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Abstract In this article, we prove two versions of the spectral theorem for

quaternionic compact normal operators, namely the series representation and the

resolution of identity form. Though the series representation form already appeared

in [5], we prove this by using simultaneous diagonalization. Whereas the resolution

of identity is new in the literature for the quaternion case, we prove this by asso-

ciating a complex linear operator to the given right linear operator and applying the

classical result. In this process we prove some spectral properties of compact

operators parallel to the classical theory. We also establish the singular value

decomposition of a compact operator.

Keywords Standard eigenvalue � Slice complex plane � Minimum modulus �
Generalized standard eigenvalue
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1 Introduction and preliminaries

The spectral theorem for quaternionic compact normal operators on right

quaternionic Hilbert space was recently proved by Ghiloni et al. [6], in which the

authors established the left multiplication to prove the series representation of such

operators [6, Theorem 1.4].
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We prove two versions of the spectral theorem. The first version is the series

representation of quaternionic compact normal operator and the second version is

the resolution of identity form. First we observe that spherical point spectrum of

self-adjoint operator coincides with classical definition of point spectrum. This helps

us to prove the series representation of quaternionic compact self-adjoint operators.

Using the cartesian decomposition and simultaneous diagonalization, we prove the

series representation for quaternionic compact normal operators. This approach is

similar to the classical one. Moreover, we prove several important spectral

properties of quaternionic compact operators. We, then prove the singular value

decomposition theorem similar to the classical result. In proving these, we establish

several results related to compact operators which are similar to the classical case.

Next, we establish the resolution of identity for the quaternionic compact normal

operators. This is a new result in this paper. In this case, we associate a complex

linear operator to the given operator and use the classical result to get the

representation for the complex linear operator and lift this result to the given

operator.

Throughout, we consider right eigenvalues for the operators. The concept of right

eigenvalues of quaternion matrices is discussed in [1] with topological approach.

Brenner and Lee proved that every n- dimensional quaternion matrix have exactly

n-complex right eigenvalues with nonnegative imaginary parts (See [2, 8] for

details). Such eigenvalues are known as standard eigenvalues. The spectral theorem

for quaternion matrices is proved in [3].

We prove that a quaternionic compact normal operator has series representation.

We observe that the standard eigenvalues are enough to describe the spectral

properties of the operator. This generalizes the result of Brenner and Lee.

We organize this article into four sections. In the first section we recall some of

the basic properties of quaternions, definitions, properties of compact operators on

quaternionic Hilbert spaces.

In the second section we discuss the spectral theorem for quaternionic compact

self-adjoint operators, singular value decomposition and the simultaneous

diagonalization.

In the third section, the spectral theorem for quaternionic compact normal

operator is proved by using the cartesian decomposition.

In the final section, the resolution of identity on quaternionic Hilbert space is

given.

1.1 Quaternions

Let i, j, k be three vectors that satisfy i2 ¼ j2 ¼ k2 ¼ �1 ¼ i � j � k: Let H ¼ fq ¼
q0 þ q1iþ q2jþ q3k : qn 2 R; n ¼ 0; 1; 2; 3g denote the division ring (skew field)

of all real quaternions. The conjugate of q is q ¼ q0 � q1i� q2j� q3k: The real part

of H is denoted by Re(HÞ ¼ fq 2 H : q ¼ qg and the imaginary part of H is

denoted by Im(HÞ ¼ q 2 H : q ¼ �qf g: The set S :¼ q 2 ImðHÞ : jqj ¼ 1f g is the

unit sphere in Im(H). Here we list out some of the properties of quaternions, which

we need later.
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1. For p; q 2 H; p:q ¼ q:p and jqj :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2
0 þ q2

1 þ q2
2 þ q2

3

p

:

2. jp:qj ¼ jpj:jqj and jpj ¼ jpj:
3. For p; q 2 H define p� q if and only if p ¼ s�1qs; for some s 6¼ 0 2 H: This is

an equivalence relation and the equivalence class of p is

½p� :¼ fs�1ps : 0 6¼ s 2 Hg:
4. For each m 2 S; define Cm :¼ aþ mb : a; b 2 Rf g; a real sub algebra of H ðIt

is also called as slice complex plane).

5. Let m; n 2 S. If m 6¼ �n, then Cm \ Cn ¼ R. In fact, H ¼
S

m2S Cm:

Let H be a right H-module with the map h�j�i : H � H ! H satisfying the following

three properties:

1. If x 2 H; then hxjxi� 0 and hxjxi ¼ 0 if and only if x ¼ 0:
2. hxjypþ zqi ¼ hxjyipþ hxjziq; if x; y; z 2 H and p; q 2 H:

3. hxjyi ¼ hyjxi; for all x; y 2 H:

Define kxk ¼
ffiffiffiffiffiffiffiffiffiffi

xjxh i
p

; for every x 2 H: If the normed space ðH; k � kÞ is complete,

then we call H, a right quaternionic Hilbert space.

Let x1; x2; x3. . .xn be vectors in H. Then the H-linear span is denoted by

spanHfx1; x2; x3. . .xng and it is defined as

spanHfx1; x2; x3. . .xng ¼
X

n

l¼1

xlql : ql 2 H; l ¼ 1; 2; . . .; n

( )

:

Let S be a subset of H. Then the orthogonal complement of S is denoted by S? and is

defined as

S? :¼ x 2 H j xjyh i ¼ 0 for all y 2 Sf g:

Throughout this article H denotes the division ring of quaternions and H refers to be

the right quaternionic Hilbert space.

Proposition 1.1 Let f/n : n 2 Ng be an orthonormal basis for H. Then the

following are equivalent:

1. For x; y 2 H: The series

hxjyi ¼
X

n2N
hxj/ni � h/njyi

converges absolutely in H:
2. For every x 2 H; we have

kxk2 ¼
X

n2N
jhxj/nij2

3. ðspanHf/n : n 2 NgÞ? ¼ f0g:
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Definition 1.2 [5, Definition 2.9] A map T : H ! H is said to be a right H-linear

operator or quaternionic linear if Tðx:qþ yÞ ¼ Tx:qþ Ty; for every x; y 2 H and

q 2 H: We say that T is bounded (or continuous), if there exists k[ 0 such that

kTxk	 kkxk; for all x 2 H: If T is bounded, then

kTk :¼ supfkTxk : x 2 H; kxk ¼ 1g;

is finite and is called the norm of T.

We denote the set of all bounded right linear operators between H1 and H2 by

BðH1;H2Þ and BðH;HÞ ¼ BðHÞ: If T 2 BðH1;H2Þ; the null space and the range

space are denoted by N(T) and R(T) respectively.

Definition 1.3 Let T 2 BðHÞ: The minimum modulus of T is defined by

mðTÞ ¼ inf kTxk : x 2 H; kxk ¼ 1f g:

Definition 1.4 [5, Definition 2.12] Let T 2 BðHÞ: Then there exists a unique

operator T
 2 BðHÞ such that xjTyh i ¼ T
xjyh i for all x; y 2 H: This operator T
 is

called the adjoint of T.

Definition 1.5 Let T 2 BðHÞ: Then T is said to be

1. self-adjoint if T ¼ T


2. positive if xjTxh i� 0; for all x 2 H

3. anti self-adjiont if T
 ¼ �T

4. normal if TT
 ¼ T
T
5. unitary if TT
 ¼ T
T ¼ I:

Definition 1.6 Let T 2 BðHÞ: A closed subspace M of H is said to be invariant

under T, if TðMÞ :¼ Tx : x 2 Mf g � M: Moreover, if M? is also invariant under T,

then we say M to be a reducing subspace for T.

Theorem 1.7 [5, Theorem 2.18]

1. Let T 2 BðHÞ be positive. Then there exists a unique positive operator S 2
BðHÞ such that S2 ¼ T: The operator S is called the square root of T and it is

denoted by S ¼ T
1
2:

2. If T 2 BðH1;H2Þ; then jT j ¼ ðT
TÞ
1
2 is called the modulus of T and is denoted

by |T|.

Theorem 1.8 [5, Theorem 2.20] Let T 2 BðHÞ: Then there exists a unique

operator W 2 BðHÞ such that

1. T ¼ W jTj
2. NðWÞ ¼ NðTÞ
3. kWðuÞk ¼ kuk; for all u 2 NðTÞ?:
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Theorem 1.9 [5, Theorem 5.9] Let T 2 BðHÞ be normal. Then there exists three

mutually commuting bounded operators A, B and J such that

T ¼ Aþ JB;

where A ¼ TþT


2
;B ¼ jT�T
j

2
and J is an anti self-adjoint unitary operator.

Through out this article, J denotes an anti self-adjoint unitary operator.

Definition 1.10 Let T 2 BðHÞ: Then T is said to be compact if TðSÞ is compact for

every bounded subset S of H. Equivalently ðTðxnÞÞ has a convergent subsequence

for every bounded sequence ðxnÞ of H.

We denote the class of compact operators between H1 and H2 by KðH1;H2Þ and

KðH;HÞ ¼ KðHÞ:

Examples 1.11 We give some examples of compact operators:

1. Every right linear bounded operator with finite rank is compact.

2. Let H ¼ ‘2ðN;HÞ: Define D : H ! H by

Dðq1; q2; q3; . . .Þ ¼ q1;
q2

2
;
q3

3
; . . .

� �

; for all ðqjÞj2N 2 H:

Define Dn : H ! H by

Dnðq1; q2; . . .qn; . . .Þ ¼ q1;
q2

2
; . . .;

qn

n
; 0; 0; . . .

� �

; for all ðqjÞj2N 2 H:

Then fDngn2N converges to D in the operator norm. Since each Dn is compact,

by [4, Theorem 2], D is compact.

Let T 2 BðHÞ and q 2 H: Define DqðTÞ :¼ T2 � Tðqþ qÞ þ I:jqj2: This operator

is used to define the spherical spectrum of T.

Definition 1.12 [5, Definition 4.1] If T 2 BðHÞ; then the spherical spectrum and

the spherical point spectrum are defined as follows:

1. the spherical spectrum:

rSðTÞ :¼ fq 2 H : DqðTÞ is not invertible in BðHÞg:

2. the spherical point spectrum:

rpSðTÞ :¼ fq 2 H : NðDqðTÞÞ 6¼ f0gg:

Theorem 1.13 [10, Theorem 5.4] If T is an n� n quaternion matrix, then T has

exactly n-right eigenvalues which are complex numbers with nonnegative imaginary

parts.

These eigenvalues are said to be standard eigenvalues.
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2 Representation of compact self-adjoint operators

In this section we obtain a spectral representation of quaternionic compact self-

adjoint operator. Though [4, Conjecture 1] is proved for quaternionic normal

operators in [6], we reprove it for quaternionic compact self-adjoint operators

inspired by the classical proof.

Proposition 2.1 If T 2 KðHÞ is self-adjoint, then �kTk 2 rpSðTÞ.

Proof Since T is self-adjoint, there exists a sequence ðxnÞ in H such that kxnk ¼ 1,

for every n 2 N and j xnjTxnh ij ! kTk as n ! 1. That is there exists r 2 R with

jrj ¼ kTk and xnjTxnh i ! r, as n ! 1. We see that

kTxn � r � xnk2 ¼ kTxnk2 þ r2 � 2r xnjTxnh i	 2r2 � 2r xnjTxnh i ! 0;

as n ! 1. Since T is compact ðTxnÞ has a convergent subsequence, say ðTxnkÞ
converges to y 2 H. Then

r � xnk � y ¼ ðTxnk � yÞ � ðTxnk � r � xnkÞ ! 0;

as n ! 1. By using the continuity of T, we have TðxnkÞ converges to 1
r
Ty. This

implies that Ty ¼ ry. Moreover,

DrðTÞy ¼ T2y� 2rTyþ r2y ¼ 2r2y� 2r2y ¼ 0:

Hence NðDrðTÞÞ 6¼ f0g. Equivalently, r ¼ �kTk 2 rpSðTÞ. h

Lemma 2.2 If T ¼ T
 2 BðHÞ and r 2 R, then NðDrðTÞÞ ¼ NðT � r � IÞ.
Moreover,

rpSðTÞ ¼ fr 2 R : Txr ¼ r � xr; for some 0 6¼ xr 2 Hg:

Proof Let x 2 H. Then x 2 NðDrðTÞÞ if and only if ðT2 � 2rT þ r2IÞx ¼ 0 if and

only if ðT � r � IÞ2
x ¼ 0. Since T is self-adjoint, it is equivalent to write

x 2 NðT � r � IÞ. By [5, Theorem 4.8(b)], rSðTÞ � R. Therefore

rpSðTÞ ¼ fr 2 R : NðDrðTÞÞ 6¼ f0gg
¼ r 2 R : NðT � r � IÞ 6¼ f0gf g
¼ fr 2 R : Txr ¼ r � xr; for some 0 6¼ xr 2 Hg: h

Theorem 2.3 Let T 2 KðHÞ be self-adjoint. Then there exists an orthonormal

system /1;/2;/3; . . . of eigenvectors of T corresponding to the eigenvalues

k1; k2; k3; . . .; such that jk1j � jk2j � jk3j � . . .; and

Tx ¼
X

n2N
/nknh/njxi; for all x 2 H:

Moreover, if ðknÞ is infinite, then kn �! 0 as n ! 1:
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Proof By Proposition 2.1 and Lemma 2.2, the proof follows along the similar lines

of classical spectral theorem for compact self-adjoint complex operators (see [7,

Theorem 5.1] for classical proof). h

Theorem 2.4 Let T 2 KðHÞ: Then, there exists a sequence ð/nÞ; ðwnÞ of

orthonormal vectors and a sequence of positive reals ðanÞ such that

Tx ¼
X

n2N
wnanh/njxi; for all x 2 H: ð1Þ

If ðanÞ is infinite, then an �! 0 as n ! 1: Moreover, the series in Eq. (1) con-

verges in the operator norm.

Proof Since T is compact, by [4, Theorem 2], we have jT j :¼ ðT
TÞ
1
2 is compact.

By Theorem 2.3, there exists an orthonormal system /nð Þ of eigenvectors of |T| and

corresponding eigenvalues anð Þ such that

jTjx ¼
X

n2N
/nan /njxh i; for all x 2 H: ð2Þ

If ðanÞ is infinite, then an ! 0, as n ! 1: By Theorem 1.8, there exists a unique

operator W 2 BðHÞ such that T ¼ W jTj; where W jNðjT jÞ? is an isometry and

NðWÞ ¼ NðjTjÞ: Let us take wn ¼ W/n: We show that ðwnÞ forms an orthonormal

system. Consider

hwnjwmi ¼ hW/njW/mi ¼ hW
W/nj/mi ¼ h/nj/mi ¼ dnm:

For x 2 H;

Tx ¼ W jT jx ¼
X

n2N
Wð/nÞanh/njxi ¼

X

n2N
wnanh/njxi:

Since the expression of |T| in Eq. (2) converges in the operator norm, it follows that

the series in Eq. (1) converges in the operator norm. h

Example 2.5 Let H ¼ ‘2ðN;HÞ: Define R : H ! H by

RðxÞ ¼ ð0; x1; x2; x3; . . .; Þ; for all x ¼ ðx1; x2; x3; . . .; Þ 2 H;

and let D be as in Example 1.11(2). Also we have

rpSðDÞ ¼
1

n
: n 2 N

� �

and rSðDÞ ¼
1

n
: n 2 N

� �

[ f0g:

Let T ¼ RD: Then jT j2 ¼ T
T ¼ D
R
RD ¼ D
D ¼ D2: Hence jTj ¼ D: By The-

orem 2.4, the representation of |T| is,

jTjðxÞ ¼ x1;
x2

2
;
x3

3
; . . .

� �

¼
X

n2N
en �

1

n
enjxh i; 8 x 2 H:

Thus for all x 2 H;
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TðxÞ ¼ RjTjðxÞ ¼ R
X

n2N
en

1

n
enjxh i

 !

¼
X

n2N
RðenÞ

1

n
enjxh i

¼
X

n2N
enþ1

1

n
enjxh i:

Now we prove the converse of Theorem 2.3.

Theorem 2.6 Suppose there exists an orthonormal system of vectors ð/nÞ and a

sequence ðanÞ of real numbers which is either finite or converges to 0. If the

operator T is defined by

Tx ¼
X

n2N
/nanh/njxi; for all x 2 H;

then T is a bounded quaternionic compact self-adjoint.

Proof Clearly, T is right H-linear. We show that T is self-adjoint. Let x; y 2 H:
Then

Txjyh i ¼
X

n2N
/nan /n j xh ijy

* +

¼
X

n2N
an /njxh i /njyh i

¼
X

n2N
an xj/nh i /njyh i

¼ x j
X

n2N
an/n /njyh i

* +

¼ xjTyh i:

Therefore T ¼ T
: The rest of the proof is to show T is compact. This follows in the

similar lines as in [7, Theorem 6.2]. Define

Tnx ¼
X

n

k¼1

/kak /kjxh i; for all x 2 H:

Here each Tn is a finite rank operator, hence compact. We see that

kT � Tnk2 ¼ sup
kxk¼1

kðT � TnÞxk2 ¼ sup
kxk¼1

X

1

k¼nþ1

/kak /njxh i
�

�

�

�

�

�

�

�

�

�

2

	 sup
k� nþ1

jakj2 ! 0;

as n ! 1. Since Tn converges to T in the operator norm and KðHÞ is closed in

BðHÞ by [4, Theorem 2], we conclude that T is compact. h
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Theorem 2.7 (Simultaneous diagonalization) Let T; S 2 KðHÞ be self-adjoint. If

TS ¼ ST; then there exist an orthonormal system f/ng of eigenvectors of both T and

S with corresponding eigenvalues fkng and flng respectively, such that

Tx ¼
X

n2N
/nknh/njxi and Sx ¼

X

n2N
/nlnh/njxi; for all x 2 H:

Proof By Theorem 2.3, there exist an orthonormal system f/ng of eigenvectors of

T and corresponding eigenvalues fkng such that

Tx ¼
X

1

n¼1

/nkn /njxh i; for all x 2 H:

We claim that NðDknðTÞÞ is invariant under S. Let x 2 NðDknðTÞÞ ¼ NðT � knIÞ:
That is Tx ¼ xkn: Then TðSxÞ ¼ STx ¼ SðxknÞ ¼ ðSxÞkn: This shows that

SðNðDknðTÞÞÞ � NðDknðTÞÞ:
Define Sn :¼ SjNðDkn ðTÞÞ : NðDknðTÞÞ �! NðDknðTÞÞ, which is quaternionic com-

pact self-adjoint operator, for each n 2 N: Then by Theorem 2.3, we can choose

/n 2 NðDknðTÞÞ such that S/n ¼ /nln. Since H ¼ NðTÞ � NðTÞ?; if x 2 H; then

there exists x1 2 NðTÞ and x2 2 NðTÞ? such that x ¼ x1 þ x2: Since /nf g forms an

orthonormal basis for NðTÞ?; we have

x2 ¼
X

n2N
/n /njxh i:

If SðNðTÞÞ ¼ 0f g; then

Sx ¼ Sx1 þ Sx2 ¼
X

n2N
Sð/nÞ /njxh i ¼

X

n2N
/nln /njxh i: ð3Þ

If SðNðTÞÞ 6¼ f0g; then as N(T) is invariant under S, the operator SjNðTÞ is compact

self-adjoint. By Theorem 2.3, there exist a system fwkg 
 NðTÞ of eigenvectors of S

and corresponding eigenvalues fnkg such that

Sx ¼
X

k

wknk wkjxh i; for all x 2 NðTÞ: ð4Þ

If x 2 H; then x ¼ x1 þ x2; x1 2 NðTÞ; x2 2 NðTÞ?: The system f/ng [ fwkg give

the spectral decomposition for both S and T. By Eqs. (3) and (4), we have

Sx ¼ Sx1 þ Sx2 ¼
X

1

n¼1

/nln /njx1h i þ
X

k

wknk wkjx2h i: h
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3 Representation of compact normal operators

In this section, we give a spectral representation for quaternionic compact normal

operators by using Theorems 2.3, 2.4 and the Cartesian decomposition of a quaternionic

normal operator. First, we prove few results that are needed for our purpose.

Proposition 3.1 Let T 2 BðHÞ be normal and q1; q2 2 rpSðTÞ such that ½q1� \
½q2� ¼ ;: Then NðDq1

ðTÞÞ?NðDq2
ðTÞÞ:

Proof Since T is normal, we have rpSðTÞ ¼ rpSðT
Þ: Let x 2 NðDq1
ðTÞÞ and y 2

NðDq2
ðTÞÞ: Then Tx ¼ x:s�1q1s; for some 0 6¼ s 2 H and since

NðDq2
ðT
ÞÞ ¼ NðDq2

ðTÞÞ, T
y ¼ y:l�1q2l; for some 0 6¼ l 2 H: Then

s q1 s�1hxjyi ¼ hx:s�1q1sjyi ¼ hTxjyi ¼ hxjT
yi
¼ hxjy:l�1q2li
¼ hxjyi:l�1q2l:

We show that hxjyi ¼ 0. Suppose hxjyi 6¼ 0; then multiplying with hxjyi�1
from left

side of the above equation, we get

hxjyi�1
s q1 s�1hxjyi ¼ l�1q2l;

which is contradiction to ½q1� \ ½q2� ¼ ;: Hence the result. h

We prove a Lemma which plays an important role in proving the spectral

representation for quaternionic compact normal operator.

Lemma 3.2 Let J 2 BðHÞ be anti self-adjoint and unitary. Let B 2 BðHÞ be

positive such that JB ¼ BJ: Then

rpSðJBÞ ¼ frq : r 2 rpSðBÞ; q 2 rpSðJÞg:

Proof Since JB is anti self-adjoint, if q 2 rpSðJBÞ, then q � ImðHÞ and there exists

0 6¼ x 2 H such that x 2 NðDqðJBÞÞ: This implies

0 ¼ DqðJBÞðxÞ ¼ ððJBÞ2 � JBðqþ qÞ þ jqj2IÞðxÞ
¼ ð�B2 þ jqj2IÞðxÞ
¼ ðBþ jqjIÞðB� jqjIÞðxÞ:

Since B� 0; ðBþ jqjIÞ is invertible. So we conclude that Bx ¼ xjqj: Therefore

jqj 2 rpSðBÞ:

Clearly, q
jqj 2 rpSðJÞ:

Conversely, suppose that r 2 rpSðBÞ and q 2 rpSðJÞ: We claim that rq 2 rpSðJBÞ:
It is clear that there exists 0 6¼ x 2 H such that Bx ¼ xr and jqj ¼ 1: Consider
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DrqðJBÞðxÞ ¼ ððJBÞ2 � JBðrqþ rqÞ þ jrqj2IÞðxÞ ¼ ð�B2 þ r2jqj2IÞðxÞ
¼ �B2ðxÞ þ xr2

¼ 0:

Therefore rq 2 rpSðJBÞ: h

Note 3.3 Let q 2 H: Then q 2 rpSðJBÞnf0g , jqj 2 rpSðBÞnf0g:

We generalize Lemma 3.2 to the whole spherical spectrum.

Lemma 3.4 Let J and B be as in Lemma 3.2. Then

rSðJBÞ ¼ frq : r 2 rSðBÞ; q 2 rSðJÞg:

Proof Let q 2 rSðJBÞ: Then q ¼ �q and DqðJBÞ ¼ ðBþ jqjIÞðB� jqjIÞ is not

invertible. Since B� 0; ðBþ jqjIÞ is invertible. This implies ðB� jqjIÞ is not

invertible. By [5, Theorem 4.8(e)], q
jqj 2 rSðJÞ:

Conversely, suppose that r 2 rSðBÞ and q 2 rSðJÞ: Consider

Dr:qðJBÞ ¼ �B2 þ jr:pj2:I ¼ �B2 þ r2:I ¼ ðBþ r:IÞðB� r:IÞ:

Since ðB� r:IÞ is not invertible, rq 2 rSðJBÞ: h

We give a spectral representation of quaternionic compact normal operators and

show that the spherical spectrum is precisely the equivalence class of standard

eigenvalues. Necessarily, in order to have eigenspace to be right linear, the

eigenvalues should be given in terms of equivalence class. This is a generalization

of [10, Theorem 5.4].

Theorem 3.5 Let T 2 KðHÞ be normal. Then there exists an othonormal system

f/ng of eigenvectors of T and corresponding quaternion eigenvalues fqng such that

1. Tx ¼
P

n2N /nqnh/njxi, for all x 2 H: Moreover, if ðqnÞ is infinite, then qn !
0; as n ! 1: Hence, the series above converges in the operator norm of BðHÞ:

2. rpSðTÞ ¼ f½qn� : n 2 Ng ¼ f½ReðqnÞ þ jImðqnÞj � i� : n 2 Ng

Furthermore, the following properties holds true:

(a) The system of eigenvectors f/ngn2N forms an orthonormal basis for NðTÞ? ¼
RðTÞ and thus R(T) is separable.

(b) The matrix of TjNðTÞ? with respect to f/ngn2N is diagðq1; q2; q3; . . .; Þ, the
diagonal matrix with the diagonal entries q1; q2; q3; . . .:

(c) H ¼ NðTÞa1
n¼1

NðDqnðTÞÞ.
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Proof Proof of (1): Since T is normal, we have

T ¼ Aþ JB;

where A, B and J as in Theorem 1.9. By Lemma 3.2, we have

rSðJBÞ ¼ fr � q : r 2 rpSðBÞ and q 2 rpSðJÞg:

Since T is compact, the operators A and B are also compact. By [4, Theorem 2],

JB is compact. In fact A is a quaternionic compact self-adjoint and B is a quater-

nionic compact positive operator with AB ¼ BA. If f ln
jlnj

g 
 S is a sequence of

eigenvalues of JB, then fjlnjg is a sequence of eigenvalues of B. Thus by Theo-

rem 2.7, there exists an orthonormal system f/ng of eigenvectors of both A and B

with corresponding eigenvalues fkng; fjlnjg of A and B respectively, such that

Ax ¼
X

n2N
/nknh/njxi and Bx ¼

X

n2N
/njlnjh/njxi; for all x 2 H:

By Lemma 3.2, we have Jð/nÞ ¼ /n � ln
jlnj

: Let x 2 H: Then by Theorem 1.9, we have

Tx ¼ Axþ JBx ¼
X

n2N
/nknh/njxi þ J

X

n2N
/njlnjh/njxi

 !

¼
X

n2N
/nknh/njxi þ

X

n2N
Jð/nÞjlnjh/njxi

¼
X

n2N
kn/nh/njxi þ

X

n2N
/n

ln
jlnj

jlnjh/njxi

¼
X

n2N
/nðkn þ lnÞh/njxi:

Let qn ¼ kn þ ln. Then

Tx ¼
X

n2N
/nqn /njxh i:

If qnf g is infinite, then either knf g or lnf g is infinite. So qn ! 0; as n ! 1:

Proof of (2) Let 0 6¼ p 2 H: If p 2 ½qk� for some k, then p ¼ s�1qks, for some

0 6¼ s 2 H and

Tð/k � sÞ ¼
X

n2N
/nqn /nj/kh is ¼ /kqks ¼ ð/k � sÞðs�1qksÞ ¼ ð/k � sÞ � p:

This implies that p 2 rpSðTÞ. Suppose 0 6¼ q is an eigenvalue of T such that q 62 ½qk�
for all k 2 N. Then there exists 0 6¼ x 2 H such that Tx ¼ x � q that is x 2 NðDqðTÞÞ.
By the representation of T, we have

X

n2N
/nqn /njxh i ¼ x � q:
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Since ½q� \ ½qk� ¼ ;; for all k 2 N; by Proposition 3.1, we have

NðDqðTÞÞ?NðDqkðTÞÞ for all k 2 N: Since /k 2 NðDqkðTÞÞ; for all k 2 N; we

conclude that

x � q ¼ 0

a contradiction. Therefore rpSðTÞ ¼ ½qn� : n 2 Nf g:

Now we prove the properties by using the representation of quaternionic compact

normal operator.

Proof of (a) It is clear that f/ng is an orthonormal set. We prove that NðTÞ ¼
spanHf/1;/2;/3; . . .; g

?: Let x 2 NðTÞ: Then, h/njxi ¼ 0 for each n 2 N: Equiv-

alently, x 2 spanHf/1;/2;/3; . . .; g
?: Conversely, suppose that x 2

spanHf/1;/2;/3; . . .; g
?: Then, Tx ¼ 0.

Therefore NðTÞ? ¼ spanHf/1;/2;/3; . . .; g?? ¼ spanHf/1;/2;/3; . . .; g: Since

T is normal, RðTÞ ¼ NðT
Þ? ¼ NðTÞ? ¼ spanHf/1;/2;/3; . . .; g: Thus R(T) is

separable.

Proof of (b) It is clear from (1), that f/ngn2N is an orthonormal basis for NðTÞ?:
The matrix representation of TjNðTÞ? with respect to f/ngn2N is a diagonal matrix

with the diagonal entries h/jjT/ii ¼ dijqi; i; j ¼ 1; 2; 3; . . . .

Proof of (c) By the projection theorem, H ¼ NðTÞ � NðTÞ?: It is clear that,

spanHf/nj
g ¼ NðDqnðTÞÞ; for each n 2 N: From (1), we can write

H ¼ NðTÞa1
n¼1

NðDqnðTÞÞ: h

Remark 3.6 By using spectral representation in Theorem 3.5, we can prove the

following:

1. The dimension of NðDqkðTÞÞ is finite for qk 6¼ 0 and k 2 N.

2. rSðTÞnf0g ¼ rpSðTÞnf0g.

As a consequence of Theorem 3.5, we prove the result by Brenner [2] and Lee

[6], that an n� n normal matrix with quaternion entries have exactly n- standard

eigenvalues.

Corollary 3.7 Let A 2 MnðHÞ be normal. Then A has exactly n-standard

eigenvalues.

Proof By Theorem 3.5, there exists an orthonormal system f/1;/2; . . ./ng of

eigenvectors of A with corresponding eigenvalues fq1; q2; . . .qng such that

Ax ¼
X

n

j¼1

/jqjhqjjxi; for all x 2 H;
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where qj ¼ kj þ lj; for j 2 f1; 2; 3; . . .; ng: Here kj is an eigenvalue of AþA


2
; jljj is

an eigenvalue of
jA�A
j

2
and

lj
jljj

is an eigenvalue of J, as in Theorem 3.5. Here each

½qj� is an eigensphere corresponding to an eigenvector /j: By Remark 3.6, we have

rSðAÞ ¼ rpSðAÞ ¼ f½qj� : j ¼ 1; 2; . . .; ng:

Each class ½qj� is represented by a complex number ðqjÞ þ i � jIm ðqjÞj. So A has n-

standard eigenvalues. h

Note 3.8 Let A 2 MnðHÞ. If A ¼ A
, then A has n- real eigenvalues. In fact, these

are standard eigenvalues of A with the imaginary part zero. In particular, if A ¼ I,

the identity matrix then f1g is the only standard eigenvalue of A.

4 Resolution of identity

We present a second version of the spectral theorem, namely the resolution of

identity for a quaternionic compact normal operator. We restrict the given operator

to the slice complex Hilbert space, use classical theorem given in [9, Theo-

rem 6.11.1], later by using [5, Proposition 3.11] extend this result to the

quaternionic operator.

Definition 4.1

1. If K is Hilbert sapce over the slice Cm, for some m 2 S, then K is said to be Cm-

Hilbert space.

2. Let K be Cm-Hilbert space. A map T : K ! K is said to be Cm-linear if

Tðxþ kyÞ ¼ Txþ kTy; for every x; y 2 K and k 2 Cm:

We need the following facts to establish the resolution of identity.

Lemma 4.2 [5, Lemma 3.9] Let m 2 S and J 2 BðHÞ: Define Cm-linear spaces

HJm
� ¼ fx 2 H : JðxÞ ¼ �x � mg: Then HJm

� 6¼ f0g; the restriction of Hermitian

scalar product h�j�i to HJm
� is Cm-valued and therefore HJm

� is Cm-Hilbert space.

Lemma 4.3 [5, Lemma 3.10] As a Cm-Hilbert space, H admits the following

direct sum decomposition:

H ¼ HJm
þ � HJm

� :

Remark 4.4 It is not necessary to consider H to be Cm-Hilbert space in Lemma 4.3.

We show that, HJm
þ � HJm

� is quaternionic Hilbert space. Let n 2 S be such that

mn ¼ �nm. If q 2 H; then q ¼ aþ b � n where a; b 2 Cm. Let x 2 H. Then

x ¼ aþ b, where a 2 HJm
þ and b 2 HJm

� . Moreover,
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x � q ¼ ðaþ bÞ � ðaþ b � nÞ
¼ aaþ a � b � nþ baþ b � b � n
¼ ðaaþ b � b � nÞ þ ða � b � nþ baÞ:

It is enough to show ðaaþ b � b � nÞ 2 HJm
þ and ða � b � nþ baÞ 2 HJm

� : But it is clear

from the definition of HJm
� that

Jðaaþ b � b � nÞ ¼ JðaÞaþ JðbÞb � n ¼ a � ma� b � m � b � n ¼ ðaaþ b � b � nÞ � m:

and

Jða � b � nþ baÞ ¼ JðaÞb � nþ JðbÞa ¼ a � m � b � n� b � ma ¼ �ða � b � nþ baÞ � m:

Hence x � q 2 H:

Proposition 4.5 [5, Proposition 3.11] If T : HJm
þ ! HJm

þ is a bounded Cm-linear

operator, then there exists unique bounded, right H-linear operator eT : H ! H

such that eT ðxÞ ¼ TðxÞ; for every x 2 HJm
þ : Furthermore

1. keTk ¼ kTk
2. JeT ¼ eTJ

3. Let V : H ! H be bounded right linear quaternionic operator. Then V ¼ eU ,

for some bounded Cm-linear operator U : HJm
þ ! HJm

þ if and only if JV ¼ VJ

4. ðeT Þ
 ¼ fT


5. If S : HJm
þ ! HJm

þ is bounded Cm-linear operator, then fST ¼ eSeT
(6) If S is the inverse of T, then eS is the inverse of eT :

Remark 4.6 If Tþ is a Cm-linear operator on HJm
þ such that T ¼ fTþ , then for

a 2 HJm
þ ; b 2 HJm

� , we have

Tðaþ bÞ ¼ TþðaÞ � Tþðb � nÞ � n:

Note that if T 2 BðHÞ is normal but not self-adjoint, then by Theorem 1.9, there

exists an anti self-adjoint unitary operator J 2 BðHÞ such that TJ ¼ JT . Also, if T is

self-adjoint operator then the existence of an anti self-adjoint unitary operator

J commuting with T is guaranteed by [5, Theorem 5.7(b)]. So Proposition 4.5 holds

true for quaternionic normal operator.

Theorem 4.7 Let T 2 KðHÞ be normal and m 2 S. Then there exists a system of

non-zero eigenvalues fktg 
 Cm of T such that
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T ¼
X

1

t¼1

kt ePt ; ð5Þ

where ePt is an orthogonal projection onto NðDktðTÞÞ: If fktg is infinite, then kt ! 0

as t ! 1: The series in Eq. (5) converges in the operator norm.

Proof Since T is normal, there exists J 2 BðHÞ such that JT ¼ TJ and JT
 ¼ T
J:

By Proposition 4.5, Tþ is compact normal with fTþ ¼ T : By [9, Theorem 6.11.1],

there exists a system of eigenvalues fktg 
 Cm of Tþ and let Pt be an orthogonal

projection onto NðktI � TþÞ such that

Tþ ¼
X

1

t¼1

ktPt and
X

1

t¼1

Pt ¼ I:

Here kt ! 0 if fktg is infinite and the series converges in the operator norm. Let

x ¼ aþ b 2 H; where a 2 HJm
þ and b 2 HJm

� : Then

TðxÞ ¼ TþðaÞ � Tþðb � nÞ � n ¼
X

1

t¼1

ktPtðaÞ �
X

1

t¼1

ktPtðb � nÞ � n

¼
X

1

t¼1

kt½PtðaÞ � Ptðb � nÞ � n�

¼
X

1

t¼1

kt ePt ðxÞ:

From (4) and (5) of Proposition 4.5, ePt is a quaternionic orthogonal projection. We

claim that Rð ePtÞ ¼ NðDktðTÞÞ: To see this, let x1 þ x2 � n 2 Rð ePt Þ: Then x1; x2 2
RðPktÞ ¼ NðktI � TþÞ and

DktðTÞðx1 þ x2 � nÞ ¼ DktðTÞðx1Þ þ DktðTÞðx2Þ � n ¼ 0:

It is enough to show NðDkt ðTÞÞ � Rð ePt Þ: By Theorem 3.5(c), there exist a linearly

independent set f/i : 1	 i	 ktg 
 HJm
þ such that

Tð/iÞ ¼ Tþð/iÞ ¼ /i � kt; for 1	 i	 kt;

and spanHf/i : 1	 i	 ktg ¼ NðDktðTÞÞ: Since f/i : 1	 i	 ktg 
 NðktI � TþÞ ¼
RðPtÞ and Rð ePtÞ is right H-linear space of H, we conclude that spanHf/i :

1	 i	 ktg � Rð ePt Þ:ThusRð ePt Þ ¼ NðDktðTÞÞ: It is clear from Proposition 4.5(1), that

lim
n!1

T �
X

n

t¼1

kt ePt

�

�

�

�

�

�

�

�

�

�

¼ lim
n!1

Tþ �
X

n

t¼1

ktPt

�

�

�

�

�

�

�

�

�

�

¼ 0:

The series in Eq. (5) converges in the operator norm.

It remains to show that
P1

t¼1
ePt ¼ I; where I denote the identity operator on H.

For this, let x ¼ aþ b; where a 2 HJm
þ and b 2 HJm

� : Then
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X

1

t¼1

ePt ðxÞ ¼ lim
k!1

X

k

t¼1

ePt ðxÞ ¼ lim
k!1

X

k

t¼1

PtðaÞ � Ptðb � nÞ � n

¼
X

1

t¼1

PtðaÞ �
X

1

t¼1

Ptðb � nÞ � n

¼ a� ðb � nÞ � n
¼ x:

Therefore

X

1

t¼1

ePt ¼ I:

Note that the above series converges in the strong operator topology of BðHÞ. h

Remark 4.8 In Theorem 4.7, the meaning of kt ePt is the extension of Cm- linear

operator ktPt to H. By the definition

kt ePt ðaþ bÞ ¼ ktPtðaÞ � ktPtðb � nÞ � n; for all a 2 HJm
þ ; b 2 HJm

þ :

Clearly, kt ePt is a right H-linear operator.
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