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Abstract In this paper, we proved the general solution in vector space and established
the generalized Ulam—Hyers stability of (a, b; k > 0)— cubic functional equation

Vkb

ax +Viby) + =y (cr = VbY) + k(@ = kb6 (v)

= k(ab)*f(x +y) + (a* — kb*)d*f (x)

a +2\/Ebf<

where a # +1,0;b # +1,0;k > 0 in Banach space and Intuitionistic fuzzy normed
spaces using both direct and fixed point methods.
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1 Introduction

One of the most interesting questions in the theory of functional equations
concerning the famous Ulam stability problem is, as follows: when is it true that a
mapping satisfying a functional equation approximately, must be close to an exact
solution of the given functional equation?

The first stability problem was raised by Ulam [13] during his talk at the
University of Wisconsin in 1940. In fact, we are given a group (G, -) and let (G», )
be a metric group with the metric d(-, -). Given ¢ > 0, does there exist a 0 > 0, such
that if a mapping & : G; — G; satisfies the inequality d(h(x - y), h(x)*xh(y)) <6 for
all x,y € Gy, then there exists a homomorphism H:G; — G, with
d(h(x),H(x)) <e for all x € G?

Hyers [3] gave the first affirmative partial answer to the question of Ulam for
Banach spaces. It was further generalized via excellent results obtained by a number
of authors [1, 2, 8, 10, 11]. The solution and stability of the following cubic
functional equations

C(x+2y)+3C(x) =3C(x+y)+ Clx—y) +6C(y), (1.1)
F@x+y) +f(2x —y) = 2f(x +y) + 2f (x — y) + 12f(x), (1.2)
fx+y+22)+flx+y—22) +f(2x) +f(2y)
=2[f(x +y) +2f(x +2) +2f(y + 2) + 2f (x — 2) + 2f (v — 2)], (1.3)
k(k* — 1)

K (x+ k) = flke +y) = == [fx +3) +fx = )]+ € = Df () (1.4)
— 2k(K* — 1)f(x),k>2

were investigated by Rassias [9], Jun et al. [4], Jung and Chang [6], Rassias et.
al. [5].
Now, we will recall the fundamental results in fixed point theory.

Theorem 1.1 (Banach’s contraction principle) Let (X, d) be a complete metric
space and consider a mapping T : X — X which is strictly contractive mapping,
that is

(Ay) d(Tx, Ty) < Ld(x,y) for some (Lipschitz constant) L<1. Then,

(i)  The mapping T has one and only one fixed point x* = T(x*);
(i)  The fixed point for each given element x* is globally attractive; that is

(A2) limy_.o T"x = x*, for any starting point x € X,

(iii))  The following estimation inequalities hold:
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(A3) d(T"x,x*) < 5d(T"x, T"'x),Vn > 0,Vx € X;

)
(A9) d(r.x') < tlpd(x,x"), Va € X.
Theorem 1.2 [7] (The alternative of fixed point) Suppose that for a complete
generalized metric space (X, d) and a strictly contractive mapping T : X — X with
Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T"x,T""'x) =00 Vn>0, or
(By) there exists a natural number ny such that:

() d(T"x, T""'x) < oo for all n > ny;

(il)  The sequence (T"x) is convergent to a fixed point y* of T
(iii)  y* is the unique fixed point of T in the set Y = {y € X : d(T"x,y) <o0};
(iv)  d(y*,y) < 1zd(y,Ty) forall y € Y.

There are many situations where the norm of a vector is not possible to find and
the concept of intuitionistic fuzzy norm seems to be more suitable in such cases, that
is, we can deal with such situations by modelling the inexactness by intuitionistic
fuzzy norm.

In this paper, we established the generalized Ulam-Hyers stability of
(a,b;k > 0)— cubic functional equation

Vkb

ax + \/I?by) + G_Tf (ax - \/lzby) + k(a® — kb*)b*f (y)

= k(ab)*f(x +y) + (a* — kb*)d*f(x)

a—|—\//;b
1 (1.5)

where a # +1,0;b # +1,0; k > 0 in intuitionistic fuzzy normed space using direct
and fixed point methods.

2 Solution of the cubic functional Eq. (1.5)
In this section, the general solution of the functional Eq. (1.5) is given. Throughout
this section, assume that 4; and A, are vector spaces.

Lemma 2.1 If a mapping f : Ay — A, satisfies the functional Eq. (1.5), then the
following properties hold

@ f(0)=0,
(i)  f(ax) = a*f(x), for all x € A;.
(i) f(—y) = —f(y), for all y € Ay; that is, f is an odd function.

Proof Letting (x, y) by (0, 0) in (1.5), we get
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394 S. Karthikeyan et al.

£(0) (a +2\/l;b +1 _2\/Eb + k(a® — kb*)b* — k(ab)* — (d® — kbz)a2> =0,or

£(0) (a + ka®b? — Kb — k(ab)? — a* + kazbz) =0,0r
£0)(a(1 — &) + b*(ka® — K*b%)) = 0.

Since a # £1,0;b # +1,0;k > 0, we arrive (i).
Replacing (x, y) by (x, 0) in (1.5), we obtain

kb —Vkb
D ) +

af (ax) = (k(ab)* + a* — ka*b*)f (x), or
af (ax) = a*f(x),a # 0,0r
flax) = af (x)

for all x € A;. Thus, (ii) holds.
With the help of (ii) and setting x by 0 in (1.5), we get

a +2x/l€bf (\/l€by) +2 _zﬂbf(—x/liby) +k(a® — kb)bf (v) = k(ab)’f (y)
a e a- L

% ) + Wf (=) = Kb () =0

(a+ VRDDRY () + (a — VEDDES (=) — 22 () = 0

PRFO)[(a = VRD)] + (a = VEB)ERF () =0

(a = VED)D RIS () +£(=y)] = 0

for all y € A;. Finally, (iii) holds, since a # +1,0;b # £1,0;k > 0. Thus f is an
odd function. Hence the proof is complete. O

(ax) = k(ab)*f(x) + (a® — kb?)d?f (x), or

3 Stability results in Banach space

In this section, we investigate the generalized Ulam-Hyers stability of the
functional Eq. (1.5) in Banach space using direct and fixed point methods.
Throughout this section, let us consider Z; be a normed space and Z, be a

Banach space. Define a mapping Df(, p1) : £1 — Z2 by

Dfa i) (x,y) = 4 +2\/];bf (ax + \/%by) +4 _zﬁbf (ax - \/l;by)

+ k(a> = KbP)DF(y) — k(ab)F (x + ) — (@ — kb2)af (x)

where a # +1,0;b # +1,0;k > 0 for all x,y € Z;.
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3.1 Banach space: direct method
Theorem 3.1 Let g = +1 and K : 22 — [0,00) be a function such that

00 . ‘ . ‘
K(a®x,a? . . K(a%x,a¥
E M convergesin R and hmu
a3as =00 a3q.v

=0 (3.1
5s=0

forall x,y € Zy. Let Dfqpx) : Z1 — 22 be a function fulfilling the inequality

1Dy (x, 9)[| <K (x,9) (3.2)

for all x,y € Z|. Then there exists a unique cubic function C: Z, — Z, which
satisfies (1.5) and

I = K(a®x,a®x)

1) =Cll= 5 _ T (3.3)
=7
where C(x) are defined by
_ o f(dx)
Clx) = plilgc v (3.4)
for all x € Z,, respectively.
Proof Case (i): Assume g = 1.
Changing (x, y) by (x, 0) in (3.2), we get
||af (ax ) — a'f(x )| <K (x,0) (3.5)
for all x € Z. It follows from (3.5) that
(ax) K(x,0)
e g < 25 (36)
for all x € Z;. Now replacing x by ax and dividing by a* in (3.6), we have
(a®x)  f(ax) K(ax,0)
H[ a® & = a’ (37

for all x € Z,. From (3.6) and (3.7), we obtain
Hf(azx) < H/(azx) ~ flax) L H/(ax) _f(x)H < 1 [K(L 0) 1 K(ax,0)

a ab a’ a’ a* al
(3.8)
for all x € Z;. Generalizing, for a positive integer p, we obtain
(a”x) 1 =K (a’x,0)
[ - oo < e e9
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for all x € Z;. To prove the convergence of the sequence {f (Z;x

}, replacing x by a’x
and dividing by ¢ in (3.9), for any p,s > 0, we get

Y(aﬂﬂx) _f@x) W @) o

a3(p+s) a3s a’r

1

a3s

for all x € Z;. Thus it follows that the sequence {f %f‘)} is a Cauchy in Z, and so it
converges. Define a mapping C(x) : Z; — Z; by
or
e — tim 12

p—00 2317

for all x € Z;. In order to show that C satisfies (1.5), replacing (x, y) by (ax, a’y)
and dividing by a* in (3.2), we have

HDC(x,y)m’b;k)‘ = pli»nolcan | Df iy (@x, ay)|| < ,,ILHOIOLK(apx a’y)
for all x,y € Z; and hence the mapping C is cubic. Taking the limit as p approaches
to infinity in (3.9), we find that the mapping C is a cubic mapping satisfying the
inequality (3.3) near the approximate mapping f : Z; — 2, of Eq. (1.5). Hence, C
satisfies (1.5), for all x,y € Z;.
To prove that C is unique, we assume now that there is C' as another cubic
mapping satisfying (1.5) and the inequality (3.3). Then it is easily proved that

C(a'x) = a*C(x), C'(a’x) =a¥C (x)
for all x € Z; and all s € N. Thus

IC(x) = C' ()l = a% IC(a’x) — C'(a’x)|

< %{I\C(asx) —fl@x)[| + [/ (@'x) = C'(a"x)[|}

2 2 x(aPTx, a’x)
a4 — a3(p+s)
for all x € Z;. Therefore, as p — oo in the above inequality, we get the uniqueness
of C. Hence the theorem holds for g = 1.
Case (ii): Assume ¢ = —1. Now replacing x by = in (3.5), we get

1 -arC)| = K( 0) (3.10)
for all x € Z,. The rest of the proof is similar to that of case g = 1. Hence for
g = —1 also the theorem holds. This completes the proof. O
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The following corollary is an immediate consequence of Theorem 3.1 concerning
the stabilities of (1.5).

Corollary 3.2 Let Df(y ) : 21 — Z2 be a mapping. If there exist real numbers
P and t such that

.
| Dfiasy e < 4 PRIRI+ AT, (3.11)
B+ { I+ I} .

for all x,y € Z,, then there exists a unique cubic function C : Z, — 2, such that

_ap
a -1
apllx|'
[f(x) —C)| < @ —al 1#3, (3.12)
ap|lx[|
@ — ] 2t#£3,

for all x € Z,.
Using Theorem 1.2, we obtain the generalized Ulam—Hyers stability of (1.5).
3.2 Banach space: fixed point method

Theorem 3.3 Let Dfyupp) 1 21 — Z2 be a mapping for which there exists a
function K : 22 — [0, 00) with the condition

: ] n n
Jim <5 K (97, 07y) = 0 (3.13)
where
a if i=0,
0;=4¢1 3.14
Loy izt (3.14)
a
such that the functional inequality
HDf(a,b,k)(x7y)H SK(-xvy) (315)

holds for all x,y € Z,. Assume that there exists L = L(i) such that the function
1
D(x,0) = 7K<£,0>
a \a

with the property
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%D(éix, 0) = LD(x,0) (3.16)

for all x € Z,. Then there exists a unique cubic mapping C : Z2, — Z, satisfying
the functional Eq. (1.5) and

1) = el 1 < (=)o) (3.17)

for all x € Z,.
Proof Consider the set
A={h/h:Z; — 2Z,,h(0) = 0}
and introduce the generalized metric on A,
d(h,f) = inf{w € (0,00) :|| h(x) —f(x) || <wD(x,x),x € Z;}. (3.18)

It is easy to see that (3.18) is complete with respect to the defined metric. Define
J: A— Aby
1
Jh(x) = §h(5,-x),

for all x € Z;. Now, from (3.18) and h,f € A

inf{w € (0,00) :|| h(x) —f(x) || <wD(x,x),x € Z,}or

inf{a) € (0,00) : (0ix) — 53f( X)|[ <

% —D(d;x, 5x)x€Zl}or

i

inf{Lw € (0,00) :

1
3 h(5,x) — §f(5lx)

i

<LwD(x,x),x € Z, }or

inf{Lw € (0,00) :|| Ja(x) — Jf(x) || <LwD(x,x),x € Z1}

This implies J is a strictly contractive mapping on A with Lipschitz constant L. It
follows from (3.18), (3.6) and (3.16) for the case i = 0, we reach

inf{1 € (0,00) : ||af (ax ) —a*f(x )| <K(x,0),x € 21} or (3.19)
inf{l H[ H K(x,0), xGZl}
inf{L € (0,00) : ||Jf(x) —f(x)|| <LD(x,0),x € Z,}or (3.20)

inf{L"' € (0,00) : |[Jf(x) — f(x)|| <LD(x,0),x € Z,} or
inf{Ll_O € (0,00) : |lJf (x) — f(x)[| <LD(x,0),x € Z,}

Again replacing x = % in (3.19) and (3.16) for the case i = 1, we get
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1nf{16(0 00) Haf —a‘b‘(Z)HSK({,O),xEZI}or
X
a

)<k (0)xe 2 bor

1nf{1€(0<>o Hf —a’f

(3.21)
inf{l € (0,00) : || f(x) = Jf(x)|]| <D(x,0),x € Z,}or
inf{L° € (0,00) : || f(x) — JFf(x)|| <D(x,0),x € Z,} or
inf{L'"" € (0,00) : || f(x) — JF(x)|| <D(x,0),x € Z;}.
Thus, from (3.20) and (3.21), we arrive
inf{L'"" € (0,00) : || f(x) — JF(x)|| <L''D(x,0),x € Z; }. (3.22)

Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed
point C of J in A such that

C(x) = Tim = £(60) (3.23)

n—00 53”
for all x € Z,. In order to show that C satisfies (1.5), replacing (x, y) by (J!x, d}y)
and dividing by 6;" in (3.15), we have

3 l n n : 1 n n
[DCtx )| = Jim =5 1 Dfian (0707 | < Jim K (67, 07) = 0

for all x,y € Zj, and so the mapping C is cubic. i.e., C satisfies the functional Eq.
(1.5). By property (FP3), C is the unique fixed point of J in the set
A={Ce A:d(f,C) <},
such that
inf{w € (0,00) : || f(x) — C(x)|| < wD(x,0),x € Z,}.
Finally by property (FP4), we obtain
1F() = C < 1 (x) = IF)]I-

This implies

which yields

inf{lLl__iL € (0,00) : | f(x) — Cx)|| < (ILI__D D(x,0),x € Z, }

So, the proof is completed. O

@ Springer
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Using Theorem 3.3, we prove the following corollary concerning the stabilities of
(1.5).

Corollary 3.4  Let Df(y ) : 21 — Z2 be a mapping. If there exist real numbers
® and p such that

0,
||Df<a’b;k>(x,y)|| < Of|xl” + IIyII°}, (3.24)
OI11”IIy11” + {1l + 111 } .

for all x,y € Z,, then there exists a unique cubic function C : Z| — Z, such that

e
ala® — 1)
a’®
— —_— 3
[f(x) = CHx)[| < dqa—ap P #3, (3.25)
a*®
_— 2
a|a3—a2/’| p # 3,
for all x € Z,.
Proof Let
o,

K(ry) = § ORI +Ibl1"}
O I + {11P* + Iyl } }

for all x,y € Z;. Now

(©]
a3’

1 % — 0as n — oo,
ﬁK(ay)@ 3y) = W{H(S:lx”p + 197117}, =< —0asn— oo,
i é — Oas n — oo.
sn n n_|2 n_ |12
S L1107+ {1197 + 13351

Thus, (3.13) holds. But, we have
1 rx
D(x,0) = —K(—,o)
a \a
has the property

1
5D(0x,0) = LD(x,0)

1

for all x € Z,. Hence,
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for all x € Z,. It follows from (3.26),
o3 °
i a )

1 ®
—D(8:x,0) = { #7324
5 D(0:x,0) = 4 3772l

i
1,0
2p—-3 || ||2p.

1

L=67i=0 L=—5i=1
3 |
L=a",i=0 L=—,i=1
a
L=a3i=0 L=a’i=1
1f(x) = Cx) |l [1f(x) = Cx) |l
Ll*i Ll*i
< <
< ({=; )P0 < (1= oo
B (a73 1-0 9 (a3)171 9
C\1—a3 a N1 =a a
(e (1)
S \Ul-a3) a S \1-a*) a
B (0] (0]
- \a(@® 1) a(l —a?)

Also, from (3.17), we prove the following cases for condition (7).

(3.26)
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L=06"7p<3,i=0 L:F,p>3,z:1
L=a"3p<3,i=0 L=——,p<3,i=

aP—3
L=a"3,p<3,i=0 L=d"p>3,i=1
| f(x) = C(x) || [ f(x) —C(x) ||
Lll
0 D(x
ool < ({7 )pwo
1

(@)’ o @ """\ o
<l—ap 3) a ( -a f’) a
C) C)
<1—aﬂ3 a <l—a3 P>.;
C) C)

a a

-(%%) -(#5)

Finally, the proof of (3.17) for condition (iii) is similar to that of condition (ii).

Hence the proof is complete. U

4 Intuitionistic fuzzy normed space stability results

In this section, we investigate the generalized Ulam-Hyers stability of the
functional Eq. (1.5) in Intuitionistic Fuzzy Normed Space using direct and fixed

point methods.
Now, we recall the basic definitions and notations in Intuitionistic Fuzzy Normed

Space.

Definition 4.1 A binary operation * : [0, 1] x
uous ¢— norm if * satisfies the following conditions:

[0,1] — [0, 1] is said to be contin-

(1) = is commutative and associative;

(2) = is continuous;
(3) axl=aforallac|0,1];
(4) axb <cxd whenever a<c and b <d for all a,b,c,d € [0,1].

Definition 4.2 A binary operation ¢ : [0, 1] X
uous t— conorm if ¢ satisfies the following conditions:

[0,1] — [0, 1] is said to be contin-

(I’) ¢ is commutative and associative;
(2’) < is continuous;

(3) acs0=aforallac|01];
(4’) aob < cod whenever a<c and b<d for all a,b,c,d € [0,1].
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Using the notions of continuous — norm and ¢— conorm, Saadati and Park [12]
introduced the concept of intuitionistic fuzzy normed space as follows:

Definition 4.3 The five-tuple (X, u,v,*,¢) is said to be an Intuitionistic Fuzzy
Normed Space (for short, IFNS) if X is a vector space, x1 is a continuous t— norm, ¢
is a continuous 7— conorm, and y,v are fuzzy sets on X x (0,00) satisfying the
following conditions. For every x,y € X and s, > 0

(IFN1)  u(x, 1) + v(x <1,

(IFN2)  p(x,1) >

(IFN3)  p(x,t) = 1 if and only if x =

(IFN4)  p(ox, 1) = p(x, L) for each « ;é O,
(IENS)  p(x,t)*u(y,s) <p(x+y,t +s),
(IFN6)  u(x,-) : (0,00) — [0, 1] is continuous,
(IFN7)  lim p(x,1) =1 andhm ulx, 1) =0,

1—00

(IFN8)  v(x,1) <1,

(IFN9)  v(x,1) = 0, if and only if x = 0.
(IFN10)  v(owx, ) = v(x, %) for each o # 0,
(IFEN11)  v(x,t)ov(y,s) >v(x +y,t +s),
(IFN12)  v(x,-) : (0,00) — [0, 1] is continuous,
(IFN13)  lim v(x,7) =0 and }g% v(x,t) = 1.

1—00

In this case, (p,v) is called an intuitionistic fuzzy norm.

Example 4.4 Let (X,|||) be a normed space. Let axb=ab and acb =
min{a + b, 1} for all a,b € [0,1]. For all x € X and every ¢ > 0, consider
t
;o ]
wulx, 1) = < t+ x| and v(x,1) =< t+ ||x||
0 if 1 <0; 0 if t<0.

if t>0;

Then (X, u, v, *,0) is an IFN-space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy
normed space are studied in [12].

Definition 4.5 Let (X, pt, v, *,¢) be an IFNS. Then, a sequence x = {x; } is said to
be intuitionistic fuzzy convergent to a point L € X if

limu(xy — L,t) =1 and limv(xy —L,7) =0

for all + > 0. In this case, we write

IF
xy—L as k— oo.

Definition 4.6 Let (X, u,v,*,¢) be an IFN-space. Then, x = {x;} is said to be
intuitionistic fuzzy Cauchy sequence if
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u(xk+p —xk,t) =1 and v(xk+p —xk,t) =0
forallt>0,and p=1,2,....
Definition 4.7 Let (X, i, v, x,¢) be an IFN-space. Then (X, i, v, %, ¢) is said to be

complete if every intuitionistic fuzzy Cauchy sequence in (X, pu,v,*,0) is
intuitionistic fuzzy convergent (X, u, v, *,©).

Hereafter, throughout this section, assume that X is a linear space, (Z, ¢/, V') is an
intuitionistic fuzzy normed space and (Y, u, v) an intuitionistic fuzzy Banach space.
Now, we use the following notation for a given mapping Df{4 ) : X — Y such that

Df(a.b;k) ()C,y) at \/— (a + fb ) 2\/— (ax — fby)
+ k(@ = kD )Df(y) = k(ab)’f (x +y) — (@ — kb?)a’f (x)

where a # +1,0;b # +£1,0;k > 0 for all x,y € X.

4.1 IFNS: direct method

Theorem 4.8 Let 1€ {1,—1}. Let K:X X X — Z be a function such that for
some 0< (g)T <1,

AR a0 r) 2 1) 1) @)

> U
V(K (a"x,a"y),r) <V (p"Ky(x,y),r)
forall x € X and all r > 0 and

lim o/ (Ku(af”x, a"’y),a"’r) =1
e 4.2
lim v(K,(a™x,a™y),a"r) =0 (42)

n—oo

for all x,y € X and all r > 0. Let Dfapx): X — Y be a function satisfying the
inequality

1(Dfta b (x,3), 7) = i (K (6, y), 7) } (4.3)

V<Df(a,b;k) ('x7 y>7 V) S V/(Kv(x7y)a r)

forall x,y € X and all r > 0. Then there exists a unique cubic mapping N : X — Y
satisfying (1.5) and

u(f(x) = C(x),r)
v(f(x) = C(x),7)
for all x € X and all r > 0.

~

> 10 (K, (6,0), a*la® — pl1)
<V (Ky(x,0),a%la® — plr) } 44

Proof Let t = 1. Replacing (x, y) by (x, 0) in (4.3), we get
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w(af (ax) — a*f(x),r) > i (K#(x, 0), r) } @5)
v(af(ax) —a4f(x),r)§v/(Kv(x,0),r) .
for all x € X and all r > 0. Using (IFN4) in (4.5), we arrive
(P80, 2) 2 (8,000
(4.6)
(1. 2) < v .01
for all x € X and all » > 0. Replacing x by a"x in (4.6), we have
n+1
WM . ) 2 (a0
Fa ) . (4.7
v (T —f(a"x),;) <V (K,(a"x,0),r)

for all x € X and all r > 0. It is easy to verify from (4.7) and using (4.1), (IFN4) that
flax) flax) r , r
H( S g g ) K, O),l; (4.8)
f@ ) @y -\, r |
V( a3(n+1) - (13" ) SV KV(x70)7p7

a4 . a3n

for all x € X and all » > 0. Replacing r by p"r in (4.8), we have

fla"t'x) flax) r-p"
'“( BTl B O gA L gen ZM/(KH(x,O),r)

4.9
f@ ) fl@n) ot )
Wogmm g g ) SV (K(x,0),7)
for all x € X and all » > 0. It is easy to see that
fla"x) _ @) fla)
o S = L @) P (4.10)
for all x € X. From Egs. (4.8) and (4.9), we have
fla) o L i @) flan) L pir
“( an —f(x),;a4 i) TH 2ico BN g ’Z;a4 i
fla"x) -~ _P'T w1 f (@ = pir
V( a3n _f(x); ;Cﬁ ; a3i =V Zz 0 3(l+l 7;614 a3l
(4.11)

for all x € X and all r > 0. From Egs. (4.10) and (4.11), we have
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f n n—1 i o f i+1 f i i
(s E) (e )

a31 a4 ,a31
- . o (4.12)
f(a"x) <« P w1 (fl@"x)  fla'x) p'r
V( a3 —f(), ;a4 i < Iz v B B gh o
where
n—1
ch = cr*Cy*x -+ %c, and de =dodro - od,
j— i=0
for all x € X and all » > 0. Hence
fla'x S ]
u< ) p0. 3 L) 2 T (Kl 0).7) = 1 (K, 0). )
i=0
f(a"x) — pr 1
v( an —f()C), ;m < H, =0 v/(K (X, O)a r) = v/(Kv(xa O)a r)
(4.13)

for all x € X and all » > 0. Replacing x by a”x in (4.13) and using (4.2), (IFN4), we
obtain

f(an+m n—1 pil’ . -
,Lt< 3(n-+m) a%m ’Z(l 3(i+m) 2 ,Ll,/ (K/‘(a X 0)’ I") = ,Ll/ Kﬂ(x’ 0)7lﬁ

1=

fla ) fla"x) K= pr I . r
v<a3(n+m) T ’Za4.a3(i+m) <V(K(a"x,0),r) = v Kv(xﬁ)’ﬁ

i=0

(4.14)
for all x € X and all » > 0 and all m,n > 0. Replacing r by p™r in (4.14), we get

f(an+ln n—1 ,er
H 3(n+m a3m ’ a4 a3 i+m) | = 'u (Kll ()C, 0)7 V)

Fam) flam) g\
V( a3(n+m) o a’m — at - a’s(,er) <v (Kv(x7 0),1’)

(4.15)

for all x € X and all » > 0 and all m,n > 0. It follows from (4.16), that
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n—+m m
fla™x) _fla'x) N Ko(x,0),———
a3(n+m) a3m anl pl
i=m 4  _3i
a-a (4.16)
n+m m
v fla"x) _fla x),r <v Kv(x,O),ir .
a3(n+m) a¥n n—1 pl
Zi:m at - a3

holds for all x € X and all r > 0 and all m,n>0. Since 0<p<3and )\, (B)i <o0.

3
The Cauchy criterion for convergence in IFNS shows that {%} is a Cauchy

sequence in (Y, u,v). Since (Y, u,v) is a complete IFN-space this sequence con-
verges to some point C(x) € Y. So, one can define the mapping C : X — Y by

{f(ajx) }
e

lim u(f(;l;f) = C(x),r) — 1, lim v(f(“;f) = C(x),r) —0

n—oo n—oo
for all x € X and all r > 0. Hence

fla'x) ir

—C(x), as n— oo.

a3n

Letting m = 0 in (4.16), we arrive

fla"x r
e N T
a n—1 14
20 g g
(4.17)
v<f(a3 X) _f(x)a r) < v Kv(xa 0)7%
a>" anl p
i=0 at - a3
for all x € X and all r > 0. Letting n tend to infinity in (4.17), we have
H(C) —f(3),7) > 1 (K, (x, ), arla® — pl) } w1s)
v(C(x) = f(x),r) <V'(Ky(x,0), arla* — p])

for all x € X and all r > 0. To prove C satisfies (1.5), replacing (x, y) by (a"x, a"y)
in (4.3) respectively, we obtain

1
I (aT Df(ap) (a"x,d"y), r) >/ (K(a"x,a"y),ar)
| (4.19)
v (T Df(a bik) (anx’ any)v r) < VI(K(anx7 any)’ a3nr)
a’" v
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for all x € X and all » > 0. Now,

M(Hfb C(ax + Viby) + j’? €(ax — Viby)

+ k(a® — kb*)b*C(y) — k(ab)*C(x + y) — (a* — kb*)a*C(x), r

SN—

>y a+2m’c(ax+ Viby) 13,1“2@ £ (a (@ +Viby) ). £ )+
a—Vk — Vk ’
M( 5 kb (ax—\/_b)’> T b < (ax—\/—by)) 6)

(k@ — k?)bC(y) - %nk(a — ('), )+
(k) Clx+3) + Kb F (a4 ). )
,1( — (& — k?)a*C(x) + % (@® — kb*)a*f (a"x), %)*

(VR (0 Vi) )+ (Vi) )
k(e — KD )B(ay) + %k@b) F (x4 9) + o (@~ K (), )

(4.20)

v(a +2\/lsz(ax + \/lzby) + a 72\/]% C(ax — \/l?by)
+ k(a® — kb*)b*C(y) — k(ab)*C(x + y) — (a*> — kb*)a*C(x), r

v(a+\/_b ( +\/_b) 1a+2\/—b( (ax+\/_by)>

a- Vkb (ax_fby) LR (0 ax — Viy) ).

)e
)e

CM\ O\I\\ .

1
v(k(a® — kb*)B>C(y) — —k(a® — kb*)b*f(d"y),= )o
a3 6) (4.21)

(@® — kb*)a )+;Tn(a2 —kbz)azf(a”x) é)o
LAtV (away)) VR (0 ax — Vi) )

a2
k(@ — RO (a"y) + k@b (@ (x )

(

(ke
v(( = kab)Pcle+y) + al K(ab) (" (x+ ), )o
(-

(

+
2|

1, 2\ 200 oy T
+ =5 (@ = kb)a’f(a"), )

for all x,y € X and all r > 0. Since
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3 1 n n r
lim :u<a3an(a,b;k)(a x,a }’)’6) =1

n—oQ

1 (4.22)
lim v <ﬁDf(G.h;k) (anx, any) , g) =0

n—oo

for all x € X and all » > 0. Letting n — oo in (4.20), (4.21) and using (4.22), we
observe that C fulfills (1.5). Therefore C is a cubic mapping.

In order to prove C(x) is unique, let C’'(x) be another cubic functional equation
satisfying (1.5) and (4.4). Hence,

Clax) _ C'(a™). r)

W(Cx) — C'(x),7) = u(

. a4ra3”|a3 p| a4ra3"|a3 _p|
Z.“, (Kﬂ(a X, 0)7 2 ) >:u/(K,“( ’O)’ 2 .pn )
C(a"x) C'(a"x)
V(C(x) = C'(x),7) V( an o T
n n ra3n n /(1 ra3n
<v| C(a"x) — f(d"x), 5 )oY f(d"x) — C'(a"x),
4,303 _ 4 3n) 3
<v (Kv(a”x,O),a = |2a p') §v’<Kv( 0), 5 u pl)
p

for all x € X and all r > 0. Since

a*ra®|a® — p|

e
we obtain

4. 3n|,3

., a‘rala® —p|\

nhjgloll (K;t(xv 0)72_—11,1) =1
4...3n,3 _

lim v/ (mx, 0),M> o

n—oo 2. p”

for all x € X and all » > 0. Thus
H(C(x) = C'(x),r) =1 }
v(C(x) = C'(x),r) =0

for all x € X and all r > 0. Hence C(x) = C’'(x). Therefore C(x) is unique.
For T = —1, we can prove the similar stability result. This completes the proof of
the theorem. O

The following corollary is an immediate consequence of Theorem 4.8, regarding
the stability of (1.5)
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Corollary 4.9 Suppose that a function Dfapx) : X — Y satisfies the double
inequality
u(4,r),
W Dftan()sr) 2 4 KA+ 6119, 7,
(AP + (I P+ D) o).
v(4,r),
o(Dftansy(3), ) < 4 YERIE + 1)),

Iy s s 2s 2s
v(Z{ IR+ (1P 4+ I17) o).

forall x,y € X and all r > 0, where 1, s are constants with . > 0. Then there exists
a unique cubic mapping C : X — Y such that

(4.23)

(2, ala® = 1|r),
1(f(x) = C(x), r) > { Ml ala fafl r),
a1 ala® = aIr).
v(Z,ala® — 1| r),

(£ (x) — C(x),r) < { YOI, ala® = a'lr),

V(2P ala® = aIr),

(4.24)

for all x € X and all r > 0.

4.2 TFNS: fixed point method

Theorem 4.10  Let Df(y 1) : X — Y be a mapping for which there exists a function
K : X x X — Z with the double condition

lim 44/ (K (2, 74y), 27'r) = 1

4.25
lim v/ (K (0%, 71y), 1*"r) =0 (425)
for all x,y € X and all r > 0 where
a if i=0
=<1 4.26
i Do iz (4.26)
a
and satisfying the double functional inequality
ﬂ(Dﬂub,k)(x7y)7r>ZM/(K(xay)7r> (4 27)
V(Df(a,b;k)(xay)v 7‘) S V/(K()C,y), r)

for all x,y € X and all r > 0. If there exists L = L(i) such that the function
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1 /x
x— p(x) = K(%,0),
a \a
has the property
P (1)
(125 ) = st
( ! ) (4.28)
PULx
V<L X3 7r> = V(p(x)vr)

for all x € X and all r > 0, then there exists a unique cubic function C : X — Y
satisfying the functional Eq. (1.5) and

Ll*i

T?ZO

Mﬂn—amwzw@ux
L (4.29)
L l
thﬁ

Wﬂm—amnsw@ux

forall x € X and all r > 0.

Proof Consider the set
A={n/h:X — Y, h(0) =0}
and introduce the generalized metric on A,
h(x) — ) > JLr),xeX
d(h,f) = inf{L € (0,00) : {“< () =), r) 2 K (p(@), L), x }} (4.30)
v(h(x) = f(x),r) <V (p(x),Lr),x € X
It is easy to see that (4.30) is complete with respect to the defined metric. Define
J:A— Aby
1
= Th(ltx)v
Li
for all x € X. Now, from (4.30) and A,f € A

Jh(x)

inf{l € (0,00) :

p(h(x) = f(x),r) = (p(x), r), x € X}

inf{1 € (0, 00) : ,u(yl3 h(yx) —

inf{L € (0,00

N

)

0,00) = u(
0, 00
0, 00

)
)< u(h(x)
) < v(h(x) -
) e v(

1
ZV—3/’Z( )
1

inf{L €

(
(
inf{l € (
(

<

inf{l €

)

inf{L € (0,00) : v (y h(yx) —
inf{L € (0,00) : v(Jh(x)

—Jf(x),r) <V

L )
X

l

f(x),r) =

3
() r) = (p(x),Lr),x € X}

f(x),r) <V(p(x),r),x € X}

(p(zx), 17r),x € X}

y3f(x, x),r) <V

;f&#%ﬂSW@@%U%XEX}

Li

(p(x),Lr),x € X}

> i (p(1x), 737), x € X}

W(p(x),Lr),x € X}
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This implies J is a strictly contractive mapping on A with Lipschitz constant L.
It follows from (4.30), (4.5), we reach

. o afa) — a0, ) > WK (x.0),7)
f{l € (0,00): { v(af (ax) — a*f(x),r) <V (K(x,0),7r) }} (431)

for all x € X and all » > 0. Now, from (4.31) and (4.28) for the case i = 0, we reach

inf{1 € (0,00) : u(af (ax) — a*f(x),r) > i/ (K(x,0),r)}

i { 1€ 0,00) (N7 - 101 ) 2 0 K (0,00 |
>

inf{L € (0,00) : u(Jf (x) = f(x),r)
inf{L' € (0,00) : u(Jf (x) = f(x),r) = 4 (p

(
inf{1 € (0,00) : v(af (ax) — a*f(x),r) (4.32)
(ax)

1nf{1 € (0,00) : v

@3
inf{L € (0,00) : v(Jf(x) —f(x),r)
inf{L' € (0,00) : v(Jf(x) — f(x),r) <V(p
inf{L'~% € (0,00) : v(Jf(x) = f(x),r) <V

(x),Lr) }
(p(x),Lr)}

for all x € X and all r > 0. Again replacing x by 7 in (4.33) and (4.28) for the case
i=1, we get

1nf{1 € (0,00) : ,u( (ax) — a’f(x),r) > 1/ (K (x,0),ar) }

inf{1 € (0 00) (f(x) = (X)J) =W (p(x),r)}

inf{L° € (0,00) : p(f(x) = Jf(x),r) > i (p(x),r)}

iﬂf{LH ( 00) : u(f(x) = Jf(x),r) > 1 (p(x), )} (4.33)
1nf{1 € (0,00) : v(f(ax) — a*f (x),r) <V (K(x,0),a )} '
inf{l € (0 00) v(f(x) = JIf(x),r) <V(p(x),r)}

inf{L° € (0,00) : v(f(x) = Jf(x),r) <V (p(x),7) }

inf{LH € (0700) v(f(x) = Jf(x),r) <V (p(x),r)}

Thus, from (4.31) and (4.33), we arrive
{20 0,.00): { A1 002 Kol LT, v € X Mo e
T W) = f(x), ) <V (p(x), L), x € X '

Hence property (FP1) holds. The rest of the proof is similar to that of Theorem 3.3.
O

The following corollary is an immediate consequence of Theorem 4.10,
regarding the stability of (1.5).
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Corollary 4.11 Suppose that a function Dfigpp) : X — Y satisfies the double

inequality

1(Df i (%, ), 7) >

V<Df(u,b;k) (x7 y)a }’) <

(1),
p X+ 111, ),

p(Z{ P + (I -+ 101P°) 7).

v(4,r),
VA + [1°), ),

Iy s s 2s 2s
v(Z{ IR+ (1P 4+ I17) o).

(4.35)

forall x,y € X and all r > 0, where 1, s are constants with . > 0. Then there exists
a unique cubic mapping C : X — Y such that the double inequality

W
H(f(x) — €)= K
u

v(f(x) - Cx),r) <

(a1,
!

(

(4 a|a —a"|r),
(2> ale = aIr),
'(2,dla® — l| )

v (2||x]|°, ala? —a‘| r),

V(AR da ~ a)r),

<

holds for all x € X and all r > 0.

Proof Set

1 (K (2ix, 1), 73"'r)

V(K (0%, 70y), 1) =

v’(},, ;{?”r),
s K 3—
v (AP + 1), 7

w2 ),

3—s)n
(AR + ), 2.
(24

el Iyl

X X 3-2s)n
(Il =+ 11P) b2,
s)nr> 7

v LI

3-2s)n
(I 101P) b2,

(4.36)

— lask — oo

=< —lask — o

— lask —

— Qas k — o0

=< —0ask — oo

— Qas k — o0

for all x € X and all r > 0. Thus, the relation (4.25) holds. It follows from (4.28),

(4.29) and (4.35)
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(2, ar)
M/QK(Z,O),r) Z’(ﬂnxn >

(2, at2r)

v (2, ar)

V/(EK(E,O),O _ VO, e
“ v (2,02

for all x,y € X and all r > 0. Also from (4.28), we have

(A, g at)
¥ (_W;x),r) = ) WGP, )
(A1l P, 72 ar)

Xi
V(2. 1at)
Y (p%x) , ) = VO, 2 ar)

o
’ v (A, ar)

for all x € X and all » > 0. Hence, the inequality (4.29) is true for

L 22, i=0 L r,i=1
. a3 0 a’ 0
2. a3 §<3 a3 s>3
3. a¥ 3 25<3 a®t 2¢>3

Now, for condition 1. and i = 0, we have
a3 3
W) = €@ = 4 (p(@,mr) = W (s ala’ = 1|r)

V(Z,ala® —1|r)

-3
) = €n) < (09, )
for all x € X and all r > 0. Also, for condition 1. and i = 1, we get

a3 1-1
H(f(x) = C), 1) = W <p<x>, ) ) = /(3 all — alr)

(@)
v(f(x)—C(x),r)gW(,o(x), 3 V) :V,(}“7a|1_a3|r)

for all x € X and all r > 0. Again, for condition 2. and i = 0, we obtain
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(as73)170

p(f(x) = C(x),r) > | p(x), P r =W Gl|x|°, ala® — a*|r)
(a‘v73)l—0 '

V(f(x) = €O r) <V plo), | = V(4 x|[',ala® — a’|r)

for all x € X and all » > 0. Also, for condition 2. and i = 1, we arrive

(a?sfs)l—l

W) = €. 2 )1y | = WOINIP el =)
(a373)171
() = €1 <V | 00 Sy | = VOINIF el i

for all x € X and all > 0. The rest of the proof is similar to that of previous cases.
This finishes the proof. U
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