), (N3), we
obtain

> > F'(7(x,0, ..., 0), dim), (30)

F(f(2n+mx) _ f(zmx) ’ ”21 dir

23(n+m) 23m 7 &d 23 Q3(im)

for all x € X and all » > 0 and all m, n > 0. Substituting r by d"'r in (30), we get
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672 A.Bodaghi et al.

m+n—1

fQ™"x)  f(2"x) d'r ,
F( B+m)  pdm 2 23.231')ZF(X(X’O"“’O)J)’ (31)

i=m

for all x € X and all r > 0 and all m,n > 0. Using the property (N3) in (30), we find

r

2m+n—1 di
i=m 23 23i

2n+m 2m
F<f( x)  f@") ’ 32)

!
23(n+m) - 23m ,}")ZF ){()C,O,...,O),

for all x € X and all r > 0 and all m,n > 0. Since 0 <d < 2% and T, (£ ) < o,

S . . 27 \ -
the Cauchy criterion for convergence and the property (N5) implies that {f X } isa

Cauchy sequence in (Y, N). Since (Y, N) is a fuzzy Banach space, this sequence con-
verges to some point C(x) € Y. Hence, one can define the mapping C : X — Y by

C(x) = F — lim {f (2'%) }

23n

for all x € X. Letting m = 0 in (32), we get

r
n—1 d
i=0 23 23i

F<f(2 x) —f(x), I") > F’ X(x’ O, ,O), ’ (33)

23n
for all x € X and all r > 0. Letting n — oo in (33) and using (Ng), we arrive

F(f(x) — C(x), 1) > F'(x(x,0,...,0),7(2* — d)),

for all x € X and all r > 0. Here, we claim that C is cubic. Replacing (x;, x,, ... ,x,,)
by (2"x;,2"x,, ..., 2"x,) in (15), respectively, we get
1 n n n n n n n
F(ﬁDfQ x1,2"%5, ..., 2 xn),r> > F (x(2"x,2"x,,...,2 x,), 23 r),

for all x;,x,,...,x, € X and all r > 0. Since

lim F'( y(2"x),2"x,, ...,2"x,),2%"r) = 1,

n—oo

C satisfies the functional equation (6). Hence, the mapping C : X — T is cubic.
To prove the uniqueness of C, let D : X — Y be another cubic mapping satisfying
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(17). Fix x € X. Clearly, C(2"x) = 2*"C(x) and D(2"x) = 23"D(x) for all x € X for all
x € X and all n € N. It follows from (17) that

F(C(x) — D), 7) = N( c@) _ De') r)

23n 23,,
n n on n
> mind p(CEHD [N r\ p([@N) DR r
23n 23n 2 23n 23n )
23n.(23 _
2F’<1(2”x,0,...,0),r(Td)>
23"7'(23 _ d)
>F' ,0,...,0), ———— =
B <X(x T
2323 —d)

for all x € X and all r > 0. Since lim,_, = 0o, we obtain

2dn

lim F'<}((x, 0,...,0),

n—-oo

22} —d)\ .
24n o

Thus, F(C(x) — D(x),r) =1 for all x € X and all » > 0, and so C(x) = D(x). For
p = —1, one can prove the other part of the proof in a similar method. Therefore, the
proof is completed. O

The following corollary is a direct consequence of Theorem 4.1 concerning the
stability of (6). We include it without the proof.

Corollary 4.2 Let €,s be constants with € > 0. Suppose that the mapping
f X — Y satisfies the inequality

F'(e,r)

F(Df(xy, %5, ...,x,),1) 2 F’(GZL] [ 1%, 7) ,
F'(e(X iy 1™ +TEL 11 1°), 7)

for all x,,x,,...,x, € X and all r > 0. Then there exists a unique cubic function
C : X — Y such that

F'e,r|71)
F(f(x) — C@),r) =3 F'(ellxll', r |22 =27]); s#3
F'(Gellxll™, r 123 = 2" [); s # 2

forall x € X andr > 0.
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5 Stability results for (6)-fixed point method

In this section, in analogy with Theorem 4.1, we bring the following generalized
Hyers—Ulam stability results for the functional equations (6) in fuzzy normed space
using fixed point method. To prove the stability result, we define the following y; is

a constant such that
{ 2ifi=0
[l/. = 1 . . N
! E lf i=1
and Q is the set such that Q = {p|p : X — Y, P(0) = 0}.
Theorem 5.1 Let f : X — Y be a mapping for which there exists a mapping
x - X" — Z with condition

lim_ F' ()((q/ikxl, y/[.kxz, e tpl.kxn), y/?kr) =1, (34)
and satisfying the inequality

F(Df(xl,xz, ,xn),r) > F’()((xl,xz, ,xn),r), (35)

for all x,x,,...,x, € X and r > 0. If there exists L = L(i) such that the mapping
x— fx)=y ;—C,O, ,0) has the property

F <Li3ﬁ(w,-x>, r) = F(B), 1), (36)

l
forall x € X and r > 0, then there exists a unique cubic function C : X — Y satis-

fying the functional equation (6) and

Ll—i
1-L

F(f(x) — C(x),r) > F’( B(x), r>, (37)

forall x € X andr > 0.

Proof Let d be a general metric on Q such that
d(t,u) = inf {k € (0, 00)|F(t(x) — u(x), r) > F'(B(x),kr),x € X,r > 0}.
It is easy to see that (Q, d) is complete. Define T : Q — Q by Tt(x) = ;—_st(n,»x) for

all x € X. Assume that for ¢, u € Q, d(t,u) = k. Then F(t(x) — u(x), r) > F"(ﬂ(x), kr).

So, F('(Z—) — r) > F'(B(n.), ki’ r). This implies that
F(Tt(x) = Tu(x), r) 2 F'(B(nx), kn>r). Thus, F(Tt(x) = Tu(x), ) > F'(B(x),kLr) and
hence d(Tt(x), Tu(x)) < kL. The last inequality shows that d(Tt, Tu) < Ld(t, u) for all
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An n-dimensional cubic functional equation and its Hyers... 675

t,u € Q. Therefore, T is strictly contractive mapping on Q with Lipschitz constant L.
Replacing (x, x,, ..., x,) by (x,0, ...,0) in (35), we get

F(f2x) = 8f(x),r) 2 F'(y(x,0, ..., 0),7), (38)
for all x € X and r > 0. Using the property (N3) in (38), we arrive at

2
(f( Y _f), ) ZF’<%I//(X,0,...,O),r>, (39)

for all x € X and r > 0. Applying (36) when i = 0, it follows from (39) that

2
(f @9 _ reo.r >2F’(Lﬂ(x), ), (40)

for all x € X and r > 0. Interchanging x by g in (38), we obtain

s =r(e(oo))

for all x € X and r > 0. When i = 1, it follows from (41) that

Ff =873 )or) = Fon, “2)

for all x € X and r > 0. From (40) and (42), we can conclude T(f, Tf) < L'~ < o
fori € {0, 1}. Now, Theorem 2.5 in both cases necessitates that there exists a fixed
point C of T in Q such that

k
Cx)=F - me(:yf),

for all x € X and r > 0. Letting (x,,x,, ..., x,) by (7°x,7x,, ..., nfx,) in (35), we
find

1
F <7Df(n,’-‘x1,nf»‘xz, i), r> > F(wnfxy, n'xy, .. nfx,), n* ),
n

i

for all » > 0 and all x,x,,...,x, € X. By proceeding with the same procedure of
Theorem 4.1, we can prove the function C : X — Y is cubic and its satisfies the
functional equation (6). By Theorem 2.5, C is a unique fixed point of 7T in the set
A ={f € Q|d(f,C) < oo}.In other words, C is a unique function such that
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F(f(x) = C(x), r) 2 F'(B(x), kr),

forallx € X and r > 0. Again using Theorem 2.5, we have d(f, C) < —d(f Tf) and
s0 d(f,C) < X2 Thus, F(f(x) — Cx), r) > F’(ﬁ(x)— r) for all x € X and r > 0.
This completes the proof. a

The upcoming corollary shows that the functional equation (6) can be stable if we
apply Theorem 5.1.

Corollary 5.2 Let €,s be real numbers with € > 0. Suppose that the mapping
f X — Y satisfies the inequality

F'(e,r)

FDf (51, oo 5, )u7) 2 3 Fe B ] .7)
FCEL, bl + 11, [ 1)),

for all x,,x,,...,x, € X and all r > 0. Then there exists a unique cubic mapping
C : X — Y such that

F'(e,7r)
F(f(x) = Cx),r) > F'(ellxll*,r 122 =2°); s#3 |
F((ellxll™, r 2% =21 ]); s # 2

forall x € X andr > 0.

Proof Set

XX, %, .0, x,) = EZ, 1||x||b
e(Xi ,||X||"5+H"1||X||)

for all x;, x,, ..., x, € X. Then

Flle.yn)

F'(x(whixwhxg, ooyl ) ) =3 Fle X x5 w -
F'e(X, 1™ +H" L), w T

(3 )k "

-1 as k— oo
=<4->1as k- o
-1 as k- oo.
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This means that (34) holds. We also have

F <L%ﬁ(wix>, r) = F'(B(x). 1),
/g

l

for all x € X and r > 0 where f(x) is defined in Theorem 5.1. Hence,

F'(e,r)
F'(Bx), r) = F’(;((f 0 ...,0),r) = { Fl(nex|f*, r2%)
F'(ellx]|™, r2").

On the other hand,
F'(S,r
3
ol o v o v, P
—B(wx).r | = — =1 v 3ﬁ(X)
Vi F,<e||xL|j;w{”’r2ns> w7 B(x)

for all x € X. To finish the proof we consider the following cases:
Case 1.L =273ifi = 0.

! Ll_i ! 2_3 /!
F(f(x)— Cx),r) > F < 1 _Lﬁ(x), r> =F <1 — 2_36, r> > F'(e,7r).

Case2. L =23%ifi=1.

FE@ - Coon = F | L gy, r = F(—5er) 2 Fe.-70)
SR I -2 =T

Case3.L =23fors > 3ifi=0.

F(f() — CQ).r) > F (MT‘L()@, r)

s=3
- F’< 1 2 el r> > F (el r@ - 2°)).
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Cased. L =23"fors < 3ifi= 1.

F(f() - C).r) 2 F' ( lLl__iLﬁoo, r) = P (el 2 ) 2 (el 2 = 2).

Case 5. L =2"3fors > %ifi =0.

Ll—i
1-L

F(f(x) = C(x), 1) 2 F’( Bx), r)

ns—3
— F!( - 2 €”xl|nx2n$’ 7‘> > F’(€|I)C||ns, 7(23 _ 2nS))'

— Qns=3

Case 6. L = 23" for s < %ifi =1

! Ll_i ! 1 nsHns ! ns ns
F(f@) — C(x).r) > F <1 — () r> =F (1 — el ) 2 F (ellall™, r2 = 27)

Now, the proof is completed. O

The idea of the following example is taken from [14]. In fact, we illustrate that
the functional equation (6) can be non-stable on the space of real numbers.

Example5.3 Let y : R —» R be a function defined by

}((x)={rx3, iflx|<1

r, otherwise,

where r > 0 is a constant. Define the function f : R — R by

[s4) 2”
fw=Y 222,
n=0

for all x € R. We first show that f'satisfies the functional inequality

|Df(x;, %, ..., x,)|

3 =32 +2n) (P —6n2+11n—6)[n(n+ D]*\ [ w
S< 2 + G [ 7 ] ><§;|xi |3>r,

(43)

for all x,y € R. Note that f'is bounded. In other words,
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o0 2n [So]
o1y HEI _y LY
n=0

~ 23n 7
for all x € R. If x; =x, = -+- =x, =0, then (24) is trivial. If 37" | x; [>> é, then
the left-hand side of (43) is less than <("3_3;2+2") + ("3_6"2:”"_6) ["(”;])] >r. Now

suppose that 0 < Z?:o | x; P< % Thus, there exists a positive integer k such that

n
1 3 1
oo < Z 5 P< o (44)
k—1,3 1 Qk-1.3 1 k=1.3 1
such that 8 'x> < 5,8 X, <z .., 8 x, < g,and consequently

1

Zk'l(x[ + X + X, +x,), k-1 Z (x[ +x; +xk),

1<i<j<k<I<n 1<i<j<k<n
n n n
Y2 +x). D2, D2 e (-1, D).
1<i<j<n i=1 j=1

Therefore, for eachn € {0, 1, ...,k — 1}, we have

Zn(xi+xj+xk+xl),2" Z (xi+xj+xk),

1<i<j<k<i<n 1<i<j<k<n
D 2(x+x), D2, D 2"(2x) € (-1, 1)
1<i<j<n i=1 j=1

and
Z ;((2"(x,- +x; + X +x,)) -(n-3) z )((2”(xi +x; + xk))
1<i<j<k<i<n 1<i<j<k<n
n-2n-3)\ < . -6+ 1ln—54\ @ »
+ <—2 > 15;91(2 (x; +xj)) - < 3 ) ; x(2"(x;)

- ) x(@"@x)) =0.

=]

From the definition of fand (26), we obtain
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| Df (xy,%;, ..., x,) |
o |
< 25 | Z ;((2”(x,-+xj+xk +xl))
n=0 1<i<j<k<I<n
n—2)(n-3 .
—(n-3) Z )((2"(x,~ +x; +xk)) + <¥> Z }((2"()6[ +xj))
1<i<j<k<n 1<i<j<n

3_6n2+11n—54) % c

- <” e ) Z:, 22"(x) — 2:, 22" 2x) |
i= j=

< Z,‘cg_l" | Z X(Z”(xi+xj+xk +x,))

1<i<j<k<I<n

-(n-3) Z )((2"(xi+xj+xk))+<w> 2 x (2" + x))

1<i<j<k<n 2 1<i<j<n

B <n3 —6n?+11n— 54) Z 2(2"(x)) — Z 22" 2x)) |
i=1 J=1

2)(2) | x; |3)r.

nn+1)
2

3_n,2 3 _ g2 _
S<(n 3; +20) (@ 6n;—11n 6)

Thus, f satisfies (43) for all x|, x,,...,x, € R with 0 < 37" | x; I’< é We claim
that there is not any cubic mapping C : R — R and a constant § > 0 such that

|fG) - C) IS Bl x P, (45)

for all x € R. Suppose the contrary to our claim. Hence, there exists a constant
a € R such that C(x) = ax®for all x € R. So

F@I < (lal + plxP, (46)
for all x € R. On the other hand, consider m € N such that (m + 1)r > |a| + f. If x is
a real number in (0, 2%) then 2"x € (0,1) foralln =0, 1, ..., k — 1. Therefore, for
such x, we get

m

foo =Y 220 5 $ 2y 18 > (Ja] + p)
n=0

23n 23n

n=

The above relation contradicts (46).
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