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Abstract The wavelet packet transformation involving the fractional powers of

Hankel-type integral transformation is defined and discussed on its some basic

properties. An inversion formula of this transformation is also obtained. Some

examples are given.
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1 Introduction

Let Lpl;a;mðIÞ be the space of all real valued measurable functions w defined on

I ¼ ð0;1Þ for which
R1

0
jwðtÞjtml�aþ2m�1dt exist. Also the space L1ðIÞ be the

collection of almost everywhere bounded integrable functions. Hence the norm is

defined as

kwkLpl;a;mðIÞ ¼

� R1
0

j wðtÞ jp tml�aþ2m�1dt
�

1
p
; 1\p\1; l; a; m 2 R

ess supt2I j wðtÞ j; p ¼ 1:

(

ð1Þ
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The fractional powers of hð0\h\pÞ of Hankel-type integral transformation Hh
l;a;b;m

of functions f 2 Lpl;a;mðIÞ depending upon three real parameters ða; b; mÞ is defined as

[6, 7]

ðHh
l;a;b;mf ÞðwÞ ¼ f̂ hl;a;b;mðwÞ ¼

Z 1

0

Khðt;wÞf ðtÞdt ð2Þ

where

Khðt;wÞ ¼
mbCh

l;aðtwÞ
a
Jl
�
bðtwÞm csc h

�
e
ib
2
ðt2mþw2mÞ cot ht�1�2aþ2m; h 6¼ np

mbðtwÞaJl
�
bðtwÞm

�
t�1�2aþ2m; h ¼ p

2
dðt � wÞ; h ¼ np

8
>><

>>:

8n 2 Z, mlþ 2m� a� 1, Ch
l;a ¼ e

ið1þlÞðh�p
2
Þ

sin h and Jl is the Bessel function of first kind

of order l.

The inverse of (1) is defined as follows:

f ðtÞ ¼
�
H�h

l;a;b;m f̂
h
l;a;b;m

�
ðtÞ ¼

Z 1

0

K�hðw; tÞf̂ hl;a;b;mðwÞdw; ð3Þ

where d is Dirac-delta function and it is given by

dðt � wÞ ¼ m2b2taw�1�aþ2m
Z 1

o

y�1þ2mJl bðtyÞmð ÞJl bðwyÞmð Þdy: ð4Þ

The Parseval’s identity becomes

Z 1

0

t�1�2aþ2mf ðtÞgðtÞdt ¼
Z 1

0

w�1�2aþ2m f̂ hl;a;b;mðwÞĝhl;a;b;mðwÞdw: ð5Þ

Let u;w 2 L1
l;a;mðIÞ. Then fractional Hankel-type integral convolution ðu#hwÞðtÞ

and Hankel-type integral translation ðshxuÞðwÞ are respectively defined as:

ðu#hwÞðtÞ ¼ mbCh
l;a

Z 1

0

uðwÞe
ib
2
w2m cot hðsht wÞðwÞwml�aþ2m�1dw; ð6Þ

where 0\t;w\1; and

ðsht wÞðwÞ ¼ whðt;wÞ ¼ mbCh
l;a

Z 1

0

uðzÞDh
l;a;b;mðt;w; zÞe

ib
2
z2m cot hzml�aþ2m�1dz; ð7Þ

provided that the above integrals exist, and being

Dh
l;a;b;mðt;w; zÞ ¼ mbðcsc hÞ2a

C�h
l;a

Z 1

0

ðtsÞaðwsÞaðtsÞaJl bðtsÞm csc hð Þ

� Jl bðwsÞm csc hð ÞJl bðzsÞm csc hð Þe�
ib
2ðt2mþw2mþz2lÞ cot hs�1�3aþ2m�mlds:

ð8Þ

Moreover for mlþ 2m� a� 1,
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mbCh
l;a

Z 1

0

z�1�2aþ2mðzsÞaJl bðzsÞm csc hð Þe
ib
2
ðz2mþs2mÞ cot h

� Dh
l;a;b;mðt;w; zÞdz ¼ ðcsc hÞ2aðtsÞaJl bðtsÞm csc hÞð ÞðwsÞaJl bðwsÞm csc hð Þ

� e�
ib
2 ðt2mþw2mÞ cot he

ib
2 s

2m cot hs�a�ml;

ð9Þ

and

mbCh
l;a

Z 1

0

zml�aþ2m�1Dh
l;a;b;mðt;w; zÞe

ib
2
z2m cot hdz

¼ blðtwÞaþmlðcsc hÞ2aþl
e�

ib
2
ðt2mþw2mÞ cot h

2lCðlþ 1Þ :

ð10Þ

The mathematical theory of wave packet analysis on R is originated from dyadic

dilations, integral translations and crips modulation of a particular signal [2, 3].

Theory of this paper depending on the ideas of fractional wavelets given by [4, 8, 9],

the fractional Hankel-type integral wavelet wb;a;h as the dilation and translation of

function w 2 L2
l;a;mðIÞ with the parameters a[ 0, b� 0 is mathematically defined as

wb;a;hðtÞ

¼ Da shbw
� �

ðtÞ ¼ Daw
hðb; tÞ ¼ a�

1
2
�2mþ2ae

ib
2

1

a2m�1
� �

t2mþb2mð Þ cot hwh b

a
;
t

a

� �

¼ a�
1
2
�2mþ2ae

ib
2

1

a2m�1
� �

t2mþb2mð Þ cot hmbCh
l;a

Z 1

0

wðzÞDh
l;a;b;m

b

a
;
t

a
; z

� �

� e
ib
2
z2m cot hzml�aþ2m�1dz;

ð11Þ

where Da denotes the fractional dilation operator.

A fractional Hankel-type integral wavelet is a function w 2 L2
l;a;mðIÞ, which

satisfies the following condition:

C
h;l;a;b;m
w ¼

Z 1

0

j Hh
l;a;b;me

�ib
2
z2m cot hzmlþawðzÞ

� �
ðwÞj2

m2b2w1þ2mlþ2a
dw\1; ð12Þ

and it is known as the admissibility condition of the fractional Hankel-type integral

wavelet.

Proposition 1 If w 2 L2
l;a;mðIÞ, then the fractional powers of the Hankel-type

integral transformation of wb;a;h is given by

Hh
l;a;b;mwb;a;h

� �
ðwÞ ¼ 1

ffiffiffi
a

p ðawÞml�a
e�

ib
2

ða2m�1Þw2mþb2mð Þ cot hðbw csc hÞa

� Jl
�
bðbwÞm csc h

�
Hh

l;a;b;me
�ib

2
z2m cot hzmlþawðzÞ

� �
ðawÞ:

Proof See [7]. h
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Lemma 1 If Khðt;wÞ is kernel of the transformation (2) then

ðaÞ Khðw; tÞ ¼ K�hðw; tÞ;

ðbÞ
Z 1

0

Kh1ðt;wÞKh2ðw; zÞdw ¼ Kh1þh2ðt; zÞ;

ðcÞ
Z 1

0

Khða;wÞK�hðw; tÞdw ¼ dðt � aÞ:

Proof (a) Since for h 6¼ np

K�hðw; tÞ ¼ mbC�h
l;aðtwÞ

a
Jlð�bðwtÞm cscð�hÞÞe

ib
2
ðt2mþx2mÞ cotð�hÞw�1�2aþ2m

¼ mbð�1Þ1þl e
�ið1þlÞðhþp

2Þ

sin h
JlðbðwtÞm csc hÞe�

ib
2
ðt2mþx2mÞ cot hw�1�2aþ2m

¼ mb
eið1þlÞðh�p

2
Þ

sin h
JlðbðwtÞm csc hÞeib

2
ðt2mþx2mÞ cot hw�1�2aþ2m

¼Khðw; tÞ:

Similarly (b) and (c) can be proved easily by using the property (a). h

2 Fractional Hankel-type integral wavelet packet transformation

As per [2, 3, 5, 8], the fractional Hankel-type integral wavelet packet transformation

is defined as:

WPh
wf

� �
ðu; b; aÞ ¼

Z 1

0

Khðt; uÞwb;a;hðtÞf ðtÞdt; ð13Þ

where wb;a;h as fractional wavelet.

More precisely, the fractional Hankel-type integral wavelet packet transforma-

tion (FrHWPT) is given by

WPh
wf

� �
ðu; b; aÞ ¼ mbCh

l;a

Z 1

0

ðtuÞaJl
�
bðtuÞm csc h

�
e
ib
2
ðt2mþu2mÞ cot h

� t�1�2aþ2mwb;a;hðtÞf ðtÞdt:
ð14Þ

Now assume that fuðtÞ ¼ mbCh
l;aðtuÞ

a
Jl
�
bðtuÞm csc h

�
e
ib
2
ðt2mþu2mÞ cot hf ðtÞ and using

Parseval’s identity in (14) we get

WPh
wf

� �
ðu; b; aÞ ¼

Z 1

0

f̂ hu ðwÞŵb;a;hðwÞw�1�2aþ2mdw: ð15Þ

Now we see that
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f̂ hu ðwÞ ¼ mbCh
l;a

Z 1

0

ðtuÞaJl
�
bðtuÞm csc h

�
e
ib
2
ðt2mþu2mÞ cot hfuðtÞt�1�2aþ2mdt

¼ m2b2ðCh
l;aÞ

2

Z 1

0

ðtwÞaJl
�
bðtuÞm csc h

�
e
ib
2
ðt2mþu2mÞ cot h

� ðtuÞaJl
�
bðtuÞm csc h

�
e
ib
2 ðt2mþu2mÞ cot hf ðtÞ

� �
t�1�2aþ2mdt:

Using (9), (2) and (7), we get

f̂ hu ðwÞ ¼ mbCh
l;aðcsc hÞ�2a

eibðw
2mþu2mÞ cot h

� shu z�ml�ae�
ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞ

� �
ðwÞ:

ð16Þ

Therefore

WPh
wf

� �
ðu; b; aÞ

¼
mbCh

l;ae
ibu2m cot h

ðcsc hÞ2a ffiffiffi
a

p
Z 1

0

shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞ

�
ðwÞ

� ðawÞ�ml�a
e
ib
2
a2mw2m

e
ib
2
ðw2mþb2mÞ cot hðbwÞaJl

�
bðbwÞm csc h

�

� Hh
l;a;b;me

�ib
2
z2m cot hzmlþawðzÞ

� �
ðawÞw�1�2aþ2mdw:

ð17Þ

Remark 1 From (17) we can express the fractional Hankel- type integral wavelet

packet transformation WPh
wf

� �
ðu; b; aÞ of a function f 2 L2

l;a;mðIÞ as:

WPh
wf

� �
ðu; b; aÞ

¼ eibu
2m cot h

ðcsc hÞ2a ffiffiffi
a

p Hh
l;a;b;m

h
shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞ

�

ðwÞ
i
ðawÞ�lm�a

e
ib
2
a2mw2m cot h Hh

l;a;b;me
�ib

2 z2m cot hzmlþawðzÞ
� �

ðawÞ
i
ðbÞ:

Theorem 1 If w1 and w2 are two fractional Hanlel- type integral wavelets, f1, f2
2 L2

l;a;mðIÞ and for scalars a1 and a2 we have

ðaÞ WPh
w1
ða1f1 þ a2f2Þ

� �
ðu; b; aÞ ¼ a1 WPh

w1
f1

� �
ðu; b; aÞ þ a2 WPh

w2
f2

� �
ðu; b; aÞ;

ðbÞ WPh
a1w1þa2w2

f1

� �
ðu; b; aÞ ¼ a1 WPh

w1
f1

� �
ðu; b; aÞ þ a2 WPh

w2
f1

� �
ðu; b; aÞ:

Proof (a) Using (13), we have
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WPh
w1
ða1f1 þ a2f2Þ

� �
ðu; b; aÞ

¼
Z 1

0

Khðt; uÞw1b;a;hðtÞða1f1 þ a2f2ÞðtÞdt

¼ a1

Z 1

0

Khðt; uÞw1b;a;hðtÞf1ðtÞdt þ a2

Z 1

0

Khðt; uÞw1b;a;hðtÞf2ðtÞdt

¼ a1 WPh
w1
f1

� �
ðu; b; aÞ þ a2 WPh

w2
f2

� �
ðu; b; aÞ:

Similarly (b) can be proved as (a). h

Theorem 2 If w1 and w2 are two fractional wavelets and ðWPh
w1
f Þðu; b; aÞ and

ðWPh
w2
gÞðu; b; aÞ denote the fractional Hankel-type integral wavelet packet trans-

formations of the functions f and g respectively, then
Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðWPh

w2
gÞðu; b; aÞb�1�2aþ2mdbda

¼ ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

f ðxÞgðxÞx�1�2aþ2mdx;

where

C
h;l;a;b;m
w1;w2

¼ ðmbÞ�2

Z 1

0

w�1�2ml�2a Hh
l;a;b;m zmlþae

�ib
2
z2m cot hw1ðzÞ

� �� �
ðwÞ

� Hh
l;a;b;m zmlþae

�ib
2
z2m cot hw2ðzÞ

� �� �
ðwÞdw:

Proof Using Remark 1 and (5), we get
Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðWPh

w2
gÞðu; b; aÞb�1�2aþ2mdbda

¼
m2b2C

h;l;a;b;m
w1;w2

ðcsc hÞ�4a

Z 1

0

shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞ

�
ðwÞ

� shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hgðtÞ

�
ðzÞ

�
ðwÞw�1�2aþ2mdw

¼
m2b2C

h;l;a;b;m
w1;w2

ðcsc hÞ�4a

Z 1

0

Hh
l;a;b;m

h
shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot h

� f ðtÞ
�
ðzÞ

�
ðwÞ

i
Hh

l;a;b;m

h
shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot h

� gðtÞ
�
ðzÞ

�
ðwÞ

i
x�1�2aþ2mdx:

ð18Þ

Now we see that
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Hh
l;a;b;m

h
shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞ

�
ðwÞ

i
ðxÞ

¼ mb
Z 1

0

ðxwÞaJl
�
bðxwÞm csc h

�
e
ib
2 ðx2mþw2mÞ cot hw�1�2aþ2m

�
mbCh

l;a

�
Z 1

0

Dh
l;a;b;mðu;w; zÞHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hf ðtÞ

�
ðzÞz�1�2aþ2mdz

�
dw

¼ ðcsc hÞ2a
e2ið1þlÞðh�p

2Þe�
ib
2u

2m cot he
3i
2bx

2m cot hðuxÞaJl
�
bðuxÞm csc h

�
f ðxÞ:

ð19Þ

Similarly proceeding as the above we get

Hh
l;a;b;m

h
shu

�
z�ml�ae�

ib
2
z2m cot hHh

l;a;b;m

�
tmlþae

ib
2
t2m cot hgðtÞ

�
ðzÞ

�
ðwÞ

i
ðxÞ

¼ ðcsc hÞ2a
e�2ið1þlÞðh�p

2
Þe

ib
2
u2m cot he�

3i
2
bx2m cot hðuxÞaJl

�
bðuxÞm csc h

�
gðxÞ:

ð20Þ

Using (19) and (20) in (18) we get

Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðWPh

w2
gÞðu; b; aÞb�1�2aþ2mdbda

¼ ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

f ðxÞgðxÞx�1�2aþ2mdx:

h

Remark 2 The following are deductions of Theorem 2:

(i) If f ¼ g, then
Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðWPh

w2
f Þðu; b; aÞb�1�2aþ2mdbda

¼ ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

jf ðxÞj2x�1�2aþ2mdx:

(ii) If w1 ¼ w2 ¼ w, then
Z 1

0

Z 1

0

ðWPh
wf Þðu; b; aÞðWPh

wgÞðu; b; aÞb
�1�2aþ2mdbda

¼ ðcsc hÞ4a
C
h;l;a;b;m
w

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

f ðxÞgðxÞx�1�2aþ2mdx:

(iii) If f ¼ g and w1 ¼ w2 ¼ w, then
Z 1

0

Z 1

0

j Wh
wf

� �
ðu; b; aÞj2b�1�2aþ2mdbda

¼ ðcsc hÞ4a
C
h;l;a;b;m
w

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

jf ðxÞj2x�1�2aþ2mdx

where C
h;l;a;b;m
w is given by (11).
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Theorem 3 (Inversion Formula) Let f 2 L2
l;a;mðIÞ. Then f can be reconstructed

involving the fractional Hankel-type transformation by the formula

f ðtÞ ¼
mbCh

l;ae
�ib

2
ðu2mþt2mÞ cot h

ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

ðutÞaJl
�
bðutÞm csc h

�

Z 1

0

Z 1

0

Wh
wf

� �
ðu; b; aÞ

� ðw2Þb;a;hðtÞb�1�2aþ2mdbda

where C
h;l;a;b;m
w1;w2

is as in Theorem 2.

Proof Form Theorem 2, we have

ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

Z 1

0

�
ðutÞaJl

�
bðutÞm csc h

��2

f ðtÞgðtÞt�1�2aþ2mdt

¼
Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðWPh

w2
gÞðu; b; aÞb�1�2aþ2mdbda

¼
Z 1

0

�
mbCh

l;a

Z 1

0

Z 1

0

ðWPh
w1
f Þðu; b; aÞðtwÞaJl

�
bðtuÞm csc h

�
e
ib
2
ðt2mþw2mÞ cot h

� ðw2Þb;a;hb�1�2aþ2mdbda
�
gðtÞt�1�2aþ2mdt:

On equating we get

f ðtÞ ¼
mbCh

l;ae
�ib

2
ðu2mþt2mÞ cot h

ðcsc hÞ4a
C
h;l;a;b;m
w1;w2

ðutÞaJl
�
bðutÞm csc h

�

Z 1

0

Z 1

0

Wh
wf

� �
ðu; b; aÞ

� ðw2Þb;a;hðtÞb�1�2aþ2mdbda:

ð21Þ

h

3 Some examples

Example 1 Assume that f ðtÞ ¼ dðt�cÞ
t2m�1 ; 0\c\1. Then the fractional Hankel-type

integral wavelet packet transformation of f(t) is given by
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Wh
wf

� �
ðu; b; aÞ

¼
Z 1

0

Khðt; uÞwb;a;hðtÞf ðtÞdt

¼ m3b3Ch
l;aðcsc hÞ2þ2a

a�
1
2
�2mðbuÞae

ib
2
ðu2mþb2mÞ cot h

Z 1

0

wðzÞzmlþ2m�1dz

�
Z 1

0

x�1þ2m�mlJl b
� b

a
x
�m

csc h

� �

Jl b
�
xz
�m

csc h
� �

dx

�
Z 1

0

Jl b
� t

a
x
�m

csc h
� �

Jl b
�
tu
�m

csc h
� �

eibt
2m cot hdðt � cÞdt

� �

¼ m3b3Ch
l;aðcsc hÞ2þ2a

a�
1
2
�2mðbuÞae

ib
2
ðu2mþb2mþ2c2mÞ cot hJl b

�
tu
�m

csc h
� �

�
Z 1

0

wðzÞzmlþ2m�1dz

Z 1

0

x�1þ2m�mlJl b
� b

a
x
�m

csc h

� �

� Jl b
�
xz
�m

csc h
� �

Jl b
� c

a
x
�m

csc h
� �

dx:

Using [10, p.41], we get

Wh
wf

� �
ðu; b; aÞ

¼
m2b3�3lCh

l;a

Cðlþ 1
2
ÞC 1

2

ðcsc hÞ2þ2a�3l
uaba�mc�m2l�1a�

1
2e

ib
2
ðu2mþb2mþ2c2mÞ cot h

� Jl b
�
uc
�m

csc h
� � Z 1

0

wðzÞz2m�1D2l�1dz;

where M denotes the area of a triangle having sides�
b b

a

� �
csc h

�
;
�
b c

a

� �
csc h

�
; bzm csc hð Þ such a triangle exists.

Example 2 Assume f ðtÞ ¼ e�it cot h, then

Wh
wf

� �
ðu; b; aÞ

¼ m3b3Ch
l;aðcsc hÞ2þ2a

a�
1
2
�2mðbuÞae

ib
2
ðu2mþb2mÞ cot h

Z 1

0

wðzÞzmlþ2m�1dz

�
Z 1

0

x�1þ2m�mlJl b
� b

a
x
�m

csc h

� �

Jl b
�
xz
�m

csc h
� �

dx

�
Z 1

0

t2m�1Jl b
� t

a
x
�m

csc h
� �

Jl b
�
tu
�m

csc h
� �

dt

� �

:

ð22Þ

Using [1, p.6] and (4) in (22), we get
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Wh
wf

� �
ðu; b; aÞ

¼ m2b3Ch
l;aðcsc hÞ2aþ2

a�
1
2
�2mðbuÞae

ib
2
ðu2mþb2mÞ cot h

Z 1

0

wðzÞzmlþ2m�1dz

�
Z 1

0

x�mlþ2m�1Jl b
� b

a
x
�m

csc h

� �

Jl b
�
xz
�m

csc h
� � am

bxm csc h

� d
� bxm csc h

am
� bum csc h

�
dx

¼ ðcsc hÞ2a
u�mlþ2a�2mþ1a�ml�1

2Khðu; bÞ
Z 1

0

wðzÞzmlþ2m�1Jl b
�
auz

�m
csc h

� �
dz:
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