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Abstract For an analytic function f of the form f ðzÞ ¼ zþ a2z
2 þ a3z

3 þ � � � sat-

isfying either Re
�
ðf 0ðzÞÞaðzf 0ðzÞ=f ðzÞÞð1�aÞ�[ 0 or Re

�
ðf 0ðzÞÞað1 þ zf 00ðzÞ=

f 0ðzÞÞð1�aÞ�[ 0, the bounds for the third Hankel determinant H3ð1Þ ¼ a3ða2a4 �
a2

3Þ � a4ða4 � a2a3Þ þ a5ða3 � a2
2Þ are obtained. Our results include some previ-

ously known results.

Keywords Starlike functions � Convex functions � Coefficient conditions �
Subordination � Hankel determinant

Mathematics Subject Classification 30C45 � 30C55 � 30C80

1 Introduction

Let A be the class of all normalized analytic functions of the form f ðzÞ ¼
zþ

P1
n¼2 anz

n in the open unit disk D :¼ fz 2 C : jzj\1g and S be the subclass of

A consisting of univalent functions in D. The qth Hankel determinant (denoted by

HqðnÞ) for q ¼ 1; 2; . . . and n ¼ 1; 2; 3; . . . of the function f is the q� q determinant

given by HqðnÞ :¼ detðanþiþj�2Þ. Here anþiþj�2 denotes the entry for the ith row and
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jth column of the matrix. The second Hankel determinant H2ð2Þ :¼ a2a4 � a2
3 for

the class of functions whose derivative has positive real part, the classes of starlike

and convex functions, close-to-starlike and close-to-convex functions with respect

to symmetric points have been studied in [3, 4] respectively. One may refer to the

survey given by Liu et al. [7] for the other work done in the research of Hankel

determinant for univalent functions. Other than the survey, their paper also contains

bounds on the second Hankel determinant for some other subclasses of analytic

functions. Other interesting papers on this topic include [6, 9].

The third Hankel determinant for the class of starlike and convex functions was

studied by Babalola [1]. Shanmugam et al. [12] obtained the third Hankel

determinant H3ð1Þ for the class of a-starlike functions. The third Hankel

determinant for the class of close to convex functions can be referred to in [10],

for a subclass of p-valent functions has been studied in [13], for a class of analytic

functions associated with the lemniscate of Bernoulli in [11] and for starlike and

convex functions with respect to symmetric points in [8]. One can refer to [14] for

the third Hankel determinant for the inverse of a function whose derivative has a

positive real part and [12] for a-starlike functions.

An analytic function f is said to be subordinate to F, written f � F or f ðzÞ �
FðzÞ; ðz 2 DÞ if there exists an analytic function w : D ! D satisfying wð0Þ ¼ 0

and f ðzÞ ¼ FðwðzÞÞ in D. If F is univalent in D, then f ðzÞ � FðzÞ if and only if

f ð0Þ ¼ Fð0Þ and f ðDÞ � FðDÞ. Let u be a univalent function with positive real

part, uð0Þ ¼ 1 and u0ð0Þ[ 0. In this paper, we determine the bounds on the third

Hankel determinant H3ð1Þ for the functions f in the classes Ma and La defined by:

Ma :¼ f 2 S : Re ðf 0ðzÞÞa
� zf 0ðzÞ

f ðzÞ

�1�a
� �

[ 0

� 	
;

and

La :¼ f 2 S : Re ðf 0ðzÞÞa
�

1 þ zf 00ðzÞ
f 0ðzÞ

�1�a
� �

[ 0

� 	
:

2 Third Hankel determinant

The first theorem gives the coefficient bounds for the first five coefficients for the

functions in the class Ma which is the class of all analytic functions f 2 S satisfying

the following inequality

Re ðf 0ðzÞÞa
� zf 0ðzÞ

f ðzÞ
�1�a

� �
[ 0

Note that

S� ¼ M0 ¼ f 2 S : Re
� zf 0ðzÞ

f ðzÞ

�
[ 0

� 	
and R ¼ M1 ¼ f 2 S : Re

�
f0ðzÞ

�
[ 0


 �
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are the classes of starlike functions and the class of functions whose derivative has

positive real part respectively. The latter class is a subclass of the close-to-convex

functions. Thus as a varies from 0 to 1, our class Ma provides a continuous passage

from the class of S� of starlike functions to the the class R of functions whose

derivative has positive real part.

Theorem 2.1 If the function f 2 Ma, then the coefficients an ðn ¼ 2; 3; 4; 5Þ of f
satisfy:

ja2j �
2

ð1 þ aÞ ;

ja3j �
2ð3 þ aÞ

ð2 þ aÞð1 þ aÞ2
;

ja4j �
2
�
36 þ 19aþ 11a2 þ 5a3 þ a4

�

3ð1 þ aÞ3ð2 þ aÞð3 þ aÞ
;

and

ja5j �
2
�
360 þ 433aþ 437a2 þ 331a3 þ 137a4 þ 28a5 þ 2a6

�

3ð1 þ aÞ4ð2 þ aÞ2ð3 þ aÞð4 þ aÞ
:

Proof Since f 2 Ma, there is an analytic function pðzÞ ¼ 1 þ c1zþ c2z
2 þ � � � 2

P such that

ðf 0ðzÞÞa
� zf 0ðzÞ

f ðzÞ

�1�a
¼ pðzÞ: ð2:1Þ

The Taylor series expansion of the function f gives

ðf 0ðzÞÞa
� zf 0ðzÞ

f ðzÞ

�1�a
¼ 1 þ a2ð1 þ aÞzþ 1

2
ðð2 þ aÞð2a3 � ð1 � aÞa2

2Þz2

þ 1

6
ð3 þ aÞð6a4 � 6ð1 � aÞa2a3 þ ð1 � aÞð2 � aÞa3

2ÞÞz3 þ � � � :

ð2:2Þ

Then using Eqs. (2.1), (2.2) and the expansion of the function p, the coefficients a2–

a5 can be expressed as a function of the coefficients ci of p 2 P:

a2 ¼ c1

ð1 þ aÞ ; ð2:3Þ

a3 ¼ 1

2ð2 þ aÞð1 þ aÞ2

�
2ð1 þ aÞ2

c2 þ ð1 � aÞð2 þ aÞc2
1

�
; ð2:4Þ
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a4 ¼ 1

6ð1 þ aÞ3ð2 þ aÞð3 þ aÞ
�
ð1 � aÞð2 þ aÞð3 þ aÞð1 � 2aÞc3

1

þ 6ð1 þ aÞ3ð2 þ aÞc3 þ 6ð1 þ aÞ2ð1 � aÞð3 þ aÞc1c2

�
; ð2:5Þ

and

a5 ¼ 1

24ð1 þ aÞ4ð2 þ aÞ2ð3 þ aÞð4 þ aÞ
�
24ð1 þ aÞ3ð2 þ aÞ2ð1 � aÞð4 þ aÞc1c3

þ 24ð1 þ aÞ4ð3 þ aÞð2 þ aÞ2
c4 þ 12ð1 þ aÞ4ð3 þ aÞð1 � aÞð4 þ aÞc2

2

þ 12ð1 þ aÞ2ð1 � aÞð2 þ aÞð3 þ aÞð4 þ aÞð1 � 2aÞc2
1c2

þ ð2 þ aÞ2ð1 � aÞð3 þ aÞð4 þ aÞð1 � 2aÞð1 � 3aÞc4
1

�
: ð2:6Þ

Consequently, using the triangle inequality and the fact that jckj � 2

ðk ¼ 1; 2; 3; . . .Þ, we arrive at the desired bounds for a2, a3, a4 and a5.

We now prove some results which will be required to estimate the third Hankel

determinant H3ð1Þ for functions in the class Ma. We make use of the following

lemma in proving our next result:

Lemma 2.2 [2] If the function p 2 P and is given by

pðzÞ ¼ 1 þ c1zþ c2z
2 þ c3z

3 þ � � � ð2:7Þ

then,

2c2 ¼ c2
1 þ xð4 � c2

1Þ; ð2:8Þ

4c3 ¼ c3
1 þ 2ð4 � c2

1Þc1x� c1ð4 � c2
1Þx2 þ 2ð4 � c2

1Þð1 � jxj2Þy; ð2:9Þ

for some x, y with jxj � 1 and jyj � 1.

Theorem 2.3 Let

a0 ¼ 1

3
ð77 þ 2

ffiffiffiffiffiffiffiffiffiffi
1489

p
Þ1=3 � 3

ð77 þ 2
ffiffiffiffiffiffiffiffiffiffi
1489

p
Þ1=3

� 4

 !

	 0:267554

For the function f 2 Ma, the following coefficient bounds hold:

1. When 0� a� a0, then ja2a3 � a4j �
2ð18 � a� 4a2 � a3Þ

3ð1 þ aÞ2ð2 þ aÞð3 þ aÞ
.

2. When a0 � a� 1, then ja2a3 � a4j �
2ð6 þ 3aþ a2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 þ 9aþ 4a2 þ a3

p

3ð1 þ aÞð2 þ aÞð3 þ aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7aþ 4a2 þ a3

p .

Proof Using the expressions for a2, a3 and a4 from Eqs. (2.3) to (2.5), we see that
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ja2a3 � a4j ¼
1

3ð1 þ aÞ2ð2 þ aÞð3 þ aÞ


ð3ð1 þ aÞ2ð2 þ aÞc3 þ 3að1 þ aÞð3 þ aÞc1c2

� ð1 � aÞð2 þ aÞð3 þ aÞc3
1Þ


:

Substituting the values for c2 and c3 from Lemma 2.2 in the above expression, we

have

ja2a3 � a4j ¼
1

12ð1 þ aÞ2ð2 þ aÞð3 þ aÞ


ð18 � a� 4a2 � a3Þc3

1 � 12ð4 � c2Þð1 þ aÞc1x

þ 3ð4 � c2Þð1 þ aÞ2ð2 þ aÞc1x
2 � 6ð4 � c2Þð1 þ aÞ2ð2 þ aÞð1 � jxj2Þy



:

� 1

12ð1 þ aÞ2ð2 þ aÞð3 þ aÞ
�
ð18 � a� 4a2 � a3Þc3

1 þ 12ð4 � c2Þð1 þ aÞc1jxj

þ 3ð4 � c2Þð1 þ aÞ2ð2 þ aÞc1jxj2 þ 6ð4 � c2Þð1 þ aÞ2ð2 þ aÞð1 � jxj2Þjyj
�
:

Choosing c1 ¼ c 2 ½0; 2
, replacing |x| by l and using the fact that jyj � 1 in the

above inequality, we get:

ja2a3 � a4j �
1

12ð1 þ aÞ2ð2 þ aÞð3 þ aÞ
ð18 � a� 4a2 � a3Þc3 þ 12ð4 � c2Þð1 þ aÞcl
�

þ3ð4 � c2Þð1 þ aÞ2ð2 þ aÞcl2 þ 6ð4 � c2Þð1 þ aÞ2ð2 þ aÞð1 � l2Þ
�
:

¼: Fðc; lÞ:

We shall now maximize the function Fðc; lÞ for ðc; lÞ 2 ½0; 2
 � ½0; 1
. Differenti-

ating Fðc; lÞ partially with respect to l, we get:

oF

ol
¼ ð4 � c2Þ

2ð2 þ aÞð3 þ aÞ
�
2cþ ð2 þ aÞlðc� 2Þ

�
:

Then oF=ol ¼ 0 for l0 ¼ ð2cÞ=ðð2 � cÞð1 þ aÞð2 þ aÞÞ 2 ½0; 1
 when c 2 ½0; 1
. As

observed from the graph of the function Fðc; lÞ, when c 2 ½0; 1
, maximum of

Fðc; lÞ occurs at l0 and for c 2 ½1; 2
, maximum occurs at l ¼ 1. Thus, we maxi-

mize the function G(c) given by:

GðcÞ ¼
G1ðcÞ; 0� c� 1;

G2ðcÞ; 1� c� 2;

�

where

G1ðcÞ ¼
24ð1 þ aÞ2ð2 þ aÞ2 þ 6c2að3 þ aÞð4 þ 3aþ a2Þ þ c3ð3 þ aÞð�16 þ 3a2 þ a3Þ

12ð1 þ aÞ2ð2 þ aÞð3 þ aÞ
;

and

G2ðcÞ ¼
12cð4 � c2Þð1 þ aÞ þ 3cð4 � c2Þð1 þ aÞ2ð2 þ aÞ þ c3ð18 � a� 4a2 � a3Þ

12ð1 þ aÞ2ð2 þ aÞð3 þ aÞ
:
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Firstly, we observe that G0
1ðcÞ ¼ �c

�
4að1 þ aÞð2 þ aÞ þ cð�16 þ 3a2 þ a3Þ

�
=

ð4ð1 þ aÞ2ð2 þ aÞ2Þ. When a 2 ½a�; 1
, G1ðcÞ is an increasing function of c as

G0
1ðcÞ[ 0 for all values of c 2 ½0; 1
 and when a 2 ½a�; 1
, G1ðcÞ is a decreasing

function of c as G0
1ðcÞ\0 for all c 2 ½0; 1
. Thus, for a 2 ½0; a�
, maximum is

attained at c ¼ 1 and for a 2 ½a�; 1
, maximum is at c ¼ 0, and is given by:

max
0� c� 1

G1ðcÞ ¼

144 þ 232aþ 225a2 þ 102a3 þ 17a4

12ð1 þ aÞ2ð2 þ aÞ2ð3 þ aÞ
; 0� a� a�;

2ð2 þ aÞ2

ð2 þ aÞ2ð3 þ aÞ
; a� � a� 1:

8
>>><

>>>:

ð2:10Þ

Here a� is the root of the equation 144 þ 232aþ 225a2 þ 102a3þ 17a4 ¼
24ð1 þ aÞ2ð2 þ aÞ2

.

We now maximize G2ðcÞ. It is seen that G0
2ðcÞ ¼

�
� að7 þ 4aþ a2Þc2þ

ð1 þ aÞð6 þ 3aþ a2Þ
�
=
�
ð1 þ aÞ2ð2 þ aÞð3 þ aÞ

�
. When a 2 ½0; a0
, G0

2ðcÞ[ 0 for

all c 2 ½1; 2
, thereby implying that G2ðcÞ is an increasing function of c. For

a 2 ½a0; 1
, it can be seen that:

max
1� c� 2

G2ðcÞ ¼ max
1� c� 2

fG2ðc0Þ;G2ð1Þ;G2ð2Þg ¼ G2ðc0Þ;

where c0 ¼ ðð6 þ 9aþ 4a2 þ a3Þ=að7 þ 4aþ a2ÞÞ1=2
is the positive root of

G0
2ðcÞ ¼ 0. Thus, it is seen that

max
1� c� 2

G2ðcÞ ¼

2ð18 � a� 4a2 � a3Þ
3ð1 þ aÞ2ð2 þ aÞð3 þ aÞ

; 0� a� a0;

2ð6 þ 3aþ a2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 þ 9aþ 4a2 þ a3

p

3ð1 þ aÞð2 þ aÞð3 þ aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að7 þ 4aþ a2Þ

p ; a0 � a� 1:

8
>>><

>>>:

ð2:11Þ

where a0 is the root of ð18 � a� 4a2 � a3Þðað7 þ 4aþ a2ÞÞ1=2 ¼ ð1 þ aÞ
ð6 þ 3aþ a2Þð6 þ 9aþ 4a2 þ a3Þ1=2

. The absolute maximum value of G(c) over

the interval c 2 ½0; 2
 is given by:

max
0� c� 2

GðcÞ ¼ max
0� c� 2

fG1ðcÞ;G2ðcÞg

¼

2ð18 � a� 4a2 � a3Þ
3ð1 þ aÞ2ð2 þ aÞð3 þ aÞ

; 0� a� a0;

2ð6 þ 3aþ a2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 þ 9aþ 4a2 þ a3

p

3ð1 þ aÞð2 þ aÞð3 þ aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að7 þ 4aþ a2Þ

p ; a0 � a� 1:

8
>>><

>>>:

ð2:12Þ

where a0 is the root in [0, 1] of ð18 � a� 4a2 � a3Þðað7 þ 4aþ a2ÞÞ1=2 ¼ ð1 þ
aÞð6 þ 3aþ a2Þð6 þ 9aþ 4a2 þ a3Þ1=2

which on solving gives the expression for a0

given in the statement of the theorem.

For the third Hankel determinant, we have the following theorem:
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Corollary 2.4 If f 2 Ma, then the third Hankel determinant H3ð1Þ satisfies

jH3ð1Þj �
R; 0� a� a0;

S; a0 � a� 1:

�

where

R ¼ 4

9ð1 þ aÞ5ð2 þ aÞ3ð3 þ aÞ2ð4 þ aÞ
�
10368 þ 22815aþ 27229a2 þ 22644a3

þ 12505a4 þ 4190a5 þ 739a6 þ 32a7 � 9a8 � a9
�
;

S ¼ 4

9ð1 þ aÞ4ð2 þ aÞ3ð3 þ aÞ2ð4 þ aÞðað7 þ 4aþ a2ÞÞ1=2
fð2 þ aÞð4 þ aÞ

� ð6 þ 9aþ 4a2 þ a3Þ1=2ð216 þ 222aþ 159a2 þ 82a3 þ 32a4 þ 8a5 þ a6Þ
þ 3ð3 þ aÞðað7 þ 4aþ a2ÞÞ1=2ð576 þ 1063aþ 1109a2 þ 655a3 þ 209a4

þ 34a5 þ 2a6Þg;

and

a0 ¼ 1

3
ð77 þ 2

ffiffiffiffiffiffiffiffiffiffi
1489

p
Þ1=3 � 3

ð77 þ 2
ffiffiffiffiffiffiffiffiffiffi
1489

p
Þ1=3

� 4

 !

	 0:267554:

Proof Since f 2 A, a1 ¼ 1, so that we have

jH3ð1Þj � ja3jja2a4 � a2
3j þ ja4jja4 � a2a3j þ ja5jja3 � a2

2j: ð2:13Þ

By substituting Bi ¼ 2 ði ¼ 1; 2; 3; . . .Þ and l ¼ 1 in [5, Theorem 2.11], we get the

following bound for the expression ja3 � a2
2j for f 2 Ma:

ja3 � a2
2j � 2=ð2 þ aÞ:

Similarly, [5, Theorem 2.9] gives the following bound for f 2 Ma:

ja2a4 � a2
3j � 4=ð2 þ aÞ2:

Using these two bounds, the bound for the expression ja4 � a2a3j from Theorem 2.3

and the bounds for jakj ðk ¼ 1; 2; 3; . . .Þ from Theorem 2.1 in the equation (2.13),

the desired estimates for the thrid Hankel determinant follows.

Remark 2.5 For a ¼ 0, Corollary 2.4 reduces to the following estimate for starlike

functions given in [1]: H3ð1Þ� 16.

Our next theorem gives bounds for the first five coefficients for functions in the

class La which is the class of all analytic functions f 2 S satisfying

Re ðf 0ðzÞÞa
�

1 þ zf 00ðzÞ
f 0ðzÞ

�1�a
� �

[ 0:
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Note that

K ¼ L0 ¼ f 2 S : Re
�

1 þ zf 00ðzÞ
f 0ðzÞ

�
[ 0

� 	
and R ¼ L1 ¼ f 2 S : Re

�
f0ðzÞ

�
[ 0


 �

are the classes of convex functions and a subclass of close-to-convex functions

respectively. Thus as a varies from 0 to 1, our class La provides a continuous

passage from the class K of convex functions to the the class R of functions whose

derivative has positive real part.

Theorem 2.6 If the function f 2 La, then the coefficients a2–a5 satisfy

ja2j � 1;

ja3j �
2

3ð2 � aÞ ð3 � 2aÞ;

ja4j �
1

2ð2 � aÞð3 � 2aÞ
�
ð8 � 7aÞ þ 4ð1 � aÞj1 � 2aj

�
;

and

ja5j �
1

10ð2 � aÞ2ð3 � 2aÞð4 � 3aÞ
�
4ð56 � 101aþ 54a2 � 8a3Þ

þ 16ð1 � aÞj1 � 2ajðð12 � 7aÞ þ j4 � 13aþ 6a2jÞ
�
:

Proof Since the function f 2 La, there is an analytic function

pðzÞ ¼ 1 þ c1zþ c2z
2 þ � � � 2 P, such that

ðf 0ðzÞÞa
�

1 þ zf 00ðzÞ
f 0ðzÞ

�1�a
¼ pðzÞ: ð2:14Þ

The Taylor series expansion of the function f gives

ðf 0ðzÞÞa
�

1 þ zf 00ðzÞ
f 0ðzÞ

�1�a
¼ 1 þ 2a2zþ ð3ð2 � aÞa3 � 4ð1 � aÞa2

2Þz2

þ ð4ð3 � 2aÞa4 � 18ð1 � aÞa2a3 þ 8ð1 � aÞa3
2Þz3 þ � � � :

ð2:15Þ

Then using (2.14), (2.15) and the expansion for the function p, we express an in

terms of the coefficients ci of p 2 P:

a2 ¼ c1

2
; ð2:16Þ

a3 ¼ 1

3ð2 � aÞ
�
c2 þ ð1 � aÞc2

1

�
; ð2:17Þ
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a4 ¼ 1

4ð2 � aÞð3 � 2aÞ
�
ð1 � aÞð1 � 2aÞc3

1 þ ð2 � aÞc3 þ 3ð1 � aÞc1c2

�
; ð2:18Þ

and

a5 ¼ 1

10ð2 � aÞ2ð3 � 2aÞð4 � 3aÞ
�
8ð2 � aÞ2ð1 � aÞc1c3 þ 2ð2 � aÞ2ð3 � 2aÞc4

þ ð1 � aÞð4 þ aÞð3 � 2aÞc2
2 þ 2ð1 � aÞð1 � 2aÞð12 � 7aÞc2

1c2

þ ð1 � aÞð1 � 2aÞð4 � 13aþ 6a2Þc4
1

�
:

ð2:19Þ

Therefore, by making use of the triangle inequality and the fact that jckj � 2

ðk ¼ 1; 2; 3; . . .Þ, for p 2 P, we get the desired bounds for a2, a3, a4 and a5.

Next, we prove certain results which will be required to estimate the third hankel

determinant H3ð1Þ for the class La. Firstly, we find an upper bound for ja2a3 � a4j
for the function f 2 La.

Theorem 2.7 Let a0 	 0:852183 be the root in [0, 1] of the equation

ð24 � 19aÞ3=2 ¼ 9
ffiffiffi
3

p
ð2 � aÞ3=2ð3 � 2aÞ1=2:

If f 2 La , then

ja2a3 � a4j �

ð24 � 19aÞ3=2

18
ffiffiffi
3

p
ð2 � aÞð3 � 2aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 � 7aþ 2a2

p ; 0� a\a0;

1

2ð3 � 2aÞ ; a0 � a� 1:

8
>>><

>>>:

Proof By making use of the Eqs. (2.16)– (2.18), we get

a2a3 � a4 ¼ 1

12ð2 � aÞð3 � 2aÞ
�
� 3ð2 � aÞc3 � ð3 � 5aÞc1c2 þ ð1 � aÞð3 � 2aÞc3

1

�
:

Substituting the values for c2 and c3 from Lemma 2.2 in the above expression, we

have

ja2a3 � a4j ¼
1

48ð2 � aÞð3 � 2aÞ


að9 � 8aÞc3

1 � 2ð4 � c2Þð9 � 8aÞc1x

þ 3ð4 � c2Þð2 � aÞc1x
2 � 6ð4 � c2Þð2 � aÞð1 � jxj2Þy



:

� 1

48ð2 � aÞð3 � 2aÞ
�
að9 � 8aÞc3

1 þ 2ð4 � c2Þð9 � 8aÞc1jxj

þ 3ð4 � c2Þð2 � aÞc1jxj2 þ 6ð4 � c2Þð2 � aÞð1 � jxj2Þjyj
�
:

Choosing c1 ¼ c 2 ½0; 2
, replacing |x| by l and using the fact that jyj � 1 in the

above inequality, we get
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ja2a3 � a4j �
1

48ð2 � aÞð3 � 2aÞ
�
að9 � 8aÞc3 þ 2ð4 � c2Þð9 � 8aÞcl

þ 3ð4 � c2Þð2 � aÞcl2 þ 6ð4 � c2Þð2 � aÞð1 � l2Þ
�
:

¼ Fðc; lÞ:

We shall now maximize the function Fðc; lÞ for ðc; lÞ 2 ½0; 2
 � ½0; 1
. Differenti-

ating Fðc; lÞ partially with respect to l, we get

oF

ol
¼ ð4 � c2Þ

48ð2 � aÞð3 � 2aÞ
�
2ð9 � 8aÞcþ 6lð2 � aÞðc� 2Þ

�
:

Then oF=ol ¼ 0 for l0 ¼ ðð9 � 8aÞcÞ=ð3ð2 � cÞð2 � aÞÞ 2 ½0; 1
 when c 2 ½0; 0:8
.
As observed from the graph of the function Fðc; lÞ, when c 2 ½0; 0:8
, maximum of

Fðc; lÞ occurs at l0 and for c 2 ½0:8; 2
, maximum occurs at l ¼ 1. Thus, we have:

max
0�l� 1

Fðc; lÞ ¼ GðcÞ ¼
G1ðcÞ; 0� c� 0:8;

G2ðcÞ; 0:8� c� 2;

�

where

G1ðcÞ ¼
72ð2 � aÞ2 þ 2c2ð3 � 5aÞð15 � 11aÞ � c3ð9 � 8aÞð�9 þ 2aþ 3a2Þ

144ð2 � aÞ2ð3 � 2aÞ
;

and

G2ðcÞ ¼
4cðð24 � 19aÞ � c2ð2 � aÞð3 � 2aÞÞ

48ð2 � aÞð3 � 2aÞ :

Note that G0
1ðcÞ ¼

�
4cð3 � 5aÞð15 � 11aÞ � 3c2ð9 � 8aÞð3a2 þ 2a� 9Þ

�
=

ð144ð2 � aÞ2ð3 � 2aÞÞ. The function G0
1ðcÞ ¼ 0 implies c ¼ 0 and

c0 ¼ ð4ð3 � 5aÞð15 � 11aÞÞ=ðð9 � 8aÞð3a2 þ 2a� 9ÞÞ. In order to find the maxi-

mum value for G1ðcÞ, we check the behaviour of G1ðcÞ at the end points of the

interval [0, 0.8] and at c ¼ c0. It can be observed that there exists some a� 2 ½0; 0:8

such that for all values of c 2 ½0; 0:8
 and a 2 ½0; a�
, G0

1ðcÞ[ 0, thereby implying

that G1ðcÞ is an increasing function of c 2 ½0; 0:8
 and maximum occurs at c ¼ 0:8.

Similarly, using a similar argument, it is observed that when a 2 ½a�; 0:8
, G1ðcÞ
decreases as c 2 ½0; 0:8
 and hence, maximum occurs at c ¼ 0 and is given as:

max
0� c� 0:8

G1ðcÞ ¼
G1ð0:8Þ; 0� a� a�;

1

2ð3 � 2aÞ ; a� � a� 1:

8
<

:
ð2:20Þ

Here a� is the root of the equation 2ð3 � 2aÞG1ð0:8Þ ¼ 1. We now maximize G2ðcÞ.
It is seen that G0

2ðcÞ ¼
�
ð24 � 19aÞ � 3c2ð2 � aÞð3 � 2aÞ

�
=
�
12ð2 � aÞð3 � 2aÞ

�
.

On solving G0
2ðcÞ ¼ 0, the critical points as obtained are

c ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð24 � 19aÞ

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2 � aÞð3 � 2aÞ

p
. Since c cannot be negative, thus the only

points of consideration in finding the maximum of G2ðcÞ are the end points of the
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interval [0.8, 2] and c0 ¼ ðð24 � 19aÞ=3ð2 � aÞð3 � 2aÞÞ1=2 2 ½0:8; 2
 for all

a 2 ½0; 1
. It is observed that G0
2ðcÞ[ 0 for c 2 ½0:8; c0
 and G0

2ðcÞ\0 when

c 2 ½c0; 1
, thereby implying that the function G2ðcÞ increases first in the interval

½0:8; c0
 and then decreases in the interval ½c0; 1
. Hence the maximum occurs at

c ¼ c0 and is given by:

max
0:8� c� 2

G2ðcÞ ¼
1

18
ffiffiffi
3

p ð24 � 19aÞ
ð2 � aÞð3 � 2aÞ

� �3=2

: ð2:21Þ

In order to find the find the absolute maximum value of G(c) over the interval

c 2 ½0; 2
, we compare the maximum values of G1ðcÞ and G2ðcÞ as obtained in

(2.20) and (2.21) to get:

max
0� c� 2

GðcÞ ¼

1

18
ffiffiffi
3

p ð24 � 19aÞ
ð2 � aÞð3 � 2aÞ

� �3=2

; 0� a� a0;

1

2ð3 � 2aÞ ; a0 � a� 1:

8
>>><

>>>:

ð2:22Þ

where a0 is the root of ð24 � 19aÞ3=2 ¼ 9
ffiffiffi
3

p
ð2 � aÞ3=2ð3 � 2aÞ1=2

.

For the third Hankel determinant for the function f 2 La, we have the following

theorem:

Corollary 2.8 If f 2 La, then the third Hankel determinant H3ð1Þ satisfies

jH3ð1Þj �
1

540ð2 � aÞ3

�
Pþ Qþ R

�

where

P ¼ 5
ffiffiffi
3

p
ð24 � 19aÞ3=2ð2 � aÞf8 � 7aþ 4ð1 � aÞj1 � 2ajg

ð6 � 7aþ 2a2Þ1=2ð3 � 2aÞ2
;

Q ¼ 5fð72 � 78aþ 17aÞ2 � 32að3 � 2aÞj18 � 27aþ 8a2jg
48 � 62aþ 17a2 � aj18 � 27aþ 8a2j ;

R ¼ 144f56 � 101aþ 54a2 � 8a3 þ 4ð1 � aÞj1 � 2ajð12 � 7aþ j4 � 13aþ 6a2jÞg
ð4 � 3aÞð3 � 2aÞ :

Proof By substituting Bi ¼ 2 ði ¼ 1; 2; 3; � � �Þ and l ¼ 1 in [5, Theorem 2.15], we

get the following bound for the expression ja3 � a2
2j for f 2 La:

ja3 � a2
2j � 2=ð3ð2 � aÞÞ:

Similarly, [5, Theorem 2.13] gives the following bound for f 2 La:
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ja2a4 � a2
3j �

32að3 � 2aÞj � 18 þ 27a� 8a2j � ð72 � 78aþ 17a2Þ2

72ð2 � aÞ2ð3 � 2aÞfaj18 � 27aþ 8a2j þ ð�48 þ 62a� 17a2Þg
:

Using these two bounds, the bound for the expression ja4 � a2a3j from Theorem 2.7

and the bounds for jakj ðk ¼ 1; 2; 3; � � �Þ from Theorem 2.6 in the equation (2.13),

the desired estimates for the thrid Hankel determinant follows.

Remark 2.9 For a ¼ 0, Corollary 2.8 reduces to H3ð1Þ� 1=8 obtained in [1] for

convex functions.
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