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Abstract In this paper, we proved the general solution in vector space and established

the generalized Ulam–Hyers stability of ða; b; k[ 0Þ� cubic functional equation
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spaces using both direct and fixed point methods.
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1 Introduction

One of the most interesting questions in the theory of functional equations

concerning the famous Ulam stability problem is, as follows: when is it true that a

mapping satisfying a functional equation approximately, must be close to an exact

solution of the given functional equation?

The first stability problem was raised by Ulam [13] during his talk at the

University of Wisconsin in 1940. In fact, we are given a group ðG1; �Þ and let ðG2; �Þ
be a metric group with the metric dð�; �Þ. Given �[ 0, does there exist a d[ 0, such

that if a mapping h : G1 ! G2 satisfies the inequality dðhðx � yÞ; hðxÞ�hðyÞÞ\d for

all x; y 2 G1, then there exists a homomorphism H : G1 ! G2 with

dðhðxÞ;HðxÞÞ\� for all x 2 G1?

Hyers [3] gave the first affirmative partial answer to the question of Ulam for

Banach spaces. It was further generalized via excellent results obtained by a number

of authors [1, 2, 8, 10, 11]. The solution and stability of the following cubic

functional equations

Cðxþ 2yÞ þ 3CðxÞ ¼ 3Cðxþ yÞ þ Cðx� yÞ þ 6CðyÞ; ð1:1Þ

f ð2xþ yÞ þ f ð2x� yÞ ¼ 2f ðxþ yÞ þ 2f ðx� yÞ þ 12f ðxÞ; ð1:2Þ

f ðxþ yþ 2zÞ þ f ðxþ y� 2zÞ þ f ð2xÞ þ f ð2yÞ
¼ 2½f ðxþ yÞ þ 2f ðxþ zÞ þ 2f ðyþ zÞ þ 2f ðx� zÞ þ 2f ðy� zÞ�; ð1:3Þ

kf ðxþ kyÞ � f ðkxþ yÞ ¼ kðk2 � 1Þ
2

f ðxþ yÞ þ f ðx� yÞ½ � þ ðk4 � 1Þf ðyÞ

� 2kðk2 � 1Þf ðxÞ; k� 2

ð1:4Þ

were investigated by Rassias [9], Jun et al. [4], Jung and Chang [6], Rassias et.

al. [5].

Now, we will recall the fundamental results in fixed point theory.

Theorem 1.1 (Banach’s contraction principle) Let (X, d) be a complete metric

space and consider a mapping T : X ! X which is strictly contractive mapping,

that is

(A1) dðTx; TyÞ� Ldðx; yÞ for some (Lipschitz constant) L\1. Then,

(i) The mapping T has one and only one fixed point x� ¼ Tðx�Þ;
(ii) The fixed point for each given element x� is globally attractive; that is

(A2) limn!1Tnx ¼ x�; for any starting point x 2 X;

(iii) The following estimation inequalities hold:
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(A3) dðTnx; x�Þ� 1
1�L

dðTnx; Tnþ1xÞ; 8n� 0; 8x 2 X;

(A4) dðx; x�Þ� 1
1�L

dðx; x�Þ; 8x 2 X:

Theorem 1.2 [7] (The alternative of fixed point) Suppose that for a complete

generalized metric space (X, d) and a strictly contractive mapping T : X ! X with

Lipschitz constant L. Then, for each given element x 2 X; either

(B1) dðTnx; Tnþ1xÞ ¼ 1 8n� 0; or

(B2) there exists a natural number n0 such that:

(i) dðTnx; Tnþ1xÞ\1 for all n� n0;
(ii) The sequence ðTnxÞ is convergent to a fixed point y� of T

(iii) y� is the unique fixed point of T in the set Y ¼ fy 2 X : dðTn0x; yÞ\1g;
(iv) dðy�; yÞ� 1

1�L
dðy; TyÞ for all y 2 Y :

There are many situations where the norm of a vector is not possible to find and

the concept of intuitionistic fuzzy norm seems to be more suitable in such cases, that

is, we can deal with such situations by modelling the inexactness by intuitionistic

fuzzy norm.

In this paper, we established the generalized Ulam–Hyers stability of

ða; b; k[ 0Þ� cubic functional equation
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f ðxþ yÞ þ ða2 � kb2Þa2f ðxÞ

ð1:5Þ

where a 6¼ �1; 0; b 6¼ �1; 0; k[ 0 in intuitionistic fuzzy normed space using direct

and fixed point methods.

2 Solution of the cubic functional Eq. (1.5)

In this section, the general solution of the functional Eq. (1.5) is given. Throughout

this section, assume that A1 and A2 are vector spaces.

Lemma 2.1 If a mapping f : A1 ! A2 satisfies the functional Eq. (1.5), then the

following properties hold

(i) f ð0Þ ¼ 0,

(ii) f ðaxÞ ¼ a3f ðxÞ, for all x 2 A1.

(iii) f ð�yÞ ¼ �f ðyÞ, for all y 2 A1; that is, f is an odd function.

Proof Letting (x, y) by (0, 0) in (1.5), we get
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for all y 2 A1. Finally, (iii) holds, since a 6¼ �1; 0; b 6¼ �1; 0; k[ 0. Thus f is an

odd function. Hence the proof is complete. h

3 Stability results in Banach space

In this section, we investigate the generalized Ulam–Hyers stability of the

functional Eq. (1.5) in Banach space using direct and fixed point methods.

Throughout this section, let us consider Z1 be a normed space and Z2 be a

Banach space. Define a mapping Dfða;b;kÞ : Z1 �! Z2 by
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where a 6¼ �1; 0; b 6¼ �1; 0; k[ 0 for all x; y 2 Z1.
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3.1 Banach space: direct method

Theorem 3.1 Let q ¼ �1 and K : Z2
1 �! ½0;1Þ be a function such that

X

1

s¼0

K aqsx; aqsyð Þ
a3qs

convergesin R and lim
s!1

K aqsx; aqsyð Þ
a3qs

¼ 0 ð3:1Þ

for all x; y 2 Z1. Let Dfða;b;kÞ : Z1 �! Z2 be a function fulfilling the inequality

Dfða;b;kÞðx; yÞ
�

�

�

��K x; yð Þ ð3:2Þ

for all x; y 2 Z1. Then there exists a unique cubic function C : Z1 �! Z2 which

satisfies (1.5) and

f ðxÞ � CðxÞk k� 1

a4

X

1

s¼1�q
2

K aqsx; aqsxð Þ
a3qs ð3:3Þ

where CðxÞ are defined by

CðxÞ ¼ lim
p!1

f ðapqxÞ
a3pq

ð3:4Þ

for all x 2 Z1, respectively.

Proof Case (i): Assume q ¼ 1.

Changing (x, y) by (x, 0) in (3.2), we get
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�

�
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��Kðx; 0Þ ð3:5Þ
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for all x 2 Z1. Now replacing x by ax and dividing by a3 in (3.6), we have
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for all x 2 Z1. Generalizing, for a positive integer p, we obtain
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for all x 2 Z1. To prove the convergence of the sequence
f ðapxÞ
a3p

n o

; replacing x by asx

and dividing by a3s in (3.9), for any p; s[ 0 , we get

f ðapþsxÞ
a3ðpþsÞ � f ðasxÞ

a3s

�
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� 1
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s¼0
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a3ðpþsÞ ! 0 as s ! 1

for all x 2 Z1. Thus it follows that the sequence
f ðapxÞ
a3p

n o

is a Cauchy in Z2 and so it

converges. Define a mapping CðxÞ : Z1 ! Z2 by

CðxÞ ¼ lim
p!1

f ð2pxÞ
23p

for all x 2 Z1: In order to show that C satisfies (1.5), replacing (x, y) by ðapx; apyÞ
and dividing by a3p in (3.2), we have

DCðx; yÞða;b;kÞ
�

�

�

�

�

�
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p!1

1

a3p
Dfða;b;kÞðapx; apyÞ
�

�

�

�� lim
p!1

1

a3p
Kðapx; apyÞ

for all x; y 2 Z1 and hence the mapping C is cubic. Taking the limit as p approaches

to infinity in (3.9), we find that the mapping C is a cubic mapping satisfying the

inequality (3.3) near the approximate mapping f : Z1 ! Z2 of Eq. (1.5). Hence, C
satisfies (1.5), for all x; y 2 Z1.

To prove that C is unique, we assume now that there is C0 as another cubic

mapping satisfying (1.5) and the inequality (3.3). Then it is easily proved that

CðasxÞ ¼ a3sCðxÞ; C0ðasxÞ ¼ a3sC0ðxÞ

for all x 2 Z1 and all s 2 N. Thus

CðxÞ � C0ðxÞk k ¼ 1

a3s
CðasxÞ � C0ðasxÞk k

� 1

a3s
CðasxÞ � f ðasxÞk k þ f ðasxÞ � C0ðasxÞk kf g

� 2

a4

X

1

s¼0

jðapþsx; apþsxÞ
a3ðpþsÞ

for all x 2 Z1. Therefore, as p ! 1 in the above inequality, we get the uniqueness

of C. Hence the theorem holds for q ¼ 1.

Case (ii): Assume q ¼ �1. Now replacing x by x
a

in (3.5), we get

f ðxÞ � a3f
x

a

� �
�

�

�

�

�

�
� 1

a
K

x

a
; 0

� �

ð3:10Þ

for all x 2 Z1. The rest of the proof is similar to that of case q ¼ 1. Hence for

q ¼ �1 also the theorem holds. This completes the proof. h
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The following corollary is an immediate consequence of Theorem 3.1 concerning

the stabilities of (1.5).

Corollary 3.2 Let Dfða;b;kÞ : Z1 �! Z2 be a mapping. If there exist real numbers

b and t such that

Dfða;b;kÞðx; yÞ
�

�

�

��

b;

b jjxjjt þ jjyjjt

 �

;

b jjxjjtjjyjjt þ jjxjj2t þ jjyjj2t
n on o

;

8

>

>

<

>

>

:

ð3:11Þ

for all x; y 2 Z1, then there exists a unique cubic function C : Z1 �! Z2 such that

f ðxÞ � CðxÞk k�

ab
a3 � 1

;

abjjxjjt

ja3 � atj; t 6¼3;

abjjxjjat

ja3 � a2tj; 2t 6¼3;

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ð3:12Þ

for all x 2 Z1:

Using Theorem 1.2, we obtain the generalized Ulam–Hyers stability of (1.5).

3.2 Banach space: fixed point method

Theorem 3.3 Let Dfða;b;kÞ : Z1 �! Z2 be a mapping for which there exists a

function K : Z2
1 �! ½0;1Þ with the condition

lim
n!1

1

d3n
i

Kðdni x; dni yÞ ¼ 0 ð3:13Þ

where

di ¼
a if i ¼ 0;

1

a
if i ¼ 1

8

<

:

ð3:14Þ

such that the functional inequality

Dfða;b;kÞðx; yÞ
�

�

�

��Kðx; yÞ ð3:15Þ

holds for all x; y 2 Z1. Assume that there exists L ¼ LðiÞ such that the function

Dðx; 0Þ ¼ 1

a
K

x

a
; 0

� �

with the property
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1

d3
i

Dðdix; 0Þ ¼ LDðx; 0Þ ð3:16Þ

for all x 2 Z1. Then there exists a unique cubic mapping C : Z1 �! Z2 satisfying

the functional Eq. (1.5) and

f ðxÞ � CðxÞk k k � L1�i

1 � L

� 


Dðx; 0Þ ð3:17Þ

for all x 2 Z1.

Proof Consider the set

A ¼ fh=h : Z1 �! Z2; hð0Þ ¼ 0g

and introduce the generalized metric on A,

dðh; f Þ ¼ inffx 2 ð0;1Þ :k hðxÞ � f ðxÞ k �xDðx; xÞ; x 2 Z1g: ð3:18Þ

It is easy to see that (3.18) is complete with respect to the defined metric. Define

J : A �! A by

JhðxÞ ¼ 1

d3
i

hðdixÞ;

for all x 2 Z1. Now, from (3.18) and h; f 2 A

inf x 2 ð0;1Þ :k hðxÞ � f ðxÞ k �xDðx; xÞ; x 2 Z1f gor

inf x 2 ð0;1Þ : 1

d3
i

hðdixÞ �
1

d3
i

f ðdixÞ
�

�

�

�

�

�

�

�

�

�

� x

d3
i

Dðdix; dixÞ; x 2 Z1

( )

or

inf Lx 2 ð0;1Þ : 1

d3
i

hðdixÞ �
1

d3
i

f ðdixÞ
�

�

�

�

�

�

�

�

�

�

� LxDðx; xÞ; x 2 Z1

( )

or

inf Lx 2 ð0;1Þ :k JhðxÞ � Jf ðxÞ k � LxDðx; xÞ; x 2 Z1f g

This implies J is a strictly contractive mapping on A with Lipschitz constant L. It

follows from (3.18), (3.6) and (3.16) for the case i ¼ 0, we reach

inf 1 2 ð0;1Þ : af axð Þ � a4f ðxÞ
�

�

�

��Kðx; 0Þ; x 2 Z1


 �

or ð3:19Þ

inf 1 2 ð0;1Þ : f ðaxÞ
a3

� f ðxÞ
�

�

�

�

�

�

�

�

� 1

a4
Kðx; 0Þ; x 2 Z1

� �

or

inf L 2 ð0;1Þ : Jf ðxÞ � f ðxÞk k� LDðx; 0Þ; x 2 Z1f g or
inf L1 2 ð0;1Þ : Jf ðxÞ � f ðxÞk k� LDðx; 0Þ; x 2 Z1


 �

or

inf L1�0 2 ð0;1Þ : Jf ðxÞ � f ðxÞk k� LDðx; 0Þ; x 2 Z1


 �

ð3:20Þ

Again replacing x ¼ x
a

in (3.19) and (3.16) for the case i ¼ 1, we get
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inf 1 2 ð0;1Þ : af xð Þ � a4f
x

a

� �
�

�

�

�

�

�
�K

x

a
; 0

� �

; x 2 Z1

n o

or

inf 1 2 ð0;1Þ : f ðxÞ � a3f
x

a

� �
�

�

�

�

�

�
� 1

a
K

x

a
; 0

� �

; x 2 Z1

� �

or

inf 1 2 ð0;1Þ : f ðxÞ � Jf ðxÞk k�Dðx; 0Þ; x 2 Z1f g or
inf L0 2 ð0;1Þ : f ðxÞ � Jf ðxÞk k�Dðx; 0Þ; x 2 Z1


 �

or

inf L1�1 2 ð0;1Þ : f ðxÞ � Jf ðxÞk k�Dðx; 0Þ; x 2 Z1


 �

:

ð3:21Þ

Thus, from (3.20) and (3.21), we arrive

inf L1�i 2 ð0;1Þ : f ðxÞ � Jf ðxÞk k� L1�iDðx; 0Þ; x 2 Z1


 �

: ð3:22Þ

Hence property (FP1) holds. It follows from property (FP2) that there exists a fixed

point C of J in A such that

CðxÞ ¼ lim
n!1

1

d3n
i

f ðdni xÞ ð3:23Þ

for all x 2 Z1. In order to show that C satisfies (1.5), replacing (x, y) by ðdni x; d
n
i yÞ

and dividing by d3n
i in (3.15), we have

DCðx; yÞða;b;kÞ
�

�

�

�

�

�
¼ lim

n!1

1

d3n
i

Dfða;b;kÞðdni x; d
n
i yÞ

�

�

�

�� lim
n!1

1

d3n
i

K dni x; d
n
i y

� �

¼ 0

for all x; y 2 Z1, and so the mapping C is cubic. i.e., C satisfies the functional Eq.

(1.5). By property (FP3), C is the unique fixed point of J in the set

D ¼ fC 2 A : dðf ; CÞ\1g;

such that

inf x 2 ð0;1Þ : f ðxÞ � CðxÞk k�xDðx; 0Þ; x 2 Z1f g:

Finally by property (FP4), we obtain

f ðxÞ � CðxÞk k� f ðxÞ � Jf ðxÞk k:

This implies

f ðxÞ � CðxÞk k� L1�i

1 � L

which yields

inf
L1�i

1 � L
2 ð0;1Þ : f ðxÞ � CðxÞk k� L1�i

1 � L

� 


Dðx; 0Þ; x 2 Z1

� �

:

So, the proof is completed. h
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Using Theorem 3.3, we prove the following corollary concerning the stabilities of

(1.5).

Corollary 3.4 Let Dfða;b;kÞ : Z1 �! Z2 be a mapping. If there exist real numbers

H and q such that

Dfða;b;kÞðx; yÞ
�

�

�

��

H;

H jjxjjq þ jjyjjqf g;
H jjxjjqjjyjjq þ jjxjj2q þ jjyjj2q

n on o

;

8

>

>

<

>

>

:

ð3:24Þ

for all x; y 2 Z1, then there exists a unique cubic function C : Z1 ! Z2 such that

f ðxÞ � CðxÞk k�

H
aja3 � 1j;

aqH
aja3 � aqj; q 6¼ 3;

a2qH
aja3 � a2qj 2q 6¼ 3;

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ð3:25Þ

for all x 2 Z1:

Proof Let

Kðx; yÞ ¼

H;

H jjxjjq þ jjyjjqf g
H jjxjjqjjyjjq þ jjxjj2q þ jjyjj2q

n on o

8

>

>

<

>

>

:

for all x; y 2 Z1. Now

1

d3n
i

Kðdni x; dni yÞ ¼

H

d3n
i

;

H

d3n
i

jjdni xjj
q þ jjdni yjj

q
 �

;

H

d3n
i

n

jjdni xjj
qjjdni yjj

q þ jjdni xjj
2q þ jjdni yjj

2q
n oo

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

¼
! 0 as n ! 1;

! 0 as n ! 1;

! 0 as n ! 1:

8

>

<

>

:

Thus, (3.13) holds. But, we have

Dðx; 0Þ ¼ 1

a
K

x

a
; 0

� �

has the property

1

d3
i

Dðdix; 0Þ ¼ LDðx; 0Þ

for all x 2 Z1. Hence,
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Dðx; 0Þ ¼ 1

a
K

x

a
; 0

� �

¼

H
a
;

H
a � aq jjxjj

q;

H
a � a2q

jjxjj2q

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð3:26Þ

for all x 2 Z1. It follows from (3.26),

1

d3
i

Dðdix; 0Þ ¼

d�3
i

H
a
;

dq�3
i

H
a
jjxjjq

d2q�3
i

H
a
jjxjj2q:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

Now, from (3.17), we prove the following cases for condition (i).

L ¼ d�3
i ; i ¼ 0 L ¼ 1

d�3
i

; i ¼ 1

L ¼ a�3; i ¼ 0 L ¼ 1

a�3
; i ¼ 1

L ¼ a�3; i ¼ 0 L ¼ a3; i ¼ 1

k f ðxÞ � CðxÞ k k f ðxÞ � CðxÞ k

� L1�i

1 � L

� 


Dðx; 0Þ � L1�i

1 � L

� 


Dðx; 0Þ

¼ ða�3Þ1�0

1 � a�3

 !

�H
a

¼ ða3Þ1�1

1 � a3

 !

�H
a

¼ a�3

1 � a�3

� 


�H
a

¼ 1

1 � a3

� 


�H
a

¼ H
aða3 � 1Þ

� 


¼ H
að1 � a3Þ

� 


Also, from (3.17), we prove the following cases for condition (ii).
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L ¼ dq�3
i ; q\3; i ¼ 0 L ¼ 1

dq�3
i

; q[ 3; i ¼ 1

L ¼ aq�3; q\3; i ¼ 0 L ¼ 1

aq�3
; q\3; i ¼ 1

L ¼ aq�3; q\3; i ¼ 0 L ¼ a3�q; q[ 3; i ¼ 1

k f ðxÞ � CðxÞ k k f ðxÞ � CðxÞ k

� L1�i

1 � L

� 


Dðx; 0Þ � L1�i

1 � L

� 


Dðx; 0Þ

¼ ðaq�3Þ1�0

1 � aq�3

 !

�H
a

¼ ða3�qÞ1�1

1 � a3�q

 !

�H
a

¼ aq�3

1 � aq�3

� 


�H
a

¼ 1

1 � a3�q

� 


�H
a

¼ aq

a3 � aq

� 


�H
a

¼ aq

aq � a3

� 


�H
a

Finally, the proof of (3.17) for condition (iii) is similar to that of condition (ii).

Hence the proof is complete. h

4 Intuitionistic fuzzy normed space stability results

In this section, we investigate the generalized Ulam–Hyers stability of the

functional Eq. (1.5) in Intuitionistic Fuzzy Normed Space using direct and fixed

point methods.

Now, we recall the basic definitions and notations in Intuitionistic Fuzzy Normed

Space.

Definition 4.1 A binary operation � : 0; 1½ � 	 0; 1½ � ! 0; 1½ � is said to be contin-

uous t� norm if � satisfies the following conditions:

(1) � is commutative and associative;

(2) � is continuous;

(3) a�1 ¼ a for all a 2 0; 1½ �;
(4) a�b� c�d whenever a� c and b� d for all a; b; c; d 2 0; 1½ �:

Definition 4.2 A binary operation 
 : 0; 1½ � 	 0; 1½ � ! 0; 1½ � is said to be contin-

uous t� conorm if 
 satisfies the following conditions:

(1’) 
 is commutative and associative;

(2’) 
 is continuous;

(3’) a
0 ¼ a for all a 2 0; 1½ �;
(4’) a
b� c
d whenever a� c and b� d for all a; b; c; d 2 0; 1½ �:
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Using the notions of continuous t� norm and t� conorm, Saadati and Park [12]

introduced the concept of intuitionistic fuzzy normed space as follows:

Definition 4.3 The five-tuple ðX;l; m; �; 
Þ is said to be an Intuitionistic Fuzzy

Normed Space (for short, IFNS) if X is a vector space, �1 is a continuous t� norm, 

is a continuous t� conorm, and l; m are fuzzy sets on X 	 ð0;1Þ satisfying the

following conditions. For every x; y 2 X and s; t[ 0

(IFN1) lðx; tÞ þ mðx; tÞ� 1,

(IFN2) lðx; tÞ[ 0,

(IFN3) lðx; tÞ ¼ 1, if and only if x ¼ 0.

(IFN4) lðax; tÞ ¼ l x; ta
� �

for each a 6¼ 0,

(IFN5) lðx; tÞ�lðy; sÞ� lðxþ y; t þ sÞ,
(IFN6) lðx; �Þ : ð0;1Þ ! ½0; 1� is continuous,

(IFN7) lim
t!1

lðx; tÞ ¼ 1 andlim
t!0

lðx; tÞ ¼ 0,

(IFN8) mðx; tÞ\1,

(IFN9) mðx; tÞ ¼ 0, if and only if x ¼ 0.

(IFN10) mðax; tÞ ¼ m x; ta
� �

for each a 6¼ 0,

(IFN11) mðx; tÞ
mðy; sÞ� mðxþ y; t þ sÞ,
(IFN12) mðx; �Þ : ð0;1Þ ! ½0; 1� is continuous,

(IFN13) lim
t!1

mðx; tÞ ¼ 0 and lim
t!0

mðx; tÞ ¼ 1.

In this case, ðl; mÞ is called an intuitionistic fuzzy norm.

Example 4.4 Let X; �k kð Þ be a normed space. Let a�b ¼ ab and a
b ¼
min aþ b; 1f g for all a; b 2 ½0; 1�. For all x 2 X and every t[ 0, consider

lðx; tÞ ¼
t

t þ xk k if t[ 0;

0 if t� 0;

8

<

:

and mðx; tÞ ¼
xk k

t þ xk k if t[ 0;

0 if t� 0:

8

<

:

Then X; l; m; �; 
ð Þ is an IFN-space.

The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy

normed space are studied in [12].

Definition 4.5 Let X; l; m; �; 
ð Þ be an IFNS. Then, a sequence x ¼ fxkg is said to

be intuitionistic fuzzy convergent to a point L 2 X if

limlðxk � L; tÞ ¼ 1 and lim mðxk � L; tÞ ¼ 0

for all t[ 0. In this case, we write

xk�!
IF

L as k ! 1:

Definition 4.6 Let X; l; m; �; 
ð Þ be an IFN-space. Then, x ¼ fxkg is said to be

intuitionistic fuzzy Cauchy sequence if
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l xkþp � xk; t
� �

¼ 1 and m xkþp � xk; t
� �

¼ 0

for all t[ 0, and p ¼ 1; 2; . . ..

Definition 4.7 Let X; l; m; �; 
ð Þ be an IFN-space. Then X; l; m; �; 
ð Þ is said to be

complete if every intuitionistic fuzzy Cauchy sequence in X; l; m; �; 
ð Þ is

intuitionistic fuzzy convergent X; l; m; �; 
ð Þ.

Hereafter, throughout this section, assume that X is a linear space, Z; l0; m0ð Þ is an

intuitionistic fuzzy normed space and Y; l; mð Þ an intuitionistic fuzzy Banach space.

Now, we use the following notation for a given mapping Dfða;b;kÞ : X ! Y such that

Dfða;b;kÞðx; yÞ ¼
aþ

ffiffiffi

k
p

b

2
f axþ

ffiffiffi

k
p

by
� �

þ a�
ffiffiffi

k
p

b

2
f ax�

ffiffiffi

k
p

by
� �

þ kða2 � kb2Þb2f ðyÞ � kðabÞ2
f ðxþ yÞ � ða2 � kb2Þa2f ðxÞ

where a 6¼ �1; 0; b 6¼ �1; 0; k[ 0 for all x; y 2 X:

4.1 IFNS: direct method

Theorem 4.8 Let s 2 f1;�1g. Let K : X 	 X ! Z be a function such that for

some 0\ p
a

� �s\1,

l0 Kl ansx; ansyð Þ; r
� �

� l0 pnsKl x; yð Þ; r
� �

m0 Km ansx; ansyð Þ; rð Þ� m0 pnsKm x; yð Þ; rð Þ

�

ð4:1Þ

for all x 2 X and all r[ 0 and

lim
n!1

l0 Kl asnx; asnyð Þ; asnr
� �

¼ 1

lim
n!1

m0 Km asnx; asnyð Þ; asnrð Þ ¼ 0

9

=

;

ð4:2Þ

for all x; y 2 X and all r[ 0. Let Dfða;b;kÞ : X ! Y be a function satisfying the

inequality

l Dfða;b;kÞðx; yÞ; r
� �

� l0 Kl x; yð Þ; r
� �

m Dfða;b;kÞðx; yÞ; r
� �

� m0 Km x; yð Þ; rð Þ

)

ð4:3Þ

for all x; y 2 X and all r[ 0. Then there exists a unique cubic mapping N : X ! Y

satisfying (1.5) and

l f ðxÞ � CðxÞ; rð Þ� l0 Kl x; 0ð Þ; a4ja3 � pjr
� �

m f ðxÞ � CðxÞ; rð Þ� m0 Km x; 0ð Þ; a4ja3 � pjrð Þ

�

ð4:4Þ

for all x 2 X and all r[ 0.

Proof Let s ¼ 1. Replacing (x, y) by (x, 0) in (4.3), we get
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l af ðaxÞ � a4f ðxÞ; rð Þ� l0 Klðx; 0Þ; r
� �

m af ðaxÞ � a4f ðxÞ; rð Þ� m0 Kmðx; 0Þ; rð Þ

�

ð4:5Þ

for all x 2 X and all r[ 0. Using (IFN4) in (4.5), we arrive

l
f ðaxÞ
a3

� f ðxÞ; r
a4

� 


� l0 Klðx; 0Þ; r
� �

m
f ðaxÞ
a3

� f ðxÞ; r
a4

� 


� m0 Kmðx; 0Þ; rð Þ

9

>

>

>

=

>

>

>

;

ð4:6Þ

for all x 2 X and all r[ 0. Replacing x by anx in (4.6), we have

l
f ðanþ1xÞ

a3
� f ðanxÞ; r

a4

� 


� l0 Klðanx; 0Þ; r
� �

m
f ðanþ1xÞ

a3
� f ðanxÞ; r

a4

� 


� m0 Kmðanx; 0Þ; rð Þ

9

>

>

>

=

>

>

>

;

ð4:7Þ

for all x 2 X and all r[ 0. It is easy to verify from (4.7) and using (4.1), (IFN4) that

l
f ðanþ1xÞ
a3ðnþ1Þ � f ðanxÞ

a3n
;

r

a4 � a3n

� 


� l0 Klðx; 0Þ; r
pn

� 


m
f ðanþ1xÞ
a3ðnþ1Þ � f ðanxÞ

a3n
;

r

a4 � a3n

� 


� m0 Kmðx; 0Þ;
r

pn

� 


9

>

>

>

=

>

>

>

;

ð4:8Þ

for all x 2 X and all r[ 0. Replacing r by pnr in (4.8), we have

l
f ðanþ1xÞ
a3ðnþ1Þ � f ðanxÞ

a3n
;
r � pn
a4 � a3n

� 


� l0 Klðx; 0Þ; r
� �

m
f ðanþ1xÞ
a3ðnþ1Þ � f ðanxÞ

a3n
;
r � pn
a4 � a3n

� 


� m0 Kmðx; 0Þ; rð Þ

9

>

>

>

=

>

>

>

;

ð4:9Þ

for all x 2 X and all r[ 0. It is easy to see that

f ðanxÞ
a3n

� f ðxÞ ¼
X

n�1

i¼0

f ðaiþ1xÞ
a3ðiþ1Þ � f ðaixÞ

a3i
ð4:10Þ

for all x 2 X. From Eqs. (4.8) and (4.9), we have

l
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

¼ l
Pn�1

i¼0

f ðaiþ1xÞ
a3ðiþ1Þ � f ðaixÞ

a3i
;
X

n�1

i¼0

pir

a4 � a3i

 !

m
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

¼ m
Pn�1

i¼0

f ðaiþ1xÞ
a3ðiþ1Þ � f ðaixÞ

a3i
;
X

n�1

i¼0

pir

a4 � a3i

 !

9

>

>

>

>

>

=

>

>

>

>

>

;

ð4:11Þ

for all x 2 X and all r[ 0. From Eqs. (4.10) and (4.11), we have

Generalized Ulam–Hyers stability... 405

123



l
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

�
Qn�1

i¼0 l
f ðaiþ1xÞ
a3ðiþ1Þ � f ðaixÞ

a3i
;

pir

a4 � a3i

� 


m
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

�
‘n�1

i¼0 m
f ðaiþ1xÞ
a3ðiþ1Þ � f ðaixÞ

a3i
;

pir

a4 � a3i

� 


9

>

>

>

>

>

=

>

>

>

>

>

;

ð4:12Þ

where

Y

n�1

i¼0

cj ¼ c1�c2� � � � �cn and
a

n�1

i¼0

dj ¼ d1
d2
 � � � 
dn

for all x 2 X and all r[ 0. Hence

l
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

�
Qn�1

i¼0 l0 Klðx; 0Þ; r
� �

¼ l0 Klðx; 0Þ; r
� �

m
f ðanxÞ
a3n

� f ðxÞ;
X

n�1

i¼0

pir

a4 � a3i

 !

�
‘n�1

i¼0 m0 Kmðx; 0Þ; rð Þ ¼ m0 Kmðx; 0Þ; rð Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

ð4:13Þ

for all x 2 X and all r[ 0. Replacing x by amx in (4.13) and using (4.2), (IFN4), we

obtain

l
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
;
X

n�1

i¼0

pir

a4 � a3ðiþmÞ

 !

� l0 Klðamx; 0Þ; r
� �

¼ l0 Klðx; 0Þ; r

pm

� 


m
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
;
X

n�1

i¼0

pir

a4 � a3ðiþmÞ

 !

� m0 Kmðamx; 0Þ; rð Þ ¼ m0 Kmðx; 0Þ; r

pm

� 


9

>

>

>

>

>

=

>

>

>

>

>

;

ð4:14Þ

for all x 2 X and all r[ 0 and all m; n� 0. Replacing r by pmr in (4.14), we get

l
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
;
X

n�1

i¼0

piþmr

a4 � a3ðiþmÞ

 !

� l0 Klðx; 0Þ; r
� �

m
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
;
X

n�1

i¼0

piþmr

a4 � a3ðiþmÞ

 !

� m0 Kmðx; 0Þ; rð Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

ð4:15Þ

for all x 2 X and all r[ 0 and all m; n� 0. It follows from (4.16), that
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l
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
; r

� 


� l0 Klðx; 0Þ; r

Pn�1
i¼m

pi

a4 � a3i

0

B

B

@

1

C

C

A

m
f ðanþmxÞ
a3ðnþmÞ � f ðamxÞ

a3m
; r

� 


� m0 Kmðx; 0Þ; r

Pn�1
i¼m

pi

a4 � a3i

0

B

B

@

1

C

C

A

9

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

;

ð4:16Þ

holds for all x 2 X and all r[ 0 and all m; n� 0. Since 0\p\3 and
Pn

i¼0
p
3

� �i\1.

The Cauchy criterion for convergence in IFNS shows that
f ðanxÞ
a3n

n o

is a Cauchy

sequence in Y ; l; mð Þ. Since Y ; l; mð Þ is a complete IFN-space this sequence con-

verges to some point C xð Þ 2 Y . So, one can define the mapping C : X ! Y by
f ðanxÞ
a3n

n o

lim
n!1

l
f ðanxÞ
a3n

� CðxÞ; r
� 


¼ 1; lim
n!1

m
f ðanxÞ
a3n

� CðxÞ; r
� 


¼ 0

for all x 2 X and all r[ 0. Hence

f ðanxÞ
a3n

�!IF CðxÞ; as n ! 1:

Letting m ¼ 0 in (4.16), we arrive

l
f ðanxÞ
a3n

� f ðxÞ; r
� 


� l0 Klðx; 0Þ; r

Pn�1
i¼0

pi

a4 � a3i

0

B

B

@

1

C

C

A

m
f ðanxÞ
a3n

� f ðxÞ; r
� 


� m0 Kmðx; 0Þ; r

Pn�1
i¼0

pi

a4 � a3i

0

B

B

@

1

C

C

A

9

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

;

ð4:17Þ

for all x 2 X and all r[ 0. Letting n tend to infinity in (4.17), we have

l CðxÞ � f ðxÞ; rð Þ� l0 Klðx; 0Þ; arja3 � pj
� �

m CðxÞ � f ðxÞ; rð Þ� m0 Kmðx; 0Þ; arja3 � pjð Þ

�

ð4:18Þ

for all x 2 X and all r[ 0. To prove C satisfies (1.5), replacing (x, y) by ðanx; anyÞ
in (4.3) respectively, we obtain

l
1

a3n
Dfða;b;kÞðanx; anyÞ; r

� 


� l0 Kðanx; anyÞ; a3nrð Þ

m
1

a3n
Dfða;b;kÞðanx; anyÞ; r

� 


� m0 Kðanx; anyÞ; a3nrð Þ

9

>

>

>

=

>

>

>

;

ð4:19Þ
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for all x 2 X and all r[ 0. Now,
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�
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� kðabÞ2
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ð4:20Þ

and
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Cðxþ yÞ � ða2 � kb2Þa2CðxÞ; r

�

� m
� aþ

ffiffiffi

k
p

b

2
C axþ

ffiffiffi

k
p

by
� �

� 1

a3n

aþ
ffiffiffi

k
p

b

2
f an axþ

ffiffiffi

k
p

by
� �� �

;
r

6

�




m
� a�

ffiffiffi

k
p

b

2
C ax�

ffiffiffi

k
p

by
� �

� 1

a3n

a�
ffiffiffi

k
p

b

2
f an ax�

ffiffiffi

k
p

by
� �� �

;
r

6

�




m
�

kða2 � kb2Þb2CðyÞ � 1

a3n
kða2 � kb2Þb2f ðanyÞ; r
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ð4:21Þ

for all x; y 2 X and all r[ 0. Since
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lim
n!1

l
1

a3n
Dfða;b;kÞðanx; anyÞ;

r

6

� 


¼ 1

lim
n!1

m
1

a3n
Dfða;b;kÞðanx; anyÞ;

r

6

� 


¼ 0

9

>

>

>

=

>

>

>

;

ð4:22Þ

for all x 2 X and all r[ 0. Letting n ! 1 in (4.20), (4.21) and using (4.22), we

observe that C fulfills (1.5). Therefore C is a cubic mapping.

In order to prove C(x) is unique, let C0ðxÞ be another cubic functional equation

satisfying (1.5) and (4.4). Hence,

lðCðxÞ � C0ðxÞ; rÞ ¼ l
CðanxÞ
a3n

� C0ðanxÞ
a3n

; r

� 


� l CðanxÞ � f ðanxÞ; r:a
3n

2

� 


�l f ðanxÞ � C0ðanxÞ; r:a
3n

2

� 


� l0 Klðanx; 0Þ; a
4ra3nja3 � pj

2

� 


� l0 Klðx; 0Þ; a
4ra3nja3 � pj

2 � pn

� 


mðCðxÞ � C0ðxÞ; rÞ ¼ m
CðanxÞ
a3n

� C0ðanxÞ
a3n

; r

� 


� m CðanxÞ � f ðanxÞ; r:a
3n

2

� 



m f ðanxÞ � C0ðanxÞ; r:a
3n

2

� 


� m0 Kmðanx; 0Þ; a
4ra3nja3 � pj

2

� 


� m0 Kmðx; 0Þ; a
4ra3nja3 � pj

2 � pn

� 


for all x 2 X and all r[ 0. Since

lim
n!1

a4ra3nja3 � pj
2pn

¼ 1;

we obtain

lim
n!1

l0 Klðx; 0Þ; a
4ra3nja3 � pj

2 � pn

� 


¼ 1

lim
n!1

m0 Kmðx; 0Þ; a
4ra3nja3 � pj

2 � pn

� 


¼ 0

9

>

>

>

=

>

>

>

;

for all x 2 X and all r[ 0. Thus

lðCðxÞ � C0ðxÞ; rÞ ¼ 1

mðCðxÞ � C0ðxÞ; rÞ ¼ 0

�

for all x 2 X and all r[ 0. Hence CðxÞ ¼ C0ðxÞ. Therefore C(x) is unique.

For s ¼ �1, we can prove the similar stability result. This completes the proof of

the theorem. h

The following corollary is an immediate consequence of Theorem 4.8, regarding

the stability of (1.5)
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Corollary 4.9 Suppose that a function Dfða;b;kÞ : X ! Y satisfies the double

inequality

l Dfða;b;kÞðx; yÞ; r
� �

�

l k; rð Þ;
l k jjxjjs þ jjyjjsð Þ; rð Þ;
l k jjxjjsjjyjjs þ jjxjj2s þ jjyjj2s

� �n o

; r
� �

;

8

>

>

<

>

>

:

m Dfða;b;kÞðx; yÞ; r
� �

�

m k; rð Þ;
m k jjxjjs þ jjyjjsð Þ; rð Þ;
m k jjxjjsjjyjjs þ jjxjj2s þ jjyjj2s

� �n o

; r
� �

;

8

>

>
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>

>

:

9
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>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

ð4:23Þ

for all x; y 2 X and all r[ 0, where k; s are constants with k[ 0. Then there exists

a unique cubic mapping C : X ! Y such that

l f ðxÞ � CðxÞ; rð Þ�

l k; aja3 � 1jrð Þ;
l kjjxjjs; aja3 � asjrð Þ;
l kjjxjj2s; aja3 � a2sjr
� �

;

8

>

>

<

>

>

:

m f ðxÞ � CðxÞ; rð Þ�

m k; aja3 � 1jrð Þ;
m kjjxjjs; aja3 � asjrð Þ;
m kjjxjj2s; aja3 � a2sjr
� �

;

8

>

>

<

>

>

:

9

>

>

>

>
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>

>
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>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

ð4:24Þ

for all x 2 X and all r[ 0.

4.2 IFNS: fixed point method

Theorem 4.10 Let Dfða;b;kÞ : X ! Y be a mapping for which there exists a function

K : X 	 X ! Z with the double condition

lim
n!1

l0 K vni x; v
n
i y

� �

; v3nr
� �

¼ 1

lim
n!1

m0 K vni x; v
n
i y

� �

; v3nr
� �

¼ 0

9

=

;

ð4:25Þ

for all x; y 2 X and all r[ 0 where

vi ¼
a if i ¼ 0

1

a
if i ¼ 1

8

<

:

ð4:26Þ

and satisfying the double functional inequality

l Dfða;b;kÞðx; yÞ; r
� �

� l0 K x; yð Þ; rð Þ
m Dfða;b;kÞðx; yÞ; r
� �

� m0 K x; yð Þ; rð Þ

)

ð4:27Þ

for all x; y 2 X and all r[ 0. If there exists L ¼ LðiÞ such that the function
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x ! qðxÞ ¼ 1

a
K

x

a
; 0

� �

;

has the property

l L
qðvixÞ
v3
i

; r

� 


¼ l qðxÞ; rð Þ

m L
qðvixÞ
v3
i

; r

� 


¼ m qðxÞ; rð Þ

9

>

>

>

=

>

>

>

;

ð4:28Þ

for all x 2 X and all r[ 0, then there exists a unique cubic function C : X ! Y

satisfying the functional Eq. (1.5) and

l f ðxÞ � CðxÞ; rð Þ� l0 qðxÞ; L
1�i

1 � L
r

� 


m f ðxÞ � CðxÞ; rð Þ� m0 qðxÞ; L
1�i

1 � L
r

� 


9

>

>

>

=

>

>

>

;

ð4:29Þ

for all x 2 X and all r[ 0.

Proof Consider the set

K ¼ fh=h : X ! Y ; hð0Þ ¼ 0g

and introduce the generalized metric on K,

dðh; f Þ ¼ inf L 2 ð0;1Þ :
lðhðxÞ � f ðxÞ; rÞ� l0ðqðxÞ; LrÞ; x 2 X

mðhðxÞ � f ðxÞ; rÞ� m0ðqðxÞ; LrÞ; x 2 X

� �� �

ð4:30Þ

It is easy to see that (4.30) is complete with respect to the defined metric. Define

J : K ! K by

JhðxÞ ¼ 1

v3
i

hðvixÞ;

for all x 2 X . Now, from (4.30) and h; f 2 K

inff1 2 ð0;1Þ : lðhðxÞ � f ðxÞ; rÞ� l0ðqðxÞ; rÞ; x 2 Xg

inff1 2 ð0;1Þ : lð 1

v3
i

hðvixÞ �
1

v3
i

f ðvixÞ; rÞ� l0ðqðvixÞ; v3
i rÞ; x 2 Xg

inffL 2 ð0;1Þ : lð 1

v3
i

hðvixÞ �
1

v3
i

f ðvixÞ; rÞ� l0ðqðxÞ; LrÞ; x 2 Xg

inffL 2 ð0;1Þ : lðJhðxÞ � Jf ðxÞ; rÞ� l0ðqðxÞ; LrÞ; x 2 Xg

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

inff1 2 ð0;1Þ : mðhðxÞ � f ðxÞ; rÞ� m0ðqðxÞ; rÞ; x 2 Xg

inff1 2 ð0;1Þ : mð 1

v3
i

hðvixÞ �
1

v3
i

f ðvixÞ; rÞ� m0ðqðvixÞ; v3
i rÞ; x 2 Xg

inffL 2 ð0;1Þ : mð 1

v3
i

hðvixÞ �
1

v3
i

f ðvixÞ; rÞ� m0ðqðxÞ; LrÞ; x 2 Xg

inffL 2 ð0;1Þ : mðJhðxÞ � Jf ðxÞ; rÞ� m0ðqðxÞ; LrÞ; x 2 Xg

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;
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This implies J is a strictly contractive mapping on K with Lipschitz constant L.

It follows from (4.30), (4.5), we reach

inf 1 2 ð0;1Þ : l af ðaxÞ � a4f ðxÞ; rð Þ� l0 Kðx; 0Þ; rð Þ
m af ðaxÞ � a4f ðxÞ; rð Þ� m0 Kðx; 0Þ; rð Þ

� �� �

ð4:31Þ

for all x 2 X and all r[ 0. Now, from (4.31) and (4.28) for the case i ¼ 0, we reach

inf 1 2 ð0;1Þ : l af ðaxÞ � a4f ðxÞ; rð Þ� l0 Kðx; 0Þ; rð Þ

 �

inf 1 2 ð0;1Þ : l f ðaxÞ
a3

� f ðxÞ; r
� 


� l0 Kðx; 0Þ; a4rð Þ
� �

inf L 2 ð0;1Þ : l Jf ðxÞ � f ðxÞ; rð Þ� l0 qðxÞ; Lrð Þf g
inf L1 2 ð0;1Þ : l Jf ðxÞ � f ðxÞ; rð Þ� l0 qðxÞ; Lrð Þ

 �

inf L1�0 2 ð0;1Þ : l Jf ðxÞ � f ðxÞ; rð Þ� l0 qðxÞ; Lrð Þ

 �

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

inf 1 2 ð0;1Þ : m af ðaxÞ � a4f ðxÞ; rð Þ� m0 Kðx; 0Þ; rð Þ

 �

inf 1 2 ð0;1Þ : m f ðaxÞ
a3

� f ðxÞ; r
� 


� m0 Kðx; 0Þ; a4rð Þ
� �

inf L 2 ð0;1Þ : m Jf ðxÞ � f ðxÞ; rð Þ� m0 qðxÞ; Lrð Þf g
inf L1 2 ð0;1Þ : m Jf ðxÞ � f ðxÞ; rð Þ� m0 qðxÞ; Lrð Þ

 �

inf L1�0 2 ð0;1Þ : m Jf ðxÞ � f ðxÞ; rð Þ� m0 qðxÞ; Lrð Þ

 �

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;

ð4:32Þ

for all x 2 X and all r[ 0. Again replacing x by x
a

in (4.33) and (4.28) for the case

i ¼ 1, we get

inf 1 2 ð0;1Þ : l f ðaxÞ � a3f ðxÞ; rð Þ� l0 Kðx; 0Þ; arð Þ

 �

inf 1 2 ð0;1Þ : l f ðxÞ � Jf ðxÞ; rð Þ� l0 qðxÞ; rð Þf g
inf L0 2 ð0;1Þ : l f ðxÞ � Jf ðxÞ; rð Þ� l0 qðxÞ; rð Þ

 �

inf L1�1 2 ð0;1Þ : l f ðxÞ � Jf ðxÞ; rð Þ� l0 qðxÞ; rð Þ

 �

8

>

>

>

<

>

>

>

:

inf 1 2 ð0;1Þ : m f ðaxÞ � a3f ðxÞ; rð Þ� m0 Kðx; 0Þ; arð Þ

 �

inf 1 2 ð0;1Þ : m f ðxÞ � Jf ðxÞ; rð Þ� m0 qðxÞ; rð Þf g
inf L0 2 ð0;1Þ : m f ðxÞ � Jf ðxÞ; rð Þ� m0 qðxÞ; rð Þ

 �

inf L1�1 2 ð0;1Þ : m f ðxÞ � Jf ðxÞ; rð Þ� m0 qðxÞ; rð Þ

 �

8

>

>

>

<

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;

ð4:33Þ

Thus, from (4.31) and (4.33), we arrive

inf L1�i 2 ð0;1Þ : lðhðxÞ � f ðxÞ; rÞ� l0ðqðxÞ; L1�irÞ; x 2 X

mðhðxÞ � f ðxÞ; rÞ� m0ðqðxÞ; L1�irÞ; x 2 X

� �� �

ð4:34Þ

Hence property (FP1) holds. The rest of the proof is similar to that of Theorem 3.3.

h

The following corollary is an immediate consequence of Theorem 4.10,

regarding the stability of (1.5).
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Corollary 4.11 Suppose that a function Dfða;b;kÞ : X ! Y satisfies the double

inequality

l Dfða;b;kÞðx; yÞ; r
� �

�

l k; rð Þ;
l k jjxjjs þ jjyjjsð Þ; rð Þ;
l k jjxjjsjjyjjs þ jjxjj2s þ jjyjj2s

� �n o

; r
� �

;

8

>

>

<

>

>

:

m Dfða;b;kÞðx; yÞ; r
� �

�

m k; rð Þ;
m k jjxjjs þ jjyjjsð Þ; rð Þ;
m k jjxjjsjjyjjs þ jjxjj2s þ jjyjj2s

� �n o

; r
� �

;

8

>

>

<

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

ð4:35Þ

for all x; y 2 X and all r[ 0, where k; s are constants with k[ 0. Then there exists

a unique cubic mapping C : X ! Y such that the double inequality

l f ðxÞ � CðxÞ; rð Þ�

l0 k; aja3 � 1jrð Þ;
l0 kjjxjjs; aja3 � asjrð Þ;
l0 kjjxjj2s; aja3 � a2sjr
� �

;

8

>

>

<

>

>

:

m f ðxÞ � CðxÞ; rð Þ�

m0 k; aja3 � 1jr
� �

;

m0 kjjxjjs; aja3 � asjr
� �

;

m0 kjjxjj2s; aja3 � a2sjr
� �

;

8

>

>

<

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

ð4:36Þ

holds for all x 2 X and all r[ 0.

Proof Set

l0 Kðvni x; vni yÞ; v3n
i r

� �

¼

l0 k; v3n
i r

� �

;

l0 k jjxjjs þ jjyjjsð Þ; vð3�sÞn
i r

� �

;

l0 k jjxjjsjjyjjsfð
þ jjxjj2s þ jjyjj2s
� �o

; vð3�2sÞn
i r

�

;

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

¼

! 1 as k ! 1

! 1 as k ! 1

! 1 as k ! 1

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

m0 Kðvni x; vni yÞ; v3n
i r

� �

¼

m0 k; v3n
i r

� �

;

m0 k jjxjjs þ jjyjjsð Þ; vð3�sÞn
i r

� �

;

m0 k jjxjjsjjyjjsfð
þ jjxjj2s þ jjyjj2s
� �o

; vð3�2sÞn
i r

�

;

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

¼

! 0 as k ! 1

! 0 as k ! 1

! 0 as k ! 1

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

for all x 2 X and all r[ 0. Thus, the relation (4.25) holds. It follows from (4.28),

(4.29) and (4.35)
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l0
1

a
K

x

a
; 0

� �

; r

� 


¼

l0 k; atð Þ
l0 kjjxjjs; a1�srð Þ
l0 kjjxjj2s; a1�2sr
� �

8

>

>

<

>

>

:

m0
1

a
K

x

a
; 0

� �

; r

� 


¼

m0 k; atð Þ
m0 kjjxjjs; a1�srð Þ
m0 kjjxjj2s; a1�2sr
� �

8

>

>

<

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

for all x; y 2 X and all r[ 0. Also from (4.28), we have

l0
qðvixÞ
v3
i

; r

� 


¼

l0 k; vi
3atð Þ

l0 kjjxjjs; vi3�satð Þ
l0 kjjxjj2s; vi3�2sat
� �

8

>

>

<

>

>

:

m0
qðvixÞ
v3
i

; r

� 


¼

m0 k; vi
3atð Þ

m0 kjjxjjs; vi3�satð Þ
m0 kjjxjj2s; vi3�2sat
� �

8

>

>

<

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

for all x 2 X and all r[ 0. Hence, the inequality (4.29) is true for

L v�3
i ; i ¼ 0 L v�3

i ; i ¼ 1

1: a�3 0 a3 0

2: as�3 s\3 asþ3 s[ 3

3: a2s�3 2s\3 a2sþ3 2s[ 3

Now, for condition 1. and i ¼ 0, we have

l f ðxÞ � CðxÞ; rð Þ� l0 qðxÞ; a�3

1 � a�3
r

� 


¼ l0 k; aja3 � 1jrð Þ

m f ðxÞ � CðxÞ; rð Þ� m0 qðxÞ; a�3

1 � a�3
r

� 


¼ m0 k; aja3 � 1jrð Þ

9

>

>

>

=

>

>

>

;

for all x 2 X and all r[ 0. Also, for condition 1. and i ¼ 1, we get

l f ðxÞ � CðxÞ; rð Þ� l0 qðxÞ; ða
3Þ1�1

1 � a3
r

 !

¼ l0 k; aj1 � a3jrð Þ

m f ðxÞ � CðxÞ; rð Þ� m0 qðxÞ; ða
3Þ1�1

1 � a3
r

 !

¼ m0 k; aj1 � a3jrð Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

for all x 2 X and all r[ 0. Again, for condition 2. and i ¼ 0, we obtain
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l f ðxÞ � CðxÞ; rð Þ� l0 qðxÞ; ða
s�3Þ1�0

1 � as�3
r

 !

¼ l0 kjjxjjs; aja3 � asjrð Þ

m f ðxÞ � CðxÞ; rð Þ� m0 qðxÞ; ða
s�3Þ1�0

1 � as�3
r

 !

¼ m0 kjjxjjs; aja3 � asjrð Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

for all x 2 X and all r[ 0. Also, for condition 2. and i ¼ 1, we arrive

l f ðxÞ � CðxÞ; rð Þ� l0 qðxÞ; ða
3�sÞ1�1

1 � ða3�sÞ r
 !

¼ l0 kjjxjjs; ajas � a3jrð Þ

m f ðxÞ � CðxÞ; rð Þ� m0 qðxÞ; ða
3�sÞ1�1

1 � ða3�sÞ r
 !

¼ m0 kjjxjjs; ajas � a3jrð Þ

9

>

>

>

>

>

=

>

>

>

>

>

;

for all x 2 X and all r[ 0. The rest of the proof is similar to that of previous cases.

This finishes the proof. h
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