
ORI GINAL RESEARCH PAPER

New congruences for k-tuples t-core partitions

Nipen Saikia1 • Chayanika Boruah1

Received: 5 September 2016 / Accepted: 2 December 2017 / Published online: 19 December 2017

� Forum D’Analystes, Chennai 2017

Abstract Let At;kðnÞ denote the number of partition k-tuples of n where each

partition is t-core. In this paper, we prove some Ramanujan-type congruences for

the partition function At;kðnÞ when ðt; kÞ ¼ ð3; 4Þ, (3,9), (4,8), (5, 6), (8, 4), (9, 3)

and (9, 6) by employing q-series identities.

Keywords t-core partition � k-tuple � Partition congruence � q-series

identities
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1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers,

called parts, whose sum equals n. Let p(n) denote the number of partition of n. For

convenience, we shall set pð0Þ ¼ 1. The generating function for p(n) is given by
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X1

n¼0

pðnÞqn ¼ 1

ðq; qÞ1
; ð1Þ

where

ða; qÞ1 ¼
Y1

n¼0

ð1 � aqnÞ; jqj\1: ð2Þ

Most popular congruences of p(n) that discovered by Ramanujan for n� 0,

pð5n þ 4Þ � 0 ðmod 5Þ ð3Þ

pð7n þ 5Þ � 0 ðmod 7Þ ð4Þ

pð11n þ 6Þ � 0 ðmod 11Þ ð5Þ

Ramanujan’s work inspired scholars to study the arithmetic properties for the other

types of partition functions such as t-core partition. A partition of n is called a t-core

of n if none of its hook number is a multiple of t. Let AtðnÞ denote the number of t-

core partitions of n, the generating function of AtðnÞ is given by

X1

n¼0

AtðnÞqn ¼ ðqt; qtÞt
1

ðq; qÞ1
: ð6Þ

The arithmetic properties of t-core partition function have been studied by several

authors, see [2, 4, 5, 8, 10, 15]. A partition k-tuple (k1; k2; . . .; kk) of a positive

integer n is a k-tuple of partitions k1; k2; . . .; kk such that the sum of all the parts

equals n. A partition k-tuple ðk1; . . .; kkÞ of n with t-cores means that each ki is t-

core. Let At;kðnÞ denote the number of partition k-tuples of n with t-cores. The

generating function of At;kðnÞ can be obtained as

X1

n¼0

At;kðnÞqn ¼ ðqt; qtÞkt
1

ðq; qÞk
1

: ð7Þ

Wang [12] proved some arithmetic identities and congruences for partition triples

with 3-cores. Recently, Chern [9] studied the function At;kðnÞ and proved some

identities by employing the method of modular form. In sequel, in this paper we

study the arithmetic properties of At;kðnÞ for ðt; kÞ ¼ ð3; 4Þ; ð3; 9Þ; ð4; 8Þ,
(5, 6), (8, 4), (9, 3) and (9, 6) by using q-series identities and prove some

Ramanujan-type congruences.

In Sect. 3, we prove some congruence and infinite family of congruences for A3;4

for modulo 4. For example, we prove for a� 0,

A3;4 22ðaþ1Þþ1n þ 11 � 22aþ1 � 4

3

� �
� 0 ðmod 4Þ: ð8Þ

In Sect. 4, we prove arithmetic identities and congruences for A3;9 modulo 3 and 9.

For example, we prove, for k � 0,
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A3;9 9 � 22kþ2n þ 30 � 22k � 3
� �

� 0 ðmod 3Þ: ð9Þ

In Sect. 5, we prove congruences for A4;8 modulo 4. In Sect. 6, we prove congru-

ences for A8;4 modulo 2. In Sects. 7 and 8, we prove some congruences for A9;3 and

A9;6. Section 2 is devoted to record some preliminary results.

2 Preliminaries

Lemma 2.1 For any prime p, we have

ðqp; qpÞ1 � ðq; qÞp
1ðmod pÞ:

Proof Follows easily from binomial theorem. h

Lemma 2.2 [1, Lemma 1.4] For any prime p, we have

ðq; qÞp2

1 � ðqp; qpÞp
1ðmod p2Þ:

Proof Follows easily from binomial theorem. h

Lemma 2.3 [13, Eq. (2.11)] We have

1

ðq; qÞ4
1

¼ ðq4; q4Þ14
1

ðq2; q2Þ14
1ðq8; q8Þ4

1
þ 4q

ðq4; q4Þ2
1ðq8; q8Þ4

1
ðq2; q2Þ10

1
: ð10Þ

Lemma 2.4 [3, p. 648, Eq. (2.9)] For any integer k � 1, we have

p8 22kn þ 22k � 1

3

� �
¼ ð�8Þk

p8ðnÞ; ð11Þ

where

X1

n¼0

p8ðnÞqn ¼ ðq; qÞ8
1: ð12Þ

Lemma 2.5 [13, Eq. (3.75)] We have

ðq3; q3Þ3
1

ðq; qÞ1
¼ ðq4; q4Þ3

1ðq6; q6Þ2
1

ðq2; q2Þ2
1ðq12; q12Þ1

þ q
ðq12; q12Þ3

1
ðq4; q4Þ1

: ð13Þ
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Lemma 2.6 [14, Lemma 2.1, Eq. (2.3)] We have

ðq; qÞ8
1 ¼ ðq4; q4Þ20

1
ðq2; q2Þ4

1ðq8; q8Þ8
1
þ 16q2 ðq2; q2Þ4

1ðq8; q8Þ8
1

ðq4; q4Þ4
1

� 8qðq4; q4Þ8
1: ð14Þ

Lemma 2.7 [11] We have

1

ðq; qÞ1
¼ ðq25; q25Þ5

1
ðq5; q5Þ6

1

�
F�4ðq5Þ þ qF�3ðq5Þ þ 2q2F�2ðq5Þ

þ 3q3F�1ðq5Þ þ 5q4 � 3q5Fðq5Þ
þ 2q6F2ðq5Þ � q7F3ðq5Þ þ q8F4ðq5Þ

�
;

ð15Þ

where FðqÞ :¼ q�1=5RðqÞ and R(q) is Roger’s Ramanujan continued fraction

defined by

RðqÞ :¼ q1=5

1 þ

q

1þ

q2

1 þ

q3

1 þ���
; jqj\1:

Lemma 2.8 [7, p. 345, Entry 1(iv)] We have

ðq; qÞ3
1 ¼ ðq9; q9Þ3

1 4q3W2ðq3Þ � 3q þ W�1ðq3Þ
� �

; ð16Þ

where WðqÞ ¼ q�1=3GðqÞ and G(q) is the Ramanujan’s cubic continued fraction

defined by

GðqÞ :¼ q1=3

1 þ

q þ q2

1 þ

q2 þ q4

1 þ���
; jqj\1:

Lemma 2.9 [6, Eq. (3.9)] We have

1

ðq; qÞ3
1

¼ ðq9; q9Þ9
1

ðq3; q3Þ12
1

1

w2ðq3Þ þ
3q

wðq3Þ þ 9q2

�

þ8q3wðq3Þ þ 12q4w2ðq3Þ þ 16q6w4ðq3Þ
�
;

ð17Þ

where wðqÞ ¼ ðq;qÞ1ðq6;q6Þ3
1

ðq2;q2Þ1ðq3;q3Þ3
1
:

3 Congruences for A3;4ðnÞ modulo 4

Theorem 3.1 For n� 0, we have
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ðiÞA3;4ð2n þ 1Þ � 0 ðmod 4Þ;
ðiiÞA3;4ð8n þ 6Þ � 0 ðmod 4Þ;
ðiiiÞA3;4ð16n þ 8Þ � 0 ðmod 4Þ:

Proof Setting t ¼ 3 and k ¼ 4 in (7), we obtain

X1

n¼0

A3;4ðnÞqn ¼ ðq3; q3Þ12
1

ðq; qÞ4
1

: ð18Þ

Using Lemma 2.2 in (18), we obtain

X1

n¼0

A3;4ðnÞqn � ðq6; q6Þ6
1

ðq2; q2Þ2
1

ðmod 4Þ: ð19Þ

Since there are no terms containing q2nþ1 in (19), we complete the proof (i).

Extracting terms involving q2n and replacing q2 by q from (19), we have

X1

n¼0

A3;4ð2nÞqn � ðq3; q3Þ6
1

ðq; qÞ2
1

ðmod 4Þ: ð20Þ

Using Lemma 2.5 in (20) and squaring, we obtain

X1

n¼0

A3;4ð2nÞqn � ðq4; q4Þ6
1ðq6; q6Þ4

1
ðq2; q2Þ4

1ðq12; q12Þ1
þ 2q

ðq4; q4Þ3
1ðq6; q6Þ2

1ðq12; q12Þ2
1

ðq2; q2Þ2
1ðq12; q12Þ1ðq2; q2Þ2

1

 

þ q2 ðq12; q12Þ6
1

ðq4; q4Þ2
1

!
ðmod 4Þ:

ð21Þ

Extracting terms involving q2nþ1 in (21), dividing by q and replacing q2 by q, we

obtain

X1

n¼0

A3;4ð4n þ 2Þqn � 2ðq; qÞ2
1ðq3; q3Þ6

1ðmod 4Þ: ð22Þ

Equation (22) can be written as

X1

n¼0

A3;4ð4n þ 2Þqn � 2ðq; qÞ4
1
ðq3; q3Þ6

1
ðq; qÞ2

1
ðmod 4Þ: ð23Þ

Again using Lemma 2.5 in (23), we have

X1

n¼0

A3;4ð4n þ 2Þqn � 2
ðq4; q4Þ6

1
ðq2; q2Þ2

1
þ 2q2 ðq2; q2Þ2

1ðq12; q12Þ6
1

ðq4; q4Þ2
1

ðmod 4Þ: ð24Þ

Extracting terms containing q2nþ1 in (24), we arrive at (ii).

Extracting terms involving q2n in (21) and replacing q2 by q, we obtain
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X1

n¼0

A3;4ð4nÞqn � ðq2; q2Þ4
1 þ q

ðq6; q6Þ6
1

ðq2; q2Þ2
1
ðmod 4Þ: ð25Þ

Extracting terms involving q2n in (25) and replacing q2 by q , we obtain

X1

n¼0

A3;4ð8nÞqn � ðq; qÞ4
1 � ðq2; q2Þ2

1ðmod 4Þ: ð26Þ

Again, extracting terms containing q2nþ1 in (26), we arrive at (iii). h

Theorem 3.2 For any positive integer n, and a� 0; we have

A3;4ð2nÞ � A3;4 22aþ1n þ 4 � 22a � 1

3

� �
ðmod 4Þ: ð27Þ

Proof Extracting terms involving q2nþ1 in (25), dividing by q, and replacing q2 by

q, we have

X1

n¼0

A3;4ð8n þ 4Þqn � ðq3; q3Þ6
1

ðq; qÞ2
1

ðmod 4Þ: ð28Þ

From (20) and (28), we can deduce that

A3;4ð2nÞ � A3;4ð8n þ 4Þðmod 4Þ: ð29Þ

Replacing n by 4n þ 2 in (29) and iterating, we arrive at the desired result. h

Theorem 3.3 For any positive integer n, and a� 0; we have

A3;4 22ðaþ1Þþ1n þ 11 � 22aþ1 � 4

3

� �
� 0ðmod 4Þ: ð30Þ

Proof Replacing n by 4n þ 3 in (27) and employing Theorem 3.1(ii), we complete

the proof. h

4 Congruences for A3;9ðnÞ modulo 3 and 9

Theorem 4.1 For any positive integer n and k � 0, we have

X1

n¼0

A3;9 9 � 22kn þ 3ð22k � 1Þ
� �

qn � ðq; qÞ8
1ðmod 3Þ: ð31Þ

Proof Setting t ¼ 3 and k ¼ 9 in (7), we obtain
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X1

n¼0

A3;9ðnÞqn ¼ ðq3; q3Þ27
1

ðq; qÞ9
1

: ð32Þ

Using Lemma 2.1 in (32), we obtain

X1

n¼0

A3;9ðnÞqn � ðq9; q9Þ9
1

ðq9; q9Þ1
ðmod 3Þ: ð33Þ

Extracting terms involving q9n in (33) and replacing q9 by q, we obtain

X1

n¼0

A3;9ð9nÞqn � ðq; qÞ8
1ðmod 3Þ: ð34Þ

Using (12) in (34), we obtain

X1

n¼0

A3;9ð9nÞqn � p8ðnÞðmod 3Þ: ð35Þ

Employing Lemma 2.4 in (35), we arrive at the desired result. h

Theorem 4.2 For n� 0; we have

A3;9ð9n þ jÞ � 0 ðmod 3Þ;

where j ¼ 1; 2; 3; 4; 5; 6; 7; 8

Proof Extracting terms containing q9nþj for 1� j� 8; from both sides of (33), we

arrive at the desired result. h

Theorem 4.3 For any positive integer n and k � 0, we have

A3;9ð9 � 22kþ2n þ 30 � 22k � 3Þ � 0 ðmod 3Þ: ð36Þ

Proof Using Lemma 2.6 in (31) and then extracting terms involving q4nþ3,

dividing by q3 and replacing q4 by q ,we complete the proof. h

Theorem 4.4 For n� 0, we have

A3;9ð3nÞ � sðn þ 1Þ ðmod 9Þ

where s is the Ramanujan’s tau function defined by

qðq; qÞ24
1 ¼

X1

n¼1

sðnÞqn ð37Þ

Proof Setting t ¼ 3 and k ¼ 9 in (7), we obtain
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X1

n¼0

A3;9ðnÞqn ¼ ðq3; q3Þ27
1

ðq; qÞ9
1

: ð38Þ

Using Lemma 2.2 in (38), we obtain

X1

n¼0

A3;9ðnÞqn � ðq3; q3Þ27
1

ðq3; q3Þ3
1

ðmod 9Þ: ð39Þ

Extracting terms involving q3n in (39) and replacing q3 by q, we obtain

X1

n¼0

A3;9ð3nÞqn � ðq; qÞ24
1 ðmod 9Þ: ð40Þ

From (40) and (37), we deduce that

X1

n¼0

A3;9ð3nÞqnþ1 �
X1

n¼0

sðn þ 1Þ ðmod 9Þ: ð41Þ

From (41), we easily arrive at the desired result. h

5 Congruences for A4;8ðnÞ modulo 4

Theorem 5.1 For n� 0, we have

A4;8ð4n þ jÞ � 0 ðmod 4Þ; j ¼ 1; 2; 3:

Proof Setting t ¼ 4 and k ¼ 8 in (7), we obtain

X1

n¼0

A4;8ðnÞqn ¼ ðq4; q4Þ32
1

ðq; qÞ8
1

: ð42Þ

Applying Lemma 2.2 in (42), we obtain

X1

n¼0

A4;8ðnÞqn � ðq4; q4Þ30
1 ðmod 4Þ: ð43Þ

Extracting terms involving q4nþj for j ¼ 1; 2; and 3 in (43), we complete the proof. h

6 Congruences for A5;6ðnÞ modulo 3 and 5

Theorem 6.1 For n� 0, we have
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ðiÞ A5;6ð3n þ 1Þ � 0 ðmod 3Þ
ðiiÞ A5;6ð3n þ 2Þ � 0 ðmod 3Þ
ðiiiÞ A5;6ð5n þ 4Þ � 0 ðmod 5Þ

Proof Setting t ¼ 5 and k ¼ 6 in (7), we obtain

X1

n¼0

A5;6ðnÞqn ¼ ðq5; q5Þ30
1

ðq; qÞ6
1

: ð44Þ

Applying Lemma 2.1 in (44) we obtain

X1

n¼0

A5;6ðnÞqn � ðq15; q15Þ10
1

ðq3; q3Þ3
1

ðq; qÞ3
1ðmod 3Þ: ð45Þ

Using Lemma 2.8 in (45), we obtain

X1

n¼0

A5;6ðnÞqn � ðq15; q15Þ10
1

ðq3; q3Þ3
1

4q3w2ðq3Þ � 3q þ w�1ðq3Þ
� �

ðmod 3Þ: ð46Þ

Extracting terms containing q3nþ1 and q3nþ2 in (46), we complete the proof of

(i) and (ii), respectively.

Applying Lemma 2.1 in (44), we obtain

X1

n¼0

A5;6ðnÞqn � ðq5; q5Þ30
1

ðq5; q5Þ1ðq; qÞ1
ðmod 5Þ: ð47Þ

Using Lemma 2.7 in (47) and extracting terms involving q5nþ4, dividing by q4 and

replacing q5 by q, we can easily obtain (iii). h

7 Congruences for A8;4ðnÞ modulo 2

Theorem 7.1 For n� 0, we have

ðiÞA8;4ð4n þ 1Þ � 0ðmod 2Þ
ðiiÞA8;4ð4n þ 2Þ � 0ðmod 2Þ
ðiiiÞA8;4ð4n þ 3Þ � 0ðmod 2Þ

Proof Setting t ¼ 8 and k ¼ 4 in (7), we obtain

X1

n¼0

A8;4ðnÞqn ¼ ðq8; q8Þ32
1

ðq; qÞ4
1

: ð48Þ

Applying Lemma 2.3 in (48) and extracting the terms involving q4nþ1, q4nþ2 and

q4nþ3, we complete the proof of (i), (ii), and (iii), respectively. h
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8 Congruences for A9;3ðnÞ modulo 3

Theorem 8.1 For n� 0, we have

ðiÞ A9;3ð3n þ 1Þ � 0 ðmod 3Þ
ðiiÞ A9;3ð3n þ 2Þ � 0 ðmod 3Þ

Proof Setting t ¼ 9 and k ¼ 3 in (7), we obtain

X1

n¼0

A9;3ðnÞqn ¼ ðq9; q9Þ27
1

ðq; qÞ3
1

: ð49Þ

Using Lemma 2.9 in (49) and extracting the terms involving q3nþ1 and q3nþ2, we

complete the proof of (i) and (ii), respectively. h

9 Congruences for A9;6ðnÞ modulo 3

Theorem 9.1 For n� 0, we have

ðiÞ A9;6ð3n þ 1Þ � 0 ðmod 3Þ
ðiiÞ A9;6ð3n þ 2Þ � 0 ðmod 3Þ

Proof Setting t ¼ 9 and k ¼ 6 in (7), we obtain

X1

n¼0

A9;6ðnÞqn ¼ ðq9; q9Þ54
1

ðq; qÞ6
1

¼ ðq9; q9Þ54
1ðq; qÞ3

1
ðq; qÞ9

1
: ð50Þ

Using Lemma 2.8 in (50), we obtain

X1

n¼0

A9;6ðnÞqn � ðq9; q9Þ54
1

ðq3; q3Þ3
1

4q3w2ðq3Þ � 3q þ w�1ðq3Þ
� �

ðmod 3Þ: ð51Þ

Extracting terms involving q3nþ1 and q3nþ2 in (51), we complete the proof of (i) and

(ii), respectively. h
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