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Abstract

We deduce a structurally inductive description of the determinantal probability mea-
sure associated with Kalai’s celebrated enumeration result for higher-dimensional
spanning trees of the (n — 1)-simplex. As a consequence, we derive the marginal
distributions of the simplex links in such random trees. Along the way, we also char-
acterize the higher-dimensional spanning trees of every other simplicial cone in terms
of the higher-dimensional rooted forests of the underlying simplicial complex. We also
apply these new results to random topology, the spectral analysis of random graphs,
and the theory of high dimensional expanders. One particularly interesting corollary
of these results is that the fundamental group of a union of o(logn) determinantal
2-trees has Kazhdan’s property (T) with high probability.

Keywords Random simplicial complexes - Spanning trees - High dimensional
expanders - Determinantal measure
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1 Introduction

Forty years ago, Kalai (1983) introduced, to spectacular effect, a generalization of the
graph-theoretic notion of a tree to higher-dimensional simplicial complexes, called
Q-acyclic simplicial complexes for the triviality of their rational reduced homology
groups in every dimension. However, recent authors (Linial and Peled 2019; Kahle and
Newman 2022; Mészédros 2022) appear to have settled on simply calling these hyper-
trees. For 0 < k < n, let .7, i denote the set of k-dimensional hypertrees on the vertex
set [n] := {1,2,...n}. Kalai noticed, among other things, that Hi_1(T) (assume
integer coefficients throughout) is a finite group for all T € .7}, x and moreover that

B Andrew Vander Werf
andrew_vander_werf@brown.edu

1 Department of Applied Mathematics, Brown University, Providence, RI, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s41468-023-00158-1&domain=pdf

402 A.Vander Werf
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which is seen to be a generalization of Caley’s formula by recalling that |Ho(T)| =1
for all T € 9,1, due to trees being connected. This suggests a natural probabil-
ity measure (Lyons 2003, 2009) v = v, x, on 9, ; defined on atoms by v, ¢ (T) =
n=CO A (D).

Seemingly unrelated to this measure, consider the k-dimensional Linial-Meshulam
complex, denoted Vi (n, p) and defined (Linial and Meshulam 2006; Meshulam and
Wallach 2009) to be the random k-dimensional simplicial complex on [n] with full
(k — 1)-skeleton wherein each k-face is included independently and with probability
p. Let u, i denote the probability density for Vi (n, (n + DH~hH.

Let 7, x denote a random complex distributed according to v, k, and let J, x denote
a random complex distributed according to i, . Our main result is the following
structure theorem for random hypertrees distributed according to v, x (see Sect. 2 for
definitions):

Theorem 1 Assume n > k + 1. Then

£

Link(n, T k) = Tn—1,k—1 U Vu—1k—1

where T,,_1 k—1, Yn—1.k—1 are statistically independent. Also

(feTing FIZTie\ Vo ix

where Ty_1 k, Yu—1.kx are statistically independent.

The first claim of this theorem states that a vertex link in 7, x can be simulated by
first sampling 7,1 x—1 and then adding each missing (k — 1)-face independently with
probability 1/n. This effectively gives us the law of the set of faces in 7, ; which
contain the vertex n. The second claim tells us that the remaining faces of 7, ; which
do not contain the vertex n can be simulated by sampling 7, x and then deleting
each of its k-faces independently with probability 1/n.

This simple idea of decomposing a hypertree into two collections of faces—those
which contain a designated vertex and those which do not—turns out to be quite
powerful. However, the idea is nothing new. For example, we can see this decompo-
sition in use by Linial and Peled (2019) at Kalai’s suggestion to inductively construct
collapsible hypertrees.

By iterating our formula for the law of a vertex link, we can also determine a similar
expression for the law of the link of a simplex of arbitrary dimension.

Theorem 2 The law of the link of any (j — 1)-dimensional simplex in T, i is equivalent
tothat of Ty_j - jUYk—j(n— j, j/n) where these two (k— j)-dimensional complexes
are independent.
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Proof We prove this by induction on the dimension of the simplex. By relabeling
vertices, we may assume that the (j — 1)-simplex we are interested in is {n — j +
1,...,n}. The base case j = 1 follows from Theorem 1. Inducting, we have

Link({n — j +1,...,n}, Ty k)
— Link (n — j + 1, Link({n — j +2,...,n}, 1))

=Link(n — j+ 1, T ji14—jr1 Udk—jri(n— j+1,(j — 1)/n)).

It is well known and easily verified from the definitions that the law of a vertex link of
a Linial-Meshulam complex is a codimension-1 Linial-Meshulam complex on one
fewer vertices with the same face probability. So, since the link operation is distributive
over unions of k-complexes (see Sect. 2), this is equivalent to

Link(n — j + 1, Ty—jy1.4—j+1) ULink(n — j + 1, Ve jr1(n — j + 1, (j — 1)/n))
& . . o
=T jk—j U —jn—j, 1/ (n = j+ 1)Uk j(n — j, (j — 1)/n))

% . 1 j—1 1 J—1
=7 .. U . -7, + —
nik y"’(" Pa= i1 T T a—j+1 n

o
=T jk—j Uk (n —Js ;>,

where the last equality in law follows from the independence of the two Linial—
Meshulam complexes and the inclusion—exclusion principle. O

1.1 Applications to random topology

Theorem 2 has several applications to random topology. Indeed, Garland’s method
(Garland 1973) and its refinements (see Zuk 1996, 2003; Oppenheim 2018, 2020),
Zuk’s criterion among them, have proven to be highly effective tools for extracting
global information about a pure k-dimensional simplicial complex using only infor-
mation found in the (k — 2)-dimensional links of the complex.

Theorem 3 (Garland’s method) Let X be a pure k-dimensional simplicial complex.
Suppose that, for all (k — 2)-faces © € X, we have A9 (Link(z, X)) > 1 —¢ > 0.
Then A*=D(X) > 1 — ke.

Theorem 4 (Zuk’s criterion) Let X be a pure 2-dimensional simplicial complex. Sup-
pose that, for all O-faces T € X, we have that A\©) (Link(z, X)) > 1/2 and Link(t, X)
is connected. Then the fundamental group 71 (X) has Kazhdan’s property (T).

The k(k_l)(X ) mentioned in the above statement of Garland’s method refers to the
smallest nonzero eigenvalue of the top-dimensional up-down Laplacian of X under
a particular weighted inner product (see Lubotzky 2018; Gundert and Wagner 2014
for greater detail). This eigenvalue will be referred to as the spectral gap of X. In the
special case where k = 1 and X is a connected graph, A9 (X) corresponds to the
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second smallest eigenvalue of the reduced Laplacian of X. Fortunately, the spectral
gap of arandom graph, in one form or another, is already quite well studied (Feige and
Ofek 2005; Coja-Oghlan and Lanka 2009; Oliveira 2009; Tikhomirov and Youssef
2019; Hoffman et al. 2019). Combining our characterization of the links in 7, ; with
the best known techniques for the kind of spectral gap estimation we would like to do,
we find the following:

Proposition5 Let § > 0 be an arbitrary fixed constant, and let X be the union of
[6logn] jointly independent copies of T, x with k fixed. Then, for any fixed s > 0,

there exists a constant C > 0 so that |\*~D(x) — 1| < x/lgﬂ' with probability
1—om™).

Proof This follows immediately from Garland’s method in combination with Lemma 36
and a union bound on the probability that any one-dimensional link of X fails to meet
the criteria of Garland’s method. O

Applying Zuk’s criterion in the case k = 2 gives the following corollary:

Corollary 6 Let§ > 0be an arbitrary fixed constant, and let X be the union of [§ log n
Jjointly independent copies of T,, 2. Then, for any fixed s > 0, we have with probability
1 — o(n™%) that 71(X) has Kazhdan’s property (T).

Particularly in computer science, there is a growing interest in generating fami-
lies of graphs with large spectral gap, which are usually called expander graphs, and
probabilistic constructions have been offered as a way to do this quickly and success-
fully with exceedingly high probability. For example, the authors of Hoffman et al.
(2019) prove that the Erd6s—Rényi random graph G(n, p) (in particular the random
infinite family {G(n, p(n))},>1) achieves the same spectral gap as found in Lemma 36
and with equally high probability when np > (1/2 + §) logn for any fixed § > O.
Moreover, they show that the assumption § > 0 is necessary for this to hold. The best
known expander graph families have been constructed explicitly and have asymptoti-
cally (with respect to vertex count) constant average degree. So, while the Erd6s—Rényi
random graph can succeed at being a reliable expander, it is only able to do so if it is
allowed an expected average degree far exceeding % logn.

Our characterization of the one-dimensional links of a determinantal (n, k)-tree
as the union of a determinantal (n — k + 1, 1)-tree with an independent G(n — k +
1, (k — 1)/n) makes it, or perhaps the union of a small number of independent copies
of it, a potential naturally occurring candidate for a random expander graph with
constant expected average degree. Lemma 36 shows that the number of superimposed
independent copies of this graph required to match the result for G(n, p) is no more
than 6 log n for every § > 0. In particular, the resulting graph has an expected average
degree of around (k + 1)8 log n, improving upon G (n, p)’s required expected average
degree by a factor of arbitrary finite size.

1.2 Outline

Section?2 is primarily devoted to establishing notation and basic homological defini-
tions as well as providing background for the deterministic study of simplicial spanning
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trees. The only truly novel result of this section is Theorem 18. In Sect. 3 the results
of Sect. 2 are applied to the spanning trees of the (n — 1)-simplex to give Theorem 1.
Section 4 establishes the tools required to prove Proposition 5 and Corollary 6.

2 Homological trees: simplicial and relative

A chain complex is a sequence of abelian groups, {C,} ez, called chain groups, linked
by group homomorphisms d; : C; — C;_ called boundary maps which satisfy
0;0j41 =0forall j € Z, or equivalently Ker 9; 2 Im d; 1. The jth homology group
of a chain complex such as this is defined to be the quotient group Ker d;/Im d;1.
Since we will only be considering finitely-generated free Z-modules for our chain
groups, we can represent these boundary maps by integer matrices. By the struc-
ture theorem for finitely-generated abelian groups, the jth homology group can be
expressed as the direct sum of a free abelian group, which is isomorphic to Z#i and
called its free part, and a finite abelian group called its rorsion subgroup which is a
direct sum of finite cyclic groups. The rank §; of the free part is called the jth Betti
number. We will require the following standard fact from homological algebra which
gives two equivalent formulas for what is commonly called the Euler characteristic
of a chain complex.

Lemma 7 Suppose (Cy, 04) is a chain complex such that each chain group is freely
and finitely generated and only finitely many of the chain groups are nontrivial. Let
fj denote the rank of C; for each j € Z. Then

DD fi=) (=1

JEZ JEZ
2.1 Simplicial

Fix an integer n > 1. The set [n] := {1, 2, ..., n} will be our vertex set. For —1 <
j < n — 1, a j-dimensional abstract simplex, or j-face, is a subset of [n] with
cardinality j + 1. We denote the set of all j-faces on [n] by ( j[il)' All faces will
be oriented according to the usual ordering on [n]. As such, we will be denoting
elements of (,/[1]1) by {0, 71, ..., T;}, where it is to be implicitly understood that
l<tm<t<--<7tj<nlLletd= 8,[("] be the matrix thats rows and columns are

" ), and for which, given o € ([’Z]) and 7 € ( [n] ),

indexed respectively by ([Z]) and (k 1 k+1

we set

(=7, o =1\{t}
0, otherwise

d(o, 1) = { (D

to account for our choice of orientation for each face. In particular, 8([)"] isthe ([g l) X ([’ll ])
all-ones matrix.
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406 A.Vander Werf

An abstract simplicial complex with vertices in [n] is a nonempty subset X <
Ujs—1 <1+1) which, for every pair of subsets o C 7, satisfiest € X = o € X.Let
7, denote the set of all abstract simplicial complexes on [n]. It is easily verified with
this definition that 27, is closed under intersection and union. We write X ; := ( it [n] )ﬂX
and define the dimension of X to be dim X := sup{k > —1 : X # 0}. If X has
dimension k, X is said to be pure if, for every —1 < j < k and every j-face 0 € X,
there exists a T € Xy such that o C 7. An important example is KX := UI;:(I) ([;f]),
the complete k-dimensional complex on [n].

Given a matrix M with entries indexed over the set § x T, for A C Sand B C T,
we write M4 p to denote the submatrix of M with rows indexed by A and columns
indexed by B. We will also occasionally write M, p for the case A = S. As a point
of clarification for this notation, transposes are handled by the convention of writing
MfL"B to mean (M4 )’ = (M")p.A.

Given X € 4, we define its chain complex (Cg, d%) by C;(X) := = 7Z%i, and
8j = 0x;_,,x;. Note then that we have C;(X) = O forall j > nand all j <
—1—because |X 1l =1{d} = 1. We denote the jth homology group of this chain
complex by H (X). It is equivalent to the jth reduced simplicial homology group,
hence the notation. Note that, with this chain sequence, it makes sense to consider
H_| = Ker 3[_"1] /Im 8([)"] as well, although we can see that this group is always trivial

since 86"] is surjective.
Lemma8 a;"a"" + o) 9", = nld.

Proof This follows by explicit computation of matrix entries via (1) combined with
the chain sequence identity 8,£"_11 SIE”] = 0 which can also be seen to hold by explicit
computation of matrix entries via (1). A more detailed explanation along these lines
for the cases k > 2 can be found in the proof of Lemma 3 in Kalai (1983), and the case
k = 0 is straightforward. For the case k = 1, 8{"]8{’111 is the combinatorial Laplacian

of the complete graph on [n]. Hence 8{"]8{"]’ = nId — J where J is the n x n all-ones

[nlt oln]
a0 a0

matrix. Noticing that = J then completes the proof. O

Fix a A € o, and set 6, 1(A) := {X € o, : KX"'NAC X S KFNn A} We
will call elements of this set the (n, k)-complexes of A, or just k-complexes when
the context is clear. Note this definition makes sense even if dim A > k, but in this
case Gnr(A) = ‘fn,k(K,]j N A). Building upon work done by Duval et al. (2008,
2011, 2015), Bernardi and Klivans (2015) define a higher-dimensional forest of A to
be a subset ' € Ay such that da,_,, F is injective. Our definition of a forest will be
equivalent to this one except that we will consider F to be an entire element of 6, x (A)
by adding to it the (k — 1)-skeleton of A, more similar to the situation in Duval et al.
(2008). That is to say, an F € %, x(A) is called a k-forest of A if B;(F) = 0, in which
case we write F' € %, 1 (A). It is easily verified that this is equivalent to Definition 3
in Bernardi and Klivans (2015) by noting that Hy(F) = Ker 8{ is a free group and
thus is O if and only if its rank is 0. A k-forest T € %, x(A) with |T;| = rank 8kA
(the maximal possible value for a forest) is said to be a k-tree of A. Let 7, (A)
denote the set of k-trees of A—(Bernardi and Klivans 2015) calls these the spanning
forests of A.Inthe case A = K ,’f‘l, orjust A D K ,’l‘, these are Kalai’s k-dimensional
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Q-acyclic simplicial complexes mentioned in the introduction, and in this case we
will suppress the (A) in all the above notation. The following result from Duval et al.
(2015) generalizes Proposition 2 from Kalai (1983) to general k-trees of A € 7;:

Lemma9 For X € 6, x(A), if any two of the following conditions hold, then so does
the other condition and moreover X € J x(A):

e |Xj| = rank akA,

o fr—1(X) = Br-1(A),

e Br(X)=0.

2.2 Relative

Given a pair (X, Y) € %2 with X O Y, we can define another chain complex by
Ci(X,Y) := ZXi\Yi with boundary maps 8;(/)/ i= 9x,_1\Y;_;.x;\v;- The homol-
ogy groups of this chain complex are called relative homology groups and denoted
H;(X,Y). We canrecover ordinary reduced homology from this by taking ¥ to be {}}
or any complex with a single O-face and no larger faces. Moreover, since homology is
homotopy invariant, we also have that H; (X, Y) = H 7(X) aslong as Y is contractible.

An important example of a contractible complex, the simplicial cone of a complex
A € 4,1 is defined by

Cone(n, A) :=AU{ocU{n}:0 € A} € &,.
We also define for any X € 6, x(Cone(n, A)) the complexes

Proj(n, X) :=XNA € 6,-1x(A) and
Link(n, X) :=={oc € A: o0 U{n} € X} € Cu_1.1-1(A).

More generally, for any simplex t of dimension at most &,
Link(t, X) :={c e A:oUt € X} € (gn—\rl,k—lr\(A)

The next lemma defines what we will call the binomial correspondence 6, x(Cone
(n, A)) = Gn—1.1(A) X €—1.xk—1(A) for its relationship to the binomial recurrence

formula (kil) = (Z:) + (";l) in the special case that Cone(n, A) 2 KX.

Lemma 10 For A € <, 1, the map ¢(X) := (Proj(n, X), Link(n, X)) is an injection
Sfrom 6, ;(Cone(n, A)) into €,—1 k(A) X Gn—1k—1(A), and its (left) inverse is given
by go_l(F, R) = F U Cone(n, R) which extends to an injection of €,—1.x(A) %
Gn—1.x—1(A) into 6, x(Cone(n, A)).

Proof For brevity, set A(j) 1= K ,{ N A. Since ¢~ ! is clearly also a right inverse of ¢,
the only thing to show is that the images of these restrictions lie where we claim they

do. Starting with ¢, we first recall that

Gn.k(Cone(n, A)) = 6,k (Cone(n, A)i)) = Cri(Awy Ulo U{n}:0 € Ag_}).
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408 A.Vander Werf

So for X € €, x(Cone(n, A)) we have
Agp—pUfoU{n}:oc e Au_2)} S XS ApU{oU{n}:0 € Ayg_p}.

Thus A(k—l) C Proj(n, X) € A and A(k—2) C Link(n, X) C A(k—l) as desired.
As for (p’l, we have

Cone(n, A)x—1) = Ag—1) UCone(n, Ak—_2)) € F UCone(n, R) € Cone(n, A) )

due to the assumption that (F', R) € -1 k(A) X Gn-1.k-1(D). m]

12

Theorem 11 (Excision Theorem) For any A, B € ,, we have Hy(A, A N B)
H.(AU B, B).

Theorem 12 (Long exact sequence of a triple) For A C B C C € 4, arrows exist
for which the following sequence is exact:

<o —— Hi (B, A) — H(C,A) — Hi(C, B)

Hi—1(B, A) S s Hy(C,B) — 0

That is, the kernel of each arrow in this diagram is equal to the image of the preceding
arrow.

Lemma 13 Forany A € @, X € 6,k (A), and Y € 6, ;(X) where j < k, any two
of the following conditions imply the other:

o 1X¢| = |¥e| = rank 3/,

o Br1(X,Y)=pB1(A,Y),
o Br(X,Y)=0.

Proof The long exact sequence of the triple (A, X, Y) contains the sequence
0 —— Hi1(AY) — Hip1 (A, X)
H (X, Y) — Hy(A,Y) —— Hi (A, X)
Hi1(X,Y) — Hi—1(AY) —— 0.

The exactness of this sequence implies that

Be(X.Y) + (Brs1(A.Y) — Byt (A, X) — Br(A,Y) + Bi(A, X))
—(Br=1(X,Y) — Br—1(A, Y)) =0. 2
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It suffices to show that the first bulleted condition is equivalent to the vanishing
of the middle term in (2). Indeed, by the definition of relative homology, the rank-
nullity theorem, dimensional considerations, and the fact that A, X have the same
(k — 1)-skeleton, we have

Br(A, X) — Brt+1(A, X)
= dim Ker a,f/ — (rank 8k+1 + dim Ker 8k+1 ) 4+ rank 8k+2
= dimKer 80" — [(A/X)g41] + rank 82,5

= [(A/X)k| — [Axy1] + rank 9 5.
By most of the same considerations, Bx(A,Y) — Br+1(A,Y) = dim Ker BA/Y —
| Ak41]| + rank 8kA+2. So

Br+1(A,Y) — Brt1(A, X) — Be(A, Y) + Bk (A, X)
= |Ax| — |Xg| — dim Ker 8"
= Yl + ((A/Y)i| — dimKer 8" — | X, |
= |Vi| +rank 8277 — | X4

is equal to 0 if and only if the first bulleted condition holds. The result therefore follows
from (2). O

Whenever two, and therefore all three, of the conditions of this lemma hold, we
will call (X, Y) a relative (n, k)-forest of A. We will denote the set of such pairs
by .7, rel +(A). In the special case that Y is contractible (or just that dimY < k — 2)
we get that X € .7, x(A) if and only if (X,Y) € .Z; rel +(A). We therefore have the
following corollary which gives the original (Kalai 1983) three equivalent necessary
and sufficient pairs of conditions for a k-complex of a homologically connected A
(i.e. Bx—1(A) = 0) to be a k-tree of A:

Corollary 14 For any A € <, with Br_1(A) = 0 and X € 6, x(A), any two of the
following conditions imply the other, and in particular are equivalent to the statement
that X € I k(A):

o Xl = ("))
o Bi(X)=0,
o Br_1(X)=0.

An R € G, ;-1 (A) is called a (k — 1)-root of A if 35/ " is surjective and has full
rank (Bernardi and Klivans 2015, Definition 9). Whenever any two of the conditions
in the following lemma hold for a pair (X, Y) € 6,.x(A) X Gnx—1(A), we will call
(X,Y) a rooted (n, k)-forest of A and write (X,Y) € Zﬁ?t(A) Equivalently, a
rooted (n, k)-forest of A is a pair (X,Y) € %, k(A) X Gpk—1(A) such that ¥ is a
(k — 1)-root of X (Bernardi and Klivans 2015, Definition 12).
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410 A.Vander Werf

Lemma 15 For X € 6, x(A) andY € 6 k—1(A), any two of the following conditions
imply the other:

o [ Xkl = [1Xp—1\ Yi—1l,

o Br1(X,Y)=0,
o Bi(X,Y)=0.

Proof By Lemma 7, we have lef:_l(—l)jﬂXj\YjD = Zl;z_l(—l)jﬁj(X, Y),
which simplifies to

[ Xkl = 1Xk—1 \ Yi—1] = Be(X, ¥) — Br—1(X, Y).

Indeed, since Y; = X; = Aj forall j < k — 1, we have C;(X,Y) = 0 for all
J <k—1.As Hj(X,Y)is aquotient of a subgroup of C; (X, Y), the former vanishes
with the latter. O

Corollary 16 For any A € o, we have
i) = {(X, ) € ZELA) N (Ga(8) X i1 (8) : i (A, ¥) =0}

Proof Clearly .Z,%0'(A) 2 {(X.Y) € Zi%(A) N (Gui(D) X Gui-1(A))

Bk—1(A,Y) = 0}. For the other inclusion, suppose that (X, Y) € G‘m‘“(A) Then
the long exact sequence in the proof of Lemma 13 implies that 0 = ﬂk 1(X,Y) >
Bi—1(A,Y) > 0.Thus (X,Y) € # ‘frel(A) since Bx—1(X,Y) =0 = Br_1(A,Y) and
Br(X,Y)=0. O

Lemma 17 Suppose A e_;zf,, and that F € 6, k(A), R € 6, x—1(A) satisfy |Fi| =
[Ak—1\ Rk—1l, and write R := Ag_1\ Rix—1. Then det E}F’Fk #0 < |det 8§,Fk| =
|He—1(F, B)| <= (F,R) € Z;%"(A).

Proof The  relative  chain  complex  for  the  pair (F,R) is

og —
0 — Ck(F) ﬂ Ci—1(R) —> 0 — .-+ since Ry = 0, Fxy_1\Rk—1 =
Ar—1\Rr—1 = R, and Fi_> = Ri_>. We therefore have H;,_;(F, R) = Zﬁ/f}ﬁFkZFk
and so, provided det amk # 0, we have |Hip_1(F, R)| = |det 8§’Fk |—this is

seen most easily by putting 0% F, in Smith normal form. Having [Hy_((F, R)| =
| det 0% R.F, | clearly implies |Hx—1(F, R)| < oo which, by the previous lemma, implies

that (F, R) € Z,9'(A). Finally, (F,R) € #,(A) = p(F,R) =0 =
KerzﬁFk_Hk(F R) =0 = detdg ; #0. o

Essentially all of the content of this last lemma is proven in greater detail in Lemmas

14 and 17 of Bernardi and Klivans (2015).

Theorem 18 Set T = F U Cone(n, R) where F € €1 k(A) and R € €— x—1(A)
forany A € of,_. Then H,(T) = H(F,R), and T € 9, (Cone(n, A)) if and
only if (F,R) € d\mm .k (D). Moreover the binomial correspondence restricts to a

bijection ¢ : T, k(Cone(n A)) = T4 k(D).
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Proof Since F has no k-faces containing n and R C F, we have F NCone(n, R) = R.
Thus, by excision, the pairs (T, Cone(n, R)) and (F, R) have the same relative homol-
ogy in every dimension. But, since Cone(n, R) is contractible, I:I*(T) = H.(F, R).
Therefore T € 7, x(Cone(n, A)) if and only if (F, R) € cgﬂf(f’l"k(A) by Lemmas 9
and 15. The bijection then follows from Lemma 10. O

C~0rollary 19 Set T = F U Cone(n, R), where F € 6,—1x and R € 6,1 k—1. Then
H.(T) = H(F,R), and T € J, if and only if (F, R) € 9;‘1(’{’,(. Moreover the

binomial correspondence restricts to a bijection ¢ : T, x — F°% ,.

Proof This follows by recalling that .7}, x (Cone(n, A)) = %,k((AﬁKﬁ_l)U{aU{n} :
o € ANK ")) Thusif A D KX | then (ANKX HU{oUn}:0 e ANKT1 =
Kk, u]

3 Determinantal measure

In this section we will narrow our focus to the case A D K,’f and begin consider-
ing the probabilistic aspects of k-trees and rooted k-forest of such a A. Specifically,
after defining the measure v, x mentioned in the introduction, we will show (Corol-
lary 21) that it has an alternative expression in terms of Proj and Link. Following
a brief exploration of determinatal probability measures during which we derive the
containment probabilities for v (Lemma 22), we leverage our alternative expression
for v, x to determine the probability densities for Proj 7,  and Link 7, ; in terms of
of the containment probabilities we just found for v (Lemma 23). We then use this to
prove Theorem 1.

For ease of reading, we will for this section abuse notation by identifying each
j-complex of K,’}_l with its set of j-dimensional faces. For any X € %, ;, we also
will let X denote the j-complex thats set of j-faces is the complement (with respect to
(j[:’_]l)) of X ;. Define the submatrix 0 of 0 by deleting all rows of 9 that correspond to

elements of ([Z]) which contain the vertex n (thus /8\([)"] = ag’]). We have the following

corollary of Lemma 17:

Corollary 20 Suppose T € 6, i satisfies |T| = (”;]) Then det/a\.,r #0 —
|detde, 7| = |Hi—1(T)| <= T € T

o~

Proof Let R = Cone (n K,l;:%) so that |T| + |Rx—1| = (Z) and 8z 7 = 3, 7. This
now follows from Corollary 14 and Lemma 17. O

This last corollary was originally proven for the cases k > 2 (Kalai 1983, Lemma
2) by Kalai, who combined this with the Cauchy—Binet formula and some deft linear
algebra to show (Kalai 1983, Theorem 1) that

n() = detdd = Y detdZp = Y [He (DR
Te?,l_k TE=7n,k
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Recalling Caley’s formula and understanding that 5([)"] = B(E"] and H_(T) = 0, the
cases k = 0, 1 are also seen to hold. This gives us a natural probability measure
vV = v, on .7, ;. Namely,

A2 ~
detd; ;  |H_(T)|?

Vnk(T) := — =
kD)= 4 NGS)

This measure was originally formulated in greater generality by Lyons ( Lyons (2003),
Section 12) and was further expanded upon in Lyons (2009). This version of the
measure has also been considered again recently by authors such as Kahle and Newman
(2022) and Mészaros (2022).

Corollary 21 Suppose T € 9, k, and let F = Proj(n, T) and E = Link(n, T). Then

2
det o7 _ |Hi_1(F, E)|?

Vi k(T) = vy x (F U Cone(n, E)) = n("lz) = n(nlz)

Proof The first equality follows from Lemma 10. The rest follows from Corollary 19,
7 2
the original definition v, x (T) = %, and Lemma 17. O
n' k
Probability measures defined in the above manner are said to be determinantal
(Lyons 2003), as are the random variables associated to them. The following lemma

is a special case of Theorem 5.1 from Lyons (2003):

Lemma 22 Let R, S be finite sets and let M be an R x S matrix of rank |R|. Let |1 be

det M?
the determinantal measure on S which is defined by u(T) = % forallT C S

of size |R|. Let P := M'(MM")~'M (this is the matrix of the projection onto the
rowspace of M ). Then, for any B C S,

w(T :T 2 B)=detPg g and (T :T C S\ B)=det(Id—P)p 3.

Determinantal random variables enjoy the negative associations property (Lyons 2003,
Theorem 6.5), which can be stated for random variables on 6,  as follows: A function
f Gk — Ris called increasing if f(X) < f(XUY) forevery X,Y € 6, . The
k-faces of a random variable X' € %, are said to be negatively associated if, for
every pair of increasing functions fi, f» and every Y € %, , we have

E[f1(X N Y) /(X NY)] < E[i(X N V)]E[ (X N T)].
We will make use of negative associations when we go to prove our applications to
random topology.

As we see from Lemma 22, for any B € 6, x and A € 6, x—1, we have

vk (T : T 2 B) =det(Pyi)p,p and vy (T : T € A)=det(d —Pyx—1)a,4
(3)
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where Py  := Fl (55’ )’15. Our use of 9 is actually a choice of basis for the rowspace
of 9, and an arbitrary one at that. Let A be any (k — 1)-root of K ,?’l—this implies

that |Ax—1| = (”;1) (Kalai 1983, Lemma 1). Then, by applying a change of basis, we
also have the equivalent definition(s)

detaiT
Tyi=— AT
vk = G G0 A

all of which correspond to the same P, ;. Mészdros (2022, Lemma 14) determined
that

1
Py = ;a,ﬁ”]’a,?”.

By Lemma 8, we also have Id =P,y = %BILTIE)M; =: Quk- By Lemma 17 and

Cauchy—Binet, we therefore have the following lemma:

Lemma 23 Suppose B € 6, x and A € 6, x—1. Then

Vndot (T 1T S A) =det(Qua—)aa=n""4" 3" detd] 5.
B:(B,A)e T

and v (T :T 2 B) =det(P,)pp=n"""" Y detd] p.
A:(B,Z)E,er,’(m

Lemma24 Forall F € 6,1 and E € 6p—1 k—1, we have
vk (T 2 Proj(n, T) = F) = vy_y x(T' : T' 2 F)(1 — 1/n)/ FlplFI=C:)
and
v k(T : Link(n, T) = E) = vy_1 41 (T" : T" € E)(1 — 1/n) Elp E=C0).

Proof By Lemma 23, Corollary 21, and the Cauchy—Binet formula, we have

= DFly o (T :T 2 F) = det(@d)p.r = n( v k(T : Proj(n, T) = F)
and
(n =D, 14— (T : T € E) = det(@" )5 7 = nCe) v, (T : Link(n, T) = E)

as desired. O

Theorem 1 makes the claim that there exist certain relationships between the laws of
certain random variables. An equivalent way of saying this is that there are couplings
of these random variables for which these relationships hold with probability 1. In this
sense, the following corollary is just a more detailed restatement of Theorem 1:
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Corollary 25 Using the notation from Theorem 1, there are couplings w, x and Ay i of
Tk Tn—1.k0 Y1,k and Ty i, Tyn—1,k—1, Vn—1,k—1 respectively such that, marginally,
Tn—1k, Tn—1.k—1 are independent of Y, 1k, Yn—1,k—1 respectively, and

Tk (T, T',Y") : Proj(n, T) =T"\ Y')
=hnx (T, T",Y"): Link(n, T) =T"UY") = 1.

Namely,

vk (T)1{Proj(n, T) = T\ Y'}

T,T.Y") = pn—1,,(Y Y1 1 (T’
Tk )= kYT e i S) = TP\ Y)

and

vu k(T 1{Link(n, T) = T" U Y"}
A T, T”, Y") = (Y (T n, ]
nk( ) = n—1,k=1 (Y )1 k-1(T7) v (S Link(n, $) = T7 U ¥7)

Proof It suffices to show that 7, ; has the correct marginal densities, as the proof for
Ank 18 practically identical. Summing i,  over all T clearly produces the independent
coupling of 7,,_1 x, Yu—1 k. For the remaining marginal, Lemma 24 gives us that

1{Proj(n, T) =T'\ Y'}
Vn k(S : Proj(n, S) =T'\'Y')
1T’ 2 Proj(n, T)}1{Proj(n, T) = T’ \ Y’}

Vo4 (S 1S 2 T\ ¥)(1 = 1/m) T g TV 1=('%)
17" 2 Proj(n, T)}{T'\ Y’ = Proj(n, T)}

Vi1 k(S8 DT\ Y)( — l/n)|Proj(n,T)|n—\T’\Proj(n,T)\
K{T' 2 Proj(n, T)}H{T'\ Y’ = Proj(n, T)}

Vi1 k(S : S DT\ Y)uy—14(S: T'\ S = Proj(n, T))’

where in the last line we used that w,—1 ¢ (S : T'\S = Proj(n, T)) is the probability
that | Proj(n, T)| faces from T’ were not chosen to be included in Yy (n — 1, 1/n),
which occurs with probability (1 — 1/n)!Pi¢DI and |7’ \ Proj(n, T)| faces were
chosen to be included in Vi (n — 1, 1/n), which occurs with probability n 17" \Proj(. 7)1
Thus

V1, (THHT' 2 Proj(n, T)} a1,k (Y)HT'\ Y' = Proj(n, T)}
Vi1 k(S : S 2 Proj(n, T))  pp—14(S: T\ S =Proj(n, T))

nll,k(T, T/7 Y,) = Vn,k(T)

which, summed over Y’ and then T’, gives the desired marginal. O
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4 Spectral estimates

All of this section is in service of proving our applications to random topology, Propo-
sition 5 and Corollary 6. Lemma 36 at the end of this section is sufficient to do just
that. Corollary 27 allows us to prove Lemma 36 by connecting it to a different problem
which is solved by the Kahn—-Szemerérdi argument. In Sects. 4.1 and 4.2 below, we
go into detail about this argument and generalize it to a slightly larger class of random
graph that includes the kinds described in Sect. 4.3 which are used to prove Lemma
36.

Before we can do this any of this, we need to introduce notation for this slightly
larger class of random graphs and find suitable analogs for the inequalities of Bernstein
and Chernoff which are necessary for the Kahn—Szemerérdi argument.

Let A be the adjacency matrix of a random graph G = G(n, p, E, M) on [n]
satisfying the following:

1. PleeGl=pe(0,1)foralle e ().
2. There is a fixed constant £ > 1 and an M = M(n) > 0 such that, for every
t €0, M]([;]), we have

Eexp Z LijAij | < E l_[ (1—p—|—pelij).

l<i<j<n l<i<j<n

The choice to make E a fixed constant is just for convenience. All of the results of this
section can be easily adapted to work for E = E(n) an arbitrary fixed polynomial in
the variable n.

For this section, we use asymptotic notation, o() and O (), to describe the behavior
of a function of n as n — oo.

Slogn
n

Proposition 26 Let G be defined as above with p = (8 an arbitrary constant),

and M > %(n/p)%. Then, for any fixed s > 0, we have with probability at least
1 —o(n™*) that

v Av = O (/np) for all unit vectors v L 1.

Proof This will follow from Lemmas 30, 31, 32, and 33. O

Corollary 27 Let L := Id—D"2AD~% where D is the degree matrix of G =
g (n, MOg", o), Sgﬁ)' Suppose there are positive integers s = O(1l) and

n
m = m(n) such that P[min;ep, degg (i) > m] =1 —o(n™°). Let A1 (L) < Aa(L) <
- < A (L) denote the eigenvalues of L. Then, with probability 1 — o(n™%), we have
M (L) =0and

ha(L) — 1] = 0<—”1°nf”>

@ Springer



416 A.Vander Werf

Proof Since G is connected with sufficiently high probability, we will treat G as though
it were connected almost surely. As such, we know that L has minimal eigenvalue 0

with multiplicity one, and the corresponding eigenvector is D2 1. Thus we are inter-
ested in bounding the quantity

:;%D—EAD—%y
sup ———M8M8 =

: [0+£y L D21
'y

from above by some A := O(4/logn/m). Equivalently, we would like to show that
x"Ax < xx'Dx forall x L DI1.

Without loss of generality, we can assume that x is a unit vector. Let

1
x =cosfBu +sinfv where u=—1,v L 1,and |v| = 1.

Jn

Noting that u’ Ax = u’ Dx = 0 and cos 9% = —sin6v’ D1 (both of these follow
from the assumption that x 1 D1), we have

. tr D . tr D
x'Ax = sin 0v' Av — cos?0—— and x'Dx = sin® Ov' Dv — cos® 6§ —.
n n

So we have

(1—-MtwD
—FFF—F CO

' (AD — A)x = v'(AD — A)vsin? 0 + s2 6
n
{OD - A) (tr D)? (I—-ntD  n@'D1)?
= — v
(tr D)2 4+ n(v' D1)?2 n (tr D)2 + n(v' D1)2

which we would like to show is positive. Solving for v’ Av, it suffices to show that

( IDI)Z

v
— 4+ xv'Dv for all unit vectors v L 1.
tr D

VAv < (1 —1)

By our minimum degree assumption, it would even suffice to show that v' Av < Am.
The result now follows from Proposition 26. O

In order to prove Lemma 31, we are going to need a version of Bernstein’s inequality
that works on weighted sums of centered edge indicators of G.

Theorem 28 (Bernstein’s inequality) Let G be as above. Suppose |c;j| < c for some

. . . &
fixed cand alli < j, and that ¢ > 0 is such that M > W Then, for any
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HC ([g]), we have

2

P Z cij(Aij—p)=¢ SECXP<— : )

2
(i,j)eH 2P Z(i,j)eH Cij +2C8/3

Proof By a Chernoff bound, the numerical bounds 1 +x < e* <14 x + % for
x < 3, and our assumptions about G, we have for t < % that

3t2¢% (A;; — p)?
L. R : —te L
P| 2 oz e e T (10
(i,j)eH (i,j)eH
3t2c2.(A;i; — p)?
<E inf exp|—te+ Z N el B

1e(0,M] - 6 — 2ct
(i,j)eH
(PY i ey € +2ce/3)1? — 2et
< E inf exp Z(l’j)EH Y
te(0,M] 2 —2ct/3
. (02 4 2ce/3)1? — 2et
=F inf exp ;
1e(0,M] 2 —2ct/3
where 62 := p Y. yeH clzj Taking t = m, we have 2 — 2ct/3 = 2:2?2%/33,
and thus
2 2 2
2ce/3)t° — 2et 2ce/3
(07 + 2ce/3) et _ (2 +2ce/3)t — 26) e o°+2ce/
2 —2ct/3 024 2ce/3202 +2ce/3
&2
T 202 + 2ce/3

Recalling that we were required to assume that ¢ < %, what we have shown holds for
our choice of ¢ as long as ¢ > —302c7 1, |

We will also want to be able to apply a near-optimal Chernoff bound to uniformly
weighted sums of edge indicators.

(d-p)e

Lemma 29 For G as above with M > log T=pe where £ > 3, we have

eloge
P Z Aij = eplH| sEexp(— 3 p|H|).
(i,j)eH
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Proof As with the previous proof,

P| > Aij=zeplH|| < Etei(ng]e"”"H'(l — p+ peh)lH!

(i.j)eH
_ (11— pe —eplH| 1—p [H|
1— pe 1— pe
(1-pe)|H|
1 — pe
< Eexp(—(cloge — e+ 1)p|H]).
For ¢ > 3, this is bounded above by E exp (—SIO%MHO. O

To prove Proposition 26, we will adapt the Kahn—Szemerérdi argument. Let

S:={veR":|v]=1andv L1} and

T::{xe Z":|x|§1ande_l}.

1
V4n
The following lemma is a special case of Claim 2.4 in Feige and Ofek (2005).
Lemma 30 Suppose |x'Ay| < cforall x,y € T. Then |v' Av| < 4c forallv € S.

We now write

Do Agyil= Y InAyyil+ Y XAyl

(i, peln]? (i.)eL (i,)Her

where £ :={(i, j) € [n]*: (x;y;)* < 2} and H = [n]* \ L.
4.1 Light couples

Lemma 31 Suppose M > %(n/p)% in the definition of G. For any constant s > 0, we
have

P Z |x;Aijyjl = T/np for somex,y € T | < E(18e73)” =o(n™").
(i,))eL

Proof We can bound the contribution from the light couples as follows: It is known
(Feige and Ofek 2005, Claim 2.9) that |T'| < 18". So, by applying a union bound, we
have

P Z |x;Aijyjl = 7 /np forsome x,y € T
(i,))el
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< 18" sup P E |xiAijyj| >7np | .
x,yeT G.j
LJeEL

Towards applying Bernstein’s inequality, define centered random variables
Bjj := (Ixiy;|11{G, j) € L} + |x;yi[1{(j, i) € L}) (Aij — p)

so that

Z Bij = Z lx;Ajjyjl —E Z lxi Aijyjl.

{i,j}:(i,j)eLor (j,i)el (i,j)el @i,))el

4
Note that each Bizj < TP a.s., and ij IEBl.zj <p ZRJ. 2((xl~yj)2 + (iji)z) <2p
by taking advantage of the fact that |x|, |y| < 1. Thus, by Bernstein’s inequality,

6¢)2
P Z Bij > 6e/np | < Eexp _(4)—\/;1;7
()G HeL or (j.i)el 4p + 630 /npe

—9¢?
= Eexp 1+28n .

Taking & = 1, this shows that } ; ;)cr 1xiAijyj| < 6/mp +E3 ¢ j)cp 1xiAijyjl
with probability at least 1 — Ee~>". By Lemma 2.6 of Feige and Ofek (2005), we
also have E Z(i,j)eﬂ |x; Aijyj| < 4/np, thus giving us the desired bound. Our use of

P . . 6 1
Bernstein’s inequality requires us to have M > 8—‘7%7’ = %(n /DP)Z. O
2p+Jy NP

4.2 Heavy couples

For B,C C [n],lete(B,C) == |{(i,j) € G:i € B, j € C}| and u(B,C) :=
p|B]|C|. The following is a weakened form of Lemma 9.1 in Hoffman et al. (2019).

Lemma 32 Suppose we have constants co, c1,c2 > 1 and a graph G on [n] with
max;e[y) degg (i) < conp, and, for all B, C C [n], one or more of the following hold.:
e ¢(B,C) <ciiu(B,C)

o e(B.C)log {5 < a(IBI V |C)) log 5

Then }_; hen |XiAijyjl = O(/np).

Slogn
n

Lemma 33 Suppose that p = for some fixed but arbitrary § > 0, and M >

%(n /p) % Forany s > 0, there are fixed constants c, c1, c2 > 1 so that the conditions
of Lemma 32 hold for G with probability at least 1 — o(n™%).
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In terms of probabilistic bounds, the proof of this will only rely on Lemma 29. We note

1
then that the condition M > %(n /p)? is overkill since Lemma 29 only ever requires
that we have M be greater than a fixed constant.

Proof Assume without loss of generality that ¢ > 3. First note that, due to the

monotonicity of x log x for x > 1, the second bulleted condition is equivalent to the
c2(IBIVIC)) lOg |B\\/\C|

statement e(B, C) < rju(B, C) where r; > 1 solves ri logr; = (B
So we can rewrite the two bulleted conditions as the single condition e(B C) <
ru(B, C) where r :=r1 Vv c;. By Lemma 29 and a union bound, we have

dcolog ¢ >
T — logn

P[mfvﬁ degg (i) > conp] < nPldegg(n) > conp] < Enexp (—
L€|n

and

Ple(B,C) > ru(B, C)] < Ple(B, C) > rin(B, C)]

c2(|1BI V [C)) log e
< Eexp (_ [BIVICT |

3

Thus we can choose a constant cg large enough to make P[max; e[, degg (i) > conp] =
o(n™*). Using this fact and the resulting (high probability) inequality

e(B,C) _ co(BIAIChnp _  con
w(B,C) =  plB|[C] |BIvIC|’

we have, in the case |B| Vv |C| > n/e, that

P[3B, C s.t.e(B, C) > ecopu(B, C) and |B| Vv |C| > n/e]
< P[max degg (i) > conp]l = o(n™").
ieln]

So suppose that |B| v |C| < n/e. By a union bound over all possible pairs {i, j} C
[lrn/e]] G < j,withoutloss of generality) of sizes for the sets B, C, it suffices to show

that
oo It
i)\J 3

Recalling that ( ) < ("j—e) for all j € [n], this can be done by showing that

(s+3)10gn+j<1+10g2>+i(1+10gn7) < leogz
J i 3 J
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foralll <i < j < n/e.Indeed, since j log % is monotone increasing for 1 < j < n/e
(Feige and Ofek 2005, Lemma 2.12), we have

(s +3)logn + j (1 —Hogz) +i (1 —l—logi)
] ]
. n . n
<(s+3)logn+4jlog— <(s+7)jlog—.
J J
Taking ¢ > 3s + 21 therefore gives the desired bound. O

4.3 Link unions

Let Ty, T2, ..., T be jointly independent copies of 7, x_; with k fixed. Then, if
T\, Ty, ..., Tm are jointly independent copies of 7,4 x, we can use Theorem 2 to

couple these random trees so that

L/ ()t =Link { {n+1,....n+j}. | 7/

i€[m]
= U Link ((n +1,...,n+ j}, T/)
ielm]
=i, pu |J T,
ie[m]
m
where p 1= 1 — (1 — ]) ~ / " Since each T; is determinantal, the k-faces of

each T; are negatively associated (to be abbreviated NA)—see the discussion following
Lemma 22 for the definition of NA. Moreover, the k-facesin T := Ui clm] T; are also
NA, as

HfeTy=1-[[a-1feT}

ie[m]

isincreasingin T asafunction 6, xy — R, and any set of increasing functions evaluated
over disjoint subsets of a set of NA objects is itself a set of NA objects (Joag-Dev and
Proschan 1983). By the same reasoning and the fact that sets of jointly 1ndependent
random variables are NA sets, we also have that the set of (k — j)-faces of L J (n) is
NA. We now narrow our focus to the case j = k — 1, in which

G =Ly
is a graph with negatively associated edges each appearing with probability g :=
1-(1-p)a- %)’” ~ ("J’# This implies that G is of type G (n, ¢, 1, o). Toward

applying Corollary 27 to this G, we will assume that m = [§ logn] for some arbitrary
constant § > 0. In order to get a sufficiently strong lower bound on the minimum
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degree of G, we need to have a very strong bound on the moment generating function
of deg; (n) for negative inputs.

m
Lemma 34 Let pg :=1— (1 - n—lf-;ll) (1 - %)m ~ kTm Then for allt < 0 we have

S m2el—t
E [exp (tdegg ()] < €™ (1 + po(e’ — 1)) exp < o ) :

Proof Let £ := Link(n, UjepnTi), and let B; := 1{(i, n) € G(n, p)}, where G(n, p)
is as above and, in particular, independent of ¢. Then

E [exp (t degg(n)) |¢] = ]’[ E[exp (t (1{i € £} + 1{i ¢ €}B))) |¢]

ieln—1]

= ]_[ ((1 — pyexp (t1{i € £}) + pe').

ie[n—1]

Note that £ Z Binom (In—11, p)UR where p' :=1— (1 — %)’”, and R is a random
subset of [n — 1] formed by independently and uniformly choosing (with replacement)
m vertices from [n — 1]—this follows from the k£ = 1 case of Theorem 1. Thus

E[exp (tdegs(m) [R] = [] E[(1 - p)exp(t1fi € £}) + pe'|R].
ie[n—1]
Now note that
E [exp (t1{i € £}) |R] = E[exp (t(1{i € R} + 1{i ¢ R} Bernoulli(p’))) |R]

=exp (t1{i € R}) (1 — p' + p'exp (t1{i ¢ R}))
=(1—pHexp(l{i € R}) + p'e’

Thus

E[exp (rdegg(m) |[R] = ] ((1=p) (0= p)exp(tlli € RY) + p'e’) + pe')
ieln—1]

[T (= po)yexp1fi € R} + poe') .
ie[n—1]

We therefore have

E [exp (r degg ()]
Z e/ (1= po+ poe')" "/ PIIR| = j]

m

—1-— —J .
"1 = po+ poe)" " D UM (1 = po+ poe’)" T PIIR| = j1.

J€lm]
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Since t < 0, we have 1 — pg + poe’ < 1, and thus

E[exp (t degG(n))] <M (1 — po+ poez)n—l—m Z e—t(m—j)p“m = jl.

Jj€lm]
Toward controlling the size of R, let R = Ry, and let R; be defined as R after

only the first j independent samplings of [n — 1]. Then, letting vy, vo, ..., v, be the
random vertex selections, we have

[Rj+11 = |Rj| + Hvjt1 ¢ Rj}.

Thus, for s > 0,

R; —1—|R;
E[exp (—s|Rj+1|) |RJ-] = exp (—s|RJ~|) (n| _J|1 + n | ]|e_s>

n—1
j n—1—j _
§exp(—s|Rj|)(n_1+ 7 eS)
je’ =1
=eXp(—S|RJ|—S)<1+ﬁ .

Taking expectations and iterating then gives

m—1

Eexp (—s|Rul) < ™™ [ (1 + u) .

n—1
i=1

Thus, by Chernoft’s inequality, we have
m—1

. (e — 1 S —1
P[|Rm|sm—jlse”l_[(”—1(2_1))fe"p<_js+<’;>i_1>

i=1

2j(n—1)
m(m—1)°

1 —1D\/ 2N\ /
P“R’”'Sm_ﬂfexp<j_n;§r— 1>)> (Z(Z—S) 5(%) |

J
Thus |R| > m — j + 1 with probability at least 1 — (;’7—;) . Recall the summation by
parts formula:

for any s > 0. Taking s = log gives

S figi=tn Y. gi— D i—Ffir) > s

Jj€lm] Jj€lm] Jj€lm] ie[j—1]
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Setting f; = ¢~/ and g; = P[|R| = j], we have

> ' IBIR = jl=1+ (7 = 1) Y PlIR| < jle” ")

j€lm] J€lm]
em2 m—j+1 .
e B () e
et 2m — j+ Dn
11—t 2\ J
e 'm
=14+(1-¢
+1-¢) .Z( 2jn >
J€lm]

IA

L+ (1) (exp (’”Zzen]_) - 1) ,

where the last inequality uses the bound jj > j!. Thus, for t < 0 we have

E [exp (t degg (n))]

<™ (1= po+poe’)' ™" Y e IPR| = )
Jj€lm]

21—t
<™ (14 pote' =)' (1 L (1—eh) (exp (m ;n ) _ 1))

2,1—1
<" (14 pole' — 1))"7177" exp (mze ) )
n

O

Lemma 35 For 0 < j < m, we have P[min;¢[,jdegg (i) < m — j] < (1 +
o(1)nl=Je=km,

Proof For any ¢t > 0, we have by a union bound that

Plmin degg () < m — j1 < nPlexp (—tdegg(n)) = V=]
LEn

) L 2,14t
<ne /" (14 pole™ = D) " exp (mzen >

m2elH
< exp (logn —jt+(m—1—m)pole™" = 1)+ o ) .

Letting t = r logn for any r € (0, 1) gives

2
P[min degg; (i) < m — j] <exp( (1 — jr)logn — (n — 1 —m)po(l —n") + —o—
iln] 2nl-r

< (I +o()exp((1 — jr)logn —km).
Taking » — 1 from the left then gives (1 4 o(1))n!~/e=k", O
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Lemma 36 Let L be the reduced Laplacian of G as defined above withm = [ logn]
and 8§ > 0 an arbitrary constant (so that P[min;c[,) degz (i) > m —s +2] =1 —
o(n™%) for any fixed s). Then for any fixed s, we have L{(L) = 0 and (L) =
1-0 (1/\/@) with probability 1 — o(n™%).

Proof This follows from the previous lemma and Corollary 27. O

On behalf of all authors, the corresponding author states that there is no conflict of
interest.
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