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Abstract
Within a transport model, we investigated the effects of the momentum dependence of the nuclear symmetry potential on 
the pion observables in central Sn + Sn collisions at 270 MeV/nucleon. To this end, the quantity U∞

sym
(�0) (i.e., the value of 

the nuclear symmetry potential at the saturation density �0 and infinitely large nucleon momentum) was used to characterize 
the momentum dependence of the nuclear symmetry potential. With a certain L (i.e., the slope of the nuclear symmetry 
energy at �0 ), the characteristic parameter U∞

sym
(�0) of the symmetry potential significantly affects the production of �− and 

�+ and their pion ratios. Moreover, by comparing the charged pion yields, pion ratios, and spectral pion ratios of the theoreti-
cal simulations for the reactions 108 Sn + 112 Sn and 132 Sn + 124 Sn with the corresponding data in the S �RIT experiments, we 
found that our results favor a constraint on U∞

sym
(�0) (i.e., −160+18

−9
 MeV), and L is also suggested within a range of 62.7 

MeV< L < 93.1 MeV. In addition, the pion observable for 197 Au + 197 Au collisions at 400 MeV/nucleon also supports the 
extracted value for U∞

sym
(�0).

Keywords Nuclear symmetry potential · Momentum dependence · Symmetry energy

1  introduction

The equation of state (EoS) of asymmetric nuclear mat-
ter (ANM), especially its nuclear symmetry energy 
Esym(�) term, plays an essential role in studying the struc-
ture [1–4] and evolution of radioactive nuclei [5–8], as well 

as the synthesis of medium and heavy nuclei [9–12]. The 
Esym(�) characterizes the variation in the EoS of the sym-
metric nuclear matter (SNM) to that of the pure neutron 
matter (PNM); the latter is closely connected to the neutron 
star (NS) matter. Naturally, the properties of NS, such as 
the radius and the deformation of the NS merger, are also 
closely related to Esym(�) , especially at densities of approxi-
mately twice the saturation density �0 [13–20]. Nevertheless, 
knowledge of the Esym(�) at suprasaturation densities is still 
limited, although that around and below �0 [21, 22] as well 
as the isospin-independent part of EoS for ANM (i.e., EoS 
of SNM [23–25]) are relatively well determined. Essentially, 
the EoS of the ANM and its Esym(�) term are determined by 
the nuclear mean field, especially its isovector part (i.e., the 
symmetry/isovector potential [26, 27]). However, because 
of the extreme challenge of relatively direct detection of 
the isovector potential in experiments, one extracted only 
using the nucleon-nucleus scattering and (p,n) charge-
exchange reactions between isobaric analog states limited 
information of the isovector potential at �0 and parameter-
ized as Usym(�0,Ek) = a − bEk , where a ≈ 22 − 34 MeV, 
b ≈ 0.1 − 0.2 , and Ek is limited to no more than 200 MeV 
[28–30].
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Heavy-ion collision (HIC) is one of the most promising 
approaches for exploring the symmetry potential/energy, espe-
cially at supersaturation densities [3, 4, 13, 31–33]. Recently, 
the S �RIT collaboration reported results from the first meas-
urement dedicated to probing the Esym(�) at suprasaturation 
densities through pion production in Sn + Sn collisions at 
270 MeV/nucleon carried out at RIKEN-RIBF in Japan [31]. 
Moreover, they compared the charged pion yields and their 
single and double pion ratios with the corresponding simu-
lation results from seven transport models. Qualitatively, the 
theoretical simulations from the seven transport models reach 
an agreement with the data, yet quantitatively, almost all the 
models cannot satisfactorily reproduce both the pion yields 
and their single and double pion ratios of the experimental 
data [31]. In this situation, author of Ref. [34] claimed that 
by considering approximately 20% of high-momentum nucle-
ons in colliding nuclei can reproduce both the charged pion 
yields and their pion ratios of the experimental data quite well 
because of the high momentum distribution in nuclei caused 
by short-range correlations (SRCs) [35–40]. Following this 
work, we focused on the momentum dependence of the sym-
metry potential because it plays an important role in probing 
the high-density behavior of Esym(�) [41–43]. In fact, in [31] 
and in [44–48] of the transport model comparison project, 
the possible reasons for the unsatisfactory results of the seven 
models quantitatively fitting the experimental data may be due 
to different assumptions regarding the mean field potential, 
pion potential, and the treatment of the Coulomb field. There-
fore, exploring how the momentum dependence of the symme-
try potential affects the pion production in HICs is necessary. 
Regarding the other aforementioned factors, we also provide 
detailed considerations based on sophisticated treatment meth-
ods, as discussed in Sect. 2. In Sect. 3, we discuss the results of 
the present study. Finally, a summary is presented in Sect. 4.

2  The model

This study was carried out using an isospin- and momentum-
dependent Boltzmann-Uehling-Uhlenbeck (IBUU) transport 
model. In the framework, the present model is originated from 
IBUU04 [49, 50] and/or IBUU11 [51] models. However, the 
present model has been greatly improved to accurately simu-
late pion production, as discussed below.

First, a separate density-dependent scenario for in-medium 
nucleon–nucleon interaction [52–54] is expressed as

this equation is used to replace the density-dependent term 
of the original Gogny effective interaction [55], which is 
given by

(1)vD = t0(1 + x0P�)[��i(�i) + ��j(�j)]
�
�(�ij),

where W, B, H, M, and � are the five parameters, P�
 and P� 

are the isospin and spin exchange operators, respectively, 
and � is the density-dependent parameter used to mimic 
the medium effects of many-body interactions [52–54]. 
As indicated in Ref. [56], the separate density dependence 
of the effective two-body interactions originates from the 
renormalization of the multibody force effects, and the latter 
may extend the density dependence of the effective interac-
tions for calculations beyond the mean field approximation. 
Moreover, nuclear structure studies have shown that, with 
the separate density-dependent scenario for the in-medium 
nucleon–nucleon interaction, more satisfactory results (e.g., 
the binding energies, single-particle energies, and electron 
scattering cross sections for 16 O, 40Ca, 48Ca, 90Zr, and 208 Pr 
[57]) can be achieved compared with the corresponding 
experiments. Correspondingly, the potential energy density 
for the ANM with this improved momentum-dependent 
interaction (IMDI) is expressed [53] as

In the mean field approximation, Eq.  (3) leads to the follow-
ing single-nucleon potential for the proposed model [52–54]:

where � = � + 1 , � = 1 for neutrons and −1 for protons, and 
the parameters Au(x) , Al(x) , Cu(≡ C�,−� ) and Cl(≡ C�,� ) are 
expressed as

(2)

v(r) =
∑

i=1,2

(W + BP� − HP� −MP�P�)ie
−r2∕�2

i

+ t0(1 + x0P�)[�(
�i + �j

2
)]��(�ij),

(3)

V(�, �) =
Au(x)�n�p

�0
+

Al(x)
2�0
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B
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×
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2
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4
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sym
(�0) −

2B

� + 1
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where pf0 is the nucleon Fermi momentum in the SNM at �0 
and U∞

sym
(�0) proposed in [51] and is used to characterize the 

momentum dependence of the symmetry potential at �0 . We 
also illustrate the derivation of Eqs.  (5), (6), (7) and (8) and 
the expression of the symmetry potential and/or energy (see 
[53]). Currently, knowledge of the momentum dependence 
of the symmetry potential even at �0 is limited [28–30]. 
Therefore, taking the parameterized symmetry potential as 
a reference, we treat U∞

sym
(�0) as a free parameter similar to 

the x parameter, which is used to mimic the slope value 
L ≡ 3�(dEsym∕d�) of Esym(�)  at �0 without changing the 
value of Esym(�) at �0 and any properties of the SNM. A 
similar quantity (i.e., y parameter) in [58–60] has been used 
to describe the momentum dependence of the symmetry 
potential at �0 ; however, its quantitative constraints have not 
been determined. Additionally, it should be noted that the B 
terms in Eqs.  (3) and (4), as well as in the expressions of Au 
and Al, are different from those in [58–60]. This is because 
the separate density-dependent scenario for in-medium 
nucleon–nucleon interaction has been adopted in the present 
model for a more delicate treatment of the in-medium many-
body force effects [53], which significantly affects pion pro-
duction in HICs [54]. The seven parameters Al0 , Au0 , B, � , 
Cl0 , Cu0 , and Λ were determined by fitting seven experimen-
tal and/or empirical constraints on the properties of nuclear 
matter at �0 = 0.16 fm−3 . The first six quantities are the bind-
ing energy −16 MeV, pressure P0 = 0 MeV/fm3 , incom-
pressibility K0 = 230 MeV for SNM, isoscalar effective 
mass m∗

s
= 0.7m , isoscalar potential at infinitely large 

nucleon momentum U∞
0
(�0) = 75  MeV, and symmetry 

energy Esym(�0) = 32.5 MeV, and the seventh quantity is 
considered as U∞

sym
(�0) . The values of these parameters are 

Al0 = Au0 = −66.963   M e V,  B = 141.963   M e V, 
Cl0 = −60.486 MeV, Cu0 = −99.702 MeV, � = 1.2652 , and 
Λ = 2.424pf0.

The upper windows in Fig.  1 show the kinetic energy-
dependent neutron and proton potentials at �0 with 

(6)
×

[

(1 − x)

4
�(� + 1) −

1 + x

2

]

,

Au(x) =Au0 − U∞

sym
(�0) +

2B

� + 1

(7)

×

[

(1 − x)

4
�(� + 1) −

1 + x

2

]

,

Cl =Cl0 − 2U∞

sym
(�0)

p2
f0

Λ2 ln
[

(4p2
f0
+ Λ2)∕Λ2

] ,

(8)Cu =Cu0 + 2U∞

sym
(�0)

p2
f0

Λ2 ln
[

(4p2
f0
+ Λ2)∕Λ2

] ,

Fig. 1  (Color online) Kinetic energy-dependent neutron a and pro-
ton b potentials as well the isoscalar c and isovector d potentials at 
�0 calculated from the IMDI interaction. The Schrödinger-equivalent 
isoscalar potential obtained by Hama et  al. and the parameterized 
isovector potential from the experimental and/or empirical data are 
also shown to compare with the isoscalar and isovector potentials cal-
culated from the IMDI interaction
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different U∞
sym

(�0) values calculated from the IMDI interac-
tion. As |U∞

sym
(�0)| increases, the neutron potential shows 

the opposite variation tendency compared with the proton 
potential because of the isospin effects. The middle and 
lower windows in Fig.  1 show the isoscalar and isovector 
potentials at �0 in comparison with the Schrödinger-equiv-
alent isoscalar potential obtained by Hama et al. [61, 62] 
and parameterized isovector potentials from experimental 
and/or empirical data [28–30]. To provide more intuitive 
references for U∞

sym
(�0) , we extrapolate the experimental 

and/or empirical isovector potential to the nucleon kinetic 
energy up to 1 GeV. Evidently, good consistency can be 
seen for the isoscalar potential between the present model 
and that of Hama et al. Moreover, the values of our sym-
metry potentials at the Fermi kinetic energy (i.e., approxi-
mately 36.8 MeV), are the same and within the allowed 
range of experimental and/or empirical data, even with 
different U∞

sym
(�0) . It is based on the values of symmetry 

potentials at the Fermi kinetic energy and the infinite 
nucleon momentum that we used to determine the momen-
tum dependence of the symmetry potential at �0 . However, 
because the isoscalar potentials remain unchanged with 
different U∞

sym
(�0) , differences in momentum dependence 

between symmetry potentials with different U∞
sym

(�0) are 
expected to be reflected by the pion observable in HICs 
because the different symmetry potentials can lead to dif-
ferent isospin effects and thus different �−∕�+ ratios for 
neutron-rich reactions. Therefore, to clearly obtain the 
pion observable, in which the effects of the momentum 
dependence of the symmetry potentials are reflected, it is 
useful to map momentum-dependent symmetry potentials 
with different U∞

sym
(�0) into cases with the same Esym(�) . 

This is performed by fitting identical constraints for SNM 
and identical slope parameter L of Esym(�) at �0 , and the 
corresponding results are shown in Fig. 2. Even with the 
same Esym(�) , the corresponding symmetry potential could 
be considerably different because the symmetry potentials 
depend not only on the nucleon density but also on the 
nucleon momentum or energy.

Second, we also considered the pion potential effects in 
HICs to accurately simulate pion production in HICs. Spe-
cifically, when the pionic momentum is greater than 140 
MeV/c, we use the pion potential based on the Δ-hole model 
of the form adopted in [62]. We adopt the pion potential of 
the form used in [63–65] when the pionic momentum is 
lower than 80 MeV/c, whereas for the pionic momentum 
falling in the range of 80 to 140 MeV/c, an interpolative 
pion potential constructed in [62] is used. The present pion 
potential includes the isospin- and momentum-dependent 
pion s- and p-wave potentials in a nuclear medium, as in 
[66] (see [62–65]).

The in-medium isospin-dependent baryon-baryon elastic 
and inelastic scattering cross sections �medium are determined 
by the corresponding free space cross sections �free multi-
plied by a factor Rmedium , which is expressed as

where  the  reduced fac tor  i s  deter mined as 
Rmedium = (�∗

BB
∕�BB)

2 , and �BB and �∗
BB

 are the reduced 
masses of the colliding baryon pairs in free space and 
nuclear medium, respectively.

Finally, for the treatment of the Coulomb field, we calcu-
late the electromagnetic (EM) interactions from the Maxwell 
equation, that is, E = −∇� − �A∕�t , B = ∇ × A , where the 
scalar potential � and vector potential A of the EM fields 
are calculated from the resources of charges Ze and currents 
Zev . For details on EM field effects in HICs, we refer read-
ers to [67–69].

3  Results and discussion

In this section, we focus on the pion production in 108 Sn + 
112 Sn and 132 Sn + 124 Sn reactions at 270 MeV/nucleon with 
an impact parameter of b = 3 fm. To investigate the sensi-
tivity of pion yields to the high-density behavior of 
Esym(�)  (i.e., L) and the momentum dependence of the 
symmetry potential (i.e., U∞

sym
(�0) ), pion yields are 

regarded as a function of L for different U∞
sym

(�0) values, as 
shown in Fig. 3. First, consistent with the findings in [34, 
70], it is observed that the multiplicities of �− are more 
sensitive to L than those of �+ , particularly for the larger 
isospin asymmetry reactions 132 Sn + 124Sn, because �− is 

(9)�medium = �freeRmedium(�, �,�),

Fig. 2  (Color online) Density dependence of the Esym(�) with differ-
ent U∞

sym
(�0) calculated from the IMDI interaction
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mostly produced from the neutron–neutron inelastic colli-
sions [70]. Second, with a certain L, the symmetry 

potential with a larger value of |U∞
sym

(�0)| leads to an 
increased production of �− and �+ . To understand this 
observation, we first check the evolution of the central 
region densities formed in the HICs. Figure 4 shows the 
evolutions of the central reduced densities �cent.∕�0 formed 
in 132 Sn + 124 Sn reactions with different U∞

sym
(�0) but for a 

certain L of 62.7 MeV. For comparison, we also show the 
evolution of �cent.∕�0 for the same reaction with L = 123.4 
MeV and U∞

sym
(�0) = −240 MeV. With a cer tain 

U∞
sym

(�0) = −240  MeV, the soft symmetry energy with 
L = 62.7 MeV leads to a higher compression compared to 
that with a stiff symmetry energy L = 123.4 MeV, which 
agrees with previous observations in many studies. Inter-
estingly, we noticed that for a certain L = 62.7  MeV, 
U∞

sym
(�0) also affects the evolution of the central region 

densities. Specifically, approximately at 13 fm/c independ-
ent of U∞

sym
(�0) , the reaction with a certain L = 62.7 MeV 

approaches the maximum compression, generating a maxi-
mum compression density 1.5�0 in the central region; how-
ever, the decreasing velocity of this density is slightly 
faster in the case with a larger |U∞

sym
(�0)| . This is because 

the symmetry potential with a larger |U∞
sym

(�0)| causes 
some high-density nucleons to gain more acceleration in 
the subsequent reaction stages, leading to the densities of 
the compression region to reduce slightly faster. This can 
be demonstrated by checking the kinetic energy distribu-
tion of the nucleons in the compression region with local 
densities higher than �0 at t = 20 fm/c, as shown in Fig.  5. 

Fig. 3  (Color online) Upper: Multiplicities of �− generated in reac-
tions 108 Sn + 112 Sn a and 132 Sn + 124 Sn b with different U∞

sym
(�0) as 

a function of L in comparison with the corresponding S �RIT data. 
Lower: Multiplicities of �+ generated in reactions 108 Sn + 112 Sn c and 
132 Sn + 124 Sn d with different U∞

sym
(�0) as a function of L in compari-

son with the corresponding S �RIT data

Fig. 4  (Color online) Evolution of the reduced average densities in 
central region ( �cent.∕�0 ) produced in 132 Sn + 124 Sn reactions at 270 
MeV/nucleon

Fig. 5  (Color online) Kinetic energy distribution of nucleons in com-
pression region at t = 20 fm/c in 132 Sn + 124 Sn reactions at 270 MeV/
nucleon
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Clearly, with a certain L = 62.7 MeV but varying U∞
sym

(�0) 
from −80 to −240  MeV, we observed increased high-
energy nucleons but reduced low-energy nucleons. In gen-
eral, because the scalar potential has the same repulsive 
effects on neutrons and protons, whereas the symmetry 
potential has repulsive (attractive) effects on the high den-
sity but low-energy1 neutrons (protons), these high-energy 
nucleons might be expected as neutrons. However, as illus-
trated in Fig. 6, these high-energy nucleons contain both 
neutrons and protons, and neutrons outnumber protons 
because the reaction is a neutron-rich system. Moreover, 
as indicated by the arrows in Fig. 5, the kinetic energies of 
these energetic neutrons and protons are greater than 
150 MeV, whereas the threshold energy of pion production 
through NN inelastic collisions is not more than 300 MeV. 
Naturally, with a certain L but varying U∞

sym
(�0) from −80 

to −240 MeV, we can understand the increased production 
of both �− and �+ shown in Fig.  3 because �− and �+ are 
produced mainly from inelastic nn → pn�− and pp → pn�+ 
channels. Third, compared with the S �RIT data, as shown 
in Fig. 3, our prediction of pion multiplicities within a 
certain range of U∞

sym
(�0) can fit the experimental data in 

general. For the predicted multiplicities, �+ is not as good 
as �−.

To date, one might wonder whether the symmetry 
potential at 1.5�0 (i.e., attainable maximum densities in the 
compression stage) with a certain L but varying U∞

sym
(�0) 

from −80 to −240 MeV could cause both high-energy neu-
trons and protons to increase. To understand this observa-
tion, we illustrate it in the right panel of Fig. 7, which 
shows the symmetry potential at 1.5�0 with a certain 

L = 62.7 MeV but different U∞
sym

(�0) . For completeness, we 
also demonstrate the corresponding symmetry potential at 
low densities (i.e., 0.5�0 ), as shown in the left panel of 
Fig.  7. Similar to the symmetry potential at �0 , the sym-
metry potentials at 1.5�0 even with different U∞

sym
(�0) have 

the same value at approximately the nucleon kinetic 
energy of 47 MeV. In addition, the value of the symmetry 
potential also changes from positive to negative when the 
kinetic energy of the nucleon is larger than a certain value, 
depending on the value of U∞

sym
(�0) . Specifically, with a 

certain L = 62.7 MeV but varying U∞
sym

(�0) from −80 to 
−240 MeV, protons (neutrons) in the high-density phase 
experience stronger attractive (repulsive) effects from the 
symmetry potentials when their kinetic energies are lower 
than 47 MeV. In contrast, if their kinetic energies are 
larger than 47  MeV but lower than approximately 
81 MeV2, protons (neutrons) in the high-density phase will 
experience more weaker attractive (repulsive) effects from 
the symmetry potentials. Therefore, with a certain L but 
varying U∞

sym
(�0) from −80 to −240 MeV, the repulsive 

scalar potential and the weakened attractive symmetry 
potential can cause some protons to increase their kinetic 
energies to 150 MeV and above. It should be emphasized 
that for a reaction with a certain U∞

sym
(�0) , the effects of L 

on pion production can be interpreted through the density 
criterion (i.e., the average maximum densities formed in 
the reaction compression stages). Nevertheless, for the 
case with a certain L, interpreting the effects of U∞

sym
(�0) 

Fig. 6  (Color online) Kinetic energy distribution of neutrons a and 
protons b in compression region at t = 20 fm/c in 132 Sn + 124 Sn reac-
tions at 270 MeV/nucleon

Fig. 7  (Color online) Kinetic energy-dependent symmetry potentials 
at � = 0.5�0 a and � = 1.5�0 b with different U∞

sym
(�0) calculated from 

the IMDI interaction. The values of symmetry potential at � = 0.5�0 
are multiplied by a factor of 2.5

1 Approximately at t = 13  fm/c, the reaction approaches maximum 
compression, the nucleons in compression region are naturally in 
dense but low-energy phase.

2 The value of 81  MeV is the transition kinetic energy for 
the symmetry potential at 1.5�0 with L = 62.7  MeV and 
U

∞
sym

(�0) = −240 MeV.
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on pion production requires both density and energy cri-
teria because a small reduction in the average maximum 
densities formed in the reaction compression stages but a 
significant increase in the kinetic energy for these high-
density nucleons could also lead to increased production 
of pions.

Figure 8 shows the �−∕�+ ratios of the theoretical simu-
lations for the same reactions in comparison with S �RIT 
data. First, consistent with the observations of most trans-
port models, the upper windows of Fig. 8 show that the 
�−∕�+ ratios are indeed more sensitive to L than the pion 
yields, and a softer symmetry energy with a smaller L 
value leads to a higher �−∕�+ ratio. Moreover, for a more 
neutron-rich reaction 132 Sn + 124Sn, the �−∕�+ ratios show 
a greater sensitivity to L. Second, from the lower windows 
in Fig. 8, the �−∕�+ ratios increase with |U∞

sym
(�0)| for a 

certain L. Similar with the reason for more pion produc-
tion, this observation can also be understood by examining 
the kinetic energy distribution of neutrons over protons n/p 
with local densities higher than �0 at t = 20 fm/c in reac-
tions 132 Sn + 124 Sn with a certain L, as shown in Fig. 9. It 
is observed that with a certain L = 62.7 MeV, the ratio n/p 
increases as U∞

sym
(�0) increases from −80 to −240 MeV, 

because the increment of high-energy neutrons is larger 
than that of protons for neutron-rich reactions. For this 
reason, we can observe that for a certain L the �−∕�+ ratios 

increase with the value of |U∞
sym

(�0)| as shown in Fig.  8. In 
addition, compared with the S �RIT data, our results for 
�−∕�+ ratios also fit the experimental data quite well 
within a certain range for the value of U∞

sym
(�0).

As a cleaner observable, the double ratio of the two 
reactions (i.e., the DR(�−∕�+ ) ratio of reactions 132 Sn + 
124 Sn over 108 Sn + 112Sn) has the advantage of reducing 
both the isoscalar potential effects and the Coulomb field 
effects; thus, it is expected to disentangle the effects of 
symmetry potential/energy from both isoscalar potentials 
and Coulomb fields in HICs. Therefore, in Fig.  10, we 
show the DR(�−∕�+ ) ratios of the two reactions in 

Fig. 8  (Color online) Upper: Ratios of �−∕�+ generated in reactions 
108 Sn + 112 Sn a and 132 Sn + 124 Sn b with different U∞

sym
(�0) as a func-

tion of L in comparison with the corresponding S �RIT data. Lower: 
Ratios of �−∕�+ generated in reactions 108 Sn + 112 Sn c and 132 Sn + 
124 Sn d with different L as a function of U∞

sym
(�0) in comparison with 

the corresponding S �RIT data

Fig. 9  (Color online) Kinetic energy distribution of neutrons 
over protons n/p with local densities higher than �0 produced at 
t = 20 fm/c in the reaction 132 Sn + 124 Sn with different U∞

sym
(�0) and 

a certain L 

Fig. 10  (Color online) The double �−∕�+ ratios [i.e., DR(�−∕�+ )] of 
the reactions 132 Sn + 124 Sn over 108 Sn + 112 Sn with different U∞

sym
(�0) 

as a function of L a and different L as a function of U∞
sym

(�0) b in 
comparison with the corresponding S �RIT data
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comparison with S �RIT data. The left panel of Fig. 10 
shows that the DR(�−∕�+ ) ratios of the two reactions are 
more sensitive to the high-density behavior of Esym(�) . 
Moreover, the DR(�−∕�+ ) ratios are also more clearly 
separated by varying the value of U∞

sym
(�0) from -80 to -240 

MeV, making them more sensitive to the momentum 
dependence of the symmetry potential, as shown in the 
right panel of Fig. 10.

Now, we attempted to use the above three observables 
(i.e., pion yields and their single �−∕�+ and double 
DR(�−∕�+ ) ratios) to constrain the values of U∞

sym
(�0) and 

L. To this end, we perform systematic error analyses for 
pion yields and their single �−∕�+ and double DR(�−∕�+ ) 
ratios at different U∞

sym
(�0) and L. Apart from pion yields 

as well as their single �−∕�+ and double DR(�−∕�+ ) ratios 
at U∞

sym
(�0) = −80,−160 and −240 MeV and L = 2.1 , 32.4, 

62.7, 93.1, and 123.4 MeV, the values of these observables 

Fig. 11  (Color online) Contours 
of the relative errors for pion 
yields and their single and dou-
ble pion ratios as a function of L 
and U∞

sym
(�0) in reactions 108 Sn 

+ 112 Sn and 132 Sn + 124Sn
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at other U∞
sym

(�0) and L with an interval of 10 MeV are 
obtained by interpolating the simulation ones. As shown 
in Fig. 11, the contours of the relative error are the two-
dimensional function of L and U∞

sym
(�0) . However, it is 

difficult to constrain the values of L and U∞
sym

(�0) simulta-
neously from the relative errors between the theoretical 
simulations and experimental data. Therefore, we further 
performed systematic �−square analyses for these observ-
ables at different L and U∞

sym
(�0) , and the corresponding � 

values as a two-dimensional function of L and U∞
sym

(�0) are 
shown in Fig. 12. It is observed that there is an area with 

the highest confidence, in which U∞
sym

(�0) is constrained to 
−160+18

−9
 MeV, and the lower limit of L is approximately no 

less than 55 MeV.
To further verify the above results, we select a value of 

−160 MeV for U∞
sym

(�0) to check the spectral pion ratios of 
the reactions 108 Sn + 112 Sn and 132 Sn + 124 Sn because this 
observable, especially its high-energy parts, might be the 
best probe for the high-density behavior of Esym(�)  , as 
shown in [13, 48]. Figure 13 shows the spectral pion ratios 
of the theoretical simulations in comparison with the cor-
responding data [13]. With this value for U∞

sym
(�0) , the spec-

tral pion ratios of our simulations, especially its high-energy 
parts, can fit fairly the experimental data when L ranges from 
62.7 to 93.1 MeV. In addition, the pion observable in 197 Au 
+ 197 Au collisions at 400 MeV/nucleon also supports this 
value for U∞

sym
(�0) , as shown in Fig.  14. On the other hand, 

isospin splitting of the in-medium nucleon effective mass is 
resulting from the momentum dependence of the symmetry 
potential. Therefore, it is useful to evaluate the isospin split-
ting of the in-medium nucleon effective mass for U∞

sym
(�0) . 

Based on the formula for the nucleon effective mass

for the used U∞
sym

(�0) = −10 , −80 , −160 , and −240 MeV, the 
corresponding neutron-proton effective mass splittings Δm∗

np
 

are 0.178� , 0.384� , 0.622� , and 0.864� , respectively.
So far, one can find that our results suggest a constraint on 

L (i.e., 62.7 < L < 93.1 MeV). This constraint on L is consid-
erably close to the values 70 < L < 101 MeV extracted from 
charge-exchange and elastic scattering reactions in [71] and 
within the constrained range of 42 < L < 117 MeV in [13]. 
Moreover, our results also suggest a constraint on U∞

sym
(�0) 

(10)m∗

�
∕m =

[

1 +
m

k�

dU�

dk

]−1

,

Fig. 12  (Color online) The value of � as a two-dimensional function 
of U∞

sym
(�0) and L in reactions 108 Sn + 112 Sn and 132 Sn + 124Sn

Fig. 13  (Color online) The spectral pion ratios of theoretical simula-
tions for the reactions 108 Sn + 112 Sn a and 132 Sn + 124 Sn b as a func-
tion of transverse momentum in comparison with the corresponding 
data

Fig. 14  (Color online) Multiplicities of charged pions a and their pion 
ratios b in 197 Au + 197 Au collisions at 400 MeV/nucleonin compari-
son with the corresponding data
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(i.e., −160+18
−9

 MeV). We also note that our extracted value for 
U∞

sym
(�0) , for example, −160MeV, leads to a larger isospin 

splitting than the upper limit of 0.33� in [13, 60]. There may 
be two reasons for this. First, authors of Ref. [13] used a more 
accurate criterion (i.e., Esym(2�0∕3) = 25.5 MeV [72]), and 
thus considered the uncertainties of Esym(�0) (i.e., 
32.5 MeV< Esym(𝜌0) < 38.1 MeV). In this study, we use a 
fixed value 32.5 MeV for Esym(�0) as commonly used, and thus 
do not consider its uncertainties. Second, as the separate den-
sity-dependent scenario for in-medium nucleon–nucleon inter-
action has been used in this study, the corresponding potential 
energy density and single-nucleon potential in Eqs. (3) and (4) 
and the corresponding expressions for Al and Au are different 
from those in [60]. These two aspects might be the reason for 
the difference between our extracted isospin splitting and that 
in [13, 60]. As indicated in [73, 74], the accurate inclusion of 
these effects might be important for transport model simula-
tions, which may further improve our results (e.g., the devia-
tions of the simulated �+ from the corresponding data).

Finally, it should be mentioned that our results in the pre-
sent work are mainly based on S �RIT experiments. It will also 
be interesting to see how U∞

sym
(�0) affects observables meas-

ured in other experiments, such as FOPI experiments [33] and 
ASY-EOS experiments [75].

4  Summary

In conclusion, we studied the effects of the momentum 
dependence of the symmetry potential on pion production in 
central Sn + Sn collisions at 270 MeV/nucleon. It was found 
that with a certain L, the characteristic parameter U∞

sym
(�0) of 

the momentum-dependent symmetry potential significantly 
affected the production of �− and �+ and their pion ratios. 
Moreover, by performing systematic analyses of these observ-
ables and comparing the spectral pion ratios of theoretical 
simulations with the experimental data, we found a constraint 
on L (i.e., 62.7 < L < 93.1 MeV). In addition, U∞

sym
(�0) was 

constrained to −160+18
−9

 MeV. Moreover, the pion observable 
for 197 Au + 197 Au collisions at 400 MeV/nucleon supported 
the extracted value for U∞

sym
(�0).
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