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Abstract The wavelet packet transformation involving the fractional powers of
Hankel-type integral transformation is defined and discussed on its some basic
properties. An inversion formula of this transformation is also obtained. Some
examples are given.
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1 Introduction

Let Lﬁ717v(1) be the space of all real valued measurable functions y defined on

I =(0,00) for which [ |y(z)|r"*~**2~1dt exist. Also the space L*(I) be the
collection of almost everywhere bounded integrable functions. Hence the norm is
defined as

||'//H { (fo | W(I) |p tv,ll—%+2v—]d[> %, 1<p<oo, n,o, v E R
L;pmc.vu)
ess Sup,¢; | w(t) |, p = .

()
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The fractional powers of 0(0 <0 <) of Hankel-type integral transformation H’ o fy

of functions f € L}, , ,(I) depending upon three real parameters (o, 8, v) is defined as
(6, 7]

(Hofx/)’\f)( ) ,uz/}t / KOIW (2)
where
VﬁCZ,a(fW)“Ju (ﬁ(tw) cse 0) iy t2‘+w2‘)0010t7172a+2v’ 0 +# nn
Ko(t, w) = vB(tw)*J, (ﬂ(tw)")t7172o¢+2v7 0 :g
o(t—w), 0=nn
VneZ vu+2v—oa>1, Cz’x = % and J,, is the Bessel function of first kind
of order p.
The inverse of (1) is defined as follows:
76 = (Hilpaflops) 0 = [ K 0n 0 O (3)
where 0 is Dirac-delta function and it is given by
o0
oo = w) = PRew 2 [y () B . (4)

The Parseval’s identity becomes

/0 12 () g r)dr = / w0 ()dw.(5)

Let ¢,y € LM‘( ). Then fractional Hankel-type integral convolution (@#gy)(t)
and Hankel-type integral translation (t?¢)(w) are respectively defined as:

ip

o0
((P#Olﬁ)( ) — Vﬁ ““/ (p(W)e_WZ cotH( 0¢)< ) vi— oc-«-2v—ldw7 (6)
where 0 <t, w<oo, and
(xw)(w) = ¥’ (1,w) = vpCy, /0 PRID, (1w, 2) B 02 gy (7)
provided that the above integrals exist, and being

Dzaﬁ‘,(t w,z) = vf(csc O)MC;g /Ooc(ts)“(ws)“(ts)“.ll,(ﬁ(ts)v csc 0)

« J,L([?(ws)v csc H)Ju(ﬁ(zs) csc 0) t2‘ +w2"+22“) cot 0S71731+2v7",ltds'

(8)

Moreover for vu+2v —a>1,

@ Springer



The fractional Hankel-type integral... 227

Vﬁcﬁa /oO Z7172a+2v(zs)xjﬂ(ﬁ(zs) cse 0) b(2 +52") cot 0
' 0
x Do (1w, 2)dz = (csc 0)(15) "1, (B(ts)” csc 0)) (ws)*J, (B(ws)" esc 0) (%)

B2y 2y i 2v
=%t +w*") cot 0 %5 cot 0 ,—o—v
x e 1 )eotly3 s

and

o0 .
0 vu—a+2v—1 10 B2v ot 0
vﬁClw/o Fia Dy (T, w, z)e? dz

B (tw) " (esc 0) 2 H e P+ cotd (10)

B 2T+ 1)

The mathematical theory of wave packet analysis on R is originated from dyadic
dilations, integral translations and crips modulation of a particular signal [2, 3].
Theory of this paper depending on the ideas of fractional wavelets given by [4, 8, 9],
the fractional Hankel-type integral wavelet i, , 5 as the dilation and translation of

function y € Lu o ‘( ) with the parameters @ > 0, b > 0 is mathematically defined as
lpb,a,f)(t)
4 v v b t
_ Da (‘Eglﬁ) (Z) _ Da‘pO(b; f) _ 7—72\!4»20( /;( ] 1) (t2 +b? )cotﬂlp() <_ , _)

a a

120420 2 (1) (P57 ) cot 0 !
g, [yl (8.)

« e‘,’f‘ cot()Zvufaudvfldz7

(11)

where D, denotes the fractional dilation operator.

A fractional Hankel-type integral wavelet is a function € va( ), which
satisfies the following condition:
*//f 2v ) 2
OO'(HO‘ ez cot0 \,u+oc¢( ))(W)'
ot = [N e, ()
0 v2ﬁ W1+2vu+21

and it is known as the admissibility condition of the fractional Hankel-type integral
wavelet.

Proposition 1 If € va( ), then the fractional powers of the Hankel-type
integral transformation of \,, , ¢y is given by

i

1 Y o £ aZv_ WZV 2y co o
(Hz,a,/},v‘pb,aﬁ)(w):75(““’)“ e ((@ =) tH(bwcsc())

:/f 2v

Ju(B(bw)" csc 0)( € COt()z"““‘l//(z))(aw).

Proof See [7]. O
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Lemma 1 [f K'(t,w) is kernel of the transformation (2) then
(a) 1) =K(w,1),

KO(w
/ K% (1, w)K% (w,z)dw = K" %(1,7),

(c) /0 K (a,w)K=%(w, 1)dw = 6(t — a).

Proof (a) Since for 0 # nn

K (w,1) = vBC, (0w "T(— (o) esc(—0)) ) o0 122

A Ju(ﬁ(Wt) cse 9)6 f(t2‘+w2‘)cot() —1-2a+2v

=vB(-1)""

JEEmIC)

sin 0

L2+ co _
=vp— Ju(B(wr)" csc 0)en( +e?) cotly—1-2a+2v
=K%w,1).

Similarly (b) and (c) can be proved easily by using the property (a). U

2 Fractional Hankel-type integral wavelet packet transformation

As per [2, 3, 5, 8], the fractional Hankel-type integral wavelet packet transformation
is defined as:

(wris) ba) = [ KO ate @, (13)

where V), , o as fractional wavelet.
More precisely, the fractional Hankel-type integral wavelet packet transforma-
tion (FrHWPT) is given by

(ngf) (u,b,a) = VﬁCZ‘u /Oo(tu)“j#(ﬁ(m) cse @) B2 412 cot 0
“Jo
X 41T o (OF (1)

Now assume that f,(¢) = vﬁCﬁ,l(z‘u)“Jﬂ (B(tu)" csc 0) eg(’z‘*”zv)c"‘ef(t) and using
Parseval’s identity in (14) we get

(14)

(WPLr) wbva) = [ A2 Talooh 2 (15)

Now we see that
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700) = L [ ) () ese 0) A g )
= \)2/32(ij7“)2 /Ooo(tw)“Jﬂ(ﬁ(tu) csc H)e’f’ ) ot
x ((tu)“]u(ﬁ(tu) csc 0) e tz‘“z‘)“"@f(t))t’1’2“+2"dt.
Using (9), (2) and (7), we get

( ) =B Iua(CSC 0)_2“ iBw +u?) cot 0

‘ o (16)
y ‘[Z (Z yi— “e_ﬁZZ cot GHZ By (tt;H—oteﬁ[Z cot Hf(t)) (Z)) (W)
Therefore
(WPﬁf) (u,b,a)
vﬁC" gifu? cot0 a iB oy
= T (Z‘”‘ remte °°“’Hﬁa/n (f’me_r2 cmef(l))(z)) (w)
(csc0)*a Jo (17)

X (aw) ™™ W BB cot (bw)"Ju(B(bw)" csc 0)

x (H”

0 ‘eT/ZZ\ cotl V”J"“W(Z)) (aw)w— 1 —20c+2vdw.

Remark 1 From (17) we can express the fractional Hankel- type integral wavelet
packet transformation (Wow) u,b,a) of a function f € L (I) as:

(WP&}‘) (u,b,a)

_ eiﬂuz“ cot 0
(csc 0)**\/a wtf
W (aw *#V*O‘e% a*'w* cot 0 HY '/ZZ“ cot('?zv,qualp 2) ) (aw) | (b).
v

,uoc\

, [IZ (Z—m 167122‘ cot HHZ) e (t\’lbwe%tz" cot ef(l‘)) (Z))

Theorem 1 [fy, and ¥, are two fractional Hanlel- type integral wavelets, fi, f»

€ L2, ,(I) and for scalars a; and a; we have

(@) (WPY, (ofy + o82) ) . b,0) = o1 (WPY fi ) (,b,0) + o2 (WP, fs ) (1, ),

(0) (WP oy 1 ) (b, @) = 5 (WP fy ) 1,5, @) + 55 (WP, fi ) (b, ).

Proof (a) Using (13), we have
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(WPy, (cufi + afs) ) (1, b,0)
- / KO 01y 00 (1) oafs + 2 (1)t

o0

s / " K0y ()t + 22 / KO (1, 1)1y 0 (115 (1)t

0 0
a1 (WP) 1) (b, a) + o0 (WPYfs ) (1, b, ),

Similarly (b) can be proved as (a). O

Theorem 2 [f Y, and , are two fractional wavelets and (WP:Zl f)(u,b,a) and
(WPizg)(u,b,a) denote the fractional Hankel-type integral wavelet packet trans-

formations of the functions f and g respectively, then

/ / (WP}, f)(u,b,a) (WP}, ¢)(u,b,a)b™" "> dbda

2

= (ese )l [ ((an) g, (Blan) esc0)) Sl as,

0

where
0.0,y 2 [ i awan g0 o, ot
Chptr = o [t (b (e, ) ) o)
x (H (210267 004, ) ) ().

Proof Using Remark 1 and (5), we get

/ / WP9 (u,b a)(WP9 8)(u,b,a)b” 122942 dbda

v2ﬁ2 0,10, B,v 00 B2y if 2y
P g
0

(CSC 0)740( u o,
x 10 (z*V#*“e“ZZ‘ cot é)HH By (t“lH“e%’z“ cot (’g(t)) (Z)> (w)w 1722 gy (18)
ﬁz l(z,]#7 12/1 v /oo 0 0( —vu—a —L2 cot0 g0 (lvlﬁ_‘y BV ot 0
o,y [TM (Z e’ o By e?
(csc 0)* o

X f(t)) (Z)) (W):| Hz,oc,[f,v I:TZ (Z—v,u—0'677z cot 9H9 e (t»,u+a< _ﬂp\ cot 0

x 8(0)(2)) (w)|x~' 2.

Now we see that
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Hg,a,ﬁ.,v [T’(j (Zﬂxu aefgzz\ cor()Hga ‘<tvu+o< Loy cot()f( ))( ))( )} (x)

:vﬁ/ (xw)“]u( w)" CSCG) x2‘+w2‘)c0t0 —1-20+2v (VﬁCO

(19)
g / D W, 2D (174757 (1)) () 42z )
(CSC 9)20’ 2i(14+p)(0-% e—guz‘ colf)e%[ixz" cot()(ux)ocJﬂ (ﬁ(ux)‘ cse H)f(x)
Similarly proceeding as the above we get
YU—0l p—7" vito Ly
Hgaﬂ\ |:Tg (Z Vi—0p 22 Cot(')HO wpy ([ u+ 6212 coteg(t))(z)) (W):| (X) (20)

_ (CSC 0)216*2i(1+ﬂ)(0*%)€7ﬁu2‘ COtng%ﬂxz" COtO(MX)aJ# (ﬁ(ux)v cse 9)@

Using (19) and (20) in (18) we get
/ / (WPL £)(ut, b, a) (WP, g)(u, by @b~ dbda
0

= (ese 0) Y [ (0, (p) ese0)) T g0 2 e

O

Remark 2 The following are deductions of Theorem 2:

i) Iff =g, then

o0 o0
/ / (WP}, f)(u, b, a) (WP}, f)(u,b,a)b™"">***'dbda
0 0

= (ese0) €Y [ ()b ese0)) I P2 2

(i) Tf ¥, =y = i, then
/ h / " (WPLF) (u,b, @) (WP ) (b, a2 dbda
0 0

= (esc ) *Cy " /0°° ((ut)alu(ﬁ(ut)" csc 0))2f(x)@x7172;«.+2vdx.

(iii) Iff=gandy, =, =, then
= 0 27 —1-2042v
/0 /0 I(Wﬂ)(u,b,aﬂ b1 by
= (ese "€ [ ((ut)a, (Bl esc ) o) P

0,p,00,B,v -

where C is given by (11).
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Theorem 3 (Inversion Formula) Let f € LH“( ). Then f can be reconstructed
involving the fractional Hankel-type transformation by the formula

vﬁc@ B> cot0
f() = / / WU u,b,a)
() (csc 0)* zl‘fl;‘f‘(ut) "csc ) wf
X (%)b,a,o(f)bilizlﬂ‘dbda

Gyotﬁ\

where C is as in Theorem 2.

Proof Form Theorem 2, we have

2

(csc H)MCz u;zﬁ v /OO ((ut)aj (B(ut)” csc 0)) (gD 2y

/ / WPW (u,b a)(WP0 8)(u,b,a)b” 172242 dbda

- / Vﬁcz'“ / / (WP‘(;’ )b, a)(w)"J, (ﬁ(t”) csc 9) 2 +w?) cot 0
0 ! 0 0 I
X <¢2)bﬂ“79b_]_2“+2"dbda) g(—t)t—l—20c+2vdt.
On equating we get
vﬁCo Lo

)cot0
t)_(cs00)4“C9”“ﬂv(ut) Ju(B(ur)" csc 0) / / W‘/‘f “5,a) (21)

Vi,
X (W2)p00(1)0™' 72 dbda.

O

3 Some examples

Example 1 Assume that f(¢) = t(z‘ 1> ,0<c<oo. Then the fractional Hankel-type

integral wavelet packet transformation of f(f) is given by
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(wir)(.b.a)
B /OOO KO (t,u) iy o (0f (1)t

B 2wy o R
_ V3ﬂscz,x(CSC 0)2+2aa—%—2v(bu)%eT(u° +h2‘)cot0/ W(Z)Zu&z‘ ldz
0

X / x’”z"*vﬂjﬂ (ﬁ ( éx) ' csc 9> Jy (ﬁ(xz) " csc G)dx
0 a
OC Iy v ifr? co

X (/0 Ju (ﬁ(;x) csc H)J# (B(tu)" csc 0)eP™ <05 (t — c)dt)

=3 Cz’a(csc 0)2+2“a’%’2V(bu)“e%”z““’zv*zczv) cot QJM (ﬂ (tu) " esc 0)
0 00 b v
vu+2v—1 —14+2v—vu v
X /0 V(2)z dz/o x J”<ﬁ(ax) cscH)
x Ju(B(xz)" esc 0)J, (ﬁ(gx) “esc 9) dx.
Using [10, p.41], we get

(W‘zf) (u,b,a)

2 331 ~0
vepmHC B
50 2+420—3 v —vAu—1 L B2y p2v 2
= —III:(CSC 9) +2u #uﬁbx VeTVOH la 262(u +b™+2¢*) cot O

x Jy (,/)’(uc)v csc 0) /Ooo VD2 A gy,

where A denotes the area of a  triangle having  sides
([3 () csc 0), ([3 () ese 0), (fz" csc 0) such a triangle exists.

Example 2 Assume f(t) = e~"?, then

(sz) (u,b,a)

. oo
=43 ﬁ3 CZ’O( (CSC 0)2+2aa—%—2u(bu)oce%(uz‘#h“) cotf /0 w(z)zvu—o—Z\r—le
% / xRy (ﬁ(éx) " ese 6)) Ju(B(xz) "csc 0)dx
0 a
R ry v
X (/0 P IJH (ﬁ(;x) csc 0>Ju(ﬁ(tu) csc 9)dt>.

Using [1, p.6] and (4) in (22), we get
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(ng) (u,b,a)

v2ﬁ3 (CSC 0)2fx+2 ___2\, (bu) /f(u2\ +b2‘)0019 / meH’ZV_le
0

v

o —vu+42v— b ! ' ;
X/O 2 1Ju(ﬁ(ax) CSC@>Ju(ﬂ(xz) Csce)m
5(M_ﬁu" cse H)dx
a

(CSC 0) 200 —v,u+27 2v+1 a * K(-? Lt b / lﬁ m+2v—1J (ﬁ(auz) csc 0)
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